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Alternating Tensors

> Let V be an m-dimensional vector space

» A 1-tensor is a linear function 6 : V — R, i.e., an element of
\/*

> A 2-tensor is a bilinear function ® : V x V - R

> A 2-tensor © is alternating if for any vi, vy € V,

O(v2,v1) = —O(vy, v2)
» A k-tensor is a multilinear function of k vectors,
©:Vx---xV-=R

> A k-tensor © is alternating if for any permutation o € S
and vi,..., v, €V,

e(Va(l)a s Va(k) = e(a)@(vl, ey Vm)

> Let AKV* denote the space of all k-tensors, which is a vector
space
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Differential Forms

> Let AKO = A*T;O and

Ao =T no

x€0

> A differential k-form is a map
©:0— N0

such that for each x € 0, ©(x) € AKO
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Tensor and Wedge Product

» The tensor product of 1,6 € V* is the 2-tensor ! @ 62,

where
(01 ® 92)(‘/1’ V2) = <01> V1><927 V2>

» The wedge product of §1,6% € V* is the alternating 2-tensor
61 A 02 € N2V* given by

0L N0% =0' 0% — 62 A6t
or, equivalently,
(91 A\ 92)(V1, V2) = (91, V1><92, V2> — <92, V1><91, V2>

> The wedge product of §,...,0% € V* is the alternating
k-tensor 01 A - A 0K where

O A A v, vi) = Y (@) (07D ) (07 v

€Sk
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Basic Properties of Wedge Product

> If 7 € S, then
7D Ao apT(R) = 6(0)91 NN L
> If forsome 1 < i< j <k, 0" = ¢/, then
PN NOK =0
> If §1,...,60% are linearly dependent, then
o' A~ AOK =0
> If ¢/ = Alg/, then

0L A - A O = (det(A)pr A --- A @F
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Pullback of Tensors

> If © € A2W*, then L*© € AN2V* is defined by
L*@(Vl, V2) = @(L(Vl), L(Vg))
> If © € AKW*, then L*© € A*V* is defined by

L*O(vi, va,...,vk) = O(L(wv1), L(w), ..., L(vk))
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Pullback of Wedge Product

> If01,...,0%k € W*, then

(L0 A A0,y i)

— 0 A AH")(L( 1), -+ L(vk))

_ Z @ L(v)) - (870 L(w))
oES)

= 3" (o)L 07D, v) - (L7670, )
TES)

= (L") A+ A(L*09))(va, - vi)
» Therefore,

LOY A - AOR) = (L) A--- A (L705)
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Wedge Product of 1-Forms

> Let §,...,6% be 1-forms on O
» For each x € O,

01(x),...,0%(x) e TXO

» Therefore,
O (x) A--- A BK(x) e AkKO

» 91 A ... A 6K is the differential k-form such that for each
x € 0,

(O A - AOF)(x) = 0 (x) A--- A BK(x) € NEO
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Pullback of Wedge Product of 1-Forms

» Let F: O — P be a smooth map
> If ¢1,..., oK are differential forms on P, then

FP(61 A6 = (F761) Ao A (F64)
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Differential Forms in Coordinates (Part 1)

» Let (x!,...,x™) denote coordinates on O
» For each x € O, (dx!,...,dx™) is a basis of TO
» For each x € O,

(dxX' ANdx: 1<i<j<m)
is a basis of A20 and therefore
dim(A20) = %m(m -1)
» Foreachx € Oand 1< k <m,
(dxT Adx’: 1< <ip<---<ix <m)
is a basis of AXO and therefore

dim(A£0) = (':) _mim=1)--(m—k+1) m!

k(k —1)---(2)1 ~ (m— k)lk!
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Differential Forms in Coordinates (Part 2)
» Any differential k-form on O C R™ can be written as

= % Z a,-l...,-kdxh Ao A dxk,
1<it,...,i<m
where each aj,...j, is a smooth scalar function on O and for
any o € Sy,
Ao (iy)-o(iy) = €(0)ai i,
» Any 2-form on O can be written as

1

e = Z a;1;2dxi1 VAN dXi2

1<i,io<m

g (@i i dXx™ A dx 4 aj dx A dx™
1< <i<m
= E ai i dx™ A dx”

1<i<i<m

NI~ N
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Pullback of Differential Form in Coordinates
» Given any differential k-form on P C R”

1
2= E Z bpl--~pkdyp1 A A dypk
1SP17~~~7PkSn

and smooth map F : O — P, the pullback of Q by F is

. 1
F*Q = o Z By dyPt A - A dyPt

1<p1,cpi<n
- : b dyPt A dyPr
- 7] p1-- Pk y /\ y
" 1<p1,pk<n

g bpl”"’k(axhd“)““(axjkdm

_ ]- ypl ypk N .

. 1SP17-~'7Pk§n
1g17--~7jk§m

)
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Example: Polar Coordinates (Part 1)
> Let
O={(r,0) : r>0and —m <0 <7} CR?
P={(xy) eR?*}
» Let F: O — P be given by
F(r,0) = (rcosf,rsinf),

x(r,0) = rcosf and y(r,0) = rsinf
» Consider the 2-form
© =dx Ady
» Then
F*dx = d(rcosf)
= drcosf — rsinf df
F*dy = d(rsin6)
= drsinf + rcosf.db
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Example: Polar Coordinates (Part 2)

> If
© = dx A dy,

then
F*© = F*(dx A dy)
= (F*dx) A (F*dy)
= (drcos@ — rsin@ df) A (drsinf + rcos 6 df)
=rdrAdf
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Example: Spherical Coordinates (Part 1)
> Let

O={(p,$,0): p>0,0<p<m, —m1<f<7m}CR3
P={(x,y,2) e R%}
» Let F: O — P be given by

F(p,¢,0) = (psin¢cosb, psinpsinb, pcos )
» Therefore,

F*dx = d(psin ¢ cos )

= dpsin ¢ cosf + do(pcos ¢ cos @ — dO(psin psin )
F*dy = d(psin ¢sinf)

= dp(sin ¢sinf) + dp(pcos ¢ sinB) + db(psin ¢ cos 0)
F*dz = d(pcos ¢)

= dp(cos ¢) — dg(psin ¢)
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Example: Spherical Coordinates (Part 2)

» If © = dy A dz, then

F*© = F*(dy A dz)
= F*dy N\ F*dz
= (dpsin ¢sin 6 + p(cos ¢ dg)sin @ + psin ¢ cos b db)
A (dpcosd — psin ¢ do)
= (—p(sin ¢)?sin O — p(cos ¢)?sinf) dp A d
— psin¢gcospcosfdp A df + p*(sin¢)? cosf dp A df
= —psinfdpANd¢
— psin¢gcoscosfdp A df + p*(sin ¢)? cosf dp A df
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Example: Parameterization of Triangle

x? Y

> (v y?) = ((1 = x*)x, x?)
» The differentials are

dyt = (1 — x?) dx? — x! dx?
dy? = dx?

» Therefore, the pullback of dy® A dy? is
dy! Ady? = (1 —x?) dx? — xt dx®) Adx® = (1 — x?)dx! A dx?
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