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Integration of n-form on n-Rectangle with Standard
Orientation

» Let R = [a', b'] x ---[a", b"] C R" with coordinates
(x,...,x™)

> Let w=fdx! A---Adx" be a differential form on R

» The integral of w over R is defined to be

x1=p! x"=b"
/w—/f—/ / F(xt, ..., x") dx"---dx!
xl=3l xN=gagn

» Order matters!
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Integration of n-Form on Oriented Rectangle

> Let
R={(y'. ...y eR? - a' <yt <pl ... 2" <y"<b"}
and given o € S,

w=f dyg(l) A - dyg(n)
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Integration of 1-form on Oriented Line Segment

> A l-rectangle R is a line segment [a, b] C R, where a < b
» The integral of a 1-form f dx on R with the standard

orientation is b
/ fdx = / f(x)dx
R x=a

» The integral of a 1-form f dx on R with the orientation
implied by —dx is

/Rfdx:/R(—f)(—dx)

- /X i_b —F(x) dx
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Integral over Oriented Line Segment

» The standard convention is that if a < b, then

/fdx
R

using the standard orientation and

/fdx
R

using the opposite orientation
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Integral Over Oriented Parameterized Curve

» Let c: [a, b] = R"” be a smooth map

» Denote the input parameter by t € [a, b]
» We do not assume that a < b

» Let 6 be a 1-form on an open set that contains c(][a, b])

» The integral of 0 along the parameterized curve c is defined

/ /
t=a

> If c(t) = (x(t),y(t)) and 0 = f(x,y) dx + g(x,y) dy, then

c*dx = X'(t) dt
c*dy = y/(t) dt

and therefore

"0 = (F(x(t), y(£))x'(t) + g(x(t), y(1))y'(t)) dt
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Orientation of Curve

<(b) c(b)

c(a) (a)

> leta<b

» C C R" is a nonempty connected smooth curve if there
exists a smooth map

c:[a b] = R"

such that
» Foreach t €[a,b], ¢'(t) #0
> ¢ restricted to (a, b) is injective

» An orientation of C is the choice of a direction along the curve

» The orientation is in the direction of either ¢/(t) or —c'(t)
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Integral of 1-form on Oriented Curve
» Let O C R" be open, a < b, and C C R" be a curve with a
parameterization
c:la,b] = O
> Let @ = fidxt+---+ f, dx" be a 1-form on O
» The pullback of 8 by c is

c*0 = f(c(t))(x) (t) dt 4 - - -+ fo(c(t))(x")(t) dt)
= (A(c() () (£) + - + falc()(x") (1)) dt)

» If the orientation of C is ¢/(t), then

/6_/[ab] /t: - (c(£)) KV (£) dt

» If the orientation of C is —c/(t), then

t=>b
_ /t: filc())(x*Y (t) dt
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Integration of 2-form on Standard Rectangle
> Let R = [a%, b?] x [a%, b?] C R?
» The integral of a 2-form is f dx! A dx? on R is

2 b2 1 bl
/fdx A dx? —/ / dx dx?
R x2=a2 Jxl=al

» Example: If R =[0,1] x [0,1] and § = x* dx? A dx!, then

/0:/x1dx2/\dx1
R R
:/ —xtdxt A dx?
xl=1 x2=1
:/ / —x1 dx? dx?
:/ —xtdx!
x1=0

2
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Example (Part 1)

» Consider

R

R={(r.0)cR? : 0<r<land0<6<n}

where

and
w=rdi Ndr

» Here, there is no standard orientation
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Example (Part 2)
> If we use the orientation given by dr A d@, then

/wz/—rdr/\d@
R R
0=2m
——/ / rdrdf
r (%
:—/ 2mrdr
r=0

= -7

> If we use the orientation given by df A dr, then

/wz/rd@/\dr
R R
0=27
:/ / rdrdf
r= 0=
=7
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Outer Orientation of Boundary of Rectangle
1)) e1 =0

T_’@l < =_T A

€ = 7(’)1 1 ‘62 = 02

e =—0 —> 1 = 01

4
Y

€1 = —02

» Let R C R? have the standard orientation given by the 1-form
dx! A dx? and standard basis (91, d2)

» The outer orientation of each line segment on the boundary
of R is given by e, where (e1, ) is a positively oriented basis
of R?, ie.,

(dx! A dx?)(e1, &) > 0
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Oriented Parameterization of Boundary

S3

(b, b°)

S2

(a, b%) [« y
Sa R

al, )Y >
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Syt y(t)=(b
Sz mo(t) =(t
Sa o3 (a
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Integral of 1-Form on Oriented Boundary (Part 1)

» Let OR denote the boundary of R with the outward orientation
> Let 6 = f; dx! + f, dx? be a 1-form on R
» The integral of § on JR is defined to be

/9:/9+/9+/9+/9
R S1 Sy S3 Sa
t=b! t=hb? t=al t=a°
2/ vi‘9+/ 7§9+/ 7§0+/ V20
t=al t=a2 t=h! t=hb2
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Integral of 1-Form on Oriented Boundary (Part 2)

» The pullbacks of the parameterized curves are
770 = i (fidxt + K dx?) = fi(t,a%) dt

750:72(fdx +f2dx)—f2( ,t) dt
40 = v (fy dxt + £ dx?) = f(t, b?) dt
70 =74 (A dx' + R dx®) = f(a', t) dt

» Therefore,

X
R

t=>b! t=h?
:/ fi(t, a2)dt+/ (b, t) dt
t=al t=2a2

2

t=a' t=a
+/ fi(t, b%) dt +/ fr(at, t) dt
t

—p! t=hb2

t=b2 t=h!
:/ b(bE, 1) — f(a, t) dt—/ f(t, b%) — fi(t, %) dt
t

=a2 t=al
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Fundamental Theorem of Calculus on Rectangle
Using the standard orientation on R?,

7

OR
2_

x?=b?
:/ h(b',x*) — fa(a', x*) dx?

2_ 52

xl=p!
—/ A, B2) — fi(x", &) dx!

151

x?=b? pxl=b!
:/ / 51f2X X)XmdX2
x2—32 Xl_al

Xl_bl
—/ / 821‘1 (xt, x?) dx? dx*
=gl Jxe—az2

2 b2 1 bl
/ / (011a( X , X )dx1 dx? —azfl(xl,XZ)) dx! dx?
% x1

2732 731
:/(alfg—azfl)dx A dx?,
R
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Exterior Derivative of 1-Form

> Given a 1-form 6 = f; dx! + f, dx? on R, define its exterior
derivative to be the 2-form

df = dfy A dx* + dfy A dx®
= (O1f1 dxt + 9afy dx®) A dxt + (01 dxt + Dofo dx?) A dx?
= (O1fh — Dafy) dx A dx?

» The fundamental theorem of calculus on a 2-dimensional

rectangle is
/ 6= / do
AR R

‘/PW+QW:/@&—@HWAW
OR R

or

which is also known as Green's Theorem (on a rectangle)
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Basic Facts of Exterior Differentiation
> If 61,02 are 1-forms, then

d(6' + 6°) = do* + db?
» If f is a scalar function and 6 is a 1-form

d(f0) =df N0+ fdb
» |f f is a scalar function, then

d(df) =0

» Given a 1-form 6 on an open P C R" and amap F: O — P,

where O C R™ is open,
d(F*0) = F*(d0)
» Also, recall that if f: P — R is a smooth function, then

d(F*f) = d(f o F) = F*df
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