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Approximations

Reminder: For all @ € R and all t € N there exist a, g € Z such that

a
la— =] < —=<

11
qg qt q?
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Approximations

Reminder: For all @ € R and all t € N there exist a, g € Z such that

a
la——| < — <

11
qg qt q?

« is irrational iff

1
|04—3\<—2
q q

has infinitely many solutions.
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Examples

Q

;
K
2l L

x
Il
o

Put

Il
NE
—~
N
x| =
N—r
x

Qo
=
I
o
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Examples

k=0
Put
a - (-1)F
Tl
k=0
Then
a 1 o 1 . Aam!
e | 2(m+D)l — gmrl q:=2
and
a 1
o=21< 5
q qm

infinitely often.
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Examples

Theorem (Khinchin)
Let ¢(x) be a decreasing function on N, taking values in (0,1/2).
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Examples

Theorem (Khinchin)

Let ¢(x) be a decreasing function on N, taking values in (0,1/2).
Consider the inequality

a,_v(q)
o — 5| < e (*)-
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Examples

Theorem (Khinchin)

Let ¢(x) be a decreasing function on N, taking values in (0,1/2).
Consider the inequality

Consider

Q@ If (**) diverges then, for almost all o (in the sense of Lebesgue
measure), (*) has infinitely many solutions in the rationals.

Lecture 9 5/59



Examples

Theorem (Khinchin)

Let ¢(x) be a decreasing function on N, taking values in (0,1/2).
Consider the inequality

Consider

Q@ If (**) diverges then, for almost all o (in the sense of Lebesgue
measure), (*) has infinitely many solutions in the rationals.

@ Otherwise, for almost all o, (*) has finitely many solutions.
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Algebraic tools

Recall the basic theory of Q[x]: division with remainder, Euclidean
algorithm, etc.
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Algebraic tools

Recall the basic theory of Q[x]: division with remainder, Euclidean
algorithm, etc. Let o € C be such that there exists a polynomial

¢ € Q[x] with ¢(«a) = 0.
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Algebraic tools

Recall the basic theory of Q[x]: division with remainder, Euclidean
algorithm, etc. Let o € C be such that there exists a polynomial
¢ € Q[x] with ¢(c) = 0. Such « are called algebraic, their set is
denote by Q  C.
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Algebraic tools

Recall the basic theory of Q[x]: division with remainder, Euclidean
algorithm, etc. Let o € C be such that there exists a polynomial
¢ € Q[x] with ¢(c) = 0. Such « are called algebraic, their set is
denote by Q@ C C. Pick ¢ of minimal degree.

If f € Q[x] is such that f(a) =0 then ¢ | f. |
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Algebraic tools

Recall the basic theory of Q[x]: division with remainder, Euclidean
algorithm, etc. Let o € C be such that there exists a polynomial
¢ € Q[x] with ¢(c) = 0. Such « are called algebraic, their set is
denote by Q@ C C. Pick ¢ of minimal degree.

If f € Q[x] is such that f(a) =0 then ¢ | f. |

Proof: Division with remainder.
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Algebraic tools

Let f € Q[x] be irreducible, and suppose that g € Q[x] has common
roots with f. Then f | g, and all roots of f are roots of g.
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Algebraic tools

Let f € Q[x] be irreducible, and suppose that g € Q[x] has common
roots with f. Then f | g, and all roots of f are roots of g.

Proof: Let o be the common root, and ¢ a minimal polynomial for
a. Then ¢ | f, f(x) = ¢(x) - u(x), ....
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Algebraic tools

Let f € Q[x] be irreducible, and suppose that g € Q[x] has common
roots with f. Then f | g, and all roots of f are roots of g.

Proof: Let o be the common root, and ¢ a minimal polynomial for
a. Then ¢ | f, f(x) = ¢(x) - u(x), ....

Corollary: If f € Q[x] is irreducible, then it has no multiple roots,
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Algebraic tools

Let f € Q[x] be irreducible, and suppose that g € Q[x] has common
roots with f. Then f | g, and all roots of f are roots of g.

Proof: Let o be the common root, and ¢ a minimal polynomial for
a. Then ¢ | f, f(x) = ¢(x) - u(x), ....

Corollary: If f € Q[x] is irreducible, then it has no multiple roots,
otherwise f'(«r) = 0, but deg(f’) < deg(f), contradiction.
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Algebraic numbers

Algebraic numbers form a field:

a,ﬂe@ﬁaiﬁ,a-ﬁ,a/ﬂe@.

Lecture 9 8/59



Algebraic numbers

Algebraic numbers form a field:

a,ﬂe@ﬁaiﬁ,a-ﬁ,a/ﬁe@.

An algebraic « is called algebraic of degree n if the minimal
polynomial for o has degree n.
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Algebraic numbers

Algebraic numbers form a field:

a,BeEQ=>axp,a 8,a/8cqQ.

An algebraic « is called algebraic of degree n if the minimal
polynomial for o has degree n.

Theorem (Cantor 1874)

Q is countable, but R is uncountable.
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Algebraic numbers

Algebraic numbers form a field:

a,BeEQ=>axp,a 8,a/8cqQ.

An algebraic « is called algebraic of degree n if the minimal
polynomial for o has degree n.

Theorem (Cantor 1874)

Q is countable, but R is uncountable.

Thus there are infinitely many transcendental numbers. But it is hard
to produce an explicit transcendental number!

Lecture 9 8/59



Algebraic numbers

Let « € RN Q be of degree n > 2.
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Algebraic numbers

Let « € RN Q be of degree n > 2. Then there exists a constant
¢ = c(a) € (0,1) such that for all a, g € Z one has
c

a
|a——’>a
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Algebraic numbers

Proof: Let
f(x)=apx"+---a1x+ap, a €Z,a,>0

with root & = a; and other roots ano, ..., .
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Algebraic numbers

Proof: Let
f(x)=apx"+---a1x+ap, a €Z,a,>0

with root & = a; and other roots ano, ..., «,. Evaluate

-3
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Algebraic numbers

Proof: Let
f(x)=apx"+---a1x+ap, a €Z,a,>0

with root & = a; and other roots ano, ..., «,. Evaluate

-ai ;)

If |2 — af > 1 then there is nothing to prove.
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Algebraic numbers

Proof: Let

f(x)=apx"+---a1x+ap, a €Z,a,>0

with root & = a; and other roots ano, ..., «,. Evaluate
p p
B o] (20
q H q

If |2 — af > 1 then there is nothing to prove. Assume < 1 and
estimate

,-—B| < |oz,-—oz|—|—|oz—£| < 2max(|ai]) + 1

q q ~~
R

lav
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Algebraic numbers

07#f(= )!<an|a——\ R
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Algebraic numbers
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Algebraic numbers

1 A
LA By < PR
q

1

—. <la—P

q 1/apRn—1 q
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Algebraic numbers

A reformulation: Let « € R ﬂ@, of order d. Then there exist at
most finitely many approximations to

1

, €>0
qd+e

-2 <
q
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Algebraic numbers

A reformulation: Let « € R ﬂ@, of order d. Then there exist at
most finitely many approximations to
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Applications

There are only finitely many solutions in x,y € 7Z to

x*—2y*=a, acZ.
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Applications

Proof: As before, write

x* = 2y% = (x = V2y)(x = (V2y)(x — (*V2y)
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Applications

Proof: As before, write

x* = 2y% = (x = V2y)(x = (V2y)(x — (*V2y)

51=1G - \/5)()—/ —V2)(5 - (*V2)]

X
y3 y
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Applications

Proof: As before, write

x* = 2y% = (x = V2y)(x = (V2y)(x — (*V2y)

51=1G - \/5)(; - Cﬁ)(; —(V2)|

> r§ — V2] - |S(CV2)] - [S(¢V2)]
— |——f|

24/3
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Applications

Proof: As before, write

x* = 2y% = (x = V2y)(x = (V2y)(x — (*V2y)

=16 =V - V2 - V)
> r§ — V2] - |S(CV2)] - [S(¢V2)]
— |——f|

24/3

Every solution gives an approximation to V/2 of order y%

Lecture 9

14 /59



Applications

Proof: As before, write
x* = 2y% = (x = V2y)(x = (V2y)(x — (*V2y)
Iy—\ - !(; - \/5)(; - Cﬁ)(; — (*V2)]
> r§ — V2] 3(¢V2)] - 13(¢3V2)]
= |— — V2

24/3

Every solution gives an approximation to v/2 of order y% thus there
are finitely many such solutions.

Lecture 9 14 /59



Special functions

Among all nonelementary functions encountered in solving the
simplest and most important equations are functions that appear
repeatedly, and therefore have been well studied and given various
names. Such functions are customarily called special functions.

f:R,C— C,

given by

@ polynomials
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Special functions

Among all nonelementary functions encountered in solving the
simplest and most important equations are functions that appear
repeatedly, and therefore have been well studied and given various
names. Such functions are customarily called special functions.

f:R,C— C,
given by
@ polynomials

e functional equations, e.g., f(x +y) = f(x) + f(y)
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Special functions

Among all nonelementary functions encountered in solving the
simplest and most important equations are functions that appear
repeatedly, and therefore have been well studied and given various
names. Such functions are customarily called special functions.

f:R,C— C,
given by
@ polynomials

e functional equations, e.g., f(x +y) = f(x) + f(y)
o differential equations, e.g., f'(x) = f(x)
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Special functions

Among all nonelementary functions encountered in solving the
simplest and most important equations are functions that appear
repeatedly, and therefore have been well studied and given various
names. Such functions are customarily called special functions.

f:R,C— C,
given by
@ polynomials
e functional equations, e.g., f(x +y) = f(x) + f(y)
o differential equations, e.g., f'(x) = f(x)

o Taylor series > a,x", as generating functions
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Special functions

Among all nonelementary functions encountered in solving the
simplest and most important equations are functions that appear
repeatedly, and therefore have been well studied and given various
names. Such functions are customarily called special functions.

f:R,C— C,
given by
@ polynomials
e functional equations, e.g., f(x +y) = f(x) + f(y)
o differential equations, e.g., f'(x) = f(x)
@ Taylor series > a,x", as generating functions
o Dirichlet series ) 2
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Special functions

Examples:
e*, sin(x), cos(x), I'(s)
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Special functions

Examples:
e*, sin(x), cos(x), I'(s)

Main interest: Study objects where arithmetic and transcendental
nature are closely combined, e.g.,

2mi

) @ab = UHQ(eT)

ei7r —
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o Euler 1737: e ¢ Q
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o Euler 1737: e ¢ Q
o Fourier 1815: 1
0<n!-e—An:O(;)

with

1
An::n!ZFGZ.
k=0
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o Euler 1737: e ¢ Q
o Fourier 1815: 1
0<n!-e—An:O(;)

with

1
An = nl E FGZ
k=0

If e € Q then we get an infinite sequence of integers with limit 0.

Lecture 9 17 /59



@ Liouville 1840:

k=

o

which implies that e? ¢ Q and ae? + be + ¢ = 0 is not solvable,
with a, b, c € Z.
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@ Liouville 1840:

k=

o

which implies that e? ¢ Q and ae? + be + ¢ = 0 is not solvable,
with a, b, c € Z.

Indeed,
1
nl(ae + b+ ce ™) — (aA, + bn! + cC,) = O(;)
dn

Thus d, = O(%) and d, = 0, Vn > no.
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@ Liouville 1840:

k=

o

which implies that e? ¢ Q and ae? + be + ¢ = 0 is not solvable,
with a, b, c € Z.

Indeed,
1
nl(ae + b+ ce ™) — (aA, + bn! + cC,) = O(;)
dn

Thus d, = O(%) and d, = 0, Vn > ng. On the other hand,

dn+2 — (n + 1)(dn+1 + dn) = 23 = Eldn 7é 0

Lecture 9 18 /59
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e ¢Q, VreQ\o ]

l.e., the graph of y = €* avoids all rational points, except (0, 1).
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Proof: Consider
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e

Proof: Consider

e for 0 < x <1 we have 0 < f(x) <

3=
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e

Proof: Consider

e for 0 < x <1 we have 0 < f(x) <
°

3|~

fR0)=fR1)=0k=1,...,n-1, fW(0),fRN1)ecz Vk

Lecture 9 20 /59



e

Proof: Consider

2n
(L—x) 1
f(x) = o = ZC,‘X; ¢ € L.
ofor0<x<1wehave0<f(x)<%

(]

fR0)=fR1)=0k=1,...,n-1, fW(0),fRN1)ecz Vk

f(x)=f(1—x) = fO(x)= (=11 - x)

k!
f(k)(X) — mck _|_ [P
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o Let

F(x) = s*"f(x) — >" ' (x) + --- £ --- FN(x),

seN.
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o Let

F(x) = s*"f(x) = s> ' (x) +---£--- FC)(x), seN.

F'(x) = —sF(x) + s*"™f(x)
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o Let

F(x) = s?"f(x) — s>" ' (x)4+---+£---fC)(x), seN.

F'(x) = —sF(x) + s*"™f(x)

(esxF(X))/:sesxF( )+€5XF( ) 2n+1 SXf( )
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Assume that

es—%eQ, se’
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e

Assume that

Consider
1
N := b/ s2 e f(x)dx = b[e™ F(x)];
0
aF(1) — bF(0) € Z

since F(1), F(0) € Z.
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e

Assume that

Consider

1
N := b/ s2 e f(x)dx = b[e™ F(x)];
0
aF(1) — bF(0) € Z
since F(1), F(0) € Z. We have

52n—i-les

O0< N <b-
cZ

nl
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e

Assume that

Consider

1
N := b/ s2 e f(x)dx = b[e™ F(x)];
0
aF(1) — bF(0) € Z
since F(1), F(0) € Z. We have

52n—i-les

O0< N <b-
cZ

nl

It remains to choose n so that the right side is < 1.

Lecture 9
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/s

Same argument works for 2.
Assume that 7° = 2 a, b € Zo. Put

F(x) = b"(7®"f(x) — 7®"2f@(x) +--- £ --+)
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T
Same argument works for 2.
Assume that 7° = 2 a, b € Zo. Put
F(x) = b"(7®"f(x) — 7®"2f@(x) +--- £ --+)
As before, we find

F”(X) — —WSF(X) 4 b"7T2"+2f(X), F(O), F(l) c7.
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/s

Same argument works for 2.

Assume that 7° = 2 a, b € Zo. Put
F(x) = b"(m"f(x) — 7" 2FO(x) + - £+
As before, we find
F'(x) = —=m°F(x) + b"n*"?f(x), F(0),F(1) € Z.
Have:

(F'(x)sin(mx) — mF(x) cos(nx)) = (F"(x) + 7*F(x)) sin(mx)
= b"m*™2f(x) sin(7x)

= 722" f(x) sin(mx)
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0< N = 7r/1 a"f(x)sin(mx)dx
= [ F(x) sin(mx) — F(x) cos{mx)]
— F0)+ F(1) € Z

but
<m— n>0

which is a contradiction.

Lecture 9
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Theorem (Lambert 1766)
T¢Q
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Proof (Hermite):
o

1
7r2"+1/ t"(1 — t)"sin(rt) dt = n'Q(7), Q€ Z[x], ¥YneN
0

This is proved by induction, using integration by parts.
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Proof (Hermite):
o

1
7r2"+1/ t"(1 — t)"sin(rt) dt = n'Q(7), Q€ Z[x], ¥YneN
0

This is proved by induction, using integration by parts.
@ Q(7) # 0 — look at the integral

Lecture 9 26 /59



Further results

o Lindemann 1882: a € Q\0 = e* ¢ Q
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Further results

o Lindemann 1882: a € Q\ 0 = e* ¢ Q
o If @ € Q such that In() # 0 then In(a) ¢ Q.
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Further results

o Lindemann 1882: a € Q\ 0 = e* ¢ Q
o If o € Q such that In(a) # 0 then In(a) ¢ Q. E.g.,

= h(-1¢Q

and the squaring of the circle is impossible.
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Further results

o Lindemann 1882: a € Q\ 0 = e* ¢ Q
o If o € Q such that In(a) # 0 then In(a) ¢ Q. E.g.,

n= (-1 ¢ Q

and the squaring of the circle is impossible.

o Lindemann-Weierstrass 1885: Let ay, ..., o, € Q be distinct.
Then

g am
e ...,e

are linearly independent over Q
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Rationality

We have looked at rationality properties of

(]

\/§: dx

2x2<1
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Rationality

We have looked at rationality properties of

(]

\/§: dx

2x2<1

7'('22// dx dy
x24y1<1
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Rationality

We have looked at rationality properties of

(]

\/§: dx

2x2<1

7'('22// dx dy
x24y1<1

log(2) = /1 Fo

X
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Rationality

/// dx dy dx
0 <x<y<z<1 )yZ
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Rationality

@-//] (ix—dyxfyxz
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Periods

A period is a number s € C such that
3(s), R(s)
are absolute convergent integrals of rational functions

f € Q[x,...,x,] over domains in R”, given by polynomial
inequalities with Q-coefficients.
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Periods

A period is a number s € C such that
3(s), R(s)

are absolute convergent integrals of rational functions
f € Q[x,...,x,] over domains in R”, given by polynomial
inequalities with Q-coefficients.

N 1
P - {s}periods; P s UnZO (27_”),77)
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Fact: P is countable,

QcPcC.
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Period relations: examples

log(4 / o / dX % =2 % = 2log(2)

1
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Period relations: examples

log (4 / o / dX % =2 % = 2log(2)

1

2

/—//1_Xydjiy 3(2)
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Period relations: examples

log (4 / o / dX % =2 % = 2log(2)

1

2

/—//1_Xydjiy 3(2)

21—|—v2 _ 21—|—u2

= u =V
14 u?’ y 14 v2’

Substitute

this will lead to

1_2/00 du /OO dv 77‘('2
T o 14w Jy 14v2 2

Lecture 9
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Period relations

Standard rules:
e Additivity

/ab(f(x)—i-g(x))dx:...’ Lbf(X)dX:/ac"-+/cb---
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Period relations

Standard rules:
e Additivity

/ab(f(x)—i-g(x))dx:...’ Lbf(X)dX:/ac"-+/cb---

@ Change of variables

f(b) b
| Fwdy = [ R0 G

(a
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Period relations

Standard rules:
o Additivity

/ab(f(x)—i-g(x))dx:...’ Lbf(X)dX:/ac"-+/cb---

@ Change of variables

f(b) b
[ Fy)dy = / F(F(x)F (x)dx

(a

@ Stokes (Newton-Leibniz)

/ £(x)dx = F(b) — F(a)
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Periods

o If s € P has two integral representations, then one can pass
between them using the above rules.
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Periods

o If s € P has two integral representations, then one can pass
between them using the above rules.

@ Any polynomial relation between periods is obtained through
manipulations of the defining integrals using the above rules.
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Periods: [-version

For a € Q we have
Q@ lNa+1)=al(a)
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Periods: [-version

For a € Q we have
Q lNa+1)=al(a)
Q@ MNaf(l—a = eD)

sin(ma
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Periods: [-version

For a € Q we have

Q lNa+1)=al(a)

Q@ (a)l(1-a) = 577
(s
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Periods: [-version

Proof:
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Periods: [-version

Proof: (2 () .
1) :/0 x 11— x)ldx = B
F(a)F(1—a)= [ x*Y(1—x)?dx
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Periods: [-version

Conjecture (Rohrlich)

Every multiplicative relation of the form

H M(a)™ e 722Q, m, or its square € Z
acQ

is generated by the relations (1), (2), (3).
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Restricted products

Let {7:}ies be collection of topological spaces.
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Restricted products

Let {7:}ics be collection of topological spaces. Fix open subsets
U; C T;, forall i € I.
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Restricted products

Let {7:}ics be collection of topological spaces. Fix open subsets
U; C T;, for all i € I. Define

H’ﬂ::T

icl
as the set of
{(x;)ies | for almost all i we have x; € U;},

i.e., vectors, where all but finitely many x; are in the corresponding
U;.
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Restricted products

Let {7:}ics be collection of topological spaces. Fix open subsets
U; C T;, for all i € I. Define

77
icl
as the set of

{(x;)ies | for almost all i we have x; € U;},

i.e., vectors, where all but finitely many x; are in the corresponding
U;. The topology is given by a basis of open subsets:

HV,' X H Z/{,',
i€l AV

where [y is finite and V; C 7T; are open.
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Restricted product

A basic example is

Ag =]]'Q xR
P

where U, = Z, C Q,.
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Restricted product

A basic example is

Ag =]]'Q xR
P
where U, = Z, C Q,. We have

@%AQ

by sending

X = ((Xp)mXOO)‘
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Restricted product

A basic example is

Ag =]]'Q xR
P
where U, = Z, C Q,. We have

Q%AQ

by sending

X = ((Xp)anOO)‘

The image is discrete and cocompact. )
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We have
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Dualities

An additive character is a continuous homomorphism

¥y :Q, —» St =R/Z.
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Dualities

An additive character is a continuous homomorphism
V,:Q, — S' =R/Z.

Being continuous, it has finite image, thus it is constant on some
p"Zyp.
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Dualities

An additive character is a continuous homomorphism
V,:Q, — S' =R/Z.

Being continuous, it has finite image, thus it is constant on some
p"Z,. Concretely, put

77Z)3(X) _ e27ri{ax}
where
{ax} = ax — [ax] .
~~

EZp
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Dualities

An additive character is a continuous homomorphism
V,:Q, — S' =R/Z.

Being continuous, it has finite image, thus it is constant on some
p"Z,. Concretely, put

77Z)3(X) _ e27ri{ax}

where
{ax} = ax — [ax] .
~—~
€z,
Note that the left side is in Q.
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Dualities

With this choice, we have Q, and Z, are self-duall
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Dualities

With this choice, we have Q, and Z, are self-duall

Fix Haar measures p,,, for all primes p, normalized by

MP(ZP) = 17

we have

N 1
,Up(p Zp) = Ea Mp(Z;) =1-—-.
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Dualities

With this choice, we have Q, and Z, are self-duall

Fix Haar measures p,,, for all primes p, normalized by

MP(ZP) = 17
we have 1
1p(P"Zp) = o’ pp(Zp) =1——.

We also put
Hoo = dx,

the standard Lebesgue measure on R.
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Dualities

With this choice, we have Q, and Z, are self-duall

Fix Haar measures p,,, for all primes p, normalized by

1p(Zp) =1,
we have 1
HoAP"Z) = = () =1~
We also put
Poo = dX,

the standard Lebesgue measure on R. This gives a Haar measure on
Ag and we can integrate functions on the adeles.
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Dualities

This gives a well-defined measure on the adeles:

Hﬂp X fhoo-
p
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Dualities
This gives a well-defined measure on the adeles:
Hﬂp X fhoo-
P
We also have a character
wa . AQ — Sl,
where a € Ag, defined as

wa = Hwap X ¢ama
p

a product of local characters. This is indeed a continuous
homomorphism.
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Dualities

Q C Ay
is self-dual, (A/Q)* = Q.
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Dualities

QCAq
is self-dual, (A/Q)* = Q. The Poisson summation formula takes the
form A
> =) fa)
x€Q acQ
where

A(a) = / F a0,

provided we have convergence.
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Application

Recall that

PHQ) := {(x0,x1) € (Zpim \ 0)/%£}-
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Application

Recall that
PH(Q) = {(x0, 1) € (Z}m \ 0)/ %}

Consider a height function:

H:PY(Q) - R

H(xo,x1) =1/ X3 + x?

given by
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Application

Recall that
PH(Q) = {(x0, 1) € (Z}m \ 0)/ %}

Consider a height function:

H:PY(Q) - R
given by
H(xo,x1) =1/ X3 + x?
Let

N(B) := #{(x0, x1) | H(xo,x1) < B}

be the counting function.

Lecture 9 45 /59



Application

We are interested in the asymptotic of
N(B), for B — .
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Application

We are interested in the asymptotic of

N(B), for B — .

This is nothing but the Gauss circle problem
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Application

We are interested in the asymptotic of
N(B), for B — .

This is nothing but the Gauss circle problem, except that we are
looking at coprime coordinates.

AT
NG
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Application

We now translate this into the adelic language.
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Application

We now translate this into the adelic language. Recall the product
formula:

[Tl Ixle =1, x€Q.
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Application

We now translate this into the adelic language. Recall the product
formula:

[Tl Ixle =1, x€Q.

The coprimality condition is nothing but

max(|xolp, xalp) =1, Vp
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Application

We now translate this into the adelic language. Recall the product
formula:

[Tl Ixle =1, x€Q.

The coprimality condition is nothing but

max(|xolp, xalp) =1, Vp

This allows to rewrite the problem as follows.
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Application

Consider the following height function

H=]]Ho x Hx: Ag = R,

p

with local factors given by

Ho(x) == max(1, |x|,), Hso(x) := (14 x?)Y2.
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Application

Consider the following height function

H=]]Ho x Hx: Ag = R,

p

with local factors given by
Ho(x) == max(1, |x|,), Hso(x) := (14 x?)Y2.

Note that, for all p, the local height H, is invariant under translation
by Zp.
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Application

Consider the following height function

H=]]Ho x Hx: Ag = R,

p

with local factors given by
Ho(x) == max(1, |x|,), Hso(x) := (14 x?)Y2.

Note that, for all p, the local height H, is invariant under translation
by Z,. We are interested in the asymptotic of

N(B)={xeQ | H(x)< B}, B— .
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Tauberian theorem

A convenient version of the Tauberian theorem is:

Consider
an
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Tauberian theorem

A convenient version of the Tauberian theorem is:
Consider
an

Assume that f
@ is holomorphic for (s) > a > 0,
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Tauberian theorem

A convenient version of the Tauberian theorem is:

Consider
an

Assume that f
@ is holomorphic for (s) > a > 0,

@ has an isolated pole at s = a, of order b € N, with leading
coefficient c € R, ¢ # 0.
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Tauberian theorem

A convenient version of the Tauberian theorem is:

Consider
an

Assume that f
@ is holomorphic for (s) > a > 0,

@ has an isolated pole at s = a, of order b € N, with leading
coefficient c € R, ¢ # 0.

Then

Zan B"Iog(B) 1 B— .
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Height zeta function

Therefore, we introduce and study the function

Z(s) =Y H(x)™.

x€eQ
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Height zeta function

Therefore, we introduce and study the function
Z(s) =Y H(x)™.
x€Q

The series converges absolutely to a holomorphic function for

R(s) > 2.
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Height zeta function

Therefore, we introduce and study the function
Z(s) =Y H(x)™.
x€Q

The series converges absolutely to a holomorphic function for
R(s) > 2. By the Poisson summation formula, we have

Z(s) =) H(s.v.)

aceQ
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Height zeta function

Therefore, we introduce and study the function
Z(s) =Y H(x)™.
x€Q

The series converges absolutely to a holomorphic function for
R(s) > 2. By the Poisson summation formula, we have

Z(s) =) H(s.v.)

aceQ

where

As. ) = / HO)™ - a(x)u(x).

Lecture 9

50 /59



Height zeta function

Why is this any better? We started with a sum over QQ, and we again
have a sum over Q.
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Height zeta function

Why is this any better? We started with a sum over QQ, and we again
have a sum over Q.

However, because H, is invariant under Z,, only characters which are
trivial on Z,, for all p contribute.
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Height zeta function

Why is this any better? We started with a sum over QQ, and we again
have a sum over Q.

However, because H, is invariant under Z,, only characters which are
trivial on Z,, for all p contribute. So a must be in Z.
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Height zeta function

We write

2(5)= [ HEO 0+

N

TV
trivial character
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Height zeta function

We write

29)= [ Ho 0+ Y
N a0
R ~——

trivial character nontrivial characters
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Height zeta function

We write

29)= [ Ho 0+ Y
N a0
R ~——

trivial character nontrivial characters

and analyze the terms.
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Height zeta function

We write

29)= [ Ho 0+ Y
N Ag a#0
R ~——

trivial character nontrivial characters

and analyze the terms.

o put U(0) := {x||x|, <1} and U(j) := {x]|x|, = p'},
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Height zeta function

We write

29)= [ Ho 0+ Y
N Ag a#0
R ~——

trivial character nontrivial characters

and analyze the terms.

e put U(0) := {x||x|, <1} and U(j) := {x] x|, = p’}, note that

M= i1t
vol(U())) = (1 p)~
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Local integrals

We have

Jo, HoOe) ttp = Juo) Holo) o + 2211 Juy Ho(xe) " 1tp
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Local integrals

We have

f@P Ho(Xp) ™ 1tp

fu(o b(Xp) " + Zj21 fU(j) Hp(xp

1+ ggl psvol(U()))
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Local integrals

We have

Jo, HoOe)Stp = Juo) Holxo) 1o + 2211 Juy Ho(xe) " 1tp
= 1+ ijl p~*vol(U()))

1-p—*
1—p*(5*1)

_ _ ((s=1)/2)
Jo(1+x3) $2dx = e
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Local integrals

We have

Jo, HoOe)Stp = Juo) Holxo) 1o + 2211 Juy Ho(xe) " 1tp

1+ ggl psvol(U()))

_ T(s=1)/2)
Je(L4+x3)2dx = o)

The Euler product gives

((s—1) T((s—-1)/2)
¢(s) M(s/2)
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Local integrals

We have

pr Ho(Xp) " ptp = fu(o o(Xp) " Hp + ZjZI fU(j) Hp(x

1+ ggl psvol(U()))

_ T(s=1)/2)
Je(L4+x3)2dx = o)

The Euler product gives

((s—1) T((s—-1)/2)
¢(s) M(s/2)

which has a simple pole at s = 2 with residue

¢ (2)

Lecture 9
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Characters, once again

o Q,/Z, — Q/Z
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Characters, once again

o Q,/Z, — Q/Z

° Y, 1 X, e%™iapxp \with ap €Q,
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Characters, once again

o Q,/Z, — Q/Z

® U, 1 x, > €2 with a, € Q,

@ unramified: trivial on Z,, i.e., a, € Zj
@ Yy 1 X+ ¥ 3 e R
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Characters, once again

o Q,/Z, — Q/Z

® U, 1 x, > €2 with a, € Q,

@ unramified: trivial on Z,, i.e., a, € Zj
@ Yy 1 X+ ¥ 3 e R

ow:prp-woo:wa,withaeAQ
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Characters, once again

o Q,/Z, — Q/Z

® U, 1 x, > €2 with a, € Q,

@ unramified: trivial on Z,, i.e., a, € Zj
@ Yy 1 X+ ¥ 3 e R

° Y =1[,Up Yoo = ha, with a € Ag
@ duality @p =Qp and R=R
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Characters, once again

o Q/Zp — Q/Z

@ b, : x, > €2 % with a, € Q,

@ unramified: trivial on Z,, i.e., a, € Zj
@ Yy : x> XX 2R

o =], ¥p" e = va with a € Ag

o duality @p =Qp and R=R

e (Ag/Q)Y (characters trivial on Q) = Q
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Characters, once again

o Q,/Z, — Q/Z

® U, 1 x, > €2 with a, € Q,

@ unramified: trivial on Z,, i.e., a, € Zj
@ Yy 1 X+ ¥ 3 e R

° Y =1[,Up Yoo = ha, with a € Ag

@ duality @p =Qp and R=R

o (Ag/Q)Y (characters trivial on Q) = Q
@ ) =1, unramified for all p = a € Z.
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Characters, once again

Forac€ Z\ 0 and p{ a, we compute

'LAIP(sa wa) =1+ Z pSJ/ wa(XP)MP =1- pis-

j>1 [xlp=p/
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Characters, once again

Proof: let V(i) be the set of x, € Q, with H,(x) < p'.
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Characters, once again

Proof: let V(i) be the set of x, € Q, with H,(x) < p’. Then

/ ba(X)ip = P /Z o)
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Characters, once again

Proof: let V(i) be the set of x, € Q, with H,(x) < p’. Then

/ ba(X)ip = P /Z o)

For i > 1 and pt a, we integrate a nontrivial character over a
compact group, thus get 0.
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Characters, once again

Proof: let V(i) be the set of x, € Q, with H,(x) < p’. Then

/ ba(X)ip = P /Z o)

For i > 1 and p{ a, we integrate a nontrivial character over a
compact group, thus get 0. For i = 0, we get 1.

Lecture 9 56 /59



Characters, once again

Proof: let V(i) be the set of x, € Q, with H,(x) < p’. Then

/ ba(X)ip = P /Z o)

For i > 1 and p{ a, we integrate a nontrivial character over a
compact group, thus get 0. For i = 0, we get 1. Since
U(i)= Vv(@i)\ V(i — 1), we have

0 > 2
/U(i) Valbun = {—1 =1

which implies the claim.
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Characters, once again

For R(s) > 1+¢, and p | a, replace ¢ by 1 and estimate

As.)| < =
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Characters, once again

For R(s) > 1+¢, and p | a, replace ¢ by 1 and estimate

As.)| < =

For any positive integer a we have

1
H o < log(1 + a).

pla
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Characters, once again

For R(s) > 1+¢, and p | a, replace ¢ by 1 and estimate

As.)| < =

For any positive integer a we have

1
H — < log(1 + a).
pla P

Thus .
[T 1Ao(s. )] << (14 [a])’

pla

for some (small) § > 0.
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continued

20— 6= M- 1/2)

¢(s) M(s/2)
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continued

20— 6= M- 1/2)

(&) TG/)
STl o T Ptans) [y oo
Cp(s) P

acZ pfa pla R
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continued

(s—1) T((s—1)/2)
V=" )

2

ac’ pJ(a pla
For R(s) > 2 — ¢, one has:
o | TL,. Aol a)l < 11T, Jg, Holxp) *hpl < (1 +al)’

o | [L(1+x?)75/2. e dx| <y W' for any N € N,
(integration by parts)
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continued

(s—1) T((s—1)/2)
V=" )

S) i /(1 +X2)—s/2 . eZm’ade
R

ac’ pfa pla
For R(s) > 2 — ¢, one has:
o | TL,. Aol a)l < 11T, Jg, Holxp) *hpl < (1 +al)’

° ‘fR 1 +x ) s/2 . 27”3de’ <N (1+‘ [ Lk for any N e N
(integration by parts)

This gives a meromorphic continuation of Z(s) and its pole at s = 2.
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