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Always check the class message board before doing any work on the assignment.

Assignment 2, due September 22

Corrections (check the class message board): (none yet.)

1. Suppose that Zn ∼ N (0, 1) and

Xn+1 =
1
2
Xn −

5
16
Xn−1 + Zn .

Show that this Gaussian process is stable. Find the limiting joint distri-
bution of Xn and Xn−1 in the limit n→∞.

2. (Covariance of the covariance) Suppose X ∼ N (0, C) is a d component
normal with mean zero and covariance C. Suppose we have independent
samples Xk ∈ Rd and wish to estimate C. We discuss estimating C =
E[XXt] using

Ĉ =
1
N

N∑
k=1

XkX
t
k . (1)

Of course, Ĉ is a random variable with its own mean and covariance. The
CLT implies that for large N , Ĉ is approximately a multivariate normal.

(a) Show that the mean is E[Ĉ] = C.

(b) (Wick’s formula for degree 4) Suppose X ∼ X ∼ N (0, C) with com-
ponents X1, . . . , Xd (note the change of notation). Show that

E[XiXjXkXl] = CijCkl + CikCjl + CilCjk . (2)

We saw the one dimensional version of this in the previous assign-
ment. The method there applies here too. Another approach is to
write a formula

xle
xtHx/2 = −

d∑
m=1

Alm∂xme
−xtHx/2 .

The matrix A is related to H = C−1 in some way. Now integrate by
parts in the integral

E[XiXjXkXl] =
1
Z

∫
Rd

xixjxkxle
−xtHx/2 dx

=
1
Z

d∑
m=1

Alm

∫
Rd

∂xm (xixjxk) e−xtHx/2 dx .
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(c) Find a formula for

Dij,kl = cov(Ĉij , Ĉkl) .

3. (Maximum likelihood and the covariance) Suppose u(x, θ) is a probability
density that depends on an unknown parameter set θ. Suppose we have
Xk, which are independent samples of u. The maximum likelihood estimate
of θ is

θ̃ = arg max
N∏

k=1

u(Xk, θ) . (3)

Suppose X ∼ N (0, C) and we want to estimate H = C−1 from N inde-
pendent samples. Show that the maximum likelihood estimator of C is
given by the empirical covariance formula (1).

4. (Kalman filter) In the terminology of linear Gaussian processes, suppose

Xn+1 = AXn + Un (state dynamics)
Yn = BXn + Vn (observation)
R = cov(Un) i.i.d., Gaussian
S = cov(Vn) i.i.d., Gaussian

Suppose X0 = 0. Let Cn be the conditional variance of Xn, conditioned
on knowing Y1:n. Let X̂n be the linear function of the observations Y1:n

so that the prediction residual Xn = X̂n is independent of Y1:n.

(a) Show that Xn = X̂n + Wn, where Wn is multivariate normal with
mean 0 and covariance Cn, and independent of Y1:n.

(b) Find a matrix equation to solve for gain matrix Kn+1 so that

X̂n+1 = AX̂n +Kn+1

(
Yn+1 − Ŷn+1

)
.

where Ŷn+1 is the predicted observation based on Y1:n, given by
Ŷn+1 = BAX̂n. The equation will involve the five relevant matri-
ces: A, B, R, S, and Cn. Find a formula for Cn+1. Hint, once the
prediction residual at time n+ 1 is uncorrelated to Yn+1− Ŷn+1, you
have it, why?

(c) Assume Cn → C as n→∞ and Kn → K as n→∞. Find nonlinear
equations for C and K. These are called matrix Ricatti equations.
Control theory is full of them.

(d) Download the code GaussianProcess.R and see what it does. Mod-
ify it to do Kalman filtering to make the best estimate of Xn mea-
suring only X1,n with measurement error variance σ2. Compare the
long time predicted mean square prediction error with the theoretical
prediction of what the mean square prediction error should be.
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