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@ Analytic properties of ((s)
@ Special values

@ Dirichlet L-functions
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Plan

@ Analytic properties of ((s)
@ Special values
@ Dirichlet L-functions

@ Primes in arithmetic progressions
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Riemann zeta function

(s)=1[ (1 — pi) 71, R(s) > 1
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Riemann zeta function

(s)=1[ (1 — pi) 71, R(s) > 1

@ ((s) #0, for R(s) > 1.
e For R(s) > 0, we have

hol. for R(s)>0
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Riemann zeta function

(s)=1[ (1 — pi) 71, R(s) > 1

@ ((s) #0, for R(s) > 1.
e For R(s) > 0, we have

hol. for R(s)>0

where p(u) = 1 — {u}. l.e., we have an isolated pole at s =1,

with residue 1.
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Theta-function

b(y) =) e, yeRu

nez

Functional equation (Poisson summation formula):
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Theta-function

Lecture 6 5/52



Theta-function

We have
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Fundamental computation
Compute the Mellin transform:

M(w)(s) = /OOO w(t)ttdt=> " /Ooo e ™ de, R(s) > 1/2.

n>1
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Fundamental computation

Compute the Mellin transform:

M(w)(s) = /OOO w(t)ttdt=> " /Ooo e ™ de, R(s) > 1/2.

n>1
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Fundamental computation
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Mellin transform

We change variables, putting u = 1/t. This turns the first summand

into
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Mellin transform

We obtain
M(w)(s) = / w(t) (27 4+ 1) dt
1
B 1 B 1
2s 1-—2s
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Mellin transform

We obtain

Since

the integral converges for all s.
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Mellin transform

We obtain

Since

w(t) < Z e ™ < 2e7

n>1

the integral converges for all s. We have:
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Mellin transform

We obtain

Since

w(t) < Z e ™"t < 2e7

n>1

the integral converges for all s. We have:

It has a simple pole at s =0,1/2.
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Riemann zeta function

It follows that
75 T(s)C(2s) = 7=Y2 r(% — s)¢(1- 25)

except at s = 0,1/2.
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Riemann zeta function

It follows that
1
7 °-T(s)((2s) = a2, I'(§ —5)C(1 — 2s)
except at s = 0,1/2.

Put
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Riemann zeta function

It follows that
1
7 °-T(s)((2s) = a2, I'(§ —5)C(1 — 2s)
except at s = 0,1/2.

Put

Then
(s) =¢&(1—s),

this is the functional equation for the Riemann zeta function.
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Special values

Recall,
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Special values

Recall,

How does one compute this?
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Bernoulli polynomials

Bi(x) € R[x]

(] Bo(X) =1
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Bernoulli polynomials

Bi(x) € R[x]

(] Bo(X) =1
@ Bi(x)=k-Bk_1(x) k=>1

(]

/01 Bi(x)dx =0
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Bk = Bk(O)
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Bernoulli numbers

Bk = Bk(O)

B():l, 81:—1/2, 82:1/6, 8320,
B, =—-1/30, Bs=0, Bs=1/42
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Bernoulli polynomials
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Proof

Put .
Fix,t) =3 Bk(x)%.
k>0
Then
QF(X =>_ B;(x)t—k
ox — k!
tk
=> k- B (x)
k>1
=t-F(x,t)
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Proof

This implies

|Og(,‘-_(x7 t)) = tx + C(t)7 /:(X7 t) — etxte(t)

Since

/01 F(x, t)dx = /01 (Z Bk(x)z_k!> dx

' e
1= / et te(t) gy — c(t) | 1
0 t

we have
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Proof

This implies

|Og(,‘-_(x7 t)) = tx + C(t)7 /:(X7 t) — etxte(t)

Since

we have

1 etx
1= / et te(t) gy — c(t) . 1
0 t

t
ec(t) — _
etx _ 1
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Bernoulli polynomials
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Bernoulli polynomials

Proof:

i) (22)

k>

Looking at the t* coefficient:
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Proof

For n = k, using that
Bk(X):Xk+...
i.e., the leading coefficient is 1, we find

k
xk:xk—i-ﬁk,lxk’l+~~-+§xk’1+--~

with the last term coming from n = k — 1. This implies that

k

Br-1 = —5
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Special values

Kok 2% Bax
((2k) = (=1)" - m** - k=) (_E)
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Special values: proof

Recall the formulas:

. emx _ @ TX X2
sinh(mx) = =X H (1 + ﬁ)
n>1
ei7rx _ e—i7rx X2
sin(rx) = —— =mx - (1 - —2)
2i e n
sinh(mx) = —isin(imx

Lecture 6

20 /52



Special values: proof

Recall the formulas:

. emx _ @ TX X2
sinh(mx) = =X H (1 + ﬁ)
n>1
ei7rx _ e—i7rx X2
sin(rx) = —— =mx - (1 - —2)
2i e n
sinh(mx) = —isin(imx

Let us prove the formula for sin.
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Proof

Put n = 2k + 1, and recall that

sin(nx) = P,(sin(x)), P, € Z[x|, deg(P,) <n, P,0)=0
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Proof

Put n = 2k + 1, and recall that

sin(nx) = P,(sin(x)), P, € Z[x|, deg(P,) <n, P,0)=0

cos(nx) = cos(x) - Qn_1(sin(x))
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Proof

Put n = 2k + 1, and recall that

sin(nx) = P,(sin(x)), P, € Z[x|, deg(P,) <n, P,0)=0
cos(nx) = cos(x) - Qn_1(sin(x))

ncos(nx) = P;(x)(sin(x)) - cos(x), n= P,(0)
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Proof

It follows that

sin(nx) = 14 arsin(x) + -+ ancsin®™(x),  a; € Q = Py(sin(x)).

nsin(x)
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Proof

It follows that

sin(nx)

nsin(x) 1+ arsin(x) + - + acsin™(x), & € Q = Po(sin(x)).

Comparing zeroes, we find

sz :H< sin2 2 )>
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Proof

It follows that

sin(nx)

nsin(x)

Comparing zeroes, we find

P2/< =H< Sin? v’ )>

k
sin(mx) H sm2 7TX)
nsin( sin? ) '
n

r=1

Lecture 6

=1+ aysin(x) + -+ axesin®(x), a; € Q = Py(sin(x)).
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Proof

Passing to the limit n — oo, we have

sin(7x) :H 1_x_2 L 2x2 +7T4X4”‘
msin(x) n? 3! 51

n>1
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Proof

Passing to the limit n — oo, we have

2,2

Sy I 5) =5

n>1

Similar formulas hold for sinh(x).

Lecture 6
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Proof

Taking logarithmic derivatives, we obtain
— )
—1og (%) (1 e2)

= log(1 — e72™) + 7x — log(2)

eﬂ'X e—T('X

log(sinh(7x)) = log(
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Proof

Now we look at the left side,
log(sinh(7x))

equals

log(7) + log(x +Zlog 1+

n>1

log(m) + log(x) + Z Z n2k =

n>1 k>1

log(7) + log(x Z C(2k) =

k>1

Lecture 6
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Proof

Now we take derivatives on both sides:

2me =2 1 k1, 2k—1
1 — e—27mx +7T:;+2Z(_1) X <(2k)
k>1
X k+1C 2k) 2k
enx — =1 + Z 22k 1
k>1

—X+ZBk(7T _1+Z k+1< 2k

k>0 k>1
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Proof

Now we take derivatives on both sides:

2me 27X

X
e™ — 1 _1+Z

k>1
—X+ZBk(7T =1+Y (-1

k>0 k>1

It follows that

7T2k

(2k)!

Lecture 6

2k:(_

- ) .
T T =20 ) (FD)LTI(2k)

k>1

k+1C 2k) 2k
22k— 1

k+1C 2k

[y C2K)

) 22k—1'
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Proof

Now we take derivatives on both sides:

2me 2T 1
WHT:;“'Z(—U

k+1X2k_1<(2k)

k>1
™ k+1C 2k) 2k
enx — =1 + Z 22k 1
k>1
_X+ZBk(7T _1+Z k+1C 2k
k>0 k>1
It follows that o
™ _ k+1 ((2k)
2k — (_ ) 22k—1"
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Dirichlet L-functions

X:Z—C (mod n)

e x(a)=x(a) ifa=a (mod n)
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Dirichlet L-functions
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Dirichlet L-functions

X:Z—C (mod n)
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Dirichlet L-functions
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Characters

@ Yy is a periodic function; if period = n then x is called primitive
and n = f, is its conductor
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Characters

@ Yy is a periodic function; if period = n then x is called primitive
and n = f, is its conductor
@ Y1, X2 primitive, with conductors f;, f,, = 3! a primitive x such

that
o x(a) = x1(a)x2(a) for all a with (a, 1) =1
o fy|f-f
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Characters

@ Yy is a periodic function; if period = n then x is called primitive
and n = f, is its conductor
@ Y1, X2 primitive, with conductors f;, f,, = 3! a primitive x such

that
o x(a) = x1(a)x2(a) for all a with (a, 1) =1
o fy|f-f

@ thus, characters form a group.
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L(S, X) = Z M

nS

n>1

«O>» «F>r «=»r «=>» E A



L-functions
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L-functions

Poisson summation formula implies:

@ L(s,x) admits a meromorphic continuation to C; it is
holomorphic for x # xo, the trivial character.
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L-functions - functional equation
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L-functions - functional equation

where

°Wx:j/%<)s lwy| =1

o fo =1
05—5X—{1 V(1) = —1

Proof: Poisson summation formula...
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Gauss sum

Recall:
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Gauss sum

Recall: .
() =Y x(a)e
a=1
We have
Ir(x)| = Vf

Lecture 6
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Nonvanishing

If x # xo then L(1,x) # 0.
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Proof of nonvanishing

Put
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Proof of nonvanishing

Put
Pis)= J] Lsx)

X (mod m)

@ Pole at s = 1 coming from x = Yo
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Proof of nonvanishing

Put
Pis)= J] Lsx)

X (mod m)
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Proof of nonvanishing

Recall

m) a=1 (modm
Z={§() (mod m)

. otherwise
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Proof of nonvanishing

Recall

m) a=1 (modm
Z={§() (mod m)

. otherwise

a, {@ n=p=1 (mod m)
y dn =

n>1

@ converges for $(s) > 1
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Proof of nonvanishing

Recall

m) a=1 (modm
Z={§() (mod m)

. otherwise

a, {@ n=p=1 (mod m)
y dn =

n>1

@ converges for $(s) > 1

@ a,>0forall n
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Proof of nonvanishing

Recall

_Je(m) a=1 (mod m)
Z B {0 otherwise

X

a, {@ n=p=1 (mod m)
y dn =

n>1

@ converges for $(s) > 1
@ a,>0forall n
e pifm=pM=1 (mod m)
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Proof of nonvanishing

It follows that

1
Q(5)>ZW selR

ptm
1 1
Z pe(m)s N Z prm)s
p plm
diverges for s = 1/p(m) finite

Lecture 6
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Proof of nonvanishing

P(s) = e =1+ Q(s) + -
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Proof of nonvanishing

P(s) = e =1+ Q(s) + -

P(s) < Q(s)
—~—~ —~—

convergent convergent

The left side should be convergent for f(s) > 0 and the right side

diverges at s = ﬁ, and has nonnegative coefficients.

This is a contradiction.
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Dirichlet’s theorem

For m > 0 and all a with (a, m) = 1 there exist infinitely many primes

p=a (mod m).
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log(L Z x(p

@ Choose b with ab=1 (mod m).
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x x(p9)
|Og Z kpsk
p,k>2

@ Choose b with ab=1 (mod m).
o Consider > x(b)log(L(s,x)) =

D> x(eb)p 4D X(b)R(s,x)

J/ N J/
-~ -~

{gp(m) bp = 1 (mod m) conv. ?R(S)>l/2

0 otherwise
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Proof

Sob)e(Ls ) =¢m) > pr+ Rl

N p=a (mod m) bounded R(s)>1/2
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Proof

Zx )log(L(s, X)) =@(m) > p°+ R(s)

p=a (mod m) bounded R(s)>1/2

The left side goes to oo for s — 1 + 0, from the contribution of
X = Xo, the other characters do not vanish at s = 1.
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Proof

Zx )log(L(s, X)) =@(m) > p°+ R(s)

p=a (mod m) bounded R(s)>1/2

The left side goes to oo for s — 1 + 0, from the contribution of
X = Xo, the other characters do not vanish at s = 1. It follows that

Z p°—o00 for s—1+0.

p=a (mod m)
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Special values of Dirichlet L-functions

Consider
1 n=1,11 (mod 12)

x12(n) :=4¢ -1 n=5,7 (mod 12)
0 otherwise
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Special values of Dirichlet L-functions

Consider
1 n=1,11 (mod 12)

x12(n) :=4¢ -1 n=5,7 (mod 12)
0 otherwise

X12 1 1 1
= = 1 _— — — e
s X12 H ( ) 5 7s + 115

p
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Special values of Dirichlet L-functions

Consider
1 n=1,11 (mod 12)

x12(n) :=4¢ -1 n=5,7 (mod 12)
0 otherwise

X12 1 1 1
= = 1 _—_— — — oo
S X12 H ( ) 55 75 _I— 115

p

log(7 + 4v/3)  log((2+ V3)?)

L(17X12) = \/ﬁ - \/ﬁ
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Special values of Dirichlet L-functions

Note that 1 = 72 — 3 - 42,

Proof:

X12k+1 X12k+5 X12k+7 X12k+11

x(n)
Fix) =S X n _ _
()= n 1ok 11 12k+5 12k +7 12k+1l
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Special values of Dirichlet L-functions

Note that 1 = 72 — 3 - 42,

Proof:

X12k+1 X12k+5 X12k+7 X12k+11

x(n)
Fix) =S X n _ _
()= n 1ok 11 12k+5 12k +7 12k+1l

f/(X) _ (1 _ X4 _ X6 +X10) ZXIZk
k>0
(1 =-x)(1+x) 1
1—x24+ x4 1— X2

Lecture 6 41/52



Proof

For |x| < 1 we have:

1 2x+V3 2x—V3

f(X)_m</1+\/§X+x2d /1—\/§X+x2d>
1 1+ v3x + x?

_ﬁlog(—l—\@x+x2>

which is continuous for x ~ 1.
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Proof

For |x| < 1 we have:
f(x) —1 /—2X+\/§ dx—/—zx_\/§ dx
V12 1+ 3x + x2 1 —3x + x2
[
V12

_l (1B
V1 - 1 —3x + x2

which is continuous for x ~ 1. Substituting x = 1, we find

| 2+3
og 2= 3

1
V12
= \/% log ((2 + \/5)2>
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Special values

This is a particular case of a general result of Dirichlet:

Theorem

LLxa) = 7=\ 1 d<0

1 Jhlog(e) d>0
Vd

where
° xa(n) = (7)
e h is the class number of Q(+v/d)
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Special values

This is a particular case of a general result of Dirichlet:

Theorem

LLxa) = 7=\ 1 d<0

1 Jhlog(e) d>0
Vd

where
° xa(n) = (7)
e h is the class number of Q(+v/d)

@ ¢ is a fundamental solution of Pell’s equation x*> — dy? = +1.

4
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X2 — dy2
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Pell's equation

X —dy?* =1

@ there are infinitely many solutions
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Pell's equation

X —dy?* =1

@ there are infinitely many solutions

@ there exists an € = (xq, y1) such that all solutions have the form
+(Xp, yn) with

Xp + \/Ey,, =(x + \/Eyl)"
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Pell's equation

Proof:

(1) & ¢ Q < there exist infinitely many x/y € Q such that
X 1
— é’ < —
|y | %
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Pell's equation

Proof:

(1) & ¢ Q < there exist infinitely many x/y € Q such that
X 1
— é’ < —
|y | %

Indeed, consider the decomposition

0.10=[0. 1)U, 2)

into n parts.
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Pell's equation

Proof:

(1) & ¢ Q < there exist infinitely many x/y € Q such that
X 1
— é’ < —
|y | %

Indeed, consider the decomposition
1 12
0,1]=1[0,-)uf[-,-)---
0.1=[0,2) Ul %)
into n parts. Consider the n + 1 numbers

{0}, {¢}, - {n&}.
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Pell's equation

Proof:

(1) & ¢ Q < there exist infinitely many x/y € Q such that
X 1
— é’ < —
|y | %

Indeed, consider the decomposition
1 12
0,1]=1[0,-)uf[-,-)---
0.1=[0,2) Ul %)
into n parts. Consider the n + 1 numbers

{0}, {¢}, - {n&}.

At least two are in the same interval, i.e., there exist 0 < j < k < n
such that

i€~ ] — (ke ~ [kel)| < -
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Put
y:

J_ka

x = [k€] = [j¢]

«O> < Fr «=)r «=)» DA



Pell's equation

Put
y=j—k, x:= [k - [i]
Then

1 1 1
]x—y§]<—=>]f—£]<—<—2, 0<y<n.
n y yn Yy
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Pell's equation

Put
y=j—k, x:= [k - [i]
Then

1 1 1
]x—y§]<—=>]f—£]<—<—2, 0<y<n.
n y yn Yy

Now choose m > 1/|% — ¢|. The same procedure gives the existence
of (xi, y1) such that

X 1 X
g <D =g <
n myi y

with 0 < y; < m. This is a new approximation, keep going.
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Pell's equation

(2) There exists an M such that
IX? — dy?| < M

has infinitely many integral solutions.
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Pell's equation

(2) There exists an M such that
IX? — dy?| < M

has infinitely many integral solutions.

Indeed,
X2 — dy? = (x + Vdy)(x — Vdy),

and there are infinitely many (x, y) such that

1
‘X—\/gy’ < )—/
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Pell's equation

Thus,
1
Ix +Vdy| < |x — Vdy| +2Vd|y| < " +2V/dy.
It follows that

1
]x2—dy2|<|)—/+2\/gy|- <2vVd+1

<Ir
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Pell's equation

(3) There exists an m € N such that
x> —dy’=m

has infinitely many integral solutions.
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Pell's equation

(3) There exists an m € N such that

x> —dy’=m

has infinitely many integral solutions.

Indeed, may assume there are infinitely many solutions to the
inequality with distinct x-components, thus there exist distinct x;, x,
such that x; = xo (mod m) and y; = y» (mod m).
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Pell's equation

(3) There exists an m € N such that

x> —dy’=m

has infinitely many integral solutions.

Indeed, may assume there are infinitely many solutions to the
inequality with distinct x-components, thus there exist distinct x;, x,
such that x; = xo (mod m) and y; = y» (mod m).
Put

Q= X1 — Y1\/E, Bi=x —Y2\/g
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Pell's equation

The congruence conditions imply that

a-B=A+BVd, m|Am|B
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Pell's equation

The congruence conditions imply that
a-B=A+BVd, m|Am|B
Thus,

and since

we have a solution
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Pell's equation

The congruence conditions imply that
a-B=A+BVd, m|Am|B
Thus,
and since
we have a solution
1=u?>—v3d
va:Othena-B:j:m, thus - m=+m- 3, thus o« = £+ and

X; = Xp, contradiction. So there exists a solution with xy # 0.
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Pell's equation

Now we find the smallest solution:
x+yVd>u+v/d,

all > 0.
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Pell's equation

Now we find the smallest solution:
x+yVd>u+v/d,

all > 0.
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Pell's equation

For such a smallest solution ¢, we have: any 3 = €".
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Pell's equation

For such a smallest solution ¢, we have: any 3 = €".

Otherwise, choose n such that
" < B < e,

l<éf<e

... produce a smaller €.
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