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1 Introduction

This is an extended notes of my lecture at the Workshop on Eisenstein Series
at The American Institute of Mathematics in August, 2006. I would like
to thank the organizers Wee Teck Gan, Steve Kudla and Yuri Tschinkal for
invitation and thank the AIM for hospitality. The work is also supported in
part by NSF DMS-0400414.
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One of the main topics in the modern theory of automorphic forms is to
understand the discrete spectrum of the space of square integrable automor-
phic functions on G(A), where G is a reductive algebraic group defined over
a number field k and A is the ring of adeles of k. It is known from the work of
Gelfand and Piatetski-Shapiro and of Langlands that the discrete spectrum
of the space of square integrable automorphic functions on G(A), which is
denoted by L2

d(G, ξ) (with central character ξ), can be expressed as

(1.1) L2
d(G, ξ) = ⊕

π∈Ĝ(A)
md(π) · π = L2

c(G, ξ)⊕ L2
r(G, ξ).

where Ĝ(A) is the set of equivalence classes of irreducible admissible repre-
sentations of G(A), and md(π) denotes the multiplicity of the irreducible ad-
missible representation π of G(A) occurring in the discrete spectrum, which
is finite for each π. Also, L2

c(G, ξ) denotes the subspace of cuspidal auto-
morphic functions, and the orthogonal complement of the cuspidal spectrum
is denoted by L2

r(G, ξ), which is generated by the residues of Eisenstein se-
ries following the Langlands theory of Eisenstein series ([MW95]). Since
the residues of Eisenstein series are constructed using the cuspidal automor-
phic forms on the Levi subgroups of G via relatively simple process called
parabolic induction, the structure of the residual spectrum depends more or
less the cuspidal spectrum of the smaller groups. Hence the understanding
of cuspidal automorphic forms becomes the main issue here.

On the other hand, cuspidal automorphic forms have been played so im-
portant roles in many related subjects. It is hard to say what will be the
understanding of the theory of cuspidal automorphic forms. Within the the-
ory of automorphic forms and representations, one may seek the following
ways of understanding.

• If irreducible cuspidal automorphic representations are constructed by
reasonable data, then one may understand the cuspidal automorphic
representations through the construction data. The theory of theta lift-
ings plays roles in this aspect, but seems only effective for degenerate
cuspidal automorphic representations, i.e. the CAP automorphic repre-
sentations (see [PS83], [R84], [S89], [GGJ02], [GG05], [JS06a], [JS06b],
[GG06] for instance).

• If cuspidal automorphic representations are attached with some nice
invariants, then it is natural to understand the cuspidal automorphic
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representations via the attached invariants. The theory of automor-
phic L-functions has been developed in this favor, which captures more
informations about the generic cuspidal automorphic representations
(see [L04] and [J06a], [R90] and [KR94], and [Bm05], for instance).

• One may use cuspidal automorphic representations to construct rela-
tively concrete automorphic representations of big groups. Then the
special features of the constructed automorphic representations will
tell us some information about the cuspidal automorphic representa-
tions we start with. The investigation of the residual spectrum should
play roles in this aspect (see [J98a], [J98b], [J01], [GJR01], [GJR04a],
[GJR04b], and [GJR05], for instance).

I would like to discuss some recent work which can be reformulated in
the third way of understanding of cuspidal automorphic representations via
the residual spectrum.

2 Residues of Eisenstein Series

Formulation of residues in general, which contributes to the residual spectrum
and the nonvanishing depends on the L-function conditions

Let P = MN be a standard parabolic k-subgroup of G and let σ be
an irreducible cuspidal automorphic representation of M(A). The general
formulation and the basic analytic properties of Eisenstein series attached
to the cuspidal datum (P, σ) can be found in [MW95]. The main problem
remains to be investigated is to determine for which cuspidal datum (P, σ)
the Eisenstein series contributes nonzero residues to the discrete spectrum.
This has been done for GLn by Moeglin-Waldspurger ([MW89]), which was a
conjecture of Jacquet ([J84]). For other groups, it has been only studied for
k-rank two groups ([K95], [K96], [Z97], [Kn98]). Some discussions for higher
rank groups can be found in [KS96], [K01], [M01].

From the point of view of the Arthur conjecture ([A89]) on the basic
structure of the discrete spectrum, the residual spectrum is expected to play
fundamental role in our understanding of the whole discrete spectrum. An
alternative approach along the line of the Arthur conjecture is the classifi-
cation and characterization of CAP automorphic representations of G(A).
This has been recently reformulated in [JS06a] and [JS06b].
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An irreducible cuspidal automorphic representation is called CAP if it
is nearly equivalent to an irreducible constituent of an induced representa-
tion from an irreducible cuspidal automorphic representation on a proper
parabolic subgroup. CAP automorphic representations are cuspidal ones
whose local components are expected to be non-tempered at almost all local
places and hence should be counter-examples to the generalized Ramanujan
conjecture. It is known that CAP automorphic representations exist in gen-
eral, although Jacquet and Shalika showed that when G = GL(n), no such
cuspidal automorphic representations exist ([JS81]). The existence of CAP
representations makes the theory for general reductive groups more delicate
than the theory for general linear groups. The CAP conjecture in [JS06a] is
stated as follows.

Conjecture 2.1 (CAP Conjecture). Let k be a number field and A be
the ring of adeles of k. Let G be a reductive algebraic group, which is k-
quasisplit. For any given irreducible cuspidal automorphic representation π
of G(A), there exists a standard parabolic subgroup P = MN of G (P may
equal G) and an irreducible generic cuspidal automorphic representation σ
of M(A) such that π is nearly equivalent to an irreducible constituent of the
(normalized or unitarily) induced representation

I(σ) = Ind
G(A)
P (A)(σ).

Remark 2.1. We refer to [JS06a] for more discussion about the CAP con-
jecture and give a few remarks below.

1. A version of this conjecture for G = Sp(4) was stated in the work of
I. Piatetski-Shapiro and D. Soudry ([S89] and [PSS87]). The point
here is that the CAP conjecture above requires the cuspidal datum to be
generic, which is clear for the case of Sp4(A).

2. If the parabolic subgroup P in the conjecture is proper, the represen-
tation π is a CAP automorphic representation or simply a CAP, with
respect to the cuspidal data (P ;σ). If the parabolic subgroup P equals
G, the representation π is nearly equivalent to an irreducible generic
(having non-zero Whittaker-Fourier coefficients) cuspidal automorphic
representation of G(A).

3. The main interest for us to introduce the CAP conjecture is its rela-
tion to Arthur’s conjecture on the structure of the discrete spectrum of
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automorphic forms. We refer to [JS06a] for more discussion for this
point.

4. One of the good features of the CAP conjecture is that the irreducible
generic cuspidal datum (P, σ) attached to the irreducible cuspidal auto-
morphic representation π of G(A) is expected to be unique up to asso-
ciation class. Hence it is an invariant attached to π for classification
up to nearly equivalence. See Theorem 3.2, [JS06a] for the case of
G = SO2n+1.

5. The CAP conjecture may be viewed as a global analogy and generaliza-
tion of the Shahidi conjecture, which asserts that every tempered local L-
packet has a generic member. See our previous work on p-adic SO2n+1

([JS03] and [JS04]) for the local generalization of Shahidi’s conjecture.
Over R, Shahidi’s conjecture was proved by D. Vogan ([V78]).

6. The more general version of the CAP conjecture can be stated to take
care of irreducible cuspidal automorphic representations of G′(A) where
G′ is an inner form of the k-quasisplit G. We will not offer any further
discussion here for this generalization of the CAP conjecture, but men-
tion that some evidence in this aspect may be found in [PSS87], [W91],
and [P06].

In order to use the properties of the residues of Eisenstein series to study
the structure of the cuspidal data, it is enough to consider the cases where
the standard parabolic subgroup P = MN is maximal. For simplicity of
discussion, we assume that G is k-split (or may be group scheme over Z).
Let K =

∏
vKv be the standard maximal compact subgroup of G(A) such

that G(A) has the Iwasawa decomposition

G(A) = P (A)K.

In particular, for each finite local place v, Kv = G(Ov), where Ov is the ring
of integers in the local field kv. Then the Langlands decomposition of G(A)
is

G(A) = N(A)M1A+
MK.

Let AM is the (split) center of M , and the unique reduced root in Φ+(P,AM)
can be identified with simple root α. As normalized in [Sh88], we denote

(2.1) α̃ :=< ρ
P
, α >−1 ρP ,
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where ρ
P

is half of the sum of all positive root in N and < ·, · > is the usual
Killing-Cartan form for the root system of G. We let

(2.2) aM = HomR(X(M),R), a∗M = X(M)⊗ R,

where X(M) denotes the group of all rational characters of M . Since P is
maximal, a∗M is of one dimension. We identify C with a∗M,C via s 7→ sα̃M .

Let HP : M 7→ aM be the map defined as follows, for any χ ∈ a∗M ,

(2.3) HP (m)(χ) =
∏
v

|χ(mv)|v

for m ∈ M(A). It follows that HP is trivial on M1. This map HP can
be extended as a function over G(A) via the Iwasawa decomposition or the
Langlands decomposition above. Let σ be an irreducible unitary cuspidal
automorphic representation of M(A). Then (P, σ) is a cuspidal datum of
G(A). Let φ(g) be a complex-valued smooth function on G(A) which is left
N(A)M(k)-invariant and right K-finite. Writing by the Langlands decom-
position

g = nm1aκ ∈ N(A)M1A+
MK,

we assume that

(2.4) φ(g) = φ(m1κ).

If we fix a κ ∈ K, the map

m1 7→ φ(m1κ)

defines a K ∩M1-finite vector in the space of cuspidal representation σ of
M(A). We set

Φ(g;φ, s) := HP (g)(s+ ρ
P
)φ(g).

Attached to such a function Φ(g;φ, s), we define an Eisenstein series

(2.5) E(g;φ, s) :=
∑

γ∈P (k)\G(k)

Φ(γg;φ, s)

From the general theory of Eisenstein series [MW95], this Eisenstein series
converges absolutely for the real part Re(s) large, and has a meromorphic
continuation to the whole s-plane with finitely many possible simple poles
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for Re(s) > 0. By the Langlands theory of the constant terms of Eisenstein
series, the existence of the poles on the positive half plan of this Eisenstein
series should be detected in general by means of that of the constant terms
of the Eisenstein series.

By the generalized Bruhat decomposition and the cuspidality of σ, the
only nonzero constant term of the Eisenstein series E(g;φ, s) is the one along
the maximal parabolic subgroup P , i.e.

(2.6) EP (g;φ, s) :=

∫
N(k)\N(A)

E(ug;φ, s)du

where du is the Haar measure on N(k)\N(A), which is normalized so that
the total volume equals one. By assuming the real part of s large, we have

(2.7) EP (g;φ, s) = Φ(g;φ, s) + Φ(g;M(s, w0)(φ),−s)

where M(s, w0) is the standard (global) intertwining operator attached to
the maximal parabolic subgroup P and the Weyl element w0, which has the
property that w0Mw−1

0 = M and w0Nw
−1
0 = N− (the opposite of N). This

equation holds for all s ∈ C by meromorphic continuation. The intertwining
operator M(s, w0) can be expressed as

(2.8) M(s, w0) = ⊗vA(s, σv, w0)

by following the notations in [Sh90], where A(s, σv, w0) is the local intertwin-
ing operator

Ind
G(kv)
P (kv)(σv⊗ exp(< s,H

P
(·) >)) → Ind

G(kv)
P (kv)(w2n(σv)⊗ exp(< −s,H

P
(·) >)).

Then A(s, σv, w0) is normalized as follows ([Sh90]):

(2.9) A(s, σv, w2n) =
m∏
i=1

L(is, σv, ri)

L(1 + is, σv, ri)ε(s, σv, ri, ψv)
·N(s, σv, w0).

One may find a clear expository discussion in [CKM04]. We would like to
mention two important local conjectures here as remarks.

1. Shahidi Conjecture ([Sh90]): If σv is tempered and generic, then
the local L-functions L(s, σv, ri) occurring in (2.9) are holomorphic for
Re(s) > 0.
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2. Assumption (A) ([K99]): If σ is also generic (i.e. has a nonzero
Whittaker-Fourier coefficient), then the normalized local intertwining
operator N(s, σv, w0) is holomorphic and nonzero for Re(s) ≥ 1

2
for all

local places v.

One finds the recent significant progress towards the two conjectures in
a series of work of H. Kim ([K99], [K00], [K05], and [K06]).

By assuming these two conjectures, it is clear that for irreducible unitary
generic cuspidal automorphic representations σ of M(A), the poles of the
Eisenstein series E(g;φ, s) (which is on the real axis under the normalization
of σ) are determined by the poles of the product

m∏
i=1

L(is, σ, ri)

L(1 + is, σ, ri)
.

By the argument of Kim and Shahidi ([KS04a] and [KS04b]), it is expected
that for i ≥ 3, the L-functions L(s, σ, ri) are holomorphic for Re(s) > 1

2

and do not vanish for Re(S) ≥ 1. It is also expected that for i = 1, 2, the
L-functions L(s, σ, ri) have at most a simple pole at s = 1. These state-
ments have been proved for all cases for the automorphic L-functions in the
Langlands-Shahidi list, with a few exceptions. We refer [KS04a] and [KS04b]
for more detailed discussion.

It follows that for an irreducible generic unitary maximal cuspidal data
(P, σ), the Eisenstein series E(g;φ, s) is expected to have at most a simple
pole at s = 1

2
or s = 1. We denote the residues of the Eisenstein series by

E 1
2
(g;φ) = Ress= 1

2
E(g;φ, s)(2.10)

E1(g;φ) = Ress=1E(g;φ, s).(2.11)

About these residues of Eisenstein series, we would like to address the
following problems, which have been investigated for many interesting and
important cases.

1. For an irreducible generic unitary maximal cuspidal data (P, σ), the
possible simple poles of the Eisenstein series E(g;φ, s) can only be
either at s = 1

2
or s = 1, but not at both.

2. Determine the structure of the irreducible generic unitary maximal cus-
pidal data (P, σ) according to the location of the possible simple pole
of the Eisenstein series E(g;φ, s).
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In stead of giving conceptual approach to these problems, we would like
to explain our ideas via some cases which seem to have satisfactory answers.

3 Local Theory: generic reducibility

For a finite local place v of k, let σv be an irreducible generic unitary super-
cuspidal representation of M(kv). Consider the normalized induced repre-
sentation

(3.1) I(s, σv) = Ind
G(kv)
P (kv)(σv ⊗ exp(< s,H

P
(·) >)).

It is proved in [Sh90] that the reducibility point with s ≥ 0 for the induced
representation I(s, σv) can occur at one and only one of the s in {0, 1

2
, 1}.

This unique reducibility of I(s, σv) is found important in [Sh90] to determine
the complimentary series representations attached to the supercuspidal da-
tum (P, σv). The essence of the series of work ([Sh92], [Sh95], [GS98] and
[GS01]) is to understand the reducibility point of I(s, σv) in terms of certain
orbital integrals attached to the supercuspidal datum (P, σv), which has been
successful with respect to s = 1.

It is also nature to understand the reducibility of (P, σv) in terms of
the poles of the related to local γ-factors, or in terms of the explicit local
Langlands transfer from G to the general linear group via the standard rep-
resentation of the Langlands dual group LG. We may take G = SO2(r+l)+1

for instance to explain the ideas.
Let Pr,n = Mr,lNr,l be the maximal parabolic subgroup of SO2(r+l)+1 with

the Levi subgroup Mr,l isomorphic to GLr × SO2l+1, so that we write the
element of Mr,l as m = m(a, h) with a ∈ GLr and h ∈ SO2l+1. We write the
element of Nr,l by

(3.2) n = n(x, z) =

Ir x z
I2l+1 x∗

Ir

 ∈ SO2(r+l)+1.

Let τv be an irreducible unitary supercuspidal representation of GLr(kv)
and πv be an irreducible generic unitary supercuspidal representation of
SO2l+1(kv). Then we have a generic supercuspidal datum (Pr,l, τv ⊗ πv) of
SO2(r+l)+1(kv). The induced representation we are going to consider is

(3.3) I(s, τv ⊗ πv) = Ind
SO2(r+l)+1(kv)

Pr,l(kv) (τv · | det(a)|s ⊗ πv).
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Recall from [JS03] and [JS04] the explicit local Langlands functorial trans-
fer from irreducible generic representations of SO2l+1(kv) to GL2l(kv). The
image of the local Langlands transfer of the irreducible unitary generic su-
percuspidal representation πv of SO2l+1(kv) is of form

(3.4) τ(πv) = τ1,v � · · ·� τm,v

with the properties that

1. for each i, τi,v is an irreducible supercuspidal representation of GL2li(kv),
with l =

∑m
i=1 li, and τi,v 6∼= τj,v if i 6= j;

2. for each i, the local exterior square L-factor L(s, τi,v,Λ
2) has a pole

(which is simple) at s = 0, or equivalently, the local γ-factor γ(s, τi,v,Λ
2, ψv)

has a simple pole at s = 1.

From this explicit local Langlands functorial transfer, we expect the fol-
lowing hold.

(C1) The induced representation I(s, τv ⊗ πv) reduces at s = 1 if and only if
the supercuspidal representation τv is equivalent to one of the supercus-
pidal representations τ1,v, · · · , τm,v, or equivalently, the local Rankin-
Selberg L-factor L(s, τv × πv) has a pole at s = 0. In particular, τv
must be self-dual.

(C1
2
) The induced representation I(s, τv⊗πv) reduces at s = 1

2
if and only if τ

is self-dual with the property that the local symmetric square L-factor
L(s, τv, Sym2) has a pole at s = 0, or equivalently the local γ-factor
γ(s, τv, Sym2, ψv) has a pole at s = 1, and the pair (τv, πv) shares a
nonzero Gross-Prasad functional, which is defined below.

(C0) The induced representation I(s, τv ⊗ πv) reduces at s = 0 if and only if
the pair (τv, πv) does not satisfy any of the conditions above.

It remains to define the Gross-Prasad functionals for the pair (τv, πv).
Since τv is an irreducible unitary supercuspidal representation of GLr(kv)
with the property that the local symmetric square L-factor L(s, τv, Sym2) has
a pole at s = 0, we deduce easily from the automorphic descent construction
of Ginzburg-Rallis-Soudry ([S05]) that

10



Even if r is even, then there exists an irreducible generic unitary supercusp-
idal representation σv of SOr(kv) such that τv is the image of σv under
the local Langlands functorial transfer; and

Odd if r is odd, then there exists an irreducible generic unitary supercuspidal
representation σv of Spr−1(kv) such that τv is the image of σv under the
local Langlands functorial transfer.

On the other hand, if the image of πv under the local Langlands functorial
transfer is given by (3.4), then it follows [JS03] and [JS04] that there exist
irreducible generic unitary supercuspidal representations π1,v, · · · , πm,v such
that πv is the image of π1,v ⊗ · · · ⊗ πm,v under the local Langlands functorial
transfer from

SO2l1+1(kv)× · · · × SO2lm+1(kv)

to SO2(l1+···+lm)+1(kv) = SO2l+1(kv).
We say that the pair (τv, πv) share a nonzero Gross-Prasad functional if

the pair (σv, πi,v) shares a nonzero Gross-Prasad functional for some i ∈
{1, 2, · · · ,m}. When r is even, the Gross-Prasad functions for the pair
(σv, πi,v) of SOr × SO2li+1 is the usual Gelfand-Graev functional or model
as defined in [GP92] and [GP94]. When r is odd, first we have to use the

local theta lifting of πi,v to π̃i,v of S̃p2li
(kv) and then we consider the lo-

cal Fourier-Jacobi functional or model for the pair (σv, π̃i,v) of Sp2li
× S̃p2li

.
The global version of the Fourier-Jacobi models and the analogue of the
Gross-Prasad conjecture have extensively discussed in [GJR04a]. We omit
the detailed discussion for the local version here.

Of course, the reducibility of I(s, τv⊗πv) at s = 1 can also be characterized
in terms of nonvanishing of a certain linear functional. By the hereditary
property ([FG99]), as one expects, the Langlands quotient of the I(s, τv⊗πv)
should carry a nonzero functional of the same type. The global version of
this claim has been carried out in [GJR04a] and [GJR05].

4 Models for Residual Representations

We will discuss in the section how the structure of the cuspidal data is ex-
pected to determine the location of the poles of the Eisenstein series attached
to the cuspidal data. We give some examples to explain the ideas and the
methods used in our work.
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4.1 Periods of Gross-Prasad type

For Gn to be one of the k-split groups SO2n+1, Sp2n, and SO2n, let Pr,l =
Mr,lNr,l be the standard maximal parabolic subgroup of Gn with n = r+l and
l ≥ 1. the location of the pole of the Eisenstein series E(g;φσ, s) attached to
the generic cuspidal datum (Pr,l, σ) has been determined in ([GJR04a] and
[GJR05]) in terms of the nonvanishing period of the Gross-Prasad type.

Theorem 4.1 ([GJR04a],[GJR05]). In the above cases, if the generic
cuspidal data (Pr,l, σ) has a nonzero period of the Gross-Prasad type, then
the Eisenstein series E(g;φσ, s) must have a pole at s = 1

2
and has no other

poles for Re(s) ≥ 0. Moreover the residue E 1
2
(g;φσ) has a nonzero period of

the same type.

We refer to [GJR04a] and [GJR05] for the detail of the definition of the
periods of the Gross-Prasad type, i.e. of either Gelfand-Graev type in the
orthogonal group case or Fourier-Jacobi type in the symplectic group case.
We note that in both [GJR04a] and [GJR05], we have an assumption on the
generic cuspidal data. More precisely, we write σ = τ ⊗ π with π being an
irreducible unitary generic cuspidal automorphic representation of Gl (which
is the part of the Levi subgroup Mr,l). The assumption is that the image
of π under the Langlands functorial transfer to the general linear group is
cuspidal. This is just a technical assumption. Our ideas and methods used
in [GJR04a] and [GJR05] are expected to work for the general cases without
this assumption.

We also refer to [J05] for general discussion of periods of automorphic
forms.

For G to be the k-quasisplit unitary groups, it is my work in progress joint
with David Ginzburg to prove the same theorem as Theorem 4.1. Some other
examples have been worked out in [J98a], [GJR01], [GJR04b], to mention a
few.

4.2 Generalized Shalika periods

We discuss the Shalika periods and related results. Let τ be an irreducible
unitary cuspidal automorphic representation of GL2n(A). Let Sn be the
Shalika subgroup of GL2n consisting of elements of following type

s = s(x, h) =

(
In x

In

) (
h

h

)
∈ GL2n.
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Fix a nontrivial character ψ of A/k, and define a character ψSn by

(4.1) ψSn(s(x, h)) := ψ(tr(x)).

It is easy to check that the character ψSn originally defined for the unipotent
part of Sn can be well extended to the whole group Sn. For any φτ ∈ τ , the
Shalika period is defined ([JS90]) by

(4.2) PSn,ψSn
(φτ ) :=

∫
Sn(k)\Sn(A)

φτ (s(x, h))ψ
−1
Sn

(x)dxdh.

It is proved ([JS90]) that the Shalika period for τ is related to the simple
pole of the exterior square L-function L(s, τ,Λ2). More precisely we recall
from [J06a] the following important properties.

Theorem 4.2. Let τ be an irreducible, unitary, self-dual, cuspidal automor-
phic representation of GL2n(A).

(1) The exterior square L-function L(s, τ,Λ2) is holomorphic for Re(s) >
1, and nonvanishing for Re(s) ≥ 1 (Proposition 8.2, [K06]).

(2) L(s, τ,Λ2) has at most a simple pole at s = 1.

(3) L(s, τ,Λ2) has a simple pole at s = 1 if and only if τ is a Langlands
functorial lifting from an irreducible generic cuspidal automorphic rep-
resentation σ of SO2n+1(A).

(4) Let S be a finite set of local places of k including all archimedean places.
The complete exterior square L-function L(s, τ,Λ2) has a simple pole at
s = 1 if and only if the partial exterior square L-function LS(s, τ,Λ2)
has a simple pole at s = 1.

(5) The partial exterior square L-function LS(s, τ,Λ2) has a simple pole at
s = 1 if and only if the Shalika period PSn,ψSn

(φτ ) does not vanish for
some φτ ∈ τ (The main theorem of [JS90]).

This is the restatement of Theorem 2.2, [J06a]. We refer to [J06a] for the
discussion of the proofs of each property. We would like to thank Henry Kim
for pointing out that the first property is completely proved in his recent
preprint [K06].
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Next, we will discuss the generalization of the Shalika period to the k-
split even special orthogonal group SO4n, which determines the location of
the pole of the Eisenstein series E(g;φτ , s) attached to the cuspidal datum
(P2n, τ), where P2n = M2nN2n is the parabolic subgroup with Levi part
M2n isomorphic to GL2n. Assume that SO4n is defined with respect to the
quadratic form attached to the symmetric matrix, given inductively by

J+
4n =

 1
J+

4n−2

1

 .

Then the element of N2n writes as

n = n(X) =

(
I2n X

I2n

)
∈ N2n ∈ SO4n.

We denote by J−2n the skew-symmetric matrix, given inductively by

J−2n =

 1
J−2n−2

−1

 .

We define a character ψN2n of N2n by

ψN2n(n(X)) := ψ(tr(XJ−2n)).

It is clear that the stabilizer of ψN2n in M2n is isomorphic to Sp2n. We define

(4.3) R2n := N2n o Sp2n.

It is clear that the character ψ2n can be extended to be a character ψR2n of
R2n by

(4.4) ψR2n(r(X, h)) := ψN2n(n(X)).

The generalized Shalika period for any automorphic form φ of SO4n(A) is
defined by

(4.5) PR2n,ψR2n
(φ) :=

∫
R2n(k)\R2n(A)

φ(r(X, h))ψ−1
R2n

(r(X, h))dXdh.
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When φ is not cuspidal, the period may diverge, and so a certain regulariza-
tion is needed for the period to be well defined (see [A82], [JR92], [JLR99],
and [JLR04], for various truncation methods). The detail for the current
case will be given in [JQ06]. We also refer to [GJR04b] to discussion on the
regularization for a similar case. We would like to thank David Ginzburg
and Steve Rallis for discussions about the generalization of Shalika models
to other groups. The following results are proved in [JQ06], and we omit the
technical details here.

The global result can be briefly stated as follows.

Theorem 4.3 ([JQ06]). Let τ be an irreducible unitary cuspidal automor-
phic representation of GL2n(A). Assume that τ has nontrivial Shalika pe-
riods PSn,ψSn

(φτ ). Then the Eisenstein series E(g; , φτ , s) on SO4n(A) at-
tached to the cuspidal datum (P2n, τ) can have and only have a simple pole
at s = 1. Moreover, the residue at s = 1, which is denoted by E1(g;φτ ), of
the Eisenstein series E(g; , φτ , s) has a nontrivial generalized Shalika period
PR2n,ψR2n

(E1(g;φτ )).

The local p-adic version can be stated as follows. The induced represen-
tation is

I(s, τv) := Ind
SO4n(kv)
P2n(kv) (τv ⊗ exp(< s,H

P2n
(·) >)).

Theorem 4.4 ([JQ06]). With the notation above, the induced representa-
tion I(s, τv) admits a nontrivial local generalized Shalika functional if and
only if τv is self-dual and s = 1. In this case, the nontrivial local generalized
Shalika functional factors through the unique Langlands quotient of I(s, τv)
at s = 1.

The local generalized Shalika functional can be easily defined according
the generalized Shalika periods defined in (4.5), and we refer to [JQ06] for
details.

4.3 The Ginzburg-Rallis periods

In [GR00], Ginzburg and Rallis find an integral representation for the exterior
cube L-function L(s, τ,Λ3) attached the irreducible cuspidal automorphic
representation τ of GL6(A) and the exterior cube complex representation
Λ3 of GL6(C), and then by using regularized Siegel-Weil formula, they find
the nonvanishing of the central value of the the exterior cube L-function,
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L(1
2
, τ,Λ3), is related to the following period, which we call the Ginzburg-

Rallis period.
Let P2,2,2 = P = MN be the standard parabolic subgroup of GL6 with

the Levi part M isomorphic to GL2 × GL2 × GL2. The element of N is of
form

n = n(x, y, z) =

I2 x z
I2 y

I2

 ∈ GL6.

Define a character of N by

(4.6) ψN(n(x, y, z)) = ψ(tr(x+ y)).

The stabilizer of ψN in M is the diagonal embedding of GL2. Consider the
subgroup H of GL6 consisting of elements of following type:

(4.7) h(n(x, y, z), g) =

I2 x z
I2 y

I2

 ·

g g
g

 ∈ GL6,

with g ∈ GL2. Then the character ψN can be extended to a character ψH
of H. The Ginzburg-Rallis period for automorphic forms φ on GL6(A) is
defined to be

(4.8) PH,ψH(φ) :=

∫
H(k)\H(A)

φ(h)ψ−1
H (h)dh.

In [GR00], they also introduce a nonsplit version of the above period.
Take a quaternion division algebra D over k. In GL3(D), consider the fol-
lowing elements

(4.9) hD(n(x, y, z), g) :=

1 x z
1 y

1

 ·

g g
g

 ∈ GL3(D),

with g ∈ D×, which forms a k-subgroup of GL3(D) and is denoted by HD.
Let ψHD be the character of HD defined by

(4.10) ψHD(hD(n(x, y, z), g)) := ψ(trD/k(x+ y)),

where trD/k is the reduced norm of D. Then the nonsplit version of the
Ginzburg-Rallis period for an automorphic form φD on GL3(D) is defined to
be

(4.11) PHD,ψHD (φD) :=

∫
HD(k)\HD(A)

φD(hD)ψ−1
HD(hD)dhD.
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Conjecture 4.5 (Ginzburg-Rallis [GR00]). For an irreducible cuspidal
representation τ of GL6(A) and for a character χ of A×/k× with the property
that ωτ · χ2 = 1, the central value of the exterior cube L-function L(1

2
, τ,Λ3)

does not vanish if and only if there exists a unique quaternion algebra D
over k and there exists the Jacquet-Langlands correspondence τD of τ from
GL6(A) to GL3(D)(A), such that the period PHD,ψHD (φD) does not vanish

for some φD ∈ τD, and the period PHD′ ,ψHD′ (φ
D′) vanishes identically for all

quaternion algebra D′ which is not isomorphic to D over k.

We remark that the conjecture of Ginzhurg and Rallis is a beautiful ana-
logue of the Jacquet conjecture for the trilinear periods and the triple product
L-functions of GL2, which is now a theorem of Harris and Kudla ([HK04]).
In [GR00], the conjecture was made for the partial L-function, instead for
the complete L-function. By the local Langlands conjecture for GLn proved
by Harris-Taylor [HT01] and Henniart [H00], and by the work of Langlands
at the archimedean local places, it is possible to define the local L-factors at
the unramified places. If the local component τv at a ramified local place is
nontempered, one may worry about the possibility of occurrence of a pole at
s = 1

2
. If assume the generalized Ramanujan conjecture for cuspidal automor-

phic representations of GLn, it makes sense to use the complete L-function
in the conjecture.

It is also known that the twisted exterior cube L-functions occur in the
Langlands-Shahidi list ([Sh88]), in particular, it is the case when G is the
simply connected k-split group of type E6 and the Levi part is of type A5.
In [KS04a], some refined properties for the twisted exterior cube L-functions
have been established. It is natural to determine the poles of the Eisenstein
series in this case in terms of the Ginzburg-Rallis period on the cuspidal
datum. This is the work in progress of the author with David Ginzburg.

It is easy to observe that the exterior cube L-function for GL6 is of sym-
plectic type. Hence the central value of the L-function should critical in the
sense of motives. This motivates the investigation of the local theory for the
Ginzburg-Rallis periods. In her PhD thesis 2006, C.-F. Nien proved the local
uniqueness of the Ginzburg-Rallis functional for irreducible admissible rep-
resentations of GL3(Dv) over p-adic local fields kv, where Dv is a quaternion
algebra over kv (which can be either division or kv-split ([N06])). It is a work
in progress to prove the following reasonable and beautiful conjecture

Conjecture 4.6. For any irreducible admissible representation τv of GL6(kv),
define τDv

v to be the Jacquet-Langlands correspondence of τv to GL3(Dv) if it
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exists for the unique quaternion division algebra Dv over kv, and to be zero,
otherwise. Then the following hold

dim HomH(kv)(τv, ψHv) + dim HomHDv (kv)(τ
Dv
v , ψHDv

) = 1.

It is also to expect that the ε-dichotomy ([HKS96]) holds for the local
Ginzburg-Rallis functionals. We omit the detailed discussion here.

5 Final Remarks

From the above discussion, we note that there are two different ways to deter-
mine the location of poles of Eisenstein series in terms of the basic properties
of the given cuspidal data. One is to use the information comes from the
automorphic L-functions occurring in the constant terms of the Eisenstein se-
ries. This approach is based on the Langlands theory of Eisenstein series and
their constant terms. The problem reduces to the local problem on the nor-
malization of local intertwining operators and the local reducibility problem
of the standard modules. The other approach is to use periods of automor-
phic forms. This is motivated by the classical representations and invariants
of algebraic groups, which has the same flavor as the Rankin-Selberg method
for automorphic L-functions. We would like to mention that the connection
between these two approaches is the so called the relation between periods of
automorphic forms and special values or poles of automorphic L-functions.
Some interesting and important cases for the classical groups have been for-
mulated in the framework of the Gross-Prasad conjecture. More interesting
conjectures of this type are expected to be discovered in our future work.
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