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Multiplicative functions: divisor function

SOF (Z l) - (Z ,%) L

m>1 n=1

o(n) = Z 1.
d|n
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Moebius function

5 - Ilo-
C p
where
(-1y i n=p-o
n prmnt
p(n) {0 otherwise

Lecture 5
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Euler o-function

where

=n- H #(Z/nZ)*

is the Euler function.
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von Mangoldt function

¢'(s) A(n)
CRPYr

where
k

A(n) = {Iog(p) n=p

0 otherwise
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Ramanujan 7-function

g =q][1 -9 q:=eT"

n>1 n>1
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Ramanujan 7-function

g =q][1 -9 q:=eT"

n>1 n>1

We have

7(nm) = 7(n)7(m),  when

Lecture 5
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Ramanujan 7-function

ZT(n)q" _ qH(l o qn)247 q:= e2miz
n>1 n>1

We have

7(nm) = 7(n)7(m), when (n,m)=1.

Moreover, we have

Ramanujan’s conjecture = Deligne’s theorem 1974

I7(p)| < 2p*/2,  for all primes p
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Ramanujan 7-function

Lehmer's conjecture

7(n) #0, forall neN
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Ramanujan 7-function

Lehmer's conjecture

7(n) #0, forall neN

Where did the T-function come from?
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Ramanujan 7-function

Lehmer's conjecture

7(n) #0, forall neN

Where did the T-function come from?

Let p(n) be the number of different representations of n as a sum of
positive integers (in any order).
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Ramanujan 7-function

Lehmer's conjecture

7(n) #0, forall neN

Where did the T-function come from?

Let p(n) be the number of different representations of n as a sum of
positive integers (in any order). The generating function for this is

o

1
n)x" = =(L4+x+x"+ )1+ +x+)
;p() n[[ll_xn ( ) )
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Partition function

Ramanujan discovered remarkable divisibility properties:

Congruences

@ p(7n+5) =0 (mod 7) (Ramanujan)
@ p(11n+6) =0 (mod 11) (Ramanujan)
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Partition function

Ramanujan discovered remarkable divisibility properties:

Congruences
@ p(7n+5) =0 (mod 7) (Ramanujan)
@ p(11n+6) =0 (mod 11) (Ramanujan)
o p(13-113-n+237) = 0 (mod 13) (Atkin 1960)
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Partition function

Ramanujan discovered remarkable divisibility properties:

Congruences

@ p(7n+5) =0 (mod 7) (Ramanujan)
@ p(11n+6) =0 (mod 11) (Ramanujan)
o p(13-113-n+237) = 0 (mod 13) (Atkin 1960)

@ Ken Ono (2000): Let m > 5 be a prime and k € N. A positive

proportion of primes ¢ have the property that

mke3n+1\

for for all n coprime to /.

Lecture 5
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More functions

o 1 n=1
" )]0 otherwise
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More functions

o 1 n=1
" )]0 otherwise

1:= {1 for all n
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More functions
1 n=1
e =
0 otherwise
1:= {1 for all n

(n) = 1 nisa s.quare
0 otherwise
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Convolutions

frg(n) = F(d)g(3).

d|n
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Convolutions

fg(n):=) f(d)g(

d|n

Properties:
o fxe="F
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Convolutions

fg(n):=) f(d)g(

d|n

Properties:
o fxe="f
o fxg=gxf
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Convolutions

n
Frg(n) = F(d)g().
d|n
Properties:
o fxe="f
o fxg=gxf

o fx(gxh)=(fxg)*xh

Lecture 5 11 /60



Convolutions

If f, g are multiplicative then so is f x g. \
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Convolutions

If f, g are multiplicative then so is f x g. \

Proof:

> Fdudn) ~g(%) = f(d) -g(din) Fdn)g () = -

dn,dm|mn dn|n dm|m
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Convolutions

Y u(d)=pxl=e

d|n
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Convolutions

Y u(d)=pxl=e
d|n

Proof: Clear for n =1. for n > 1, write n = pJ* - - - p&. Then

;u(d) = i(—l)k (;) —(1-1) =0

k=0 N v

pick k out of r primes
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Convolutions

Y u(d)=prl=e
d|n

Proof: Clear for n =1. for n > 1, write n = pJ* - - - p&. Then

;u(d) = i(—l)k (;) —(1-1) =0

k=0 N v

pick k out of r primes
Note that the left side equals

[T+ u(p)) =o.

pln

Lecture 5 13 /60



Moebius inversion

f=gx1 < g=fFfxpu.
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Moebius inversion

f=gx1 < g=fFfxpu.

Proof:
g=8g*e
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Moebius inversion

f=gx1 < g=fFfxpu.

Proof:
g=g+e=gx(lxu)
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Moebius inversion

f=gx1 < g=fFfxpu.

Proof:
g=grxe=gx(lxu)=(g*1)xp
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Moebius inversion

f=gx1 < g=fFfxpu.

Proof:
g=gxe=gx(lxpu)=(gx1)xp=">xp
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Moebius inversion

What does this say?

f(n):=Y eld) = gln)=) f(d) u3)
d|n

d|n
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Moebius inversion

What does this say?

f(n):=>) g(d) = g(n
d|n

Examples:
@ g = ¢, the Euler function

n=fn)=Y old) =
dln

Lecture 5
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Moebius inversion

What does this say?

fn):=>_gd) = gln)=) f(d) u(3)
d|n

Examples:
@ g = ¢, the Euler function

n=f(n)= Zcp(d) = o(n) = Zd“(g)
d|n

e g(n)=n

o =%d = n=> od)- u3)
d|n d|n
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Moebius inversion

fzg*lzzg(d) = Zf(n):Zg(d)- [Z]
d|n

n<x d<x
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Moebius inversion

f:g*lzzg(d) = Zf Zg )[3]
o

Proof: The left side equals

PIPIECIED SFCIN

n<x din d<x ~~
n<x, with d|n
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Moebius inversion
We apply the formula with f(n) = log(n):

T(x) = Z log(n) = ZA(H) ' [)_r(/]

n<x n>1

Lecture 5
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Moebius inversion

We apply the formula with f(n) = log(n):
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Lattice points

We will now discuss two typical number-theoretic problems.

@ Lattice points in a circle (Gauss circle problem):

N(B) := #{(x,y) € Z° | x’+y* < B} ~7B+E(B), B —
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@ Lattice points in a circle (Gauss circle problem):

N(B) := #{(x,y) € Z° | x’+y* < B} ~7B+E(B), B —

@ Lattice points under a hyperbola

Ni(B) := #{(x,y) € Z* | xy < B} ~ B(log(B)+2y~1)+Ei(B),
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Lattice points

We will now discuss two typical number-theoretic problems.

@ Lattice points in a circle (Gauss circle problem):

N(B) := #{(x,y) € Z° | x’+y* < B} ~7B+E(B), B —

@ Lattice points under a hyperbola
Ni(B) := #{(x,y) € Z* | xy < B} ~ B(log(B)+27y—1)+Ey(B),

Our goal is to obtain best possible estimates for the error terms E(B)
and E(B).
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Elementary tools

Euler-MacLaurin

Let £ € C?([a, b)),

p)i= 5= 0 o) = [ plw) o

- v

~
not the divisor function
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Elementary tools

Euler-MacLaurin

Let £ € C?([a, b)),

p)i= 5= 0 o) = [ plw) o

- v

~
not the divisor function

Then

S f(x) = / F(x) dx + p(B)F(b) — p(a)f(a)

a<x<b

+o(a)f'(a) — a(b)f'(b) + / a(x)f"(x) dx
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Elementary tools

Euler-MacLaurin

Let £ € C?([a, b)),

p)i= 5= 0 o) = [ plw) o

- v

~
not the divisor function

Then

S f(x) = / F(x) dx + p(B)F(b) — p(a)f(a)

a<x<b

+o(a)f'(a) — a(b)f'(b) + / a(x)f"(x) dx

Proof: Integration by parts.
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Elementary tools

A simpler version:

Let f € C!([a, b]). Then

S f(x) = / £(x) dx + p(b)F(b) — p(a)F(a) — / F(x)F'(x)dx

a<x<b

Lecture 5 20 /60



Circle problem

Theorem (Gauss)
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Circle problem

Theorem (Gauss)

There are 8 such domains.
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Circle problem

N(B)=_1_+4 1{@ +

(0,) one coordinate =0

+8 ) [VB—x]-4([VB/2])
0<X§\/B_/2

=8 Y VB-x*-2B+4V2B{\/B/2} +4VB-
0<x<4/B/2

-8 >  {VB-x2}+0(1)

0<x<4/B/2
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Circle problem
Applying the formula, we obtain

S VB-2- /’M¢§?ﬁw+

0<x<4/B/2

+ (% - {\/8/2}) VB/2—\/BJ2+ o(\/B/2)+

/0\/8_/20@)( BE— ) du

_8,5, o(u)] <
~ 8 % ’ o=

+

ool
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Circle problem

> VBoxe="P By

0<x<4/B/2

N _VS’/Q — /B2{\/B/2} — /B2 + O(1)
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Circle problem

I

0<x<4/B/2
N _VS’/Q — /B2{\/B/2} — /B2 + O(1)
N(B) = 7B + E(B)
with

E(B)=2v2B—-8 > {VB—x}+0(1)=O(VB)

0<x<4/B/2

Lecture 5 24 /60



Circle problem: better estimate

Exercise: Let b— a < A and f € C?([a, b]) be such that

f'(x)> A1, 0<f(x)<1, forxc€]la,b]
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Circle problem: better estimate
Exercise: Let b— a < A and f € C?([a, b]) be such that
f'(x)> A1, 0<f(x)<1, forxc€]la,b]

Then

> {60y = 250+ o)

a<x<b
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Circle problem: better estimate
Exercise: Let b— a < A and f € C?([a, b]) be such that
f'(x) > A1 0<f(x)<1, for x€]la,b]

Then

(#27)

PIRUO)

a<x<b

Apply this to f(x) = v/B — x2. It follows that

E(B)=2v2B—-8 > {VB-x2}+0(1)

0<x<4/B/2

2\/2_—8'2—8/2+O(

I\JM—‘
w\r\)
~—
I
)
—
oy}
Wi
~—
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Points under a hyperbola

Theorem (Dirichlet)
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Points under a hyperbola

Consider the domain

1§x§\/§, 0<y<B/x.
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Points under a hyperbola

Consider the domain

1§x§\/§, 0<y<B/x.

We find that 5 5
M) =2 Y 1= (L)

1<x<vB
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Points under a hyperbola

B)=2B ) %—

1<x<vB

23 {g}—3+2\/§{\/§}+0(1)

1<x<vB

Applying the formula to the sum over % we find

> = log VB + (5~ {VB)) = -

1
VB 2
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Points under a hyperbola

Recall that

3= lim (30 )~ log(x),

1<n<x

1 ©
v:——+2/ o(u) %
2 1

thus

Lecture 5
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Points under a hyperbola

Ny (B) = Blog(B) + 2\/5(% —VB)+(2y-1)B-

2 ¥ {§}+2¢§{¢§}+0(1)

1<x<VB
= B(log(B) 4+ 2y — 1) + E1(B)

with
E(B)=VB+2 > {g} + 0(1) = O(VB).

1<x<vB
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Fourier methods

These allow to establish much better error terms.
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Fourier methods

These allow to establish much better error terms.

Generally, these are among the most heavily used tools in analytic
number theory.
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e(x) =e

27ix

Y

f e L'(R)

«O>» «F>r «=»r «=>» E A



Fourier analysis

, felY(R)
F(y) /R F(x)e(—xy) dx
zﬁ‘(x) = f(—x)

Lecture 5
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Fourier pairs

f(y)
max{1 — ‘Lyl, 0}
1 Jyl<1
3 Wl=3
0 [y[>0
e727r‘)/|
e’
1
ch(my)

f(x)
(sin:;;(/Y) ) 2

sin(2mx)
T

ch(mx)

Lecture 5

Fejer kernel

self-dual
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Mellin transform
f: R>0 — C

There is an integral transform, defined by

M(F)(s) = / T )yt dy

Lecture 5
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Mellin transform

There is an integral transform, defined by

M(F)(s) = / T )yt dy

This is OK, when
f(y)y" ™ € L"(Rxo),
which depends on R(s).
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Mellin transform

There is an integral transform, defined by

M(F)(s) = / T )yt dy

This is OK, when
f()’)ys_l € LI(R>0)7

which depends on R(s). This is a version of the Fourier transform.
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Mellin transform

There is an integral transform, defined by

M(F)(s) = / T )yt dy

This is OK, when
f()’)ys_l € LI(R>0)7

which depends on R(s). This is a version of the Fourier transform.
Namely, put

y=¢€%, s:=it.
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Mellin transform

The inverse transform is given by
1

Fly) =5 . M(f)(s)y* ds

Lecture 5
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Mellin transform

M(f)(s) o= R(s)
r(s) o>0
[(s) cos(%) 0<o<l1
S_Sin”(ﬂs) —1<o<0

2K,(x)cos(%) x > 0, Bessel function

Lecture 5
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Poisson summation formula

f,f € L', and bounded variation (or continuous).
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Poisson summation formula

f,f €LY, and bounded variation (or continuous). Then

Y f(m)=> f(n)

meZ neZ

Lecture 5 37 /60



Poisson summation formula

Proof: Put
F(x) = ZZ f(x+m) €LYR/Z)
= ;ZZCF(H) ~e(nx)
where
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Poisson summation formula

Proof: Put
F(x) = ZZ f(x+m) €LYR/Z)
= ;ZZCF(H) ~e(nx)
where

The series converges uniformly. Now put x := 0.

Lecture 5
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Poisson summation formula

Corollaries:
()
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Poisson summation formula

Corollaries:
()

@ Let y : Z — S! be a Dirichlet character (mod q), e.g.,

x(+) = (E) Then
Z f(m 7(x) £(

meZ neZ

where

is the corresponding Gauss sum.

Lecture 5 39 /60



Poisson summation formula

A similar formula holds in higher dimensions:
> f(m)y=>Y_ f(n).
meZk nezZk

Let us apply this for k = 2. Assume that f is invariant under S!
(rotation invariant).
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Poisson summation formula

A similar formula holds in higher dimensions:
> f(m)y=>Y_ f(n).
meZk nezZk

Let us apply this for k = 2. Assume that f is invariant under S!
(rotation invariant). Then f is also invariant.
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Poisson summation formula

A similar formula holds in higher dimensions:

> f(m)y=>Y_ f(n).

meZk nezZk

Let us apply this for k = 2. Assume that f is invariant under S!
(rotation invariant). Then f is also invariant. Let

ra(m) = #{mi + m = m}, g€ CZ(Rso).
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Poisson summation formula

A similar formula holds in higher dimensions:
> f(m)y=>Y_ f(n).
meZk nezZk

Let us apply this for k = 2. Assume that f is invariant under S!
(rotation invariant). Then f is also invariant. Let

r(m):=#{m: +m;=m}, geC Rso).
Then . . .
> n(mlg(m) == [ gl dx+ 3 ran)h(n)

m=0 0

where ...

Lecture 5
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Poisson summation formula

h(y) == 7r/ g(x)Jo(2m/xy) dx, Hankel transform
0

and
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Poisson summation formula

h(y) == 7r/ g(x)Jo(2m/xy) dx, Hankel transform
0

and
7TJ0(Z):/ cos(zsin(f)), dd, Bessel function
0

Lecture 5 41/60



Analysis of the asymptotic

pause

Q
) = [ o) e costany7 - S ek (= )
+ /Ooo(xy)3/4g(x) sin(2m/xy — %) dx (=h)
2o [Ty letla) (=)
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Analysis of the asymptotic

Integration by parts, applied to both /; and b, yields

) === | o) () sinfam 7 - ) e

0 (0o (el + x- g/l o)
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Analysis of the asymptotic

Now assume that 1 < A < B'/? and put

min(1,x,(A+B—x)A"!) 0<x<A+B
g(x) = )
0 otherwise
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Analysis of the asymptotic

Now assume that 1 < A < B'/? and put

min(1,x,(A+B—x)A"!) 0<x<A+B
g(x) = )
0 otherwise

S ra(m) < 3 ra(m)g(m) = 7 (B + (A+1)/2) + 3 ra(n)h(n)

n>1

Lecture 5 44 /60



Analysis of the asymptotic

Now assume that 1 < A < B'/? and put

min(1,x,(A+ B —x)A"!) 0<x<A+B
g(x):_{ (Lx, ( JA)

0 otherwise
Then
Y r(m) <) n(m)g(m)=m(B+(A+1)/2)+ ) r(n)h(n)
m<B m n>1
We have
h(y) < y ¥*BY*(1 + %)_1/27 C:= %
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Analysis of the asymptotic

We continue:
B\ 1/2
> n(n)h(n) =" h(a®+ b?) < (BC)V* = (Z)
n>1 a,b

and
> n(m)<7B+ O (A+BY2AT?).

m<B

Lecture 5
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Analysis of the asymptotic

We continue:
B\ 1/2
Z r(n)h(n) = Z h(a® + b?) < (BC)Y* = <Z>
n>1 a,b

and
> n(m)<7B+ O (A+BY2AT?).

m<B

The error term is optimal when A = BY3. This gives

E(B) = O(B?).

Lecture 5 45 /60



Analysis of the asymptotic

The same arguments apply to

rs(m),

(sum of three squares). One has

S n(m) = 4?”53/2 + 0(BY).

m<B

Lecture 5
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Analysis of the asymptotic

The same arguments apply to
r3(m),

(sum of three squares). One has

S n(m) = %”53/2 + 0(BY).

m<B

There are hundreds of papers improving these error terms.
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Riemann zeta function

We record elementary properties of

(o) =TI (1 - i) T ) 1

s
- p
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Riemann zeta function

We record elementary properties of

(o) =TI (1 - pi) T ) 1

p

e ((s) #0, for R(s) > 1.

Proof:
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Riemann zeta function

We record elementary properties of
1

s)=1] (1 - E) _1, R(s) > 1

p

e ((s) #0, for R(s) > 1.

Proof:

daM2) T 2) 22

n>1
> du o
<1+/ — =
1

w o—1
Thus 1
0'_
1¢(s)| >

Lecture 5

>0
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Riemann zeta function

e For R(s) > 0, we have

where

Lecture 5
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Riemann zeta function

e For R(s) > 0, we have

N
1 N1 < p(u)
=\ "= — NS
((s) ;ns—i_s—l 2 +5/ s+1
where 1
(o) = 5 — {u}

l.e., we have an isolated pole at s = 1, with residue 1.

Lecture 5
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Riemann zeta function

Proof: We use the Euler-MacLaurin formula:

1 M+1/2 4 M+1/2
E — = / = + s/ plu) du
s us us+1

n
N+1/2<n<M+1/2 N+1/2 N+1/2
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Abstract Fourier analysis

@ G - (topological) abelian group
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Abstract Fourier analysis

@ G - (topological) abelian group
@ Y : G — St C C acharacter, i.e., a continuous homomorphism;

these form an abelian group, xo = id
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Abstract Fourier analysis

@ G - (topological) abelian group
@ Y : G — St C C acharacter, i.e., a continuous homomorphism;
these form an abelian group, xo = id.

@ H C G a closed subgroup

Lecture 5 50 /60



Abstract Fourier analysis

Theorem (Poisson formula)
/ f dh = / fdg
H (G/H)*

where

and
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Abstract Fourier analysis

Theorem (Poisson formula)
/ f dh = / fdg
H (G/H)*

where

and
(G/H): :=={x | x istrivial on H}

and dh, dg are suitably normalized Haar measures
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Abstract Fourier analysis

Theorem (Poisson formula)
/ f dh = / fdg
H (G/H)*+

where

and
(G/H): :=={x | x istrivial on H}

and dh, dg are suitably normalized Haar measures

Issues:
@ measure
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Abstract Fourier analysis

Theorem (Poisson formula)
/ f dh = / fdg
H (G/H)*+

where

and
(G/H): :=={x | x istrivial on H}

and dh, dg are suitably normalized Haar measures

Issues:
@ measure
@ integrability

Lecture 5 51 /60



Fourier analysis

Main example: G = (R, +):
@ Y =YX, x> e*™ with a e R.
o G =R (self-dual)
o for H= G get

/G fdg = f(xo)

e for H =0 get Fourier inversion

f:/fdgr
¢
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Fourier analysis

Main example: G = (R, +):
@ X = X,: X e?™a with a € R,
o G =R (self-dual)
o for H= G get

/G fdg = f(xo)

for H = 0 get Fourier inversion

f:/fdgr
¢

for H =7 C R get the classical Poisson summation formula:
Y f(my=>_Fn),
neZ nezZ

note that Z is self-dual in R.

Lecture 5 52 /60



Self-dual functions

then

Lecture 5
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Self-dual functions

then

The theta-function is defined by

9(7’, Z) — Z e27rinz . eTrin

nez

(whenever this converges).

Lecture 5

2

T
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Theta-function

Consider the special case:

)= 0.0) = Y e 7 = LS

neZ nez

(the series converges e.g., for y € R.o).
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Theta-function

Consider the special case:

)= 0.0 = S = LY e

neZ nez

(the series converges e.g., for y € R.y). Thus
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Theta-function

Consider a related function

Lecture 5

55 /60



Theta-function

Consider a related function

Using the functional equation for the theta-function, we obtain

I
N W
w(s)=s w(s) 5 + >
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Mellin transform

We compute the Mellin transform:

M(w) :/0 w(t)t* L dt = Z/O e ™t dt

n>1

which converges for (s) > 1/2.
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Mellin transform

We compute the Mellin transform:

M(w) :/0 w(t)t* L dt = Z/O e ™t dt

n>1

which converges for (s) > 1/2.
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Mellin transform

It follows that

M(w)(s) = 7= - T(s) - C(25) R(s) > 1/2
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Mellin transform

It follows that

M(w)(s) = 7= - T(s) - C(25) R(s) > 1/2

+/ w(t)ttdt
1
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Mellin transform

We change variables, putting u = 1/t. This turns the first summand

into

Lecture 5

58 /60



Mellin transform

We obtain
M(w)(s) = / w(t) (t_1/2_S + ts_l) dt
1
1 1
2s 1—-2s
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Mellin transform

We obtain
M(w)(s) = / w(t) (t_l/z_S + ts_l) dt
1
1 1
2s 1—-2s
Since

the integral converges for all s.
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Mellin transform

We obtain
M(w)(s) = / w(t) (t_l/z_S + ts_l) dt
1
1 1
2s  1-—2s
Since

the integral converges for all s.
Moreover, M(w)(s) is unchanged upon s +— 1 — s:
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Mellin transform

We obtain
M(w)(s) = / w(t) (t_l/z_S + ts_l) dt
1
1 1
2s  1-—2s
Since

the integral converges for all s.
Moreover, M(w)(s) is unchanged upon s +— 1 — s:

It has a simple pole at s =0,1/2.
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Riemann zeta function

It follows that
75 T(s)C(2s) = 7=Y2 r(% — s)¢(1- 25)

except at s = 0,1/2.
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Riemann zeta function

It follows that
1
7 °-T(s)((2s) = a2, I'(§ —5)C(1 — 2s)
except at s = 0,1/2.

Put
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Riemann zeta function

It follows that
1
7 °-T(s)((2s) = a2, I'(§ —5)C(1 — 2s)
except at s = 0,1/2.

Put

Then
(s) =¢&(1—s),

this is the functional equation for the Riemann zeta function.
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