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Abstract. We investigate the dynamics of elastic microstructures within a fluid that are sub-
jected to thermal fluctuations. We perform analysis to obtain systematically simplified descriptions
of the mechanics in the limiting regimes when (i) the coupling forces that transfer momentum be-
tween the fluid and microstructures are strong, (ii) the mass of the microstructures is small relative
to the displaced mass of the fluid, and (iii) the response to stresses results in hydrodynamics that
relax rapidly to a quasi-steady-state relative to the motions of the microstructure. We derive ef-
fective equations using a singular perturbation analysis of the backward Kolmogorov equations of
the stochastic process. Our continuum mechanics description is based on the stochastic Eulerian—
Lagrangian method which provides a framework for approximation of the fluid-structure interactions
when subject to thermal fluctuations.
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1. Introduction. In many applications, an important role is played by the me-
chanics of spatially extended elastic bodies within a fluid that are subjected to thermal
fluctuations. At a microscopic level, elastic bodies may represent the polymers of a
complex fluid [13, 5], the individual or collective behaviors of amphiphilic molecules
of a lipid bilayer membrane [19, 24, 9], the cilia or flagellum driving the swimming
of microorganisms [23, 33], or the components of micromechanical devices [34, 20].
Even in the absence of thermal fluctuations, the mechanics of fluid-structure inter-
actions pose a number of difficult and longstanding challenges. The mechanics can
exhibit rich behaviors through the interplay of the fluid flow and elastic stresses. The
fluid flow can drive deformations of the elastic structures, while at the same time the
elastic stresses of the deformed bodies can feedback to resist flow of the fluid or even
drive flow. This can result in complicated long-range coupling between the motions of
different bodies or the motions between different parts of a single spatially extended
body. When subject to thermal fluctuations, this manifests as diffusive motions with
long-range correlations between the immersed microstructures. In continuum me-
chanics, it is natural to consider descriptions for these interactions in which explicit
boundary conditions are formulated at the interface between the elastic body with
the fluid (i.e., the traction stress and kinematic conditions). However, in practice
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this approach is often intractable for physical analysis and prohibitively expensive in
computational simulations.

To obtain more tractable descriptions, while still capturing essential features of
the mechanics, many approximations of the fluid-structure interactions have been
developed. These include the immersed boundary method [31, 2, 21, 3], arbitrary
Lagrangian-Eulerian methods [7, 14], Stokesian-Brownian dynamics [6], lattice-
Boltzmann method [16, 15], and force coupling method [28, 11]. While these approx-
imations may perform adequately in the deterministic setting, when introducing the
thermal fluctuations the approximations can often introduce unphysical dissipation,
spurious drifts, and other artifacts affecting the propagation of fluctuations through-
out the mechanical system. The stochastic Eulerian-Lagrangian method (SELM)
has been introduced in [1] to provide a framework for the development of approx-
imate fluid-structure coupling schemes that are amenable to thermal fluctuations.
Provided a few criteria are satisfied by the approximate fluid-structure coupling,
SELM provides an approach to formulate equations of motion for the fluid-structure
system and to introduce stochastic driving fields that yield equilibrium fluctuations
having Gibbs-Boltzmann statistics and stochastic dynamics satisfying detailed bal-
ance [1].

The SELM equations are formulated at the level of inertial fluid-structure inter-
actions and allow for the case of slip between the microstructure and fluid. However,
many of the widely used approximation methods for fluid-structure interactions are
formulated in other physical regimes of interest, such as in the limit with strong
fluid-structure coupling with no-slip, small body mass, or rapid hydrodynamic re-
laxation [1]. A primary objective of our present work is to develop reductions of
the SELM equations that are directly applicable to these regimes and to compare
the reduced descriptions with well-known results in fluid mechanics and statistical
mechanics. Some of this work was carried out partially based on formal calcula-
tions in our prior paper [1]. The focus of the current work is (i) to develop a more
systematic and reliable approach to reduce the SELM equations, (ii) to characterize
precisely each of the physical regimes using dimensional analysis, and (iii) to consider
an important previously unexplored limit in which the fluid-structure coupling forces
becomes strong to yield no-slip.

Our approach is based on a singular perturbation analysis of the backward Kol-
mogorov equation (BKE) carried out using formal methods similar to those in [26, 25,
27, 30, 22]. We present a formulation of the fluid-structure mechanics based on SELM
in section 2. We present dimensional analysis of the SELM equations in section 3. We
summarize our main results for each physical regime in section 4. The general singu-
lar perturbation is developed in section 5. We present the detailed derivations of the
reduced equations in section 6. The reduced equations provide connections between
different physical regimes for many common approximate models of fluid-structure
interactions when subject to thermal fluctuations. The results could also be useful to
eliminate sources of numerical stiffness, providing ways to develop efficient methods
for computational simulations.

2. Stochastic Eulerian—Lagrangian method: Inertial regime. The fluid-
structure interactions are described by the fluctuating hydrodynamic equations

d
(2.1) pd_ltl = pAu — Vp+ A[Y(v — Tu)] + fihm,
(2.2) V-u=0.
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They are coupled to the elastic structure equations

d
(2.3) md—: = —Y(v —Tu) — Vx®[X] + ¢ + Fenm,
dX

The thermal fluctuations are accounted for by Gaussian stochastic fields fin, and
Finm with mean zero and covariances

(2.5) (Fam ()EL. (1)) = — (2kpT) (A — AYXT) 6(t — s),
(2.6) (Fo ($)FL. (1) = (2ksT) Yo(t — s),
(2.7) (fom (5)FL (1)) = — (2kpT) AY(t — s).

In the notation, the ab” denotes the tensor product of vector fields a and b, kgT the
thermal energy, 6(t — s) the Dirac delta function, and (-) a probability expectation
of the random fields. The fluid velocity is a field given by u, and the structure
configuration and velocities are N-dimensional vectors given by X(q) and v(q) with
q the parameterization of the structure. The ® denotes the potential energy associated
with the structure configuration. The p denotes the fluid density, p the pressure,
the dynamic fluid viscosity, and m the excess mass of the structure. The ( denotes
constraint forces on the microstructures which we assume are holonomic.

We remark that the full material derivative du/dt = du/dt + u - Vu is not well-
defined in the stochastic setting since the fluctuating fluid velocity u is highly irregular
and lacks a definition in the pointwise sense requiring an interpretation using gener-
alized functions (distributions). As a consequence, the product u - Vu representing
the advection of momentum is not well-defined for such u. To avoid these issues, in
our model of the fluid dynamics we treat in the present work du/dt = du/0t. For a
more in-depth discussion, see [1].

We remark that in (2.3), we assume that the elastic body is described by gen-
eralized coordinates X, v involving either a finite or countably infinite number of
degrees of freedom. We emphasize that (2.3) is not a continuum elasticity equation,
although such a generalization can be straightforwardly formulated for SELM. While
this equation is most natural for modeling a collection of interacting point particles,
the equations also can be motivated as a starting point for numerical simulations for
continuum elastic bodies when one considers a semidiscretized representation such as
finite elements.

The fluid-structure interactions and associated momentum exchange is modeled
by the terms —Y (v — T'u) and A[Y(v — T'u)]. The first term accounts for drag force
exerted on a structure by the fluid. The second term represents the spatial distribu-
tion of the equal-and-opposite forces (stresses) that act on the fluid. The operators
A, T transfer information between the Eulerian and Lagrangian descriptions. The T'
determines from the state of the fluid a local reference velocity to which to compare
in determining the local drag exerted on the structures. The A accounts for how
the equal-and-opposite drag force exerted by the structures are distributed spatially
within the fluid body. We assume that the linear operators I' and A may depend
on the microstructural configuration X, but Y is constant in time. We remark that
for a finite collection of N particles in d-dimensional space, the operator distributing
force to the fluid body can be thought of as A = A[X] : RV? — (C(R%))?, where
C(Q) is the space of real-valued continuous functions on 2 and the superscript (-)?
indicates the product space so that f € (C())* means that f: Q — R*. Similarly,
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I'X] : (C(R%))? — RN¥4. A number of natural conditions arise on these operators
to ensure that dissipation in the coupling occurs only through the Y-drag and not
as a consequence of interconversion between the Eulerian and Lagrangian reference
frames. This requires the condition that the operators satisfy the adjoint condition
A =T7 in the sense that

/ (Pu)(q) - v(a)dq = / u(x) - (Av) (x)dx

for any fluid-field u and structure velocity v (see [31, 1]). The q denotes the gen-
eral “index” used to parametrize the microstructure configuration. Another natural
condition which ensures the drag is dissipative is that the operator YT is positive
semidefinite. The general formulation given in (2.1)—(2.7) is referred to throughout
as SELM. For more details concerning the motivation of these equations and their
derivation, see [1].

In practice, many different choices can be made for the coupling operators A, I,
and Y. For the purposes of our analysis, we leave this choice general. However, for
concreteness, we mention that a common approach is to use local Stokesian drag and
the fluid-structure coupling scheme of the immersed boundary method given in [31].
This would give the specific coupling operators

(I'u) (a) =/5a(y —X(q))u(y,t)dy, (AF(q))(y)=da(y — X(a))F(q), T =6muR.

The §, is a special kernel function localized around the structure designed to
have desirable numerical properties that preserve to a good approximation translation
invariance of the structure dynamics despite the breaking of this symmetry by the
numerical discretization lattice of the fluid. We refer to the specific choice given
in [31] as the Peskin d-function. In the notation, the R is the hydrodynamic radius
attributed to the effective local size of the structure. More general coupling schemes
can also be developed to which our presented analysis is applicable. For more details
on how these fluid-structure approaches are used in practice, see [1, 2, 31].

2.1. Reformulation in terms of the total momentum density field. For
our analysis, it is useful to reformulate the equations in terms of a total momentum
density field. This field accounts simultaneously for both the momentum of the fluid
and structures at a given location in space. For this purpose, we define the total
momentum density field

(2.8) p(x,t) = pu(x,t) + A[mv(t)].

Also for convenience, and to treat more general approaches for the fluid-structure
system, we introduce the operator £ = pA in place of the Newtonian stress term.
We only assume L is negative semidefinite throughout. This allows for fluid-structure
interactions to be expressed in terms of p,v, X as

d
(2.9) d—lt’ = p7 1L (p — Almv]) + A[-Vx®(X)] + (VxA[mv]) - v+ A + Zoums
(2.10) mofi—;’ = Yv+p 'TT(p — A[mv]) — Vx®(X) 4 ¢ + Fp,

dX
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The thermal fluctuations are given by the Gaussian stochastic fields with covariance

(2.12) (8 (8)8i (1)) = — (2kBT) L(t — ),
<Fthm(s)FT (t)) = (2kgT) T o(t — s),

thm

(2.13) (8 (8)F L. (1)) = 0.

The A and ¢ are Lagrange multipliers enforcing holonomic constraints on the system
(such as incompressibility of the fluid or rigid-body restrictions on deformations of
the structures). The stochastic driving field for the total momentum is related to
the stochastic driving fields of the fluid and structures in (2.1) and (2.3) by gum =
fom + A[Fo]; see [1].

An important technical issue is that the total momentum field p itself need not
be incompressible (solenoidal) as a consequence of the somewhat arbitrary way that
the momentum of the structures is spatially distributed by A [mv(t)]. This will re-
quire some care in our calculations to ensure that the incompressibility constraint is
satisfied by the corresponding fluid velocity field u. We handle this technical point
by considering a decomposition of the total momentum field into a solenoidal part
and nonsolenoidal part. An important feature is that only the solenoidal part of the
total momentum field plays a significant role in the coupled fluid-structure equations
(2.9)—(2.13).

2.2. Handling constraints: Incompressibility. An important feature of the
microstructure equations is that they depend on the total momentum field p only
through the velocity field u = p — A[mv], which is constrained to be solenoidal
(incompressible). This can be expressed by the requirement that u = pu = pp —
pA[mv], where p is the projection operator of a field to its solenoidal part. This well-
known approach for expressing the incompressibility of hydrodynamic equations [10]
yields for SELM the following closed set of equations

(2.14) @ =plp ' L(p — Amv]) + A[-Vx®(X)] + (VxA[mV]) - V + G
(2.15) mcfi—‘t/ = -Tv+p TTp(p — Ajmv]) — Vx®(X) + Fy.
(2.16) Cii_)t( =V

This means that only the dynamics of pp need be considered explicitly since the
nonsolenoidal components play no role in the fluid-structure dynamics. Equations
(2.14)—(2.16) and the covariance of ginm take the same identical form as (2.9)—(2.13)
when making the substitutions

(2.17) P = oD, L=pL, A= pA, [ =Tp.

We use a similar approach to simplify the handing of the holonomic constraints for
the microstructures by using appropriate generalized coordinates for which the con-
straints do not occur, and hence we drop the  term. To avoid clutter in our notation
when carrying out our reductions, we shall use these conventions and not explicitly
distinguish the case with such constraints.

3. Dimensional analysis. The SELM fluid-structure dynamics exhibit a broad
range of spatial/temporal scales. To characterize these scales and identify interesting
limiting physical regimes, we perform a dimensional analysis of the SELM equations
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(2.9)—(2.13). The Buckingham II-theorem states that for a physical system with M
parameters and m fundamental physical units, the system state can be characterized
by M — m nondimensional groups IIy,..., I, [8, 4]. For the SELM equations,
there are M = 7 independent parameters ¢, m, p, u, kg1, Yo, and ®y. The ¢ is the
effective size of particles/microstructures used in the coupling operators, m is the
excess mass of the microstructures, p is the fluid density, p is the fluid dynamic
viscosity, kg7 is the thermal energy, T is the microstructure-fluid drag coefficient,
and ®( is the interaction energy between the microstructures. The other symbols
that appear in SELM depend on these parameters. Throughout our discussion of the
operators that appear in (3.6) and for the purposes of our dimensional analysis, we
express an operator O in terms of a dimensional scalar parameter characterizing the
magnitude of the operator Oy and a nondimensional operator O so that O = 0yO.
For instance, the linear operator A = AgA = (1/¢3)A [X//], where the key parameter
Ao = 1/#2 characterizes the magnitude and the linear nondimensional operator is
A [X] = Ay A [ZX]. We remark that the viscosity parameter p plays a similar role,
for instance, when the operator is £ = pA = (u/f?)A = Lo L where Ly = (u/¢?). The
other operators are treated similarly. We make an additional remark concerning the
dimensional analysis and our treatment of the temperature of the system kgT. We
note that throughout SELM, the temperature only contributes through the term kT,
which has units of energy setting the scale of thermal contributions, which warrants
that the term be treated as one of the parameters as opposed to an independent
physical unit [4]. From the dynamical symmetry of physical laws, our parameters,
and the unit system, there are for this formulation of SELM only four nondimensional
groups IIy, I, I13, 114 [8, 4]. To obtain a useful set of nondimensional groups, we
introduce specific characteristic scales for the system in section 3.1.

3.1. Characteristic scales. An important time-scale on which the particle ve-
locity relaxes is 7, = m/Yo. The T can be interpreted as the characteristic strength
of the momentum-exchange coupling, and m is the excess mass of the microstruc-
ture. This time-scale is similar to the one considered when reducing the Langevin
equations to the Smoluchowski equations [36, 18]. Another important time-scale is
T = \/mol?/kpT, which gives the time duration for a fluid parcel to move the dis-
tance ¢ when it has kinetic energy kpT. We remark that the parameters 7, and
7k are formulated for convenience and combinations of the previously listed param-
eters, so are already characterized by the dimensional analysis of section 3. The
fundamental length scale ¢ characterizes the spatial scale of a fluid parcel directly
influenced by a particle as represented by the coupling operator A = I'". For in-
stance, the immersed boundary method coupling [31, 2] for a particle has the form
I'u = [d4(x — X)u(x,t)dx and AF = §,(x — X)F. The Peskin d,-function has finite
support contained within a sphere of radius 3a around the origin [31, 2]. We identify
the parcel length-scale as ¢ ~ a. We define the characteristic mass of the fluid parcel
mo = pf3. This defines the two time-scales and provides a natural way to characterize
the strength of the fluid-structure coupling through the nondimensional group

(3.1) e=1,/T withII; =e.

This ratio characterizes how long it takes the microstructure momentum to decorrelate
relative to the microstructure moving a significant distance. The momentum-exchange
coupling is strong when € is small.

To characterize inertial effects, we consider the magnitude of the microstructure
excess mass m and the mass of fluid displaced by the microstructure to obtain the
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nondimensional group
(3.2) Kt =m/pl} =m/mo with Il = k1.

The reference displaced mass is mg = pf>. Inertial effects of the fluid body dominate
those of the microstructure when =1 is small.

The mechanics of the microstructure depend importantly on the potential energy
® = &P (X/¢) of a configuration, where @ is its characteristic scale and @ is nondi-
mensional. We characterize the importance of the microstructure potential energy
relative to thermal energy using the nondimensional group

(33) o = ‘I)()/kBT with Hg = Q.

We shall impose throughout our analysis the condition that ax = O(1) when perform-
ing asymptotic analysis and for concreteness make the simplification throughout that
ak = 1. This condition ensures that the conservative forces contribute comparably
to other influences on the dynamics of the microstructure.

It is useful to define the following nondimensional group that plays a role similar
to the Reynolds number

(3.4) d=plU/p  with Ty = 4.

The U is a characteristic velocity scale of the fluid. Throughout, U = ¢/7. This
term is used mainly in our analysis for the limit of rapid hydrodynamic relaxation
developed in section 6.4.

Using these parameter groups and characteristic scales, we can express the SELM
equations in nondimensional form. From the Buckingham-II theorem, we know that
all parameters of the physical system can be expressed in terms of these four nondi-
mensional groups €, k=1, a, § [8, 4]. To readily obtain such expressions, we nondimen-
sionalize the variables

(3.5)
_ — Y4
t =7, X = (X, v == —7, P =pob = —2p,
T 02
(3.6)
X\ 1. (X /X o oua )

The stochastic driving fields require some special considerations. We find it con-
venient to express our scaling in the form
X s
12 ’ Tk ’

_ S
F.. (5) = FoF.. = FOD’Y‘ <_) .

Tk

Iy

(37) ihm (X7 S) = gOEthm = QOD,E

=

The £ and 7 denote Gaussian random fields having mean zero and unit covariances

(38)  EX (YD) =X -V -0, (@60 D) =5(s D).
This allows for the characteristic strengths of the stochastic driving fields to be ex-
pressed as

,  kgT

go~ = B 0 Fy? = ==y, 2D4DAT = A.

Tk

(3.9)
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In our notation, D4 denotes the square root of the operator %A, where we assume A
is positive semidefinite.

3.2. Summary of nondimensional equations. The SELM equations (2.9)-
(2.11) can be expressed nondimensionally and with operators treated to handle the
constraints (see section 2.2) as

p 1, . . _ . 1
(3.10) d—lt) = gc (P— K 'A[V]) + aA[-V (X)) + 7! (VA[F]) - ¥ + \[ggm,
dv 1.
(3.11) d—‘t’ = —-TC\(¥ - %) ~ kaVx® \/7\/—F
X _
(3.12) —= =79,
where
(313) Ci=(I+r'TA), Vo=Cr'Th, (Bum(s)Bha(1)) =—2L5(t—s),
(3.14) (P ()FLL (1) =20 6(t — ), (B (s)FL, (1)) = 0.

The characteristic scales are defined in section 3.1. The incompressibility and mi-
crostructure constraints are handled as discussed in section 2.2. We assume through-
out that ax = 1 to ensure that the conservative forces remain comparable to other
influences on the microstructure. In section 6.4, we will consider § — 0, but only after
the limits € — 0 followed by the limit £~ — 0.

4. Stochastic reduction. We derive reduced equations for the fluid-structure
dynamics when (i) the coupling forces that transfer momentum between the fluid and
microstructures is strong (¢ — 0), (ii) the mass of the microstructures is small relative
to the displaced mass of the fluid (k= — 0), and (iii) the response to stresses results
in hydrodynamics that relax rapidly to a quasi-steady-state relative to the motions of
the microstructure (§ — 0). We present the leading-order behavior in the asymptotic
parameter and in some cases also the first-order corrections. We first give a summary
of our main results in this section, describe our mathematical analysis in section 5,
and give detailed derivations of these results in section 6. We remark that to simplify
the notation, we have dropped annotation of variables in previous sections, but the
equations in this section are dimensional.

4.1. Limit of strong coupling: Summary of reduced equations. In this
section and the following sections, we summarize the dimensional equations that result
from our reductions performed on the nondimensional equations. We consider the
limit € — 0 of (2.9)—(2.11), where the fluid and the microstructures become strongly
coupled and momentum is exchanged rapidly. In terms of the physical parameters, this
regime occurs when the momentum coupling parameter satisfies Yo > \/mokgT /(2.
We obtain the effective inertial dynamics

d

d_It) =p 'L (p — A[mvo]) — AVx®(X) + (VxA[mvo)) - vo
(4.1) +kgTVxA : C7 4+ A 4 o + €6,

dX ~
(42) E = Vg + 69){.

In the notation, the double dot-product should be interpreted as (VxA : Cl_l)i =
GXkAij(Cl_l)jk. The vy denotes the effective velocity of the microstructures to
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leading-order:
(4.3) vo=p 'O 'Tp with C; = I + p~'mlA.

The thermal fluctuations are taken into account through the Gaussian stochastic
driving field g,,,, with mean zero and covariance

(4.4) (o ()81 (1) = — (2kBT) Lt — 5).

The 6 = €6 terms represent higher-order terms at the next order in €. For the strong
coupling limit, they capture the leading-order correction from slip effects between the
fluid and structures in this regime. These terms could also be useful in capturing
the permeation of fluid through a structure within the fluid such as a porous mem-
brane [38]. In particular, the §x = efx results from the slip of a microstructure
relative to the background fluid flow corresponding to a nonzero e (noninfinite ).
These terms capture to some approximation the transient responses of a microstruc-
ture to an applied body force. Similar terms have been found for inertial equations
derived using other approaches [21, 3]. For detailed expressions for these terms found
using our systematic reductions, see section 6.2.

4.1.1. Limit of strong coupling: Reduced equations in terms of the
effective fluid velocity u. The effective fluid velocity field @ is obtained from the
total momentum field by

(4.5) a=p " (p—A[m(vo—FeéX)]) .

The v is given in section 4.1, and Ox = €0 x is given in section 6.2. The effective
fluid-structure dynamics of (4.1)-(4.2) are

(4.6) pccll—lt1 =Lu+ kgTVxA : 01_1 - A%[mvo] — AVx®(X) + 0z + )+ Sihm;
X _ _

(4.7) Cii_t =vg+elx =Ta+eC0x,

(8o (8)81 (1)) = — (2kBT) L(t — 5).

(4.8)

The effective velocity of the microstructures vy can be expressed to order € as
(4.9) vo =i+ ep 'mIAfx.

The e-order correction term for lfi_l;l can be expressed as

(4.10) =0, +p 'L {A(m@x)} - % [A(méx)} — VxA(mvo) - Ox.
The equations in the presented form were obtained by using

(411)  (VxA[mvo]) - vo — %(A[WVO])

(4.12) = (VxA[mvg]) - vo — (VxA[mvg]) - vo — A%[mvo] = —A%[mvo].
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The effective fluid equations (4.6) account for changes in momentum arising from
the microstructure forces, microstructure inertial effects, hydrodynamic shear stresses
within the fluid, and thermal fluctuations.

Another interesting feature of the analysis is that a direct approach attempting
to use the fluid velocity field during the reduction presents difficulties arising from
the increasingly rapid momentum exchange between the fluid and microstructures as
the coupling becomes strong. To avoid these rapid dynamics, we reformulated the
system in terms of the total momentum density field p in section 2.1 as introduced
in [1]. This difficulty indicates that the instantaneous fluid velocity does not behave
like a “slow variable” in the strong coupling limit. However, when using the total
momentum field as the slow variable the analysis readily proceeds. An interesting
outcome, which we initially found a bit curious and counterintuitive, is that one can
again express the reduced equations in terms of the fluid velocity field . What
should be realized is that the interpretation of this field takes on a slightly different
meaning and should be thought of intuitively as an effectively time-averaged fluid
velocity over some small time-scale (instead of the instantaneous fluid velocity). The
mathematical analysis systematically handles this to provide a set of equations for
an effectively “renormalized” fluid velocity. We can view our transformation to the
total momentum density field and our systematic reduction analysis as a precise way
to perform such an averaging.

4.2. Limit of negligible excess mass: Summary of reduced equations.
When the microstructure excess mass is small relative to the local displaced fluid,
the equations can be further reduced in the limit k! — 0. In terms of the physical
parameters, we approach this limit when the excess mass parameter satisfies m < pf3.
We assume that € was already considered small and thus start from (4.6)—(4.7). This
results in the reduced fluid-structure equations

d i
(4.13) pd—ltl = Lu— AVx®(X) + kpTVx - A+ A+ efy + £,
dX .

(415)  (Fon (D) (5)7) = —2kpTLI(t — 5).

We derive these results in section 6.3. Notice that our result for the § = e terms
given in section 6.2 can be simplified in consideration of taking k=1 — 0.

In this limit, the microstructure inertial terms disappear in (4.6)—(4.7). This phys-
ical regime is very similar to what is treated in the stochastic immersed boundary (SIB)
method in [31, 2]. However, the systematic reduction analysis we perform here shows
that there is an important drift term kpT'Vx - A that does not appear in the original
SIB formulation [2]. The term kgTVxA : C; ' in (4.6) when m = 0 yields the drift
kpTVx - A in (4.13). The drift term arises from the generalized coordinates used for
the fluid and microstructures that have configuration and momentum variables that
are nonconjugate in the Hamiltonian sense. Consequently, the Liouville theorem for
the invariant distribution under the phase-space dynamics must be generalized to in-
clude a metric factor which manifests as a drift term in the stochastic dynamics; see [1].

In the zero excess mass limit, m = 0, there is no longer a distinction between
the dynamics of the total momentum field and the usual fluid velocity equations to
leading-order in € since p = pu. Our results suggest that approaches, such as the
immersed boundary method [31], that treat this regime should be interpreted as as-
suming that the microstructure is effectively density-matched with the fluid. Further-

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/05/21 to 128.122.149.96. Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/page/terms

1894 GIL TABAK AND PAUL J. ATZBERGER

more, any inertial effects of the microstructures arise from the entrained motions of the
fluid parcels overlapping with the kernel functions used in the operators for velocity
averaging and force-spreading [31, 1, 2]. To model additional inertial effects of mi-
crostructures within IB, some recent extensions to IB have been introduced in [21, 3].

4.3. Limit of rapid hydrodynamic relaxation: Summary of reduced
equations. We consider the regime where the hydrodynamics rapidly equilibrate to
a quasi-steady-state in response to body forces. In terms of the physical parameters,
this occurs when the fluid momentum spreads rapidly relative to the microstructure
motion pf?/u < £/U or equivalently when the viscosity is large in the sense yu > plU.
We consider the case when the limit ¢ — 0 has already been taken so that slip
corrections are negligible and k=1 — 0 so the structures contribute negligible excess
mass. Thus, we begin with (4.13)—(4.15). In this regime, we obtain the reduced
equations

dX
(4'16) E = HSELM[_VX(I)(X)] + (VX . HSELM)kBT + hthnn

(4.17) Hapn = T(L) 7PN, (hy(s),hL (1)) = 2kpT Hyprni0(t — 5).

thm

In the notation, £ = pA. In this regime, the fluid degrees of freedom are elimi-
nated entirely and replaced by the effective hydrodynamic coupling tensor Hgpp -
Interestingly, the drift term arising from the generalized fluid-structure coordinates
manifests as the term (Vx - Hggrn)kpT. This drift-divergence term is essential for
the microstructure dynamics to have invariant the Gibbs-Boltzmann distribution with
detailed balance [1]. We derive these results in section 6.4.

5. Stochastic reduction method: Singular perturbation of backward
Kolmogorov equations. We derive the reduced equations using a formal method
based on a singular perturbation analysis of the BKE [26, 27, 22, 30]. The BKEs are
given by
(5.1) Ou = Au, u(0,2z) = f(z).

ot

The u(t,z) = E*[f(Z(t))] with Z(t) = (X(¢),p(t),v(t)) [29]. The E?[---] denotes
taking expectation when the stochastic process starts with Z(0) = z. The A is
the infinitesimal generator of the stochastic process Z(t). The f is assumed to be
a C? smooth function with compact support. An important connection is that the
statistics of the stochastic process are determined by the expectations taken over the
class of functions f. This provides a mapping between the infinitesimal generator A
that appears in the BKE and the underlying stochastic process Z(t). In particular,
consider the stochastic process satisfying

(5.2) dZ(t) = a(Z(t))dt + b(Z(t))dW:.

The stochastic differential equation is to be given the Ito interpretation [29]. The
corresponding infinitesimal generator is

0 1,

We shall use this to obtain the reduction by performing a singular perturbation
analysis of the BKE to yield a limiting form for the infinitesimal generator A =
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a-0/0z+ %BBT : 02/0z%. This determines a reduced stochastic process Z(t) satisfying
dZ(t) = a(Z(t))dt + b(Z(t))dW, which approximates the full stochastic dynamics of
(5.2). We remark that a distinct advantage of using the BKE over the Fokker-Planck
equations (FPEs) is that our approximation will not be required to satisfy additional
constraints, such as ensuring that the equation conserves the total probability den-
sity. The adjoint of an approximated FPE differential operator is not always a valid
infinitesimal generator. In contrast, when making approximations of the BKE, the
obtained second-order differential operator has the plausible form for an infinitesimal
generator [29].

To obtain a specific limiting regime, we require that terms be identified that split
the dynamics of the infinitesimal generator into “slow” and “fast” parts

(54) Ae - leow + Lfast-

As the notation suggests, the splitting is meant to separate the degrees of freedom of
the system into two classes z = (zs,zy). The z; are those that exhibit relatively slow
temporal dynamics. The z; are those degrees of freedom that exhibit relatively fast
temporal dynamics. The L., contains only the terms of the infinitesimal generator
that involves derivatives with respect to the slow degrees of freedom. Similarly, the
L ¢q5¢ contains only the terms governing the fast degrees of freedom. In order for such
a splitting to exist, we require A, to have no terms with mixed derivatives in the slow
and fast degrees of freedom of the form 92/ 0zs0zf . These notions are defined more
precisely for the SELM dynamics in section 6.

This splitting provides a useful stationary conditional probability distribution
U(z¢|zs) for the fast degrees of freedom Z¢(t) when evolving under dynamics with
the slow degrees of freedom held fixed Z; = zs. This is given by solving the steady-
state FPE for the fast degrees of freedom which can be expressed using the adjoint of
the generator as a solution of

(5.5) Li0 =0, /\Ildzf = 1.

More precisely, we shall consider in our analysis for the fast degrees of freedom gen-
erators of the general form

(5.6) Ljast = % (L2 n e/ig) .

The L, represents the leading-order contribution to the generator L .5 and is used to
determine the invariant distribution ¥. Often we have Lo = 0, but as we shall discuss,
for many cases of interest this term is nonzero, making an interesting contribution to
the reduced effective stochastic dynamics.

For the slow degrees of freedom, we find it convenient to split the generator as

(57) leow - El + Lla El = /\P(Zf|ZS)LSl0’u)de7 Ll = leow - Ll-
This splitting ensures that L; generates a stochastic process having mean zero. As
we shall discuss, if L is a nonzero operator, then it captures the leading-order dy-

namics. The L; then contributes at the next order. These conventions allow for the
infinitesimal generator to be expressed as

_ 1 B 1
(58) Ae = Ll + €L€, LE = E (Ll —+ L2) + 6_2L2
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As we shall show, the operator L. contributes effectively as order one in the limit
€ — 0 and hence the scaling and notation chosen.
To make this more precise, we make the ansatz that v can be expanded as

(5.9) u(z,t) = uo(z,t) + u1(z, t)e + ug(z, t)€* - - - + up (2, 1)e™ + -+ .
We shall seek ultimately a partial differential equation (BKE) for the first two orders
(5.10) u(zs,t) = uo(2zs,t) + u1(zs, t)e,

where 1 (zs,t) = [ U(zf|zs)ui(z,t)dzs. By comparing orders when plugging equation
(5.9) into (5.1) and using (5.8), we obtain

(5.11) 0 (6_1) : Loug = 0,
p) _ _

(512) O (1) : % = Liug + Liug + Loug + Loug,
8U1 = ~

(513) O (6) : E = L1u1 + L1u1 + Lgul + L2u2.

We assume throughout that the stochastic process generated by L is ergodic on the
space of zf so that dim ker{L3} = 1. The order O (671) can be interpreted as the
steady-state of the BKE of a stochastic process 7 #(t) generated by Lo. This suggests
that ug(z) = lim;_,00 E*[f(Z;(t))] = E%[f(Zs)] = uo(zs), where Z¢(t) is the process
started with Z(t) = z;. By ergodicity, the long-term behavior of Z(t) would be
independent of the initial condition and the latter expectation is to be taken with
respect to ¥ satisfying (5.5). This gives that ug = uo(zs) with the only dependence
on zs. Throughout, we take uy only depending on zs, which ensures that the order
O(e™!) is always satisfied since Ly only involves derivatives with respect to zs. The
order O (1) can be used to solve for uy in terms of ug by

(514) Lg’ul = % — L1u0 — Lluo.

We used that ﬂguo = 0 since up = up(zs) and I~/2 only involves derivatives in z;. The
solvability of (5.14) requires the right-hand side of the equation be in the range of the
operator Lo. A well-known condition for this is that the right-hand side be orthogonal
to all elements of the null-space of L}, in other words, the range{Ls} = ker{L3}+,
where L denotes the orthogonal compliment of a set under the standard L2-inner
product; see [35]. By our ergodicity assumption, the kernel only has one dimension
and the solvability can be represented by the condition

(5.15) (/\I/ (% — L — Ll) dzf> ug = 0.

The ¥ is the stationary probability density satisfying (5.5). This yields the BKE for
the leading-order

(516) = IiluO.

ot

This follows since by definition [WLidzy = 0, and Ly = [WLidzy since it has
already been averaged with respect to the probability distribution. The condition
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for the existence of the solution u; in the asymptotic expansion expressed in (5.14)
provides (5.16) for the leading-order ug. Using (5.14), the order u; can be expressed
as
—1 8UQ = —1
(517) Uy = L2 E - (Ll + Ll)uo = —L2 L1u0.
The final expression comes from the relationship of the partial derivative dug/0t and
the operator L given by (5.16). Now, at the order O(¢), a very similar argument can
be made to ensure the solvability of us. This yields
O _ _

(5.18) % - </\If (L1 + L1+ 1) L21L1dzf> o,
where @1(zs,t) = [ U(zf|zs)ui(z,t)dzy. This provides a closed set of differential
equations for the first two orders ug, u; approximating the solution of the BKE in
the € — 0 limit; see (5.16) and (5.18).

It is convenient to express this approximation by deriving a set of closed equations
for 4 = ug + euy. We have that

o - _ By
(519) 8—1: = Ljug + € (— / v (L1 + L1+ LQ) L;lleZf) Uug-
To express this in terms of @, it is useful to notice that

(5.20) U= (I— 6/\I/L2_1L1de) ug.

By inverting this operator and expanding to leading orders in ¢, we have

(5.21) uoz<I—|—e/\I/L21L1dzf—|—62(~-~)—|—-~->u.
By neglecting orders greater than ¢, we have
(5.22) Lyug = Lyt + ey / ULy Lydzsa.
This gives the final set of closed reduced equations
ou = - - - o
(5.23) o= (Li+elo)a,  Lo=— [ @ (Li+Ls) Ly Liday.

This follows by using (5.22) in (5.19) and canceling common terms. The operator
Ly is obtained by collecting after cancellations all of the remaining terms of order e.
This derivation provides a unified expression consistent with the formal methods used
in [25, 26, 27] and the rigorous results obtained in [22, 30]. This provides a BKE with
generator A = Li + €Ly approximating the full BKE given in (5.1). Interestingly,
the term L. of (5.8) is approximated in the final set of equations by Lo, which con-
tributes only as order one in €, “L. — Lo.” The operator A provides the infinitesimal
generator for the reduced stochastic process Z(t) approximating the full stochastic
process Z(t) given by (5.2). We remark that the full stochastic process can be viewed
as approximating the reduced stochastic process in the sense of “weak convergence”
for the observable u defined after (5.1). Equations (5.23) establish our systematic
reduction procedure to approximate the full stochastic dynamics.
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6. Derivation of the nondimensional reduced equations. The details are
now presented for the derivation of the various reduced equations in the limits of (i)
strong coupling, (ii) small body excess mass, and (iii) rapid hydrodynamic relaxation.
The equations are reduced by decomposing the infinitesimal generator into fast and
slow parts using the singular perturbation analysis presented in section 5. A central
challenge to compute the effective infinitesimal generator is to invert the fast operator
Lo. We give a general method for Sturm-Liouville operators in Appendix A. We iden-
tify each regime precisely using our dimensional analysis and then provide appropriate
decompositions to obtain an explicit expression for the reduced equations.

6.1. Limit of strong coupling: Derivation of reduced equations. We
derive the reduced equations in the regime when the coupling for the momentum
exchange between the fluid and the microstructures becomes strong ¢ — 0.

6.1.1. Splitting of the infinitesimal generator into slow and fast parts.
To avoid clutter, we will remove the bars from the nondimensional equation (3.11) and
use this convention throughout our derivation. To handle the infinitesimal generator in
this regime, it is very useful to make the change of variable in the velocity v = v —vp.
Specifically, we define

(6.1) vo = C; 'T'p, Cy = (I +rk'TA).

This serves to center the terms up to order e (3.11) and allows for the equations to
be put into the convenient form

62) B = L (o 4]+ ad VB0 (VA )+ g

dt & 5
v dv  dve 1 B V/T d
(6.3) @ ke 6T01V—|— eﬁme arVx®(X)—Vx pvo dt(X,p),
dX
4) = =
(6.4) dt

The last term in (6.3) results from a use of the chain rule when differentiating vy.
The infinitesimal generator of this fluid-structure system is split into the parts

(6.5)
A =Lgiow + Lfasta
(6.6)
1
Lotow =| £ (p = 7 A[V]) + aA[-Vx®(X)] + 5~ (VxAlV]) - v] Vs
1

—gﬁzv§+v~vx,
(6.7)

1 _ d
Liqst == [(—TC’lv) Ve +rY: V%} —arVx®(X) Ve — Ag {Vx,pv[) . E(X,p) .

The slow degrees of freedom are identified as z; = (X, p), and the fast degrees of
freedom as zy = ¥. We use the notation A [] to represent contributions from the %%
equation to Ly, since the term includes contributions of both first- and second-order
in V(,.
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We split further the fast operator

1 -
(6.8) Lfost = - (L2 T eLg) ,
(6.9) Ly = [-TC1¥] - Vg + kY : V2,
} d
(6.10) Lo = —arVx®(X) V¢ — Ag {Vx,pv() . a(X,p) .

The Einstein summation convention for repeated indices is used throughout. We
denote by A : B = A;;B;;. The L, will be expressed more explicitly later. For
now, we remark that because of the stochastic contribution of the term dp/dt, the
differential operator L, when fully expressed is second order in v.

In the perturbation analysis, it is sufficient to know Ly to determine the stationary
probability distribution satisfying (5.5) for the fast degrees of freedom

vdetC

(6.11) V@) = o

exp [—%GTC’G} , where C' = k7 1C}.
This gives a Gaussian distribution for v with mean 0 and covariance C~!. The N
denotes the number of degrees of freedom for a configuration of the microstructures.
This solution intuitively corresponds to the Gibbs—Boltzmann distribution of z; when
holding the zs degrees of freedom fixed (see section 5).

We split further the slow operator by

(612) Liow = El + L4,
(6.13) Ly = (%E(p — K A[vo]) — aAVx ®(X)

1

6L:v§+v0~vx,

—I—H_l(V)(A[V()]) -vo+ VxA: C'll> -Vp, —
(6.14) Ly = Lyjow — L1.

The L, is obtained by averaging L. with respect to ¥. We have used that the
average of v = vy + Vv with respect to U(v) is vg, which can be seen since vy is a
function of only slow degrees of freedom and the expression (6.11) obtained for W
is a Gaussian centered at zero. Similarly, we remark the VxA : C; ' term comes
from the averaging of the term quadratic in v. This splits the operator into a part
L, that averages to zero and a part L; that may have a nonzero average. The
presented splittings into slow and fast parts provide the required decomposition of
the infinitesimal generators for our perturbation analysis.

We remark that the L; operator describes the leading-order dynamics for strong-
coupling case considered. That is, the no-slip dynamics may already be recovered
from L; without determining the next-order terms. The next-order dynamics will be
captured by the Ly term given by (5.23).

6.1.2. Inverting the Lo, operator. To obtain the reduced stochastic process
including the e-order term, we must determine the operator

(6.15) Lo = —/\If(Ll + Eg)LglleZf.

An often challenging step in determining Lg is to perform the inverse of Lo to find
w = —L2_1L1u0. While in simple cases the resulting equation Low = —Ljug can be
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solved directly, we take a more general approach by representing the action of the
inverse operator over an orthonormal basis determined from solving a related Sturm-—
Liouville problem [37]; see Appendix A. To apply this approach, we use that Ly has
the form
-, 0 0?
LQ = _(TCV)la_’LN),L + szm.

This can be put into an even more convenient form by choosing a change of basis for
the velocity vector v so that the matrices diagonalize and the operator is the sum
Ly =, LY, where LY only involves independently the ith coordinate of velocity.
For this purpose, we introduce the change of variable a = C''/2%, where the square
root C''/2 is ensured to exist since C is symmetric and positive semidefinite. This
allows us to express the operator as

(6.16) Lo = Apm (—m0a, + Oa,,0a,) A=CVrol2,

Since A is symmetric, there is a unitary operator @) for a a change of basis that
diagonalizes the operator to yield D = QT AQ with D;; = d;;d;, 8 = QT . This gives
(6.17) Ly =YL, LY = d; (—Bi0p, + 03,) -

We remark that the cumulative change of variable used is 3 = QTCY/2%. We find it
convenient also to introduce Q = C~/2Q. We can now express the inverse problem in
terms of Sturm—Liouville operators; see Appendix A. This is achieved by introducing
a factor to define a new operator

(6.18) Ly=e2PL,.

The inverse problem that needs to be solved becomes

(6.19) Low = F(8)u(8),

where p(5) = e3P and f = —Lyug. This gives the eigenvalue problem
(6.20) > dip(B) (—Bi0s, + 03,) d(B) = Nepa(8)dic(B).

The separated form of the differential operator allows for the solution to be repre-
sented in the separated form ¢ (8) = [, ¢w, (Bi) with k; = [k];, 8; = [B];. Equation
(6.20) can be decomposed into distinct Sturm-Liouville problems for the eigenfunc-
tions ¢y, (5;) by using p;(5;) = die*%ﬁf; see Appendix A. After some algebra, each
of these eigenvalue problems has the general form

(6.21) 1(B) = B1.(B) = \edw(8).

The f is now simply a scalar variable. In this case, we have the well-known Sturm-—
Liouville equations for the Hermite orthogonal polynomials [37]. The eigenvalues can
be shown to be the nonnegative integers. We denote the kth Hermite polynomial by
Hy(B) and the eigenvalue by Ay = k > 0 with k € Z*. For (6.20), this gives the
eigenfunctions ¢x(8) = [[; Hr,(8i) and the eigenvalues Ay = Y. di\p, = >, dik;.
The action of the inverse operator on a basis element can then be expressed as

-1
(6.22) Lytow = — [Z diki] Prc.
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In the case that f = —Ljug is a polynomial of finite degree in zy, the inverse is
also a finite degree polynomial. For the low degree polynomials that arise from the
SELM dynamics, these results provide a particularly useful inversion procedure. For
convenience, we list here the first few Hermite polynomials:

(6.23) Ho(B) =1, Hi(B) = B, Hy(8) = 5 - 1.
A few useful inversion formulas of which we shall make use include
(6.24) Ly'Bi = —D'8; = —d; ' B,

(6.25) Ly'BiBy = —(di +dy) ' BBy, i # 4,
(6.26) Lyt (87 —1) = —(2d) ™" (87 — 1) .

In some of the calculations, it is helpful to use the tensor notation Di_j1 =d; '6;; and
to combine (6.25) and (6.26) to obtain

(6.27) Ly (BiBj — dij) = — (di + dj) " (BiBj — 0ij) = —Eij (BiBj — 0sj)

where Eij = (dl + dj)_l.

6.1.3. Representation of the operators under the change of variable for
strong coupling. To succinctly carry out the calculation of the effective infinitesimal
generator, it is helpful to introduce some notation for the change of variable we use
from v to 8. To summarize the notation we have introduced so far, we had A =
CY2YC'?, D = QT AQ (Q unitarily diagonalizes A), Q= C"1/2Q, sothat D1 =
QTY1Q, QB = v. To account for the drift contributions to the slow variable in a
form amenable to Hermite polynomials of order 0, 1, and 2, we introduce, respectively,

(6.28)

T=voX %E (p— & "A[vo]) — aA[Vx®(X)] + VxA : C7 '+ k™ H(VxAlvg]) - vo} ,
(6.29)

R=Inxny®B, with B=x'|— %EA(-) + (VxA(")) - vo+ Vx(Avg) - ()],

(6.30)
S = ON><N><N X /€_1VXA.

The notation X is introduced to “glue together” two tensors along the first index, so
that for A, with 1 <4 < N and Byj, with 1 <14 < M, we define the new tensor
C=AKDB by Cijk = Aijk when 1 <i < N and Cijk = B(i—N)jk when N 4+1<4 <
N + M. We call X the “glue operator.” Oyxnxny denotes a 3-tensor of zeros, and
Inxn the identity 2-tensor. The order of coordinates in (6.30) is understood to be
(VxA)ijr = dx, Aij. Tt will be useful in Ly to introduce the modified noise term

(6.31) V =0yxny X —C'TLACTY,

where Oy xn denotes a 2-tensor of zeros. Here, C is the same as in (6.1). We also
use

(6.32) y =2zs = (X, p).
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This allows for the slow operator of (6.14) to be expressed succinctly as
~ ~ o~ == ~ a
(6.33) Ly = [Rijvj + Sijk (Uk’l}j — Uk’l}j)] 3y

Ultimately, this operator will be expressed in terms of a change of variable from v to
B. This makes it useful to make also the change of variable for R and S, which is
given by

(6.34) Rij ZRikaj gijk :Silleijk-

We then have for the fast operator an expression in terms of 3

- A 0
(6.35) L= [Rijﬁj + Sijk (ﬁkﬁj — 5kj) % = Lgl) + ng), where
1) _ p 9 2) 4 0
(6.36) Ly’ = Rijﬁja—y, Ly = Sijr(BrBs — 5kj)a_y-
In the interest of computing the Ag[Vy vy - %] appearing in Lo, it is useful to express
d,

(6.37) d—i =U(¥) + g with
(6.38) [U(ff)]Z =T; + Rijf)j + Sijk(’f}kf)j - ﬁkﬁj),
(6.39) (8o (5), 85 (1)) = Onsw B —2L6(t — 5).
This allows for the fast operator to be expressed in terms of 3 as

~ [ | 1
(6.40) Lo= | —arVx®(X)—Vyvo-UF)| Vs — sV vi

- 3 - . 1. L

(6.41) = | —arVx®(X) - Vyvo-UF)|-Q Vs — ¢ 'WVQ T v;
(6.42) = Tl + Rijﬂj + S’ijk(ﬂkﬂj — 5;.”-) Vg + Vo V%.
In these expressions, we define
(6.43) T=Q Y ~arVx®(X) — Vyvo-T),  Run = Qi (=8y,(v0)i) Rjn,

_ . . N 1 . .
(6:44)  Stnn = Qi (=0y, (v0)) Syrmn; V=-307'vQT"

The V term in l~/2, which we defined in (6.31), results from the form of gn, and the
relationship (6.1).

Finally, we split L, for convenience in later integral expressions into several com-
ponents that each involve a different degree polynomial in 3. We label these using
the convention that a derivative in B contributes “negatively” to the degree while
multiplication by a variable in 8 contributes “positively” to the degree. This gives
the decomposition

(6.45) Ly =LY,
Ly = V03, Ly " =10,
(6.46) LY = Ri;8;05,, LY = Siju(BrB; — 0k;) 5,

These conventions provide useful notation to succinctly express the consequences of
the change of variable from v to 3.
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6.1.4. Computing the effective infinitesimal generator for strong cou-
pling. To obtain the effective infinitesimal generator L = L; + €Lg, we must still
compute Lg = — f V(L + I~/2)L2_1L1dz. We assume in this section that I'A does not
depend on X to leading order. This corresponds to the mobility being approximately
constant and has the consequence that C' is approximately constant in X. We start
by expressing the probability distribution ¥ from (6.11) in terms of the variable 8
and use the associated Jacobian to obtain

(6.47) (8) = (2m) M exp {—%;ﬁ] .

To determine the operator, it is useful to split it into the parts Lo = ), j Lij+>, j Jij
with

(648) Ly =— / v Ly Lds, gy = - / w(B) LY Ly LV ap.

The operators ng) and Eéz) are defined in (6.35) and (6.46). In practice, the terms I1;
and Iso are the only I;; needed to determine L since the I;; = 0 when ¢ # j. This is
a consequence of odd degree monomials in 8 averaging to zero under the probability
distribution. Similarly, the only terms J;; that are nonzero and needed to determine
Lo are J_92,Jp2,J-1,1,J1,1.

A useful feature of our decomposition is that the operators involve terms that are
at most a degree two multinomial in the variables ;. From the inversion formulas
established in (6.24)—(6.26) and the decomposition of Lq, we have

049) T == [ WO RunB0, 13" s 510,148
(6.50) - /R ) B oy [y D553, 108 = R D 9, R0, ]

We used the specific inversion formula (6.24) to obtain that L;l[]:?ijﬂjﬁyi] =
[Riij_klﬂk(? ;]. We can reverse the change of variable to express this in terms of
the original tensors associated with the variables (X, p) as

(6'51) I = (Rc_l/QQD_1QTC_1/2)njayn [Rijayqz]

(6.52) = (RC“T“C“)M[8y71Rij8yi + Rmﬁjnyl]

(6.53) = (RCT'Y'C Y000y, BijOp,] + (RCT'Y'CT'RY) (07, ]
(6.54) =r-Vp+(qq"): V3

with

(6.55) r=(VxpB): (C'T1C'RT), q=RCIT1/2

We also used that the first N rows of R are constant (and correspond to Z). The B
is defined in (6.29).

We next compute Is2. From (6.30), we denote S'ijk = S’ianijnk. To avoid
confusion in the notation for the indices m and n, we denote this sum explicitly. This
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gives

(6.56) oy = — /RN v(B) L Ly 'LPds

(6.57) =— /RN U(B)Sijk (BiBr — 6510y, Ly * [Stmn (BB — 6mn)y,dB
(6'58) = /RN \Ij(ﬂ)gljk (ﬂ]ﬂk - 53‘1@)8% [Z S’lmnEmn(ﬂmﬁn - 5mn)ayz‘| dﬁ

mn

48 (52182 32, + 5210x. 92,0, ] |

ijk ™~ lmn >~ pipy ijk lmn

The inversion formula (6.27) was used to obtain L;l(ﬂmﬂn — Omn) = Emn(BmBn —
Omn). Another important point to mention is that gijk only yields nonzero terms
when i > N and that S'ijk is a function of X but not p. This follows since the
indices with ¢ < N involve contributions to the X equations which are zero and were
represented using our glue operator in (6.30). For this reason, it is convenient to use
the notation for S above, Az(f,l = Agi—n)jk fori > N.

To integrate the expressions against W, we find it useful to introduce an integration
by parts in the variable f3;

060 [ W(5)8,58,5.48
! =38 N et Tus, 82 g8/
(661) = W‘/RN_l (/R ﬂ]e B ﬂkﬂmﬂndﬁj> (& # B dﬂ J
1 _1g2 _1 B2 j
o :W/ #7505, (B Bn)dBje ™3 Xurs Padl
(663) = jk5m77,+5j7n5kn+5jn5k7n-

The d,@/j =df---dBj—1dBj+1 - --dBn denotes the differential excluding dw;. Using
this result we obtain

(6.64 [ WO G5~ 53PS}

RN
(665) = jk5m77, + 5jm5kn + 5jn5km - 25jk5mn + 5jk5mn
(666) = 5jm5kn + 5j77,5km-

This yields

(6.67)
Iy = 37 [(SG582,02. 00 + 8300x,82,00: ) (B Smn + 3nn))|

mn

(6.68)
= 5 (B [ (2862 + 5,50,) 8, + (52 + 52.) 0x,82,00] .
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Denote the first- and second-order components of Iy by 12(5) and 12(3), respectively.
Since E,,, is symmetric, we can write the second-order differential operator as

2) 2) 2) 2) 2)
(6'69) 12(2 - Z B, <Sz(mn tmn t 2Sz(mnslnm Sl(mnSz(nm) 8;3;01

This gives 2 5 1181, », With a tensor A that is symmetric in the indices 7, 1. This allows

for the operator to be expressed as

51 1
(6.70) 12(2) = 5[00 110y, = iaaT L V2,

where o is a factor such that A = oo™ .

To determine the specific form of o, we consider for fixed indices m and n

(671) den = 31(12nn8l(31n + 31(12nnsl1’2bzn - Sl((fb lchamen(Qchdn + anQdm)

Using the form (6.71) in (6.68), we have

(672) 12(3 = Sz(a2b lcd [Z Qamen mn(Qchdn + anQdm)‘| pipL*

By interchanging m and n and averaging the original and new forms of 52, we find
(673) 23 551(35);512 [Z(Qam@bn + Qan@bm)Emn (Qcm@dn + an@dm)‘| a

This gives

(674) Oi{m,n} = uzb(Qamen + QanQbm) V mn-

We remark that the summation convention is assumed on the indices a, b, but not
m,n. This provides an explicit form for the factor A = oo required in (6.74). A
similar computation gives

(6.75)

IQ%) = 251(3[);8X Slcd [Z(Qam@bn + Qan@bm)Emn(Qchdn + an@dm)‘| 0

mn

1 1
(6.76) = 5 Z 8Xio'l,{m7n}ai7{m,n}8§l = |:§Vx0' : O’T] 'Vp.
,{m,n}

The double dot-product is understood to be taken over ¢, {m, n} with our convention.
Above, we include the explicit sum over i as well as {m,n} to make this clear. To
summarize, we have

1 1
(6.77) = gcrch : Vf, + |:§on' : UT:| - Vp.

This result is useful since it provides an explicit form in the reduced equations
for any general choice that is made for the coupling operator Y.
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Next, we can compute the integrals J;;. Recalling that the function on which the
operator is applied depends only on the slow variables, we may apply the derivative
in Lo only on the fast variables appearing on L 'L,. We find

(6.78) J gn= —/ w(B)LY P Ly L ap
RN
(679) = /N (ﬁ ‘/1383 lz Slmn mn(ﬁmﬁn - mn) yl‘| d/6
R m,n
(680) - / \P(ﬁ)f/z] Z glmnEmn((Sjm(Sni + 5mi5jn)ayl‘| dﬁ
RN mn
(681) - Z S’lmnEmn(‘N/nm + f/mn)ayz
1 A A A A - .
(682) - 5 Z Slab (Qamen + Qmean) Emn (an + Vnm)ayl .
(683) = Z Slab (Qam@bn + Qmean) Emnf/mnayl-
(6.84) = Z Tt {mm}VmnOy, =Y - Vp.

We label the tensors

(685) Vmn = V Emn‘?mna sz = Zai,{m,n}ymn~
Above, V is given in (6.44) and ¢ is given in (6.74). Next,
086 ha=- [ WELYL;'1ds
RN
(6.87) = / \I/(ﬂ)RUﬂja,BL [Z S’lmnEmn(ﬁmﬁn - 5mn)ayl‘| dﬁ
RY m,n
(688) = ,/RN \I/(B)sz Z S’lmnEmn(émiﬂjﬂn + ﬂmﬂ]énl)aw‘| d/@
(689) Z S’lmnEmn (5mi5jn + 5mj5ni)8yl
1 N A A ~ ~ ~
(690) = §Slab Z(Qamen + QanQbm)Emn(Rmn + an) ayl
(691) = Slab [Z(Qam@bn + Qan@bm)Emann ayl
(6.92) = 0 (mn}@mnOp, = Z - Vp
We label the tensors
(693) Wmn = V E’rnan’nv Zi = Z T4, {mn}Wmn-

m,n
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Here, R is given in (6.43) and o is given in (6.74).

(6.94)

Tar=- [ WOLEVL 1as = [ w(e)T0s RyD;! 60,148
R

RN
(6.95)

= [ ¥OILIRD;19,18 = RyD5 T,

= — [RCT'T " (an)] - Vy = ~[CT' T 5(ak)] - Vx — [BC™'T'y(ar)] - Vp,
where we have abbreviated
(6.96) v(ak) = (arVx®(X) + Vyvg - T).

Here, T is given in (6.28). We emphasize the dependence on ax for the discussion
below on the relationship between the nondimensional constants:

(6.97) Jig = —/ w(B)LY L, LV as
RN
(6.98) - /R Y(B)Sinm (B — ) By D510, 148 = 0,

The last integral is 0 since 5,8 = dnm-
By combining the above results Lo = I11 + Ioo + J_272 + J()’2 + J_171 + Jl,l from
(6.51), (6.77), (6.78), (6.86), (6.94), and (6.97), we obtain the operator

1
(6.99) Lo = [7“ + §an 2ol +Y +Z - BCT'Y Yy (ak)| - Vp

—[C7'Y Iy (ak)] - Vx + (g¢7) : Vf, + %UUT : Vf).

These results combined with the L; given in (6.13) give the final reduced operator
Ly = L, + eLg. While the L; operator yields the reduced stochastic process in the
strong coupling limit given in (4.1) and (4.2), the terms due to effects of order € are
captured in the operator L.

We may be interested in the limit of Ly in the negligible mass limit (k! — 0).
In this case, it is important to remember to make certain assumptions about the
relationship of the nondimensional constants x, €, and «. In particular, we recall
the requirement ko = 1, which implies ¢ < (ka)~!. This avoids the blow-up of the
potential terms in Lo when we wish to take k=1 — 0.

6.2. Strong coupling with weak slip: Higher-order terms in e. We now
consider the next-order correction terms in e. These first-order terms contain contribu-
tions that can be interpreted in the strong coupling regime as the weak leading-order
slip-effects between the fluid and structures. Such effects are known to arise in small-
scale systems from hydrophobic effects or a break-down of the continuum hypothesis
(nonnegligible Knudsen number) [17, 12]. In the SELM formulation, the precise form
of the slip arises from the choice of coupling operators A and I". To capture weak slip
effects, these terms could possibly be used to incorporate leading-order slip effects for
analysis or for computational simulations without suffering the rapid dynamics over
short time-scales associated with the strong coupling.
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For the terms below, we have assumed that the product I'A does not depend
on X. This corresponds to the situation where the coupling operators for the parti-
cles/microstructure do not overlap significantly (in practical simulations this is often
imposed by steric repulsion forces) and the situation where the particle mobility is
translation invariant (closely related to the coupling operator product). If this condi-
tion is not the case, similar analysis would yield additional terms.

For the SELM formulation, it is convenient to express the effective “slip terms”
6, and fx in section 4.1 by decomposition into the parts

(6.100) 0, =0F + 08 . Ox = 0% + O -

These were computed using the nondimensional conventions. It is most convenient
to combine the dimensions to the resulting nondimensional e-order terms, as dictated
by the units of each equation. That is, we multiply
s X XX
er=0erer, 0" =050", o

thm

OF = (mo/ml?), OF = (¢/7k).

— AOPAQP X XX
- 60@thm7 Gthm - 60 Gthm7

The nondimensional e-order corrections to the drift are given by

(6.101) or = e(r + %vxa ol +Y + 27— BClTl'y(cm)>,
(6.102) 0F =e(—=C7'Y 1y (ar)).

In our notation, the constituent terms © are understood to have no dimensions. The
nondimensional e-order corrections to the noise are given by

(6.103) (O .(5)(©%.)" (D) =€ (co” +2BC'Y'C'BT) §( - 3),
(6.104) (6. .(3)OX)T @) =€cCT'T'C) (- 3),

thm thm

(6.105) (O (5)(OFX)T (@) =€e(@2BCT'Y'C1)(t—5).

thm

q was used to construct the above noise terms. The r and ¢ are given in (6.55). Y,
Z, o, B, and 7 are given in (6.85), (6.93), (6.74), (6.29), and (6.96). A derivation of
these equations is given in section 6.1.

6.3. Limit of negligible excess mass: Derivation of reduced equations.
To obtain the reduced equations in the limit of negligible excess mass, we consider
the limit k= — 0, with the limit ¢ — 0 assumed to be already taken for simplicity.
This corresponds to the physical regime with m < mg = pf3 with the coupling very
strong.

We begin with the L; operator, which describes the dynamics for the limit ¢ — 0
taken. This operator is given by (6.13). In the limit £~ — 0, we find

- 1 1
(6.106) Ly = (gﬁp —aAVxP(X) + VxA :I) -Vp — gﬁ : Vf, + v - Vx.
Equations (6.1) simplify with
(6107) Vo = I‘u, VXA 1T = tr[VxA] = VX <A

We obtain (4.13)-(4.15) by adding the units to the nondimensional variables and
writing the equation in its dynamical form. For clarity, we also add the Lagrangian
forces and the 6 terms which appear if the slip terms are small but not negligible.
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6.4. Limit of rapid hydrodynamic relaxation: Derivation of reduced
equations. We now consider the regime where the hydrodynamics relaxes rapidly
relative to the time-scale of the microstructure motions. We assume for simplicity
the regime in which we have already taken ¢ — 0 and then x~! — 0. We consider
the nondimensional group ¢ given by the ratio of time-scales between hydrodynamic
relaxation pf?/p and advective transport ¢/U. In particular, 6 = (pf?/p)/((/U) =
plU /1, also defined in (3.4), where U is a characteristic flow velocity, £ a characteristic
length-scale, and p the fluid viscosity. We consider the limit 6 — 0.

To handle the incompressibility constraint on the fluid, we now introduce a pro-
jection operator approach to handle the Lagrange multiplier A in

(6.108) pcfi—ltl — Lu— AVX®(X) + kpTVx - A+ o + A,
X
1 — =Tu.
(6.109) =~ Tu

The A acts as a constraint force density that enforces V - u = 0. This can be written
in terms of a projection operator as

(6.110) A=—(T —p)(Lu— AVx®X) + kpTVx - A+ o).

The projection operator is given by ¢ = Z — VA~1V.. This gives

(6.111) pcfl—‘: = p[Lu — AVx®(X) + kpTVx - A + fi],
dX
112 i )
(6.112) o~ lu

We assume that p£ = L and make use of the properties p? = p and p = . We
can express this in nondimensionalized form using § as defined in (3.4) as

1 1
(6.113) Cfi—l; =p gﬁu—AVXq)(X) +Vx A+ gfmm},
dX
114 — =Tu.
(6.114) a "

The infinitesimal generator is given by

1 1
(6.115) A= g[pﬁu + 5p(—AVx®(X) + Vx - A)] - Vyu — g(pﬁ) : V2 +[Tu] - Vx.
To apply our perturbation analysis introduced in section 4, we split the operator as
(6116) A - leow + Lfasta leow = I/l + Ll, Lfast = L2 + .Z/Q,
(6.117) Ly =0, L= (T'u)-Vx,
(6.118) Lo = (pLu)-Vy — (pL) : V2, Ly = p(—AVx®(X)+ Vx -A) - V,.
We remark that each of the coefficients of Ly and Ly are in the range of p. Using
the linearity of p and £, we may interpret the derivatives V, as V, and complete
the reduction with the fast variable in the space u € §. The S denotes our space of

solenoidal vector fields. Given the specific form of Lo, the inverse operator can be
expressed as

(6.119) Ly'u=L£""'u foru € S.
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This allows us to carry out readily the inverse

(6.120) LiLy Ly = L1 Ly (Tu) - Vx| = Li[(T£ ') - Vx|

(6.121) = (Tu) - Vx[(TL ') - Vx] foru e S.

We still need to evaluate fue3¢(u)L1L§1L1- An important feature is that the co-
variance structure of 1 is the identity in the space S because the operator coefficients

on the first- and second-order terms in L, are identical. It is useful to rewrite the
inverse as

(6.122)  LiLy'Ly; = (Tu) - Vx[(TL ' u) - Vx]
(6.123) = Vx - {(Tw)[(TL ') - Vx]} — (Vx - (Tu)[(TL ') - Vx].

The averaging with respect to ¥ (u) can be computed readily in this form by passing
the integral onto u inside each term. From the covariance structure of 1, we have
the useful identities [ w;ujiy(u)du = §;; for u € S. By using these identities and that
I' = AT, we have

(6.124) /esw(u)LnglLl

=Vx - [(TL7'pA) - Vx| — (TL'pVx - A) - Vx

(6.125) =[Vx - TL 'pA)] - Vx + (L pA) : Vx — (L pVx - A) - Vx.
We can evaluate the remaining integral term in Ly by
(6.126) / Y(u)LoLy Ly
ueS

(6.127) _ / P p(—AVxB(X) + Vx - A) - Va[(PL ) - Vx]

ueS
(6.128) = (W[TL ' p(~AVx®(X) + Vx - A)) - Vx]

ueS
(6.129) = (TL 'p(-AVx®(X) + Vx - A)) - Vx.

For the effective infinitesimal operator L = L + & - Lo, this gives
(6130) I/ =-4- (/ Q/J(u)EQL;lLl +/ w(u)L1L51L1>
uER(p) u€R ()
(6.131) =-4- {(I‘Elp[—AVXCI)(X) +Vx-A])-Vx +[Vx
(TL M) -Vx + (TL 1 pA) : V& — (DL 'pVx - A) - Vx}
(6.132) =4 { [(—L) tp[-AVx®(X)] + [Vx - (F(—/S)lpA)]] -Vx
+ (T(=L)"'pA) : v;}

By letting Hyprn = ~I'L7tpA, we can express this more compactly as

(6.133) L=9- { [FISELM(—VX<D(X)) + Vx - F[SELM} - Vx + Hepou - v;}.
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By converting the expressions to have physical units, the reduced stochastic processes
in the limit of fast hydrodynamic relaxation becomes

dX
(6.134) o= Hyprn[-VxP(X)] + (VX - Hspn) kBT + Doy,
(6.135)  Happns = D(=L) " 'oA,  (hy.(s), bl (#)) = 2kpT Hepnid(t — 5).
The properties of o allow us to write Hsgry = [p? (—L£) " 'pA. This provides a
convenient way to factor the hydrodynamic coupling tensor and generate stochastic
driving fields. In particular, Hepy = QTQ with Q = I'p?\/(—L)~1. This can be
used to obtain efficient computational methods as in [32].

7. Conclusions. We have shown how to systematically reduce descriptions of
fluid-structure interactions subjected to thermal fluctuations. The presented anal-
ysis and reduced equations provide connections between the physical regimes often
encountered in widely used fluid-structure models. We have shown in the strong
coupling limit that important drift terms arise in the stochastic dynamics that were
previously neglected in more phenomenological approaches. To gain insights into
the choice of approximate fluid-structure interaction operators, we have also shown
how effective equations can be derived in the overdamped limit to obtain an effective
hydrodynamic coupling tensor for microstructure responses. The presented analysis
and reduced equations remove extraneous degrees of freedom and potential sources
of numerical stiffness. The reduction methods provide a promising approach for the
further development of descriptions and computational methods for fluid-structure
interactions when subject to thermal fluctuations.

Appendix A. Inverting Ly: General method from Sturm-Liouville the-
ory. In the stochastic reduction procedure of section 4, the operator Lo needs to be
inverted. In general, this presents one of the most significant challenges in determin-
ing the form of the reduced equations. Interestingly, in the regimes we consider for
the SELM stochastic dynamics, the Lo operators can be related to Sturm—Liouville
problems [37] and the inversions can be represented readily over a finite sum over
elements of an orthonormal basis of known functions. Here, we develop this general
theory, which can be used as an effective method to invert the Lo operators that arise
in practice for the SELM stochastic dynamics.

The Lo is an infinitesimal generator of a stochastic process and second-order
differential operator. We refer to it as a Sturm-Liouville operator (SL-operator) if it
has the specific form

0

(A1) Ly=—%- {p(Z)a] +q(2),

where p(z) > 0 is continuously differentiable and ¢(z) > 0 is continuous. In practice,
not all of the infinitesimal generators we encounter will be SL-operators directly but
with a change of variable can be related to an operator of this form. The inverses
we encounter are typically of the form w = —L5 'L u, which amounts to finding a
solution to the problem

(A.2) Low = f(2).

As we shall discuss, the functions f(z) that arise in practice often have special proper-
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ties that we can utilize. The Sturm—Liouville property has the important consequence
that an orthonormal basis of eigenfunctions ¢,, can be constructed for this operator
by solving

(Ag) L2¢n = /\7LU(Z)¢7L-
We also require that the solution satisfy the decay condition |¢,| — 0 as |z] — oo.

The p is a fixed continuous function with p(z) > 0 which defines a weighted inner
product for which Lo is self-adjoint

(A4) (9 = [ gl

This defines a Hilbert space L?(u). Since ¢, are eigenfunctions of Lo in the sense of
(A.3), it is useful to express the inverse problem as

(A.5) Lyw = f(2)u(),

where f(z) = f(2)/u(z). Assuming that f(z),w(z) € L?(u) satisfy the decay condi-

tion, the orthonormal basis can then be used to represent both w and f as

(A.6) i) = fron(2),
k

(A7) fro = (f(2),6%(2)) s

w(z) =Y wik(2),
p

W = <w(z)7 Pk (Z)>u

Plugging this into (A.5) gives

(A.8)

The (-,-) without the subscript denotes the usual unweighted L2-inner-product.

(Low, ¢1(2)) = wphi = fr.

the inverse w = L, L f, this provides the following representation:

(A.9)

w(z) =Y widr(2), wi = fi/An-
P

Appendix B. Table of constants.

Value Description
To Fluid-structure momentum coupling constant.
p Density of the fluid.
l Characteristic structure length-scale.
m Excess mass of a structure.
mo = pé‘o’ Mass of displaced fluid within volume 2.
kT Thermal energy.
7o = Yo/m Microstructure velocity relaxation time-scale.
T = /mol?/kT Time-scale for diffusion over distance ¢.
k= pl3/m = mo/m | Ratio of fluid mass to excess structure mass.
€="Tv/Tk Ratio of inertial time-scale to diffusive time-scale.
a=dy/ksT Characteristic potential energy relative to thermal energy.
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