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ABSTRACT. — We establish asymptotic formulas for volumes of height balls in analytic varieties over
local fields and in adelic points of algebraic varieties over number fields, relating the Mellin transforms
of height functions to Igusa integrals and to global geometric invariants of the underlying variety. In
the adelic setting, this involves the construction of general Tamagawa measures.

RESUME. — Nous établissons un développement asymptotique du volume des boules de hauteur dans
des variétés analytiques sur des corps locaux et sur les points adéliques de variétés algébriques sur
des corps de nombres. Pour cela, nous relions les transformées de Mellin des fonctions hauteur a des
intégrales de type Igusa et a des invariants géométriques globaux de la variété sous-jacente. Dans le
cas adélique, nous construisons des mesures de Tamagawa dans un cadre général.
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1. Introduction

The study of rational and integral points on algebraic varieties defined over a number
field often leads to considerations of volumes of real, p-adic or adelic spaces. A typical
problem in arithmetic geometry is to establish asymptotic expansions, when B — o0,
for the number N;(B) of solutions in rational integers smaller than B of a polynomial
equation f(x) = 0.

When applicable, the circle method gives an answer in terms of a “singular integral”
and a “singular series”, which itself can be viewed as a product of p-adic densities. The
size condition is only reflected in a parameter in the singular integral, whose asymptotic
expansion therefore governs that of Ny(B).

More generally, one considers systems of polynomial equations, i.e., algebraic varieties
over a number field or schemes of finite type over rings of integers, together with embed-
ding into a projective or affine space. Such an embedding induces a height function (see,
e.g., |31} [40L, 27]) such that there are only finitely many solutions of bounded height, in a
fixed number field, resp. ring of integers. A natural generalization of the problem above
is to understand the asymptotic behavior of the number of such solutions, as well as their
distribution in the ambient space for the local or adelic topologies, when the bound grows
to infinity.

Apart from applications of the circle method, many other instances of this problem
have been successfully investigated in recent years, in particular, in the context of linear
algebraic groups and their homogeneous spaces. For such varieties, techniques from er-
godic theory and harmonic analysis are very effective; for integral points, see [19], [20],
[210, [, [33], [25]; for rational points, see [3], [22], [35], [5], [13].

In most cases, the proof subdivides into two parts:

a) comparison of the point counting with a volume asymptotic;
b) explicit computation of this volume asymptotic.

In this paper, we develop a general geometric framework for the second part, i.e., for the
understanding of densities and volumes occurring in the counting problems above. We
now explain the main results.

1.1. Tamagawa measures for algebraic varieties

Let F' be a number field. Let Val(F") be the set of equivalence classes of absolute values
of F'. For v € Val(F), we write v | p if v defines the p-adic topology on Q, and v | oo
if it is archimedean. For v € Val(F)), let F, be the corresponding completion of F' and,
if v is ultrametric, let o, be its ring of integers. We identify v with the specific absolute
value |-|, on F, defined by the formula p(af)) = |a|, u(€2), where p is any Haar measure
on the additive group F,, a € F, and () is a measurable subset of F), of finite measure.

Let X be a smooth projective algebraic variety over F'. Fix an adelic metric on its
canonical line bundle Ky (see Section [2.2.3)). For any v € Val(F), the set X (F,) carries
an analytic topology and the chosen v-adic metric on Kx induces a Radon measure 7y,
on X (F,) (see Section [2.1.7)).
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Let 2 be a projective flat model of X over the ring of integers of F'. Then, for almost
all finite places v, the measure 7x , coincides with the measure on 2 (0,) = X (F),) defined
by Weil in [44].

Let D be an effective divisor on X which, geometrically, has strict normal crossings
and set U = X \ D. Let fp denote the canonical section of the line bundle Ox (D)
(corresponding to the regular function 1 when Ox (D) is viewed as a sub-sheaf of the
sheaf of meromorphic functions); by construction, its divisor is D. Let us also fix an
adelic metric on this line bundle. We let Z be the Zariski closure of D in the model 2
and % = 2\ 2 be its complement.

For any place v € Val(F'), we define a measure

1
T(X,D)w = 1¢ 1 TX,
B i,

on U(F,). Note that it is still a Radon measure; however U(F,) has infinite volume. If
U is an algebraic group, this construction allows to recover the Haar measure of U(F,)
(see 2.1.12).

Let Ar be the adele ring of F', that is, the restricted product of the fields F, with
respect to the subrings o,.

A nonzero Radon measure 7 on the adelic space U(Ar) induces measures 7, on any
of the sets U(F,), which are well-defined up to a factor. Conversely, we can recover the
Radon measure 7 as the product of such measures 7, if the set of measures (7, )00 satisfies
the convergence condition: the infinite product [, 7o(% (0,)) is absolutely convergent.

A family of convergence factors for (7,) is a family (Ay)utee Of positive real numbers such
that the family of measures (\,7,) satisfies the above convergence condition.

Our first result in this article is a definition of a measure on U(Af) via an appropriate
choice of convergence factors.

Let F be an algebraic closure of F'and let I' = Gal(F/F) be the absolute Galois group.
Let M be a free Z-module of finite rank endowed with a continuous action of I'; we let
L(s, M) be the corresponding Artin L-function, and, for all finite places v € Val(F),
L, (s, M) its local factor at v. The function s +— L(s, M) is holomorphic for Re(s) > 1
and admits a meromorphic continuation to C; let p be its order at s = 1 and define

L*(1, M) = lim(s — 1)""L(s, M);

S—)l

it is a positive real number.

THEOREM 1.1.1. — Assume that H'(X, 0x) = H*(X,0x) = 0. The abelian groups
M°® = H'(Ug, G,,)/F* and M' = HY(Up, G,,) /torsion are free Z-modules of finite rank
with a continuous action of I'. Moreover, the family (\,) given by

)\v = Lv(lv MO)/LU(17 Ml)

s a family of convergence factors.
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Assume that the hypotheses of the Theorem hold. We then define a Radon measure

on U(Ar) by the formula

L*(1, M")

T(X,D) = T%74 170\ H /\vT(X,D),U )

L1, M®) | evarry ( )
where \, is given by the Theorem if v ¥ co and A\, = 1 else. We call it the Tamagawa
measure on U, or, more precisely, on U(Afp). This generalizes the construction of a
Tamagawa measure on an algebraic group, where there is no M (see, e.g., [44]) or on a
projective variety, where there is no M°, in [35].

1.2. Volume asymptotics in analytic geometry

Let L be an effective divisor in X whose support contains the support of D; let again
fr, be the canonical section of the line bundle Ox(L). Fix an adelic metric on Ox (L)
and a place v € Val(F'). For any positive real number B, the set of all x € U(F,) such
that ||f,(x)]|, = 1/B is a compact subset in U(F,). It has thus finite volume V(B) with
respect to the measure 7(x p)...

Let us decompose the divisor D, = Dp, as a sum of irreducible divisors:

Dv = Z da,vDa,v-
e,
For a € 7, let A\, , be the multiplicity of D, , in L,; there exists an effective divisor E,
on Xp, such that
Lv - Ev + Z )\a,vDa,lw
acd
For any subset A C 47,, we let D4, be the intersections of the D, ,, for a € A.

Let now a,(L,D) be the least rational number such that for any a € <, with
D, ,(F,) # @, one has a,(L, D)\o, = da, — 1. Let o7,(L, D) be the set of those a € 27,
where equality holds and b,(L, D) the maximal cardinality of subsets A € 7,(L, D) such
that Dy, (F,) # @. To organize the combinatorial structure of these subsets, we intro-
duce variants of the simplicial complex considered, e.g., in [I4] in the context of Hodge
theory.

THEOREM 1.2.1. — Assume that v is archimedean.
If a,(L, D) > 0, then b,(L, D) > 1 and there exists a positive real number ¢ such that

V(B) ~ ¢B*EP) (log B (EP)—L
If a,(L, D) = 0, then there exists a positive real number ¢ such that

V(B) ~ eB™=P)(log B)P5P),

With the notation above, we also give an explicit formula for the constant c. It involves
integrals over the sets Dy ,(F,) such that #(A) = b,(L, D), with respect to measures
induced from 7(x p),, via the adjunction formula.
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To prove this theorem, we introduce the Mellin transform
Z(s) = / fL (@) drixp).e
(s)= | . If(@)l, d7(x.0).0(2)

and establish its analytic properties. We regard Z(s) as an integral over the compact
analytic manifold X (F,) of the function ||f|’ with respect to a singular measure, con-
necting the study of such zeta functions with the theory of Igusa local zeta functions,
see [28, 29]. In particular, we show that Z(s) is holomorphic for Re(s) > a,(L, D) and
admits a meromorphic continuation to some half-plane {Re(s) > a,(L, D) — €}, with a
pole at s = a,(L, D) of order b,(L, D). This part of the proof works over any local field.

If v is archimedean (and € > 0 is small enough), then Z(s) has no other pole in this
half-plane. Our volume estimate then follows from a standard Tauberian theorem. When
v in non-archimedean, we can only deduce a weaker estimate, 7.e., upper and lower bounds

of the stated order of magnitude (Corollary 4.2.7)).

1.3. Asymptotics of adelic volumes

Assume that H'(X, Ox) = H?(X, Ox) = 0. Theorem gives us Tamagawa mea-
sures 7(x,p) and T7x on the adelic spaces U(Ap) and X (Ap) respectively.

Suppose furthermore that the supports of the divisors L and D are equal. We then
define a height function Hp, on the adelic space U(Ag) by the formula

Hi((wo)o) =TI (),

vEVal(F)

This function Hy: U(Ar) — R, is continuous and proper. In particular, for any real
number B, the subset of U(Ar) defined by the inequality Hy(x) < B is compact, hence
has finite volume V(B) with respect to 7(x p). We are interested in the asymptotic
behavior of V(B) as B — oo.

Let us decompose the divisors L and D as the sum of their irreducible components
(over F'). Since L and D have the same support, one can write

D=Y dD,, L=1Y XD,
acd acd

for some positive integers d, and \,. Let a(L, D) be the least positive rational number
such that the Q-divisor E = a(L, D)L — D is effective; in other words,

a(L,D) = max do /Mo

Let moreover b(L, D) be the number of o € &7 for which equality is achieved.
To the Q-divisor F, we can also attach a height function on X (Ag) given by

—a(L,D
He(x)= I @)l o 0)l),
vEVal(F)
if x, € U(F,) for all v, and by Hg(x) = 400 else. The product can diverge to +oo but
Hp has a positive lower bound, reflecting the effectivity of E. In fact, the function Hy'
is continuous on X (Ap).
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THEOREM 1.3.1. — When B — oo, one has the following asymptotic expansion
1

V(B) ~ BYLD) (100 B b(L,D)q/ I 1y |

( ) a(L, D)(b(L7 D) _ 1)] ( og ) X(Ap) E(X) TX(X)

As a particular case, let us take L = D. We see that a(L, D) = 1, b(L, D) is the number
of irreducible components of D and the integral in the Theorem is equal to the Tamagawa
volume 7x (X (Ap)) defined by Peyre.

In both local and adelic situations, our techniques are valid for any metrization of the
underlying line bundles. As was explained by Peyre in [35] in the context of rational
points, this implies equidistribution theorems, see Corollary in the local case, and
Theorem [£.4.5 in the adelic case.

Roadmap of the paper

Section [2] is concerned with heights and measures on adelic spaces. We first recall
notation and definitions for adeles, adelic metrics and measures on analytic manifolds. In
Subsection [2.3] we then define height functions on adelic spaces and establish their basic
properties. The construction of global Tamagawa measures is done in Subsection 2.4, We
conclude this Section by a general equidistribution theorem.

Section (3| is devoted to the theory of geometric analogues of Igusa integrals, both
in the local and adelic settings. These integrals define holomorphic functions in several
variables which admit meromorphic continuations. (In the adelic case, these meromorphic
continuations may have natural boundaries.) To describe their first poles we introduce in
Subsection the geometric, algebraic and analytic Clemens complexes which encode the
incidence properties of divisors involved in the definition of our geometric Igusa integrals.
We then apply this theory in Subsections [£.2] and [£.4] where we establish Theorems
and about volume asymptotics.

In Section [o, we make explicit the main results of our article in the case of wonderful
compactifications of semi-simple groups. In particular, we explain how to recover the
volume estimates established in [33] for Lie groups, and in [24], 42] for adelic groups.

Acknowledgments
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Brion and Francgois Loeser. The first author would like to acknowledge the support of the
Institut universitaire de France, and to thank the organizers of a conference at the Maxwell
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2. Metrics, heights, and Tamagawa measures

2.1. Metrics and measures on local fields

2.1.1. Haar measures and absolute values. — Let F be a local field of characteristic
zero, i.e., either R, C, or a finite extension of the field Q,, of p-adic numbers. Fix a Haar
measure y on F. Its “modulus” is an absolute value |-| on F, defined by p(af2) = |a| ()
for any a € F' and any measurable subset 2 C F. For F' = R, this is the usual absolute
value, for F' = C, it is its square. For F' = Q,, it is given by |p| = 1/p and if F'/F is a
finite extension, one has |a| = ‘NF//F(a)‘F.
2.1.2. Smooth functions. — If F'is R or C, we say that a function f defined on an open
subset of the n-dimensional affine space F™ is smooth if it is C*°. If F' is non-archimedean,
this will mean that f is locally constant. This notion is local and extends to functions
defined on open subsets of F-analytic manifolds. Observe moreover than for any open
subset U of F™ and any non-vanishing analytic function f on U, the function z — |f(x)|
is smooth.

On a compact F-analytic manifold X, a smooth function f has a sup-norm || f| =
sup,cx |f(z)|. In the archimedean case, using charts (so, non-canonically), we can also
measure norms of derivatives and define norms ||f||, (measuring the maximum of sup-
norms of all derivatives of f of orders < r). In the ultrametric case, using a distance d,
we can define a norm || f||, as follows:

1Al =l (14 sup :
! ( F@)£f () d(lﬁy))

For r > 1, we define || f, = || f||;-

2.1.8. Metrics on line bundles. — Let X be an analytic variety over a locally compact
valued field F' and let .Z be a line bundle on X. We define a metric on .Z to be a
collection of functions .Z(z) — Ry, for all x € X, denoted by ¢ — ||¢|| such that

— for ¢ € Z(x)\ {0}, ||¢|| > O;

~forany a € F, z € X and any ¢ € Z(z), ||al| = |a| ||¢]| ;

— for any open subset U C X and any section ¢ € T'(U,.%), the function z +— ||¢(x)|

is continuous on U.
We say that a metric on a line bundle . is smooth if for any non-vanishing local section
¢ e I'(U, %), the function = — ||¢(z)|| is smooth on U.

For a metric to be smooth, it suffices that there exists an open cover (U;) of X, and,
for each i, a non-vanishing section ¢; € I'(U;, Z) such that the function x — ||{;(x)]| is
smooth on U;. Indeed, let ¢ € T'(U,Z) be a local non-vanishing section of .Z; for each i
there is a non-vanishing regular function f; € Ox(U; N U) such that ¢ = f;¢; on U; N U,
hence ||¢|| = |fi|||¢:]|]. Since the absolute value of a non-vanishing regular function is
smooth, ||¢]] is a smooth function on U; NU. Since this holds for all 4, ||¢|| is smooth on U.

The trivial line bundle &’y admits a canonical metric, defined by ||1|| = 1. If £ and
A are two metrized line bundles on X, there are metrics on . ® .# and on £ defined
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by
le@ml = [l mll,  llell = le@] /1],
withz € X, 0 € Z(x), m € 4 (x), and ¢ € LV (z).

2.1.4. Divisors, line bundles and metrics. — The theory of the preceding paragraph also
applies if X is an analytic subspace of some F-analytic manifold, e.g., an algebraic variety,
even if it possesses singularities. Recall that by definition, a function on such a space X
is smooth if it extends to a smooth function in a neighborhood of X in the ambient space.

Let D be an effective Cartier divisor on X and let &x (D) be the corresponding line
bundle. It admits a canonical section fp, whose divisor is equal to D. If Ox (D) is endowed
with a metric, the function ||fp|| is positive on X and vanishes along D.

More generally, let D be an effective Q-divisor, that is, a linear combination of ir-
reducible divisors with rational coefficients such that a multiple nD, for some positive
integer n, is a Cartier divisor. By a metric on Ox (D) we mean a metric on Ox(nD). By

15|, we mean the function ||f,p||*/". It does not depend on the choice of n.

2.1.5. Metrics defined by a model. — Here we assume that F' is non-archimedean, and
let oz be its ring of integers. Let X be a projective variety over F' and L a line bundle
on X. Choose a projective flat O p-scheme 2 and a line bundle .Z on 2 extending X
and L. These choices determine a metric on the line bundle defined by £ on the analytic
variety X (F'), by the following recipe: for z € X (F') let Z: Specop — 2  be the unique
morphism extending x; by definition, the set of £ € L(z) such that ||¢]] < 1 is equal to
T*.%Z, which is a lattice in L(z).

Let % be an open subset of 2" over which the line bundle £ is trivial and let ¢ €
(%, %) be a trivialization of £ on % . Then, for any point © € % (F') such that x
extends to a morphism Z: Specop — %, one has ||e(z)|| = 1. Indeed, Z*¢ is a basis of
the free op-module T*.Z. Since 2 is projective, restriction to the generic fiber identifies
the set % (op) with a compact open subset of % (F), still denoted by % (or). Observe
that these compact open subsets cover X (F).

Let F'/F be a field extension. A model of X determines a model of Xp = X ®p F’
over the ring op, and thus metrics on the analytic variety X (F”). Conversely, note that
a model of X determines metrics on X (F”) and hence, by restriction, also on X (F).

2.1.6. Example: projective space. — Let F be a locally valued field and V' a finite-
dimensional vector space over F. Let |-| be a norm on V. Let P(V*) = Proj Sym*V* be
the projective space of lines in V'; denote by [z] the point of P(V*) associated to a non-zero
element x € V, i.e., the lines it generates. This projective space carries a tautological
ample line bundle, denoted &'(1), whose space of global sections is precisely V*. The
formula

|£()]

(=PIl = R

for £ € V* and x € V, defines a norm on the F-vector space €(1)). These norms define
a metric on O(1).
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Assume moreover that F' is non-archimedean and let op be its ring of integers. If the
norm of V' takes its values in the set |F'*|, the unit ball ¥ of V' is an op-submodule of V/
which is free of rank dim V' ([45], p. 28, Proposition 6 and p. 29). Then, the oz-scheme

P(7") is a model of P(V"Y) and the metric on &'(1) is the one defined by this model and
the canonical extension of the line bundle &'(1) it carries.

2.1.7. Volume forms. — Let X be an analytic manifold over a local field F'. To simplify
the exposition, assume that X is equidimensional and let n be its dimension. It is standard
when F' = R or C, and also true in general, that any n-form w on an open subset U of X
defines a measure, usually denoted |w|, on U, through the following formula. Choose local
coordinates x1,...,x, on U and write

w= f(z1,...,2y)dz1 A -+ ANdx,.

These coordinates allow to identify (a part of) U with an open subset of F™ which we
endow with the product measure p™. (Recall that a Haar measure has been fixed on F’
in 2.1.1]) Tt pulls back to a measure which we denote

|dzq| - -+ |day,|
and by definition, we let
(2.1.8) lw| = |f(z1,...,2,)| |dzy| -+ |dzy| .

By the change of variables formula in multiple integrals, this is independent of the choice
of local coordinates.

2.1.9. Metrics and measures. — Certain manifolds X possess a canonical (up to scalar)
non-vanishing n-form, sometimes called a gauge form. Examples are analytic groups, or
Calabi-Yau varieties. This property leads to the definition of a canonical measure on X
(again, up to a scalar). In the case of groups, this has been studied by Weil in the context
of Tamagawa numbers ([44]); in the case of Calabi-Yau varieties, this measure has been
used by Batyrev to prove that smooth birational Calabi-Yau varieties have equal Betti
numbers ([2]).

Even when X has no global n-forms, it is still possible to define a measure on X provided
the canonical line bundle wxy = A" Q% is endowed with a metric. Indeed, we may then
attach to any local non-vanishing n-form w the local measure |w|/ ||w||. It is immediate
that these measures patch and define a measure 7x on the whole of X. This is a Radon
measure locally equivalent to any Lebesgue measure. In particular, if X is compact,
its volume with respect to this measure is a positive real number. This construction is
classical in differential geometry as well as in arithmetic geometry (see [39], bottom of
page 146); its introduction in the context of the counting problem of points of bounded
height on algebraic varieties over number fields is due to E. Peyre ([35]).

2.1.10. Singular measures. — For the study of integral points, we will have to consider
several variants of this construction. We assume here that X is an algebraic variety over
a local field F' and that we are given an auxiliary effective Cartier Q-divisor D in X. Let
U = X \ |D| be the complement of the support of D in X.
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Let us first consider the case where D is a Cartier divisor and assume that the line
bundle wx (D) is endowed with a metric. If fp is the canonical section of Ox (D) and w
a local n-form, we can then consider the nonnegative function ||fpwl|; it vanishes on |D|.
In the general case, we follow the conventions of Section2.1.4] and will freely talk of the
function [|wfp||, defined as ||w™f,p|| where n is any positive integer such that nD is a
Cartier divisor, assuming the line bundle w¥"(nD) is endowed with a metric.

Then, the measures |w|/ |[fpw]||, for w any local non-vanishing n-form w, patch and
define a measure 7(x,py on the open submanifold U(F'). This measure is a Radon measure
on U(F), locally equivalent to the Lebesgue measure. However, the volume of U(F) is
infinite; this is in particular the case if D is a divisor (with integer coefficients) and the
smooth locus of D has F-rational points.

We shall always identify this measure and the (generally “singular”; i.e., non-Radon)
measure on X (F') obtained by push-out.

2.1.11. Ezample: gauge forms. — Let us show how the definition of a measure using a
gauge form can be viewed as a particular case of this construction. Let w be a meromorphic
differential form on X; let D be the opposite of its divisor. One can write D = Y d,D,,
where the D, are codimension 1 irreducible subvarieties in X and d, are integers. Let
U = X \ |D| be the complement of the support of D. In other words, w defines a
trivialization of the line bundle wx (D). There is a unique metrization of wx (D) such
that w, viewed as a global section of wx (D), has norm 1 at every point in X. The
measure on the manifold U(F') defined by this metrization coincides with the measure |w|
defined by w as a gauge form.

Moreover, if the line bundle Ox (D) is endowed with a metric, then so is the line
bundle wy. In this case, the manifold X (F') is endowed with three measures, 7y, 7x
and 7(x py. Locally, one has:

- 7x = |w| /lwll;

— the measure 7y is its restriction to U;

~ 7x,) = || = |wl / Ifowll = o]~ 7x.
Note that on each open, relatively compact subset of X (F) \ |D|, the measures 7x
and 7(x p) are comparable.

2.1.12. FExample: compactifications of algebraic groups. — We keep the notation of the
previous paragraph, assuming moreover that U is an algebraic group G over F' of which
X is an equivariant compactification, and that the restriction to G of w is invariant. If
we consider w as a gauge form, it then defines a invariant measure |w| on G(F'), in other
words, a Haar measure on this locally compact group, and also 7(x,p).

2.1.13. Residue measures. — Let us return to the case of a general manifold X. Let Z
be a closed submanifold of X. To get a measure on Z, we need as before a metrization
on wz. However, the “adjunction formula”

wx|z ~ wz @ det S7(X)

implies that given a metric on wy, it suffices to endow the determinant of the normal
bundle of Z in X with a metric. The case where Z = D is a divisor (i.e., locally in charts,
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Z is defined by the vanishing of a coordinate) is especially interesting. In that case, one
has

wp = wx(D)|p
and a metric on wx plus a metric on Oy (D) automatically define a metric on wp, hence
a measure on .

Let us give an explicit formula for this measure. Let w € I'(wp) be a local (n — 1)-form
and @ any lift of w to A" ' QL. If u € O(—D) is a local equation for D, the image of w
in wx(D)|p is nothing but the restriction to D of the differential form with logarithmic
poles @ A u'du. Let fp be the canonical section of O (D). Then,

lwll = @ A utdu| = l|l& A du]) |u=].

By definition, fp corresponds locally to the function 1, hence, for x ¢ D,

_1 1
|u <x>H:WHfD<x>H

and this possesses a finite limit when = approaches D, by the definition of a metric. (As
a section of Ox (D), fp vanishes at order 1 on D). Moreover, the function lim ||fp]| / |u|
on D defined by
z = lim [[fp(y)[| / [u(y)]
y¢D

is continuous and positive on D.

By induction, if Z is the transverse intersection of smooth divisors D; (1 < j < m),
with metrizations on all Ox(D;), we have a similar formula:

f f
(2.1.14) w|| = [|@ A duy A -+ A di| lim ol iy 1o :
| | ||
where uq, ..., u,, are local equations for the divisors D1, ..., D,,.
2.1.15. Residue measures in an algebraic contert. — Let X be a smooth algebraic variety

over F'; endow the canonical line bundle wy on X (F') with a metric. Let F’ be a finite
Galois extension of F' and let D;, for 1 < j < m, be smooth irreducible divisors on Xp,
whose union is a divisor D with strict normal crossings which is defined over F. Then
the intersection Z = ., D; is defined over F; if Z(F) # &, then Z(F) is a smooth F-
analytic submanifold of X (F), of dimension dim Z = dim X — m. Moreover, the normal
bundle of Z in X is isomorphic to the restriction to Z of the vector bundle @7, Ox/(D;),
hence the isomorphism det AZ(X) ~ Ox (D), at least after extending the scalars to F".

Endow the line bundles &, (D;) on the F'-analytic manifold X (F’) with metrics. By
the previous formulas, we obtain from the metrics on Ox,,(D;) a metric on the determi-
nant of the normal bundle of Z(F”) in the manifold X (F”). The restriction of this metric
to Z(F) gives us a metric on the determinant of the normal bundle of Z(F) in X (F).

Accordingly, we obtain a positive Radon measure 7, on Z(F) which is locally com-
parable to any Lebesgue measure. In particular, one has 77(Z(F)) = 0 if and only if
Z(F)=2.
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2.2. Adeles of number fields: metrics and heights

2.2.1. Notation. — We specify some common notation concerning number fields and
adeles that we will use throughout this text.

Let F' be a number field and Val(F) the set of places of F. For v € Val(F), we let F,
be the v-adic completion of F'. This is a local field; its absolute value, defined as in §2.1.1]
is denoted by ||,. With these normalizations, the product formula holds. Namely, for all
a € F*, one has [ eva(r) la|, = 1, where only finitely many factors differ from 1.

Let v € Val(F'). The absolute value |-|, is archimedean when F, = R or F, = C; we
will say that v is infinite, or archimedean. Otherwise, the absolute value |-|, is ultrametric
and the place v is called finite, or non-archimedean.

Let v be a finite place of F. The set o, of all a € F, such that |a|, < 1 is a subring
of F,, called the ring of v-adic integers. Its subset m, consisting of all a € F;, such that
la|, < 1 is its unique maximal ideal. The residue field o,/m, is denoted by k,. It is a
finite field and we write g, for its cardinality. The ideal m, is principal; a generator will
be called a uniformizing element at v. For any such element @, one has |@|, = ¢, .

Fix an algebraic closure F of F. The group I'p of all F-automorphisms of F is called
the absolute Galois group of F. For any finite place v € Val(F), fix an extension ||
of the absolute value |-, to F. The subgroup of T'r consisting of all ¥ € I'p such that
|v(a)|, = l|a|, for all a € F is called the decomposition subgroup of I'x at v and is
denoted T',,. -

These data determine an algebraic closure k, of the residue field k,, together with
a surjective group homomorphism T', — Gal(k,/k,). Its kernel I'? is called the inertia
subgroup of I'r at v. Any element in I', mapping to the Frobenius automorphism x
z® in Gal(k,/k,) is called an arithmetic Frobenius element at v; its inverse is called a
geometric Frobenius element at v. The subgroups I', and I'?, and Frobenius elements,
depend on the choice of the chosen extension of the absolute value |-|,; another choice
changes them by conjugation in I'g.

The ring of adeles Ap of the field F' is the restricted product of all local fields F,,, for
v € Val(F'), with respect to the subrings o, for finite places v. It is a locally compact
topological ring and carries a Haar measure . The quotient space Ap/F is compact; we
shall often assume that p is normalized so that pu(Ap/F) = 1.

2.2.2. The adelic space of an algebraic variety. — Let U be an algebraic variety over F'.
The space U(Ar) of adelic points of U has a natural locally compact topology which we
recall now. Let % be a model of U over the integers of F', i.e., a scheme which is flat and
of finite type over Spec or together with an isomorphism of U with %7 ® F. The natural
maps Ap — F, induce a map from U(Ar) to [[,evar U(Fy). It is not surjective unless
U is proper over F'; indeed its image — usually called the restricted product — can be
described as the set of all (z,), in the product such that z, € % (0,) for almost all finite
places v. Since two models are isomorphic over a dense open subset of Spec or, observe
also that this condition is independent of the choice of the specific model % .

We endow each U(F,,) with the natural v-adic topology; notice that it is locally compact.
Moreover, for any finite place v, % (0,) is open and compact in U(F;,) for this topology.
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We then endow U(Ar) with the “restricted product topology”, a basis of which is given
by products [T, €2,, where for each v € Val(F'), €2, is an open subset of U(F,), subject to
the additional condition that €2, = % (0,) for almost all finite places v. Let Q C U(Ap)
be any subset of the form [], Q,, with £, C U(F,), such that Q, = % (0,) for almost all
finite places v. Then €2 is compact if and only each €2, is compact. It follows that the
topology on U(Ap) is locally compact.

2.2.8. Adelic metrics. — Let X be a proper variety over a number field F' and £ a line
bundle on X. An adelic metric on .Z is a collection of v-adic metrics on the associated
line bundles on the F,-analytic varieties X (F,), for all places v in F', which, except for
a finite number of them, are defined by a single model (Z7,.%) over the ring of integers
of F.

By standard properties of schemes of finite presentation, any two flat proper models
are isomorphic at almost all places and will therefore define the same v-adic metrics at
these places.

2.2.4. Example: projective space. — For any valued field F', let us endow the vector-
space F™! with the norm given by |(xo,...,7,)| = max(|zg|,...,|z,]). When F is a
number field and v € Val(F'), the construction on the field F, furnishes a metric on
the line bundle &'(1) on P™. This collection of metrics is an adelic metric on ¢ (1), which
we will call the standard adelic metric.

2.2.5. Extension of the ground field. — If F’ is any finite extension of F, observe that
an adelic metric on the line bundle .Z ® F’ over X ® F’ induces by restriction an adelic
metric on the line bundle .Z over X. We only need to check that the family of metrics
defined by restriction are induced at almost all places by a model of X on F'.

Indeed, fix a model (27, Z") of (X ® F',.Z ® F') over Specop, as well as a
model (27, %) over Specop. There is a non-zero integer N such that the identity map
X ®F' — X @ F' extends to an isomorphism 2" ® op/[x] — 2" @ 0p[+]. Consequently,
at all finite places of I’ which do not divide N, both models define the same metric
on L ® F'. It follows that the metrics of L are defined by the model (27,.%) at all but
finitely many places of F'.

2.2.6. Heights. — Let X be a proper variety over a number field F' and let .Z be a line
bundle on X endowed with an adelic metric. Let x € X(F') and let ¢ be any non-zero
element in .Z(z). For almost all places v, one has ||¢||, = 1; consequently, the product
[1, ||¢]|, converges absolutely. It follows from the product formula that its value does not
depend on the choice of ¢. We denote it by H¢ () and call it the (exponential) height
of x with respect to the metrized line bundle .Z.

As an example, assume that X = P" and ¥ = ¢'(1), endowed with its standard adelic
metric (2.2.4). Then for any point x € P"(F') with homogeneous coordinates [zg -+ : 2]
such that zy # 0, we can take the element ¢ to be the value at = of the global section Xj.
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Consequently, the definition of the standard adelic metric implies that

-1
|,
Hgy(x) = H ( D) = H max(|zol, , .., |Tnl,)
vEVal(F) Iy

max(|zol, ;- - PEVal(F)

in view of the product formula [,eva(ry [Zo|, = 1. We thus recover the classical (expo-
nential) height of the point x in the projective space.

In general, the function

logHy: X(F) — R

is a representative of the class of height functions attached to the line bundle .Z using
Weil’s classical “height machine” (see [27], especially Part B, §10).

When .Z is ample, the set of points z € X (F') such that Hy(z) < B is finite for any
real number B (Northcott’s theorem).

2.3. Heights on adelic spaces

Let f be a non-zero global section of .Z and let Z denote its divisor. We extend the
definition of H¢ to the adelic space X(Ag) by defining

(23.1) Hos(x) = (TTIIFN, (=)

for any x € X (Ap) such that the infinite product makes sense.
To give an explicit example, assume again that X is the projective space P" and
that £ is the line bundle Op(1) endowed with its standard adelic metric; let us choose

f = x9. Then, U = X \ div(s) can be identified to the set of points [1 : --- : z,] of P"
whose first homogeneous coordinate is equal to 1, i.e., to the affine space A™. For any
X = (2y)cU(Ap), given by x = [1 : xy : -+ - : X,,], with x; = (2;,), € Ap, one has
Hy(z) = H max (1, |21, |Tnol,)
v€eVal(F)

LEMMA 2.3.2. — Let U be any open subset of X.

i) For any x € X(Ap), the infinite product defining Hy¢(x) converges to an element
of (0, +o0].

ii) The resulting function is lower semi-continuous and admits a positive lower bound
on the adelic space X (Ap).

iii) If f does not vanish on U, then the restriction of Hy ¢ to U(Ap) is continuous (for
the topology of U(AF)).

iv) Assume that X = UUZ. Then, for any real number B, the set of points x € U(Ap)
such that Hy¢(x) < B is a compact subset of U(Ap).

Proof. — For any place v, let us set ¢, = max(1, ||f||,). One has ¢, < oo since X(F,)
is compact and the function ||f||, on X (F,) is continuous. Moreover, it follows from the
definition of an adelic metric that [[f||, = 1 for almost all v, so that ¢, = 1 for almost all
places v.
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Consequently, the infinite series }-,cvair) log |f,]| " has (almost all of) its terms non-
negative; it converges to a real number or to +00. This shows that the infinite product
H ¢(x) converges to an element in (0, +oc]. Letting C' = 1/T], ¢,, one has Hy¢(x) > C
for any x € X(Ap), which proves (i) and the second half of (ii).

Let V; be the set of places v € Val(F') such that ¢, > 1; one has

log Hy¢(x) = sup Z log ||fv||71 ,
VICVCVal(F) yev
where V' runs within the finite subsets of Val(F') containing V. This expression shows
that the function x +— log Hg¢(x) is a supremum of lower semi-continuous functions,
hence is lower semi-continuous on X (Ar), hence the remaining part of Assertion (ii).

Let us now prove (iii). Let 2" be a flat projective model of X over o, let 2 be the
Zariski closure of Z and ¥ = 2"\ 2, let & be the Zariski closure of X \ U and let
U =Z\9.

By definition of an adelic metric, for almost all finite places v € Val(F), || f]|, is identi-
cally equal to 1 on % (0,). By definition of the topology of U(AF), this implies that the
function H¢¢ is locally given by a finite product of continuous functions; it is therefore
continuous.

Let us finally establish (iv). Consider integral models as above; since U contains V' by
assumption, then Z O V.

For any x = (z,), € X(Ap), one has

Il (o) = He ()™ T Il (20) ™" = CT Heg(x) 7"
wH#v
If moreover Hy¢(x) < B, then |f||(xz,) = (BC)~'. The set of points z, € X(F,)
satisfying this inequality is a closed subset of the compact space X (F}), hence is compact.
Moreover, this set is contained in U(F),) because, by assumption, f vanishes on X \ U.
Consequently, this set is a compact subset of U(F,).

If the cardinality ¢, of the residue field k, is big enough, so that the v-adic metric
on .Z is defined by the line bundle (%) at the place v, then —log |[f||, (z,) is a non-
negative integer times log g,. The inequality —log ||f||, (z,) < log(BC') then implies that
—log [, (z) = 0.

Let Ep denote the set of points x € U(Ap) such that Hy¢(x) < B. By what we
proved, there exists a finite set of places V' (depending on B) such that Fg is the product
of a compact subset of [],ey U(F,) and of [],¢y ¥ (0,). Since ¥ (0,) C % (0,), we see that
Eg is relatively compact in U(Ap). By lower semi-continuity, it is also closed in U(Ap),
hence compact. O

We observe that the hypotheses in (iii) and (iv) are actually necessary. They hold in the
important case where U = X \ Z; then, Hg ¢ defines a continuous exhaustion of U(Ap)
by compact subsets.

2.4. Convergence factors and Tamagawa measures on adelic spaces
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2.4.1. Volumes and local densities. — Let X be a smooth, proper, and geometrically
integral algebraic variety over a number field F'. Fix an adelic metric on the canonical
line bundle wy; by the results recalled in 2.1.7] for any place v of F, this induces a
measure Tx, on X (F,) and its restriction 7, to U(F,).

Let U be a Zariski open subset of X and let Z = X \ U. Fix a model 2" of X, and let
Z be the Zariski closure of Z in & and % = 2\ Z.

By a well-known formula going back to Weil ([44], see also [38], Corollary 2.15), the
equality

(2.4.2) 00 (% (00)) = gy X # U (k).

holds for almost all non-archimedean places v.

2.4.3. Definition of an L-function. —
DEFINITION 2.4.4. — We define P(U) to be the following virtual Q[I'r]-module:
0 _ I% 1 _
HO(Up, G) /F*] | = [H}(Ur, G

It is an object of the Grothendieck group of the category of finite dimensional Q-vector
spaces endowed with a continuous action of I'-, meaning that there is a finite extension F’
of F' such that the subgroup ' acts trivially. Such a virtual Galois-module (we shall
often skip the word “virtual”) has an Artin L-function, given by an Euler product

-1
L(s,P(U)) = TI Lu(s,P(U)),  Ly(s,P(U)) =det (1 — g, Fr, |P(U)"™)

v finite

where Fr, is a geometric Frobenius element and T' is an inertia subgroup at the place v.
LEMMA 2.4.5. — For any finite place v of F', L,(s,P(U)) is a positive real number.

Proof. — We have L, (s, P(U)) = ¢2™<P(U) £(¢%), where the rational function
F(X) = det(X — T, [P(D)

is the virtual characteristic polynomial of Fr, acting on P(U). Since the action of I'p
on P(U) factorizes through a finite quotient, the rational function has only roots of unity
for zeroes and poles.

By irreducibility of the cyclotomic polynomials ®,, in Q[X], this implies the existence
of rational integers (a,,)n>1, almost all zero, such that

det(X — Fr, [P(U)) = [ ®a(X)"".

n>1

From the inductive definition of the cyclotomic polynomials ®,,, namely [Ty, ®,(X) =
X" — 1, we see that ®,,(x) > 0 for any real number z > 1 and any positive integer n. In
particular, f(x) > 0 for any real number z > 1 and L, (1, P(U)) > 0, as claimed. O
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(To simplify notation, we shall also put L, = 1 for any archimedean place v.) More
generally, if S is an arbitrary set of places of F', we define

L%(s,P(U)) = l;gLv(s,P(U)).

This Euler product converges for Re(s) > 1 to a holomorphic function of s in that domain;
by Brauer’s theorem [§], it admits a meromorphic continuation to the whole complex
plane. We denote by

LY(1,P(U)) = lim L3(s,P(U))(s —1)™",  r=orde L°(s, P(U)),

its “principal value” at s = 1.
From the previous lemma, we deduce the following corollary.

COROLLARY 2.4.6. — For any finite set of places S of F, L3(1,P(U)) is a positive real
number.

We now show how this L-function furnishes renormalization factors for the local mea-
sures Ty,.

THEOREM 2.4.7. — In addition to the notation and assumptions of §2.4.1], suppose that
H!(X, 0x) = HX(X, Ox) = 0.
Then Ly (1, P(U))10.,(% (0,)) = 1+ O(q;3/?). In particular, the infinite product
T L1 PO (% (01)

vgS

converges absolutely.

REMARK 2.4.8. — For a smooth projective variety X and any integer ¢, the vector-
space H(X, Q%) defines a birational invariant of X. Let us sketch the proof. For any
birational morphism f: X --» X’ there are open subsets V C X and V' € X’ whose
complementary subsets have codimension at least 2 such that f is defined on V and f~! is
defined on V’. The restriction morphism H°(X, Q%) — H(V, Q%) is then injective since
V' is dense, and surjective by the Hartogs principle; similarly, the restriction morphism
H(X', Q%) — H°(V',Q%,) is an isomorphism. Consequently, the corresponding regular
maps ¢g: V — X’ and ¢: V' — X define morphisms H°(X’ Q%,) — H(X, Q%) and
HO(X, Q%) — H(X', Q%,) both compositions of which equal the identity map, hence are
isomorphisms.

When the ground field is the field of complex numbers, Hodge theory identifies these
vector-spaces with the conjugates of the cohomology spaces H(X, Ox). Consequently,
these spaces define birational invariants of smooth complex projective varieties. Moreover,
by the Lefschetz principle, this extends to smooth projective varieties defined over a field
of characteristic 0. In particular, the assumptions of the theorem are therefore conditions
on the variety U and do not depend on its smooth compactification X.
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Proof. — Blowing up the subscheme Z and resolving the singularities of the resulting
scheme, we obtain a smooth variety X', with a proper morphism 7: X’ — X, which is an
isomorphism above U, such that Z' = 7=!(Z7) is a divisor.

By the previous remark, the variety X’ satisfies H' (X', Ox/) = H*(X', Ox:) = 0. Let
U’ = 7~ 1(U); since 7 is an isomorphism, any model (27, 2”) of (X', Z’) will be such
that ' = 27\ & is isomorphic to %, at least over a dense open subset of Specog.
In particular, the cardinalities of %’(k,) and % (k,) will be equal for almost all places v.
In view of Weil’s formula recalled as Equation (2.4.2)), this implies that 7y ,(%(0,)) =
T (% (0,)) for almost all finite places v of F.

Consequently, assuming that Z is a divisor does not reduce the generality of the argu-
ment which follows.

For almost all places v, one has

T0,0(% (0,)) = qzjdimU # U (ky).
Evidently,
Let ¢ be a prime number. By the smooth and proper base change theorems, and by
Poincaré duality, the number of points of 2 (k,) can be computed, for any finite place v
of F, via the trace of a geometric Frobenius element Fr, € I', on the f(-adic cohomology

of Zj, as soon as 2 is smooth over the local ring of 0 at v and the residual characteristic
at v is not equal to £. Specifically, for any such finite place v, one has the equality

2d
g, N H X (k) = q, " te(Fr, [H (X5, Qo).
i=0

By Deligne’s proof [I7] of the Weil conjectures (analogue of the Riemann hypothesis) the
eigenvalues of Fr, on H (X5, Q) are algebraic numbers with archimedean eigenvalue g2
Therefore, the ith term of the sum above is an algebraic number whose archimedean
absolute values are bounded by dim H* (X, Q;)¢~ 2. In particular, the sum of all terms
corresponding to ¢ > 3 is an algebraic number whose archimedean absolute values are
O(g;®?) when v varies through the set of finite places of F.

The term corresponding to ¢ = 0 is equal to 1 since X is geometrically connected.

Moreover, it follows from Peyre’s arguments ([35], proof of Lemma 2.1.1 and Proposi-
tion 2.2.2) that one has

HI(XFW Qﬁ) =0
and that the cycle map induces an isomorphism of Q,[I'r]-modules
Pic(Xp) © Q¢ = H* (X7, Qu(1)).

Let TI(Zz) denote the free Z-module with basis the set of irreducible components of
Zp, endowed with its Galois action.

LEMMA 2.4.9. — For almost all v, one has the equality
# Z (k) = nugy™? + O(gy™771/%),
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where n, = tr(Fr, [IL(Zz)) is the number of irreducible components of Z ® k, which are
geometrically irreducible.

Proof of the lemma. — In fact, we prove, for any scheme 2 /or which is flat, of finite
type, and whose generic fibre Z has dimension d, the following equality

# Z(k,) = nyg? + O(¢??),

where n, is the number of fixed points of Fr, in the set of d-dimensional irreducible
components of Z.
First observe that there is a general upper bound

for some integer C' > 0. When 2 is quasi-projective, this follows for example from
Lemma 3.9 in [12], where C' can be taken to be the degree of the closure of Z in a
projective compactification; the general case follows from this since 2 is assumed to be
of finite type.

Consequently, adding or removing a subscheme of lower dimension gives an equivalent
inequality, so that we may assume that 2 is projective and equidimensional. By resolution
of singularities, we may also assume that Z is smooth.

Let ¢ be a fixed prime number. As above, we can compute # 2 (k,) using the (-adic
cohomology of Zz: one has an upper bound

¢, # Z (k,) = te(Fr, [H'(Z5, Qo)) + O(q, /7).

Moreover, HY(Zz, Q) ~ Q?(ZF ), where II(Z) denotes the set of connected components

of Zz, the Frobenius element Fr, acting trivially on this ring. Consequently,
tr(Fr, [H(Zp, Q0)) = tr(Fr, [11(Z5))
and the lemma follows from this. O
Let us return to the proof of Theorem [2.4.7. By the preceding lemma, we have
g, "N H 2 (k) = q," tr(Fr, [I1(Z5)) + O(q, ),

hence

. 1
q Ly (k) =1— —tr(Frv

v

M(Zp) ® Qr — B3 (Xp, Qe(1))) + O(g, */?).

Let us show that the trace appearing in the previous formula is equal to tr(Fr, |P(U)).
The order of vanishing/pole along any irreducible component of Z; defines an exact
sequence of abelian sheaves for the étale site of Xz:

1 — G — .G 25 D junZ — 0,

where ¢: Up — X is the inclusion and j,: Z, — X are the inclusions of the irreducible
components of Zp. These sheaves are endowed with an action of I'p for which the above

1. The proof below uses Deligne’s proof of Weil’s conjecture but the result can be deduced from the
estimates of Lang-Weil in [32].
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exact sequence is equivariant. Taking étale cohomology gives an exact sequence of I'p-
modules:

0 — H' (X3, Gn) — H(Up, G,) = PH(Z,,Z) —» H (X, G,,) — H (Up, Gp).
Moreover, this last map is surjective: it can be identified with the restriction map
Pic(Xz) — Pic(Up) which is surjective because Xz is smooth and Uz open in Xp.
The scheme X is proper, smooth and connected hence H°(Xj, G,,) = F*. Moreover
for any «, Z, is connected which implies H*(Z,,Z) = Z, that is @ H(Z,,Z) = [1(Z).
Finally, one obtains an exact sequence of Z[I'z]-modules

0 — H(Up, G,,)/F* — 1I(Zp) — Pic(Xp) — Pic(Ugp) — 0,
which after tensoring with Q, gives an equality of virtual representations
(2.4.10) P(U) =11(Zp)q, — Pic(Xp)q, = I(Zr)q, — Ha(Xp. Qu(1)).
This implies that

—dim 1 —
a, " H# U (k) = 1= — tr(Fr, [P(U)) + O(g, ).
Since the eigenvalues of Fr, on the two Galois modules defining P(U) are algebraic numbers
whose absolute values are bounded by 1, one has

det(1 = g; " Fr, [P(U)) = 1 — — tx(Fr, [P(U)) + O(q; ).

v

Now,
Lo(1, P(U))gy "X # % (k,) = det(1 — ;" Fr, [P(U))"'gy ™ # % (k) = 1+ O(q,*?),
and the asserted absolute convergence follows. O

DEFINITION 2.4.11. — Let F' be a number field; let X be a smooth proper, geometrically
integral variety over F such that H' (X, Ox) = H*(X, Ox) = 0. Let Z be a Zariski closed
subset in X, and let U = X \ Z. The Tamagawa measure on the adelic space U(A%) is
defined as the measure

5 =LI(1L,PU)™" (H L,(1,P(U)) TU,U>

vgS

By Proposition [2.4.7, this infinite product of measures converges; moreover, non-empty,
open and relatively compact, subsets of U(A%) have a positive (finite) 7;j-measure. In

particular, compact subsets of U(A%) have a finite 7/j-measure.

REMARKS 2.4.12. — In the literature, families (\,) of positive real numbers such that
the product of measures [],(A,7u») converges absolutely are called sets of convergence
factors (see, e.g., [44] or [38]). Our theorem can thus be stated as saying that for any
smooth geometrically integral algebraic variety U having a smooth compactification X
satisfying HY(X, Ox) = H*(X, Ox) = 0, the family (L,(1,P(U))) is a set of convergence
factors. Let us compare our construction with the previously known cases.
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a) The Picard group of an affine connected algebraic group U is finite; in that case,
P(U) is therefore the Galois module of characters of U and we recover Weil’s definition
([44]). For semi-simple groups, there are no non-trivial characters and the product of the
natural local densities converges absolutely, as is well-known. This is also the case for
homogeneous varieties G/H studied by Borovoi and Rudnick in [7], where G D H are
semi-simple algebraic groups without non-trivial rational characters.

b) On the opposite side, integral projective varieties have no non-constant global func-
tions, so that P(U) = Pic(Uy) if U is projective. We thus recover Peyre’s definition of
the Tamagawa measure of a projective variety [35].

c) Salberger [38] has developed a theory of Tamagawa measures on “universal torsors”
introduced by Colliot-Théléne and Sansuc [15]. A universal torsor is a principal homoge-
neous space I over an algebraic variety V' whose structure group is an algebraic torus 7'
dual to the Picard group of V' such that the canonical map Hom(T, G,,) — H'(V, G,,),
sending a character x to the G,,-torsor x.[E] deduced from E by push-out along x, is an
isomorphism. Such torsors have been successfully applied to the study of rational points
on the variety V' (Hasse principle, weak approximation, counting of rational points of
bounded height); see [15] 37, @, [43].

By a fundamental theorem of Colliot-Théléne and Sansuc[®} universal torsors have no
non-constant invertible global functions and their Picard group is trivial (at least up to
torsion). It follows that the virtual I'p-module P(F) is trivial. This gives a conceptual ex-
planation for the discovery by Salberger in [38] that the Tamagawa measures on universal
torsors could be defined by an absolutely convergent product of “naive” local measures,
without any regularizing factors.

2.4.13. — Assume moreover that Z is the support of a divisor D in X (more generally,
of a Cartier Q-divisor) and that wx (D) is endowed with an adelic metric; this induces a
natural metric on Ox (D). For any place v, the metric on wx (D) on X (F),) gives rise to
a measure T(x p), on U (F,), which is related to the measure 7y, by the formula

1
dr(x,0)0(7) = 77— dTx0(2),

Ifp]l ()
where fp is the canonical section of Ox (D). By definition of an adelic metric, the metric
on Ox(D) is induced, for almost all finite places v, by the line bundle €4 (2) on the
integral model 2", where & is a Cartier divisor with generic fibre D. For such places v,
one has |[fp]| (z) = 1 for any point x € % (0,), so that the measures 7(x p), and 7x,
coincide on % (0,).
This shows that the product

o) = LI(L,PU)™! (H L,(1,P(U)) T(X,va)

veES

2. Apply [I5], Prop. 2.1.1 with K = k, the map S - Pic(X3)) being an isomorphism by the very
definition of a universal torsor.
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also defines a Radon measure on U(A#%). In fact, one has
-1
dtc.o)(®) = (LTIl (w))  dri(2) = Hp(x) drii (),

and Hp(z) is the height of x relative to the metrized line bundle Ox (D).

2.4.14. Ezample: compactifications of algebraic groups. — As in the case of local fields,
we briefly explain the case of algebraic groups and show how our theory of measures
interacts with the construction of a Haar measure on an adelic group. We keep the
notation of the previous paragraph, and assume moreover that U is an algebraic group G
over F' of which X is an equivariant compactification. Let us fix a invariant differential
form of maximal degree w on G; viewed as a meromorphic global section of wy, it has
poles on each component of X \ G (see [13], Lemma 2.4); we therefore write —D for its
divisor.

For any place v € Val(F), viewing w as a gauge form on G(F,) defines a Haar mea-
sure |w|, on G(F,). For almost all finite places v, G(0,) is a well-defined compact subgroup
of G(F,). We normalize the Haar measure dg, on G(F),) be dividing the measure |w|, by
the quantity # G(0,)q, 9™ ¢ for these places v, and by 1 at other places. By construction,
for almost all v, dg, assigns volume 1 to the compact open subgroup G(o,), hence the
product [T, dg, is a well-defined Haar measure on G(Ap).

B Proposition we have the estimate

L,(1,P(G)) # G(o,)q, ™ =1+ O(q,*?),

from which we deduce that their infinite product converges absolutely. Consequently,
[T, L,(1,P(G)) |w], is also a Haar measure on G(Ap).
Now, by the very definition of the adelic measures 7(x py and 7x on G(Ar), one has

drix.p)(9) = Hp(g) drx(9)
Tl , 111, (9
Tl x 10 p@) T {Lo.pe) )
~ L (L PG T (L1 P@)dlul, ()

v
This shows that, in the particular case of an equivariant compactification of an algebraic
group, our general definition of the measure 7(x py on X \ |D| gives rise to a Haar measure
on G(Ap).

2.5. An abstract equidistribution theorem

In some cases, it is possible to count integral (resp. rational) points of bounded height
with respect to almost any normalization of the height, i.e., with respect to any metriza-
tion on a given line bundle. Analogously, we obtain below an asymptotic expansion for
the volume of height balls for almost any normalization of the height.

In this subsection, we show how to extract from the obtained asymptotic behavior a
measure-theoretic information on the distribution of points of bounded height or of height
balls.
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The following Proposition is an abstract general version of a result going back to Peyre
([35], Proposition 3.3).

PROPOSITION 2.5.1. — Let X be a compact topological space, U a subset of X and
H:U — Ry, a function. Let v be a positive measure on X such that for any real num-
ber B, the set {x € U; H(x) < B} has finite v-measure.

Let S be a dense subspace of the space C(X) of continuous functions on X, endowed
with the sup. norm. Assume that there exist a function a: Ry — RY and a Radon
measure p on X such that for any positive function 6 € S,

v({r € Us H(z) <0(@)B}) ~ a(B) [ 0(x)du(x)

for B — 400. Then, for B — +00, the measures
1
= ——1iH@ d
VB a(B) {H(z)<B} v(z)
on X converge vaguely to the measure . In other words:

i) for any continuous function f € C(X),
1
OJ(B)/Xl{H(IKB}f(x) dl/(x) — /Xf(x) d,u(x), for B — +00;

ii) for every open set 2 C X which is p-reqular,
v({z €QNU; H(z) < B}) = a(B)u(Q) + o(a(B)).
Before entering the proof, let us introduce one more notation. For § € C(X), 6 > 0, let
N(9;B) =v({x € U; H(z) < 0(x)B}).
For any open subset 2 C X, let
No(B) = v({z € QNU; H(x) < B}).
Proof. — First remark that these hypotheses imply that for any A > 0, a(AB)/a(B) — A

when B — +o00. Indeed, taking any positive 6 € S,
a(AB) _ a(AB) [x0(z)du(z) N(0;AB) N(AN;B)  aB) [x A(z) du(z)

a(B)  aB) [x0(x)du(z)  N(0:;:B)  N(6:;B)  aB)[x0(z)du(z)

Now, it is of course sufficient to prove that Nqo(B)/a(B) — u(Q2) for any u-regular
open set 2 C B. Fix ¢ > 0. Since 2 C X is p-regular, there exist continuous functions f
and g on X such that

[<1la<y
and such that [(¢g — f)du < e. Since S is dense in C(X), we may also assume that f and
g belong to S and that they are non-negative.
Let fo=e+(1—¢)f, xe =+ (1 —¢)lg and g. = ¢ + (1 — €)g. The inequality
fe < xe < g. implies that

N(fs; B) < N(xe; B) < N(g-; B).
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Moreover, by definition,
0 < N(x.; B) — No(B) < Nx(¢B).
Therefore,
liminf No(B)a(B) ™ > liminf N(x.; B)a(B)™" — limsup Nx (¢ B)a(B) ™!
> liminf N(f.; B)a(B)™ —¢

> [fdp—e= [ fdu+0),
Similarly,
lim sup No(B)a(B)~" < /gdu +0(e).
When € — 0, one thus finds
lim No(B)a(B)™' = u(Q),

as claimed. O
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3. Geometric Igusa integrals: Preliminaries

3.1. Clemens complexes and variants

In this section, we study analytic properties of certain integrals of Igusa-type attached
to a divisor D in a variety X. This requires the introduction of a simplicial set which
encodes the intersections of the various components of D, and which we call the Clemens
complez. Such a simplicial set has been used by Clemens in [I4] in his study of the
Picard-Lefschetz transformation (see also [23]).

3.1.1. Simplicial sets. — We recall classical definitions concerning simplicial sets. A
partially ordered set, abridged as poset, is a set endowed with a binary relation < which
is transitive (¢ < b and b < ¢ implies a < c¢), antisymmetric (¢« < b and b < a implies
a = b) and reflexive (a < a). If a < b, we say that a is a face of b; in particular, the
transitivity axiom for a poset means that a face of a face is a face.

There are obvious definitions for morphisms of posets, sub-posets, as well as actions of
groups on posets.

As an example, if o is a set, the set 22*(«7) of non-empty subsets of o7, together with
the inclusion relation, is a poset. We shall interpret it geometrically as the simplex on
the set of vertices & and denote it by .. More generally, a simplicial complex on a
set &7 is a set of non-empty finite subsets of &7, called simplices, such that any non-empty
subset of a simplex is itself a simplex. The dimension of a simplex is defined as one less
its cardinality: points, edges,... are simplexes of dimension 0, 1,... The dimension of a
simplicial complex is the supremum of the dimensions of its faces. The order relation
endows a simplicial complex with the structure of poset. In fact, simplicial complexes are
sub-posets of the simplex .7, .

Let S be a poset. The dimension of an element s € S, denoted dim(s), is defined as

the supremum of the lengths n of chains sg < --- < s,, with s, < s. Similarly, the
codimension codim(s) of an element s € S is defined as the supremum of the lengths of
such chains with s < sg. Elements of dimension 0, 1,..., are called vertices, edges,... The

dimension dim(S) of S is the supremum of all dimensions of all of its elements.

It is important to observe that given a poset S and a sub-poset S’, the dimension or
the codimension of a face of S’ may differ from their dimension or codimension as a face
of 5.2

Let S be a poset. Categorically, an action of a group I' on S is just a morphism of
groups from I' to the set Aut(S) of automorphisms of S. In other words, it is the data,
for any v € I', of a bijection 7, of S such that v,s < 7.8 is s < &, subject to the
compatibilities (77')« = 7.7, for any v and 7' € I.

Let there be given a poset S and an action of I' on S. The set ST of fixed points of I'
in S is a sub-poset of S. In the other direction, the set S/I" of orbits of I" in S, can be
endowed with the binary relation deduced from < by passing to the quotient. Namely,
for s and ¢ in S, with orbits [s] and [¢], we say that [s] < [¢'] if there exists v € T" such

3. This probably means that the terminology “sub-poset” is inappropriate; sub-posets for which the
dimension notion is compatible are sometimes called ideals...
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that s < 7,s’. (This condition does not depend on the actual choice of elements s and &’
in their orbits [s] and [¢].)

There are obvious morphisms of posets, ST — S and S — Sr; these morphisms are the
universal morphisms of posets, respectively to S and from S, which commute with the
action of I' on §.

As an example, assume that . = ., the simplex with vertices in a set o7. Actions
of a group I' on .¥,, correspond to actions of I' on 7. The simplicial sets . and .t
are respectively the simplices with vertices in the fixed-points 27" and the orbits .o/ /T

3.1.2. Incidence complexes. — Let X be a (geometrically 1ntegral) variety over a perfect
field F and let D be a divisor in X. Fix a separable closure F of F. Let </ be the set of
irreducible components of Dj; for a € 4/, we denote by D, the corresponding component
of Dy. For any subset A C o7, we let D = Nyea Da; in particular, Dg = X5,

We shall always make the assumption that the divisor Dz has simple normal crossings:
all irreducible components D,, of Dy are supposed to be smooth and to meet transver-
sally. . In particular, for any subset A C o7 such that D4 # @, D4 is a smooth subvariety
of X of codimension # A.

The closed subschemes D 4, for A C @, are the closed strata of a stratification (D%) sc.7,
where, for any subset A C &7, D is defined by the formula:

D4 =Du\ | Ds.
BDA
There are in fact several natural posets that enter the picture, encoding in various ways
the combinatorial data of whether or not, for a given subset A of o7, the intersection D4
is empty. The following observation is crucial for our definitions to make sense:

PROPOSITION 3.1.3. — Let A and A’ be two subsets of </ such that A" C A. For any
irreducible component Z of D4, there is a unique irreducible component Z' of D s which
contains Z.

Proof. — If an irreducible component Z were contained in two distinct irreducible com-
ponents of D 4/, these two components would meet along Z, which contradicts the simple
normal crossings assumption on Dj. Indeed, D4 being smooth, its irreducible components
must be disjoint. [

8.1.4. The geometric Clemens compler. — The incidence complex ¢ (D) defined by D is
the sub-poset of &7*(&/) consisting of non-empty subsets A of & such that the intersection
D 4 is not empty. More precisely, we define the geometric Clemens complex €5(D) as the
set of all pairs (A, Z), where A C & is any non-empty subset, and Z is an irreducible
component of the scheme D 4, together with the partial order relation defined by (A, Z) <

4. This is equivalent to the weaker condition that D has normal crossings together with the smoothness
of the geometric irreducible components of D; the condition that D has strict normal crossings is however
stronger since the smoothness of an irreducible component of D implies that its geometric irreducible
components don’t meet.
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(A',Z")if AC A" and Z D Z'. In other words, the set of vertices of €z(D) is &/, there
are edges corresponding to irreducible component of each intersection D, N D, etc.

Mapping (A, Z) to A induces a morphism of posets from the geometric Clemens complex
to the incidence complex. In fact, we could have defined (D) without any reference
to <. Indeed, thanks to the normal crossings condition, given an irreducible component Z
of a scheme D 4, we may recover A as the set of & € & such that D, contains the generic
point of Z.

Since X is defined over F', I'p acts naturally on the set of integral subschemes of Xp.
Since F' is perfect, an integral subscheme Z of X is defined over F' if and only if it is a
fixed point for this action. B

For any v € I'r and any o € &7, observe that v, D,, is an irreducible component of D,
because D is defined over F; this induces an action of I'y on 7, defined by v, D, = Dy,
for o € o and v € I'r. Moreover, if Z is an irreducible component of an intersection
Dy, for A C 47, then 7,7 is an irreducible component of v,.D4 = D., 4. Consequently,
we have a natural action of I'r on the geometric Clemens complex €(D), given by
Y(A, Z) = (7.4, 7.Z) for any element (A, Z) of €x(D).

The natural morphism of posets €7(D) — (D) mapping (A, Z) to A is I'p-
equivariant.

3.1.5. Rational Clemens complezes. — Let us denote by Zp(D) and €r(D) the sub-
posets of Z5(D) and €5(D) consisting of I'p-fixed faces. These posets correspond to the
intersections of the divisors D, and to the irreducible components of these intersections
which are defined over the base field F'. Alternatively, they can be defined without any
reference to the algebraic closure F' by considering irreducible components of the divi-
sor D, their intersections and the irreducible components of these which are geometrically
irreducible.

More generally, let E be any extension of F, together with an embedding of F in an
algebraic closure E. As an example, one may take any extension of F contained in F.
In our study below, F' will be a number field and E will be the completion of F' at a
place v; the choice of an embedding F' — FE corresponds to the choice of a decomposition
group at v. Under these conditions, there is a natural morphism of groups from the Galois
group I'g of E/FE to I'r. In particular, the posets (D) and #5(D) are endowed with
an action of I'g.

Let us define the E-rational Clemens complex, €5(D), as the sub-poset of (D) fixed
by I'g. In particular, for any face (A, Z) of €x(D), the subschemes (D4)f and Zz are
defined over E. We shall denote (D4)g and Zg, or even D4 and Z, the corresponding
subschemes of Xg. Observe that Zg is geometrically irreducible.

Conversely, let A be any non-empty subset of &7 which is I'g-invariant; then, (D4)g is
defined over E and corresponds to some subscheme (D4)g of Xg. Let Z be any irreducible
component of (D4)g which is geometrically irreducible. Then, Zj is an irreducible com-
ponent of (D4)z. By EGA IV (4.5.1), the set of irreducible components doesn’t change
when one extends the ground field from an algebraically closed field to any extension;
consequently, Zz is defined over F' and (A, Z) corresponds to a face of € (D).
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3.1.6. E-analytic Clemens complexes. — Let E be any perfect extension of I together
with an embedding F' — FE as above. We define the E-analytic Clemens complex, denoted
¢ (D), as the sub-poset of (D) whose faces are those faces (A, Z) such that Z(FE) # .
(When we write Z(E), we identify Z with the unique E-subscheme of Xz whose extension
to E is ZE‘)

This complex can also be defined as follows. Let first A be any non-empty subset of .o
which is I'g-invariant and let Z be an irreducible component of Dy. While (D4)g is
defined over FE, for the moment, Z is just a subscheme of Xz. However, we can define
Z(E) as the intersection in X (E) of X(E) and of Z(E); this is indeed what one would
get if Z5 where defined over E.

Assume that Z(E) # @. Let Z' be the smallest subscheme of Xz such that Z7, con-
tains Z. It is irreducible: if Z” were a union Z] U Z), one of them, say Z7, would be such
that (Z])5 contains Zj, because Zj is irreducible. Moreover, Z’ is contained in (Da)g,
since (D4)p contains Zg. It follows that Z’ is an irreducible component of (D4)g. By
assumption, Z'(F) # & hence, by EGA IV (4.5.17), Z' is geometrically connected. Since
D 4 is smooth, so are (D4)z and Z7, this last subscheme being a union of irreducible com-
ponents of (D4)z. But a connected smooth scheme is irreducible, hence Z’ is irreducible
and Z% = Zg. It follows that Zj is defined over E and (A, Z) corresponds to a face of
¢ (D).

Let us finally observe that the dimension of a face (A,Z) of €3"(D) is equal to
#(A/Tg) — 1. Indeed, let n = #(A/T'g) and consider any sequence A; C --- C A, = A
of I'g-invariants subsets of A. Then, Dy, D Dy, D --- D D4, and each of them has
a unique irreducible component Z; containing Z. Since Z(FE) # &, Z;(E) is non-empty
either, and the (A;, Z;) define a maximal increasing sequence of faces of €3 (D).

This notion will be of interest to us under the supplementary assumption that E is a
locally compact valued field. Indeed, such fields allow for a theory of analytic manifolds as
well as an implicit function theorem. By the local description of X that will be explained
below, for any face (A, Z) of €g(D), Z(FE) is either empty, or is an E-analytic submanifold
of X(FE) of codimension #(A) which is Zariski-dense in Z. However, as a face of €2"(D),
(A, Z) has dimension #(A/T'g) — 1 and it is that invariant which will be relevant in our
analysis below.

3.1.7. Example. — Below we describe these Clemens complexes in special cases, which
are essentially governed by combinatorial data, namely for toric varieties and equivariant
compactifications of semi-simple groups. We want to make clear that for general varieties,
the three types of Clemens complexes can be very different.

For example, let X be the blow-up of the projective space P™ along a smooth sub-
variety V' defined over the ground field, let D be the exceptional divisor in X and let
m: X — P™ be the canonical morphism. The map 7 induces a bijection between the
set of irreducible components of D and the set of irreducible components of Vi, as well
as a bijection between the set of irreducible components of D and the set of irreducible
components of V. Moreover, a component Z of D is geometrically irreducible if and
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only if the corresponding component m(Z) of V' is; indeed, Z is isomorphic to the projec-
tivized normal bundle of V' in X. This description shows also that Z(F') = @ if and only
T(Z)(F) =o2.

To give a specific example, take V' to be the disjoint union of a geometrically irreducible
smooth curve (7, without rational points, of a geometrically irreducible smooth curve Cs
with rational points and of a smooth irreducible curve C'5 with two geometrically compo-
nents C% and C}. Then, €(X, D) consists of four points corresponding to Cy, Cy, C5, C4
(there are no intersections), the F-rational Clemens complex €r(X, D) consists of two
points corresponding to C; and Cs, and the F-analytic Clemens complex ¢ (X, D) con-
sists of the single point corresponding to C;. We present further examples in Section

3.2. Local description of a pair (X, D)

3.2.1. Notation. — Let F be a perfect field, F an algebraic closure of F, X a smooth
algebraic variety over F' and D C X a reduced divisor such that Dy has strict normal
crossings in X 5. Let us recall that this means that Dz is the union of irreducible smooth
divisors in X7 which meet transversally. In other words, each point of X has a neighbor-
hood U, together with an étale map U — A, such that for each irreducible component Z
of DpNU, ZNU is the preimage of some coordinate hyperplane in A’%.

Let o be the set of irreducible components of Dpg; for a € /. let D, denote the
corresponding divisor, so that Dz = Y,y Do. For a € o/, we denote by F,, the field of
definition of D, in F ; its Galois group I'p, is the stabilizer of D, in I'p. For A C o , We
denote by D, the intersection of the divisors D,, for a € A; by convention, Dg = X.

Let o € «/. The union Uaerpa Da of the conjugates of D, is a divisor in Xz which
is defined over F’; the corresponding divisor of X will be denoted by A,. Similarly, the
intersection of the divisors D,, for a € I'par is a smooth subscheme of Xz which is defined
over X; the corresponding subscheme of X will be denoted by E,. If E, # @, then its
codimension r, is equal to [F, : F]. Moreover, A, (F) = E,(F).

The choice of another element o' = v, in the orbit I'ra doesn’t change A, nor E,.
However, it changes the field F, to the conjugate F,, = v, F, and its stabilizer ', to its
conjugate subgroup 'y, = 7T g, 7', Observe that ro = 7q.

3.2.2. Local equations for the étale topology. — Let us now give local equations of D
around each rational point of X. Fix a point ¢ € X(F) and let o € o/ be such that
¢ € D, (it is a T'p-invariant subset of .o7).

When F, = F, D, = A, x F is defined over F and the choice of a local equation for D,
defines a smooth map from an open neighborhood U of £ in X to the affine line which
maps Ug N D, to {0} C A",

To explain the general case, let us introduce some more notation. We write A g, for the
Weil restriction of scalars Resr, /r A' from F, to F of the affine line. It is endowed with

a canonical morphism A}pa — (ResFa /F A1> X g I, which induces, for any F-scheme V,
a bijection

Hom(V, Resg, /r AY) = Hom(V xp F,,A").
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In particular, the F-rational points of Ag, are in canonical bijection with F,.

The F-scheme Ap, is an affine space of dimension r, = [F, : F|. Let us indeed
choose a F-linear basis (uq,...,u,,) of F,. Then, the morphism A™ — Apg given
by (21,...,%,,) — X z;u,; is an isomorphism. In these coordinates, the norm-form N, ,p
of F, is a homogeneous polynomial of degree [F, : F| which defines a hypersurface in Af_;
it has a single F-rational point 0.

Moreover, the r, F-linear embeddings of F, into F induce an isomorphism F, ®p
F ~ F" hence an identification of Ap, xr F with the affine space A’z Under this
identification, the divisor of the norm-form corresponds to the union of the coordinates

hyperplanes.
LEMMA 3.2.3. — There is a Zariski open neighborhood Ue of § in X and a smooth map
Lo - Ug — AFQ

which maps A,NUy to the hypersurface of Ap, defined by the norm equation Ng, jp(x) = 0,
such that there is a diagram

E,C A, UsC X

| |

{0} {Np,/r(r) = 0}—— Apa.

Proof. — Choose an element [ in the local ring Oy ¢ which is a generator of the ideal
of D,, so that f = 0 is a local equation of D,. For any v € I'r, f7 = 0 is a local equation
of v.D,. Consequently, f7/f is a local unit at &, for each v € I'g,, and the map v +—
f7/f is a l-cocycle for the Galois group I'r, with values in the local ring ﬁ}}ﬁ,&. By
Hilbert’s Theorem 90 for the multiplicative group, this cocycle is a coboundary (see [34],
Proposition 4.9 and Lemma 4.10 for a non-elementary proof in that context) and there
exists a unit u € ﬁ}ﬁﬁ such that f7/f = u"/u for any v € I'p,. Consequently, fu~!
is an element of Ox_ ¢, fixed by I'p,, which generates the ideal of D,. In other words,
there is a Zariski open neighborhood V' of ¢ in X, and a function g € I'(V xp F,,, Oy« r,)
such that g = 0 is an equation of D, in V xg F,. To the morphism V xp F, — A}’a
corresponds by the universal property of the Weil restriction of scalars a morphism, still
denoted 0, V — Ap, .

Through the canonical identification, over F, of Ap, with the affine space A%, the
map ¢ induces an isomorphism from D, to one of the coordinate hyperplanes, from A,
to the union of the coordinate hyperplanes, while £ maps to 0. At the level of F-rational
points, the diagram (V,A,) — (Apg,, H) corresponds to the map (V(F), D,(F)) —
(Fy,0). O

3.2.4. Local charts. — Let £ € X(F). More generally, let A¢ be the set of @ € &
such that £ € D,. Let Z be the irreducible component of D4, which contains £. It
is geometrically irreducible and (A¢, Z) is a face of €3"(D). For a sufficiently small
neighborhood V' of &, there exists, for each a € A¢, a smooth map z,: V — Ap, as in
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the previous paragraph. Since the divisors D, meet transversally, the map (z,): V —
[laca, Ar, is smooth. By choosing additional local coordinates, and shrinking V' if needed,
we can extend it to an étale map g¢: U — [aea, Ap, x A7, with r = codim¢(Da,, X) =
#(A¢). We will also assume, as we may, that the open subset Ug is affine and that
UND,=2ifa¢g A,

Assume moreover that F' is a local field. It follows from the preceding discussion that
for each a € &, AL (F) = E,(F) is a smooth F-analytic subvariety of X (F'), either
empty, or of codimension r, = [F : F,]. For any I'p-invariant subset A of 7, let us
denote by A, the intersection of all A,, for a € A. Then, Ay (F) = E4(F) is either
empty, or a smooth F-analytic subvariety of X (F') of codimension r4 = #(A).

3.2.5. Partitions of unity. — In this section, we assume in addition that F' is a local field
and we consider the situation from the analytic point of view. Observe that the maps g,
induce analytic étale maps Ug(F) — [laeca, Fo X F". The open sets Ug(F') cover X (F)
which is compact, since X is projective. Consequently, there is a finite partition of unity
(0¢) subordinate to this covering: for any x, 6¢: X(F) — R is a smooth function whose
support is contained in Ug(F'), the map g¢ is one-to-one on that support, > cc xr) O =1
and only a finite number of ¢ are nonzero.

3.2.6. Metrized line bundles, volume forms. — Let o € </ and let us consider the line
bundle Ox(A,). It has a canonical section f, the divisor of which is A,. Let us assume
that F'is a local field. On each open set Ue of X, we have constructed a regular map
To: Us — Ap,. Composed with the norm Ar, — A', it gives us a regular function
N(z,) € I'(Ug, Ox ) which generates the ideal of A, on Ue. This function induces therefore
a trivialization of Ox(—Aq)v,. Consequently, a metric on Ox(A,)y, takes the form
[fall () = [2alp, he(z) on Ue(F), where we view z, as a local coordinate Ug(F) — F,
and |zo|p = ‘NFQ/F(IQ)’F, and where he: Ug(F') — R is any continuous function.

Similarly, on such a chart Ug(F), we have a measure in the Lebesgue class defined by
dx = [laea, dza X dzy - - da,. Any measure on X (F) which belongs to the Lebesgue
class can therefore be expressed in a chart Ug(F') as the product of this measure dx
with a positive locally integrable function. Let us also observe that there are canonical
isomorphisms

O(Ay)| g, = Na,(X)|g, ~ det 5, (X).

These isomorphisms allow us to define residue measures on A, (F) = E,(F'), and on their
intersections, hence on all faces of the F-analytic Clemens complex €3 (D).

3.3. Mellin transformation over local fields

3.3.1. Local zeta functions. — Let F' be a local field of characteristic zero, with normal-
ized absolute value |-|.. Define a constant cp as follows:

p([=1;1]) if ' =R;
(3.3.2) cr =3 u(B(0;1)) if I = C;

(1— g H(logg)u(or) if F D Qp, q=|wrlp



IGUSA INTEGRALS AND VOLUME ASYMPTOTICS IN ANALYTIC AND ADELIC GEOMETRY 33

(In the last formula, wr denotes a generator of the maximal ideal of 0p.)
For any locally integrable function ¢: F' — C, we let

Me(@)(s) = [ ol@) 2l du(a).

for any complex parameter s such that the integral converges absolutely. We call it the
Mellin transform of ¢; to shorten the notation and when no confusion can arise, we will
often write ¢ instead of .4 (y),

We write (¢ for the Mellin transform .Zr(pg) of ¢g, the characteristic function of the
unit ball in F. The integral defining (r(s) converges if and only if Res(s) > 0, and one
has

Grls) = ll=1,1) [ a e = for F= R

S

B(0;1 1
:MZW/ P21l gy = F for ' =C
™ 0 §

- —n(s— n ok I\ $ —ns 1= q_l
=3 a7 alwior) = plor) (1= ) S a7 = lor)— -
n=0

. otherwise.
n=0 1- q

In all cases, the function s — (g (s) is holomorphic on the half-plane defined by Re(s) > 0
and extends to a meromorphic function on C. It has a simple pole at s = 0, with
residue cp. In the archimedean case, note that s = 0 is the only pole of (r However, in
the p-adic case, (p is (2im/log g)-periodic so that s = 2in7m/logq is also a pole for any
integer n; this will play a role in the use of Tauberian arguments later.

3.8.8. Mellin transform of smooth functions. — One of our goals in that paper is to
establish the meromorphic continuation, together with growth estimates, for integrals on
varieties that are defined locally like Mellin transforms. To explain our arguments, we
begin with the one-dimensional toy example.

We say that a function ¢: ' — C is smooth if it is either C*° when F' = R or C, or
locally constant otherwise. If a and b are real numbers, we define T~,, resp. T, as the
set of s € C such that a < Re(s), resp. a < Re(s) < b.

LEMMA 3.3.4. — Let F be a local field of characteristic zero, let @ be a measurable,
bounded and compactly supported function on F. Then, the Mellin transform

Me()(s) = [ ol pla) do

converges for s € C with Re(s) > 0 and defines a holomorphic function on T~qy. Moreover,
for any real numbers a and b such that 0 < a < b, the function Mr(p(s)) is bounded
m T(a,b)-

Assume that ¢ is smooth. Then there exists a holomorphic function o1 on T~_y,, such
that ©1(0) = ©(0) and Ar(p)(s) = Cr(s)pi(s). Moreover, for any real numbers a and b
such that —% < a <b, ¢ is bounded in T(qp) if ' is ultrametric, while there is an upper
bound

[or(s)] <1+ [Im(s)], 5 € Tap),
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if F'is archimedean. In particular, the function

s = Mp(p)(s) — 0(0)Cp(s)
is holomorphic and
lim .4 ()(5) = crp(0).

Proof. — The absolute convergence of #p(¢)(s) for Re(s) > 0 and its holomorphy in
that domain immediately follow from the absolute convergence of (r and the fact that ¢
is bounded and has compact support. So does also its boundedness in vertical strips T4
for 0 <a <b.

Assume that ¢ is smooth. Let us prove the stated meromorphic continuation. Again,
let o denote the characteristic function of the unit ball in F'. Replacing ¢ by ¢ — ¢(0)po,
it suffices to show that .#r(p) is holomorphic on the half-plane Re(s) > —3 whenever
@ is a compactly supported function on F' which is smooth in a neighborhood of 0 and
satisfies p(0) = 0.

In the real case, one can then write |¢| (x) = |z|, ¢ (z) for some function v which is
continuous at 0. Similarly, in the complex case, one can write |¢(z)| = |z },/21#(2). The
required holomorphy of .#Zp(¢)(s) on the domain T _1 follows. In the ultrametric case,
¢ vanishes in a neighborhood of 0 and .#r(p) even extends to a holomorphic function
on C.

In all cases, observe that .#p(¢)(s) is bounded in vertical strips T(q,g), if @ and 3 are
real numbers such that —% < a < (. Now, the existence of the function ¢; and the
asserted bound on this function follow from the fact that (' is holomorphic and satisfies
this bound in these vertical strips. O

3.3.5. Higher-dimensional Mellin transforms. — We consider a finite family (F})i<j<n of
local fields. For simplicity, we assume these to be finite extensions of a single completion
of Q. Let us denote by V' the space [[F;. Adopting the terminology introduced for
functions of one variable, we say that a function on V' is smooth if it is either C*> in the
case where the [ are archimedean, or locally constant, when the F} are ultrametric. If

a=(ay,...,an)and B = (04, ..., [3,) are families of real numbers, we define the sets T,
and T4, as the open subsets of C" consisting of those s € C" such that a; < Re(s;),
resp. a; < Re(s;) < f;, for j = 1,...,n. When all a; are equal to a single one «, and

similarly for the 3;, we will also write T2, and Tl or even Tsq and T, g when the
dimension n is clear from the context. Let .# be the vector space generated by functions
on V x C" of the form (z;s) — u(x)vi(x)® ... v,(x)*", where u is smooth, compactly
supported on V', and vy, ..., v, are smooth, positive, and equal to 1 outside of a compact

subset of V. For any function ¢ € .% and s € C", we let

A )s) = [ a7 () da

whenever the integral converges.
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PROPOSITION 3.3.6. — The integral My (p)(s) converges for any s € C" such that
Re(sj) > 0 for all j, and defines an holomorphic function in Tso. For any positive
real numbers o and 3, My (i) is bounded on T(, 5.

Moreover, there exists a unique holomorphic function p; on the domain T2 1) such
that

Mo()(5) = H Cr,(57)1(s)

for s € TZ,. Let o and 3 be real numbers such that —% < a < . Then, 1 is bounded
on Ti, 5 if the F; are ultrametric, while there exists a real number ¢ such that

|(,01 CH 1 + ’SJ s € T(a,g),
J=1

if the F; are archimedean. Moreover, ¢1(0) = ¢(0;0).

4. Geometric Igusa integrals and volume estimates

4.1. Igusa integrals over local fields

We return to our geometric situation: X is a smooth quasi-projective variety over a local
field F', D is a divisor on X such that Dz has simple normal crossings. We let o be the set
of irreducible components of Dy. For o € /, D,, denotes the corresponding component,
while A, and E, are respectively the sum and the intersection of the conjugates of D,.

For a € &7, we denote by f, the canonical section of the line bundle (A,). Endow
the line bundles ' (A,), as well as the canonical bundle wy with smooth metrics. Let 7x
the corresponding measure on X. Following the definitions of 2.1.13] the analytic variety
D(F), for any I p-invariant subset A C ./ supports a natural measure denoted 74.

The integrals we are interested in take the form

H (@i (sa)acer) = [ 1L o, )7 @) drao)

where ® is a smooth, compactly supported function on X (F') and the s, are complex
parameters. Letting ® vary, it is convenient to view these integrals as distributions (of
order 0) on X (F).

For any subset A of the F-analytic Clemens complex €2"(D), define also

IA@:(sadaga) = [T o, Il (@) @a) dro, (2).

Da(F) oga

LEMMA 4.1.1. — The integral 7 (®; (so)acs) converges for s € T, and the map
($a)aew = F(P; (Sa)acw)

is holomorphic on T,

Similarly, for any A C <f, the integral Z4(®P;(s,)) converges for s € T A and the
function s — F4(D;s) is holomorphic on that domain.
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We shall therefore call such integrals “holomorphic distributions on X7.
Proof. — For £ € X(F), let 7 be the set of & € &/ such that £ € D,, and let

q: Ue — H Ap, x A"
€y

be an étale chart around ¢ adapted to D, as in Section [3.2.4] Let x,: Us — Ap, be the
composite of ¢ followed by the projection to Af,, and y: Us — A" be the composite of ¢
with the projection to A”.

These maps induce local coordinates in a neighborhood of Ug, valued in [[4e .y, Fo X F”
in which the measure 7 takes the form x((x,),y)[1dz, dy.

By definition of a smooth metric, there is, for any o € &/, a smooth non-vanishing
function u, on Ue(F') such that |[fp, || = |zalp, ua if @ € @, and [[fp, || = ua otherwise.

Further, introducing a partition of unity (see Section [3.2.5), we see that it suffices to
study integrals of the form

/ T lzali  @((@a),y) TT uir ™ w((2a), ) [T dea dy,
[TFaxr Jeiy acd
where @ is a smooth function with compact support on [ F, x F". The holomorphy of
such integrals is precisely the object of Proposition [3.3.6] above.

The case of the integrals %4 (®; (s,)) is analogous. O

By the same arguments, but using the meromorphic continuation of Mellin transforms
and the estimate of their growth in vertical strips, we obtain the following result.

PROPOSITION 4.1.2. — The holomorphic function

s ] Cra(sa) ™ I (@5 (5a))
acd
on Tfo extends to a holomorphic function A (®;-) on qu/z- Moreover, for any real
numbers a and b and for any function ®, there is a real number ¢ such that

M(P;s) < c H (1+1s4]) for anysET(’Z’b).
acd
4.1.83. Leading terms. — We will need to understand the leading terms at the poles of
these integrals after restricting the parameter (s,) to an affine line in C¥. For a €
let s — s, = —pa + Aas be an increasing affine function with real coefficients. To shorten
notation, we write & (®;s) instead of . (®;(s,)), and similarly for the integrals .#Z4.
Define p
‘)=

and let o7 (), p) denote the set of all & € &7 where the maximum is obtained, i.e., such
that a(\, p) = pa/Aa. By the preceding lemma, & (®;s) = (P, (—ps + AaS)) converges
for Re(s) > a(A, p) and defines a holomorphic function there. Similarly, letting

e P2
aa(A, p) = max N
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the function s — F4(P; s) := F4(P, (—pa + Aas)) converges for Re(s) > aa(A, p). Notice
that aa(\, p) < a(A, p) in general, and that the inequality may be strict, e.g., if &7 (p, \) C
A.

Let €30, (D) be the intersection of the Clemens complex €3"(D) with the simpli-
cial subset 21 (7 (A, p)) of Pt (7). In other words, we remove from €2*(D) all faces
containing a vertex a such that p, < a(\, p)Aq.

ProproOSITION 4.1.4. — With the above notations,
lim 7 (®;s)(s — a(), p)) ™ Fow = Z Fa(P ,P)Aa — Pa)agA) CFa7
s—a(Ap) acA Ao

where the sum is restricted to the faces A of F’(A’p)( ) of mazimal dimension.

Proof. — As in the proof of Lemma [£.1.1] we shall use a partition of unity and local
coordinates.

Let £ € X(F), let o be the set of a € &/ such that £ € D,. In a neighborhood (2
of £, we have local coordinates x, € F,, for a € 47, and other coordinates (yi,...,yr)
for some integer r. There exist smooth functions u, on €2 such that [[fp, || = |7a|p, e if
a € o, and ||fp, || = u, otherwise. We may assume, after shrinking 2, that D, N Q) = @
if a ¢ ; then, u, does not vanish on (2, for any o € /. Finally, the restriction to 2
of the measure 7x can be written as xdy; ...dy, [laen, d7q, for some smooth function x
on 2. Let 0 be a smooth function with compact support in §2.

The integral

$) = [ TI I, (@)~ ®(@)0e(x) drx(a)
acd
can be rewritten as

/ 11 |xa|Fa°‘+8)‘“ P T wge ™ () @(2)0g(2)k(x) J] dwe x dy.

€y aed o€,

Let a = a(A, p); when s — a, only the variables s, such that p, = a\, and a € o
contribute a pole. Write A = % N &7 (A, p) for this subset. Then,

aeA

- IT warete> ™t I Jzalz " () @(2)r(z) [ deady.
QNDa(F) acd acd\A acd\A

By the definition of the residue measure on D4(F') (Section [2.1.13)), one thus has
ing £2(s) 1 G (=pat sda)™ = [ TL |77 Ge(w)0a) o)

s—a
acA ag A

and
ll_r)rtlz(s —a)* AT (0:D;8) = Iu(0:D; (—pa + ala)) [ crAn™
acA

Observe that A is a maximal face of €7 o) , though maybe not one of maximal dimension.
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Now choose the functions ¢ so that they form a finite partition of unity, i.e., >°0; = 1,
and only finitely many 6, are not zero.

Let b be the dimension of the Clemens complex €74, ) and let ") be the set of
faces of dimension b. Granted the previous limits computations, one has

lim(s — a)’ I (D; 5) = Zgﬂ(s —a)" I (0:®; s)
3

= > I er A Fa(®; (—pa +ada)),

an,max
A,y A

as claimed. 0

4.1.5. The case of good reduction. — We recast in this geometric context a formula of
J. Denef ([I8, Theorem 3.1], see also [13, Theorem 9.1 and Theorem 11.2]).

Assume that F' is non-archimedean and that our situation comes from a smooth model
2 over op, that the divisors D, extend to divisors Z, on 2 whose sum becomes a
relative Cartier divisor with strict normal crossings after base change to a finite étale
extension of oz, and that all metrics are defined by this model. The residue field of F'is
denoted by k, its cardinality by ¢. For a € &7, the extension F' C F, is unramified by
the good reduction hypothesis; we denote by f, its degree; let 0z, be the ring of integers
of F,, and m, its maximal ideal.

The Zariski closure of the scheme E, is a smooth subscheme &, of 2", of relative
codimension d,, such that &,(or) = Z,(0r). Similarly, the Zariski closure of E4 is a
smooth geometrically connected subscheme &4 of 2~ of codimension d4 and &4(op) =
PDa(or). For any subset A C &7, we let 74 denote the Tamagawa measure on D (F') =
E4(F). Since the extensions F' C F,, are unramified, one also has %, (k) = &, (k) for any
a€ o, and Da(k) = Ea(k) for any A C .

Assume also that the function ® is constant on residue classes; the induced function on

Z (k) will still be denoted by ®.

PROPOSITION 4.1.6. — Under the above conditions, one has
_ dim X qfa -1 ~
(@i (sa) = 2 (0 utor)) I = (X 2(9).
Acd aca 4 Ee a5, (k)

In particular, for ® =1, one has

F(3() = X (a7 o)™ T 4

ACd acA

Proof. — Let € € 2 (k), let g ={a € o ; € € P,(k)}, so that € belongs to the open
stratum ‘@;fg‘ By the good reduction hypothesis, we can introduce local (étale) coordinates
To € My (for a € o) and yg € m (for B in a set % of cardinality dim X — Zae% fa)
on the residue class €z of ¢, such that 2, is defined by the equation z, = 0 on Q.
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Then the local Tamagawa measure identifies with the measure [],¢ o dze X [Ige 7 dys on
Haezzf my X Hﬁej m.

Recall also (see ) that for any ultrametric local field F', with ring of integers op
and maximal 1deal m, and any complex number s such that Re( ) > 0, one has

1

s—1 q—
x de = ——pu(op),
o [ el de = o)

where ¢ is the cardinality of the residue field.
These formulas, applied to the fields F,, and the decomposition of the integral .# as a
sum of similar integrals over the residue classes 5 € Z'(k), give us

S@i ()= X @@(qnler)” L [ fealiy dea

£ (k) aEdg
; Ja _
_ dim X ~ q 1
= (q 1M(UF)) > 29 11 asa — 17
gexty oo

since the residue field of F,, has cardinality ¢/ and p(or) = u(or,). Let us interchange
the order of summation: one gets

dim X gle —1 -
I(®; (sa) = (¢ plor)) > 1 o 2 2@
Ace acA 4 56@3(1@)
In particular, if ® is the constant function 1, one has
B dim X g —1 .
(1 (sa) = 0 (a nlor) T TT o #(Za (k). O
Ace aca d

By Weil’s formula (cf. Equation (2.4.2)), one then has
ra(&30r)) = (07 nlor) ™) # E3k) = (47 ulom) ™) # Z5(0)

Since moreover D4(F) = E4(F), the last formula of the Proposition can be rewritten as

fa _
S0, = X (a7 nor)™ TT

da
H SiTA(A@Z(UF))-
ACo acA qfa =1

4.2. Volume asymptotics over local fields

Let X be a smooth projective variety over a local field F. Assume that X is purely of
dimension n.

Let D be an effective divisor in X, denote by & the set of its irreducible components,
by D, the component corresponding to some o € &/ and by d,, its multiplicity. We have
do >0 forall o and D =5 d,D,.

Let U = X \ D, and assume that wx (D) is equipped with a metrization. Let 7(x p)
denote the corresponding measure on U(F) (see §2.1.9). Endow the line bundles Oy (D)
and Ox(D,), for a € &/, with metrics, in such a way that the natural isomorphism
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Ox(D) ~ @ Ox(D,)% is an isometry. For a € o7, denote by f, the canonical section
of Ox(D,); denote by fp the canonical section of Ox(D). One has fp = [ e, f.

We also endow wx with the metric which makes the isomorphism wx (D) ~ wx ® Ox (D)
an isometry. Letting 7y be the Tamagawa measure on X (F') defined by the metrized line
bundle wy, we have the following equalities:

drix,p (@) = [fp(@)l| ™ drx (@) = [T Ifa(2)] ™" drx ().

Let L be an effective divisor in X whose support contains the support of D; assume
that the corresponding line bundle &x (L) is endowed with a metric. The norm of its
canonical section f; vanishes on L, hence on D. Consequently, for any positive real
number B, the set of all x € X (F') such |[f.(z)]| = 1/B is a closed subset of X (F"), which
is contained in U(F), hence is compact in U(F). Consequently, its volume with respect
to the measure 7(x,p),

(4.2.1) V(B) =

dr, ),
/llfL(x>||>1/B (x.0)()

is finite for any B > 0. We are interested in its asymptotic behavior when B — oc. Let
us introduce the Mellin transform of the function |/fz|| with respect to the measure 7(x,py,
namely:

(4.2.2) Z(s) = /U o I 7 ).

The analytic properties of Z(s) and V(B) strongly depend on the geometry of the
pair (X, D). We will assume throughout that over the algebraic closure F, the divisor D
has strict normal crossings in X; in that case we will see that the answer can be stated in
terms of the analytic Clemens complex of D. In principle, using resolution of singularities,
we can reduce to this situation, even if it may be difficult in explicit examples (see [26] for
a specific computation related to the asymptotic behavior of integral points of bounded
height established in [19]).

For a € &7, let A\, be the multiplicity of D, in L; the divisor A = L—3" A\, D,, is effective
and all of its irreducible components meet U. We denote by fa the canonical section of the
line bundle @x (A); we endow this line bundle with a metric so that ||, || = |[fa|| IT|/fa]l™.

Following the conventions of Section [2.1.4] the results extend to the case where D and L
are Q-Cartier divisors; in that case, the coefficients \, and d, are rational numbers.

Let 0 = max(d, — 1)/\,, the maximum being over all a € &7 such that D,(F) # @.
If there is no such a, we let ¢ = —oo by convention; this means precisely that U(F)
is compact. Only the case ¢ > 0 will really matter. Indeed, as we shall see below,
the condition o < 0 is equivalent to the fact that U(F') has finite volume with respect
to T(X,D)-

Let €%, py(D) be the subcomplex of the analytic Clemens complex €3"(D) consisting
of all non-empty subsets A C o7 such that E4(F) # @ and d, = Ao + 1 for any o € A.

Let b = dim €3, ) (D). For any face A of maximal dimension b of €%\, p (D), let
D4 = Naea Do be the corresponding stratum of X. The subset D4(F') carries a natural
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measure d74 and we define

(4.2.3) Za(s) =/ IFa(@)|* TT fa(@)]|**~" dra(2).
Da(F) agA
PROPOSITION 4.2.4. — Let o, G5y (D) and b be defined as above. Then the integral
defining Z(s) converges for Re(s) > o and defines a holomorphic function in that domain.
Assume that o # —oo. Then there is a positive real number & such that Z has a
meromorphic continuation to a half-plane Re(s) > o — 0, with a pole of order b =
dim G5y, py (D) at s = o with leading coefficient

lim(s —0)'Z(s)= Y Zalo) ] CAF
Ae6ir 1 (D) acA Mo
dim A=b

and moderate growth in vertical strips.

When FF' =R or C, Z has no other pole provided ¢ is chosen sufficiently small.

When F is ultrametric, there is a positive integer f such that (1 — ¢/~ Z(s) is
holomorphic on the half-plane {Re(s) > o — 0}, again provided ¢ is sufficiently small.

Proof. — By definition,
2= [, Vsl TLIf ()™ dr(a),

an integral of the type studied in Precisely, using the notations introduced in §4.1]
we have Z(s) = Z(1,(s + 1;sA\a — do + 1)), where the first parameter s refers to the
divisor A, while for each a € &, the parameter s, = s\, — d, corresponds to the
divisor D,. Similarly,

Za(s) = Fa(1, (5 + 15 8Ay — do +1)).

By Lemma [£.1.1] this integral converges and defines a holomorphic function as long as
Re(s) > 0 and Re(s)A\, > d,. This shows the holomorphy of Z(s) for Re(s) > o.

Assume that ¢ # —oo. By Proposition [£.1.2] the function Z has a meromorphic
continuation to the domain of C defined by the inequalities Re(s,) > —3 and Re(s) > 0,
hence to some domain of the form Re(s) > o — 0.

In the ultrametric case, the existence of a positive integer f such that (1 — ¢~/ Z(s)
has no pole on such a half-plane also follows directly from Proposition £.1.2] (one may
take for f the L.c.m. of the f,), as well as the growth in vertical strips.

It remains to prove the asserted behavior at s = . By Proposition 4.1.4]

: c c
lllrol_(s—a)bZ(s) = > Ju1;(0+ 100 —da+1)aga) [[ )\Fa = > Zalo) ][] )\F‘l.
AedPr, acA N Acapn, acd N

dim A=b dim A=b

]

Using the Tauberian theorem recalled in the appendix, we obtain the following
estimate for the volume V(B) in the archimedean case.
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THEOREM 4.2.5. — Assume that F' = R or C and that o > 0. This implies that b >
There exists a polynomial P and a positive real number & such that
V(B) = B°P(log B) + O(B°°).
Moreover, if o > 0, then P has degree b — 1 and leading coefficient

1
leoeft(P) = ——— > Za(o) ] e,
J(b_ 1) AC%;H(L D)(D) OtEA )\a
dim A=b

otherwise, if o = 0, then P has degree b and its leading coefficient satisfies

1 c
leoeff(P) = o1 7 Za(o) [] AFQ.
Ac(ﬁa“(Lm(D) acA "o
dim A=

Considering integrals of the form
Zo(s) = [ @) [fu@)| dre(a)
U(F)

or applying the abstract equidistribution theorem (Proposition [2.5.1]), we deduce the
following corollary (“equidistribution of height balls”):

COROLLARY 4.2.6. — Assume that F = R or C and that 0 > 0. Then b > 1 and, when
B — +o0, the family of measures
V(B) e, @)121/8y d7ix,p) ()
converges tightly to the unique probability measure which is proportional to
CF, -
> a7 IT 5= IT Ifa(@)lI™ dra(e).

ACH P acA a agA
dim A=b

In the case of ultrametric local fields, our analysis leads to a good understanding of
the Igusa zeta functions but the output of the corresponding Tauberian theorem, i.e., the
discussion leading to Corollaries [A.12] [A.13] and [A.14] in the Appendix, is less convenient
since one can only obtain an asymptotic expansions for V(¢"), when N belongs to a fixed
congruence class modulo some positive integer f. In fact, when all irreducible components
of D are geometrically irreducible, one may take f = 1 in Proposition [£.2.4 In that case,
Corollary [A.13] even leads to a precise asymptotic expansion in that case.

We leave the detailed statement to the interested reader and we content ourselves with
the following corollary.

COROLLARY 4.2.7. — Assume that F' is ultrametric and that 0 > 0. Let b* =b if o =0,

and b* =b—1 if 0 > 0. Then, when the integer N goes to infinity,
) V(g™)

V(g w
qNGNb*

0 < liminf VN

< lims

< 00
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Proof. — Changing metrics modifies the volume forms and the height functions by a
factor which is lower- and upper-bounded; this does not affect the result of the corollary.
Consequently, we may assume that all metrics are smooth and that the function |[fz] is
q%-valued. The Igusa zeta function Z(s) is then 2i7/ log g-periodic and has a meromorphic
continuation of the form 34 ®4(s) [Tpea (1 — ¢7**(@=9)), for some functions ® 4 which are
holomorphic on an open half-plane containing the closed half-plane given by {Re(s) > o}.
Let f be any positive integer such that f is an integral multiple of f,\,, for any a € o
we see that Z(s)(1 — ¢(®=*))? extends holomorphically to this open half-plane and it now

suffices to apply Corollary O

4.3. Adelic Igusa integrals

4.3.1. Geometric setup. — Let F' be a number field, let Ar be the ring of adeles of F'.
More generally, if S is a finite set of places of F, let A% be the restricted product of local
fields F,, for v € S.

We fix an algebraic closure F of F; for each place v, we also fix a decomposition group
T, at v in the Galois group I'y = Gal(F/F).

Let X be a smooth projective variety over F, let (Da)acwr be a family of irreducible
divisors in X whose sum A = ¥ .., D, is geometrically a divisor with strict normal
crossings. For o € 7, let fp, denote the canonical section of the line bundle 0% (D,)
and let F,, be the algebraic closure of F in the function field of D,. Let o/ be the set of
irreducible components of the divisor Ag; it carries an action of I'p, the set of orbits of
which, &7 /T'r, identifies canonically with the set .

Endow all line bundles 0'5(D,,), as well as the canonical line bundle wy, with adelic
metrics. ~ -

Let % be any subset of &7, corresponding to a subset % of ./ which is stable under the
action of I'p. Let Z = Uyen Do be the union of the corresponding divisors, D = Uygs Da
the union of the other divisors, and let us define X = X \ Z and U = X \ D.

The local spaces X (F,), U(F,), for any place v of F, and the adelic spaces X (Ap),
U(Ar) are locally compact and carry Tamagawa measures Tx.,, Ty,, Tx and 7y (see
Definition which are Radon measures, i.e., finite on compact subsets. The set
of irreducible components o7, of the divisor A, is in natural bijection with the set of
I',-orbits in 7. For any such orbit «, we will denote by D, the corresponding divisor on
Xp,.

Our aim here is to establish analytic properties of the adelic integral

@)= [ T Tl @) dro,
U(AF) a€ol U
when ® is the restriction to U(Ap) of a smooth function with compact support on X (Ag).
It will be convenient to view the map a — s, as a I p-equivariant map from < to C. In
other words, for each a € o7, we let s, = S[a], Where [a] € &7 is the orbit of a under I'p.
More generally, if 3 is any subset of such an orbit, we define sg = s,, for any a € o
belonging to 3 (it does not depend on the choice of «).
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4.83.2. Convergence of local integrals. — Assume that ® =[], ®, is a product of smooth
functions and define, for any v € Val(F'),

Fol@ui 0 = [T " ol Lu(1, PO
F) acd
When the local integrals .#, converge absolutely, as well as the infinite product
[T, 2 (®; (s4)), then the integral .#(®; (s,)) exists and one has an equality

7(®; (s4)) = L.(L,P(U) " [[ A (@

Let a € &7. Let us decompose the I'z-orbit o as a union of disjoint [',-orbits aq, ..., a;,.
Then D, = 3771 Dy, and fp, = [I;_; fp,,. It follows that the integral .7, can be rewritten
as

Fo(Po; (54)) = / [T fp. I3 @u(2) Lo (1, P(U))drx,.
U(F) aEd,
By Lemma [1.1.1] .%,(®,; (s4)) converges absolutely when Re(s,) > 0 for each a € &7 If
moreover ®, has compact support in X (F,), then the conditions Re(s,) > 0 for « € £
are not necessary.

The decomposition o = |J; corresponds to the decomposition F,, ®p F, = [];_; F,.

Observe that the local factor of Dedekind’s zeta function (r, at v is given by the formula

r

CFa,v( ) H(l — 4, fe 15) )

=1
where for each i, fo; = [Fa; : F,]. Let (; (1) be the residue at s = 1 of this zeta function.

4.3.3. Convergence of an Euler product. — To study the convergence of the product, we
may ignore a finite set of places.

Let S be a finite set of places containing the archimedean places so that, for all other
places, all metrics are defined by good integral models 27, 2, %, ..., over Specorgs.
Assume moreover that for any v ¢ S, @, is the characteristic function of 2(o,).

By Denef’s formula (Prop. , one has

F(@i(sa) = X (a7 me(00)) # Di(ky) Ao 1

AC A\ By acA v

)dimX qle —1

for any place v € S. Combined with the estimate of Theorem [2.4.7], this relation implies
that

(@43 (30)) T] Cruw(sa) =14 0(g, ')

acd\AB
provided Re(s,) > 3 + ¢ for each a ¢ . This asymptotic expansion will imply the
desired convergence of the infinite product.

PROPOSITION 4.3.4. — Assume that ® is a smooth function with compact support on
X(Ar). Then the integral 7 (®;(s,)) converges for Re(s,) > 1, for each a ¢ B, and
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defines a holomorphic function in this domain. This function has a meromorphic con-
tinuation: there is a holomorphic function ¢ defined for Re(s,) > % if o & B, such
that

‘ﬂ(q); (Sa)) = ‘:0(3) H CFa(Sa)-

agRB
Moreover, if s, =1 for a & A, then

o(s) = T] ¢ |

-1
e " dry(a).
add F

)<I>(x) H HHfDB z
BERB v

(Note that, in the last formula, the function under the integration sign has compact
support on X (Ap), while d7y is a Radon measure on that space.)

Proof. — The first two parts of the theorem follow from the estimates that we have just
derived and the absolute convergence for Re(s) > 1 of the Euler product defining the
Dedekind zeta function of a number field.

Let s € C¥ be such that s, = 1 for a & Z. One has therefore

g, (2) drya(@).

A2 =12 @) [T [,

Moreover, one has equalities of virtual representations of I'r (cf. Equation (2.4.10)),

P(U)=P(X)+ Y Indf 1
acd

P(X) =P(X)+ > Indp% 1,
acR

from which it follows that

P(X)=P(U)— Y Indr% 1.
ag B

In particular, for any finite place v of F,

Lv(laP(X)) = LU(LP(U)) H gFa,v(1>

af B

and

L*(1,P(X)) =L*(L,P(U)) [] ¢ (1)

agRB
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If S is the set of archimedean places of F', then

p(s) =L (L PN T Au(®uss) 1 (fv(q’v;S) 11 CFa,v(U)

VESoo V€S ad B

=LPO) L[, #lo) i [0, Lo(1, PX)) drxo ()

=t drx(x)

LR LR [ 0@ T,
=11 C;a<1)/ (AF)CD(x) BI;I%IZIH]CDB

sg—1
add X

drx(z).

v

]

In fact, it is possible to establish a more general theorem. Let S be a finite set of places
of F' containing the archimedean places. For any place v € S, let ®, be a smooth bounded
function on X (F,); let also ®° be a smooth function with compact support on X (A%);
let ® be the function ®° [],cq ®, on X(Ag).

By the same arguments as above, the integral % (®; (s, )) converges provided Re(s,) > 1
for each o ¢ Z and Re(sg) > 0 for each § € £ and defines a holomorphic function in
that domain.

PROPOSITION 4.3.5. — Let 2 C C7 be the set of (sa) such that Re(s,) > & for o & 2
and Re(sg) > —% for € B. The function S (®; (sa)) admits a meromorphic continua-
tion of the following form. For any place v € S and any face A of mazximal dimension of
CEN (D), there is a holomorphic function ¢4 on Q such that

I (®;(s0)) = I Cralsa) I1 > wals) [ Crawlsa)

ag# v\ Aegi ™ (D) acA

Moreover, the functions ¢4 have moderate growth in vertical strips in the sense that for
any compact subset K of R NQ, there are real numbers ¢ and r such that

loa(s)] < e JT (1 + [sal)",
acd

for s € C7 such that Re(s) € K.

4.4. Volume asymptotics over the adeles

In this Subsection we derive asymptotic estimates for volumes of height balls in adelic
spaces, similar to those established above.

Let F' be a number field, X a smooth projective variety over F, purely of dimension n.
Let D be an effective divisor in X and &7 its set of irreducible components; for o € &7, let
D,, be the corresponding component and d,, its multiplicity in D. We have D =" d,D,,.
For a € o7, let f, be the canonical section of Ox(D,); let fp denote the canonical section
of Ox(D). We have fp = [] fdo.
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Let us endow these line bundles with adelic metrics, in such a way that the isomorphism
Ox(D) ~ ® Ox(D,)% is an isometry.

Let U = X\ D ; let us endow wy and wx (D) with adelic metrics in such a way that the
isomorphism wx (D) ~ wy ® Ox (D) is an isometry. By the constructions of Section [2 we
obtain natural measures Tx, 7 and 7(x py on U(Ap) or X(Ap), related by the equalities

d7x,p)(z) = Hp(z)dry (),

where, for z € U(Ap), Hp(z) = I, |fo(z)], "

Let L be an effective divisor in X whose support is equal to the support of D; for
a € o, let A\, be the multiplicity of D, in L, so that L = Y} A\,D,. We endow the
line bundle @x (L) with the natural adelic metric deduced from the metrics of the line
bundles Ox(D,,).

The canonical section of Ox (L) vanishes on L, hence on D. Let Hy denote the corre-
sponding height function (denoted Hg(r)f, in Section on the adelic space U(AFr);
recall (Equation (2.3.1))) that it is defined by the formula

)= ] Ifl@) ™ forx=(z).

vEVal(F)

By Lemma [2.3.2] Hy, is bounded from below on U(Ar) and, for any real number B, the
set of all x € U(Ap) such that Hy(x) < B is compact in (X \ L)(Ar). Let V(B) denote
its volume with respect to the measure 7(x p):

(441) V(B) = U(Ar) dT(X’D)(X);

{Hr(x)<B}
it is a positive real number (for B large enough) and we want to understand its asymp-
totic behavior when B — oco. We are also interested in the asymptotic behavior of the
probability measures

1
—1 < d )
g Lo i) (x)
As in the case of local fields, we introduce a geometric Igusa zeta function, namely
(4.4.2) Z(s) =/ Hi(2)™ drix,p) (%),
U(AF)

for any complex number s such that the integral converges absolutely. For any such s, we
thus have

2()= [ TIfalw)l ™ dra(x) = (1 (sha = da+ 1)

with the notation of Section

Let 0 = maxaex(do/No) and let o7, p be the set of a € o7 such that d, = A\,0.

Then, the integral defining Z(s) converges for any complex number s such that Re(s) >
o (Proposition . Moreover, there exists a positive real number § such that function
s +— Z(s) admits a meromorphic continuation to the half-plane given by Re(s) > ¢ — 4.
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Namely, by Proposition [4.3.4] again, there exists a holomorphic function ¢ defined for
Re(s) > o — ¢ such that

Z(s) = p(s) H (o (8Aa —do +1)
o€, p

and

11 C}a(l)/X( I Hp.(x)% 7 drx(x).

a€dL, p Ar) ad L, p

In particular, the function Z has a pole at s = 1 of order #(7, p) and satisfies:

5 (1
igq(s_ 1)#(%L,D)Z(z) = ¢(1) H CE;\i) = H /X(AF) H HDQ da_O')\a dTX(:L’).

acod Q€A p ag L, p
Let E denote the Q-divisor oL — D. We have
E=0cL—-D= Z (0 — do) Dy, = Z (0o — do) Dy
acd ag L, p
Consequently,

(443) lim(s —o)* 0 7(0)= [ A, /

OéEQfLD AF)

Hn(e) = [ (@)

We summarize the results obtained in the following Proposition:

PROPOSITION 4.4.4. — Let 0 and </, p be defined as above. Then the integral defin-
ing Z(s) converges for Re(s) > o and defines a holomorphic function in that domain.
Moreover, there is a positive real number & such that Z has a continuation to the half-
plane Re(s) > o — & as a meromorphic function with moderate growth in vertical strips,
whose only pole is at s = o, with order b = #(</, p) and leading coefficient given by

FEquation (4.4.3)).

Similarly to what we did in the local case, using the Tauberian theorem and the
abstract equidistribution theorem (Proposition [2.5.1]), we obtain the following result.

THEOREM 4.4.5. — There exists a monic polynomial P of degree b and a positive real
number 0 such that, when B — oo,

-1
HO(GM[”D >\04

B) = BP(ogB) [ Hplx)"d B,
V(D) = S P (og B) [ Hi(e) dr(e) + OB
Moreover, we have the tight convergence of probability measures
1 1

@I{HL(xKB}dT(X,D)(x) — Hp ()" dry ().

Ixam Hyp'rx
REMARK 4.4.6. — Let S be a finite set of places of F. At least two variants of the
preceding results may be useful in S-integral contexts.

Let A7 be the ring of adeles “outside S”. For the first variant, we consider points of
U(A32) of bounded height, and their volume with respect to the Tamagawa measure 7‘&, D)
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in which the local factors in S. In that context, all infinite products of the set Val(F") of
places of F' are replaced by the products over the set Val(F') \ S of places which do not
belong to S. The modifications to be made to the statement and proof of Theorem [£.4.5]
are obvious and lead to an asymptotic expansion for the volumes of height balls in U(A%).

A second variant is also possible which restricts to the subset 2 of U(Ag) consisting
of points (7,)yevair) Which are “integral” at each place v ¢ S. We do not need to be
specific about that condition; for all that matters in our analysis, we understand that this
subset is relatively compact in U(Ar) and has non-empty interior. A scheme-theoretic
definition would ask that we are given a projective and flat model of X over op; then a
point (z,) € U(Ap) belongs to  if and only if, for any finite place v € S, the reduction
mod v of z, does not belong to D(F,). An adelic definition would consider 2 to be defined
by a condition of the form [[,¢s [/fz||, () < By, for some real number B.

In that case, the analytic study of the adelic zeta function involved is straightforward
from what has been done in Section [£.2] Namely, it decomposes as an infinite product
over all places v € Val(F) of v-adic zeta functions. The subproduct corresponding to
places v € S extends holomorphically to the whole complex plane, while each factor
attached to a place v € S is the source of zeroes and poles described by the v-adic
analytic Clemens complex as in Prop. [4.2.4]

Although the procedure should be quite clear to the reader, in any specific example, a
general statement would certainly be too obfuscating to be of any help. We would like
the reader to remark than when all abscissae of convergence at places in S are equal to a
common real number o, the order of the pole at o will be the sum of the orders b,,, and the
leading coefficient the product of those computed in Prop. Moreover, if S contains
archimedean places, the order of the pole at o will be strictly greater than the order of
the other possible poles on the line Re(s) = o. In that case, the Tauberian theorem
gives a simple asymptotic formula for the volume of points of bounded height. With
the notation of that Theorem, the ¢; are powers of prime numbers and the non-Liouville
property of the quotients log ¢;/log¢; follows from Baker’s theorem on linear forms in
logarithms, [I, Theorem 3.1].

We expect that these asymptotic expansions for volumes can serve as a guide to un-
derstand the asymptotic number of S-integral solutions of polynomial equations, e.g., to
a S-integral generalization of the circle method.
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5. Examples

5.1. Clemens complexes of toric varieties

Let T be an algebraic torus over a field F'. Let M and N denote the groups of characters
and of cocharacters of the torus T, endowed with the action of the Galois group I' =
Gal(F/F) and the natural duality pairing (-, -).

Let X be a smooth proper F-scheme which is an equivariant compactification of 7. By
the theory of toric varieties, X corresponds to a fan ¥ in the space Nr which is invariant
under the action of I'. By definition, X is a set of convex polyhedral rational cones in Ng
satisfying the following properties:

— for any cones 0,0’ in X, their intersection is a face of both ¢ and o';
— all faces of each cone in ¥ belong to ¥;
— for any v € T'p and any cone o € X, v(0) € X.

Assume for the moment that T is split, meaning that I' acts trivially on M. To each
cone o of X corresponds a T-stable affine open subset X, = Spec F[o¥ N M| in X, where
oV is the cone in Mg dual to o. The variety X is glued from these affine charts X, along
the natural open immersions X, — X, for any two cones ¢ and 7 in ¥ such that 7 D 0.
The zero-dimensional cone {0} corresponds to T'; in particular, each X, contains 7" and
carries a compatible action of 7.

Let t denote the dimension of T" and let ¢ be a cone of maximal dimension of ¥. By
the theory of toric varieties, the smoothness assumption on X implies that there exists
a basis of N which generates o as a cone. Consequently, the torus embedding (7', X,)
is isomorphic to (G! , A"). The irreducible components of X, C T then correspond to
the hyperplane coordinates in A’. In particular, X, \ T is a divisor with strict normal
crossings, all of whose components of X, \ T" meet at the origin. This shows that a set of
components of X \ 7" has a non-trivial intersection whenever the corresponding rays belong
to a common cone in ¥. The converse holds since each point of X admits a T-invariant
affine neighborhood, hence of the form X,.

In particular, what precedes holds over F and implies the following description of the
geometric Clemens complex %(X, D) of (X, D). There is a bijection between the set of
orbits of T in X and the set ¥. The irreducible components of Dz are in bijection with
the set of one-dimensional cones (rays) of ¥ and a set of components has a non-trivial
intersection if and only if the corresponding rays belong to a common cone in . The
cone {0} belongs to ¥ and corresponds to the open orbit 7'. Consequently, the Clemens
complex €' (X, D) is equal to the set ¥\ {{0}}, partially ordered by inclusion, with the
obvious action of the Galois group I'p.

If T is split, then I'p acts trivially on € (X, D), hence €r(X, D) = € (X, D). We have
also observed in that case that the various strata of X even had F-rational points. In
other words, the F-analytic Clemens complex €2*(X, D) is also equal to € (X, D).

Let us now treat the general case by proving that €3°(X, D) = €»(X, D). By definition,
the F-rational Clemens complex (X, D) is the subcomplex of € (X, D) consisting of I" -
invariant faces; in other words, it corresponds to I'p-invariant cones of positive dimension.
We need to prove that for any such cone o, the closure of the corresponding orbit &,
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in X, which is defined over F', has an F-rational point. For each ray r of o, let n, be the
generator of N Nr; the group I'r acts on the set of these n,, and their sum n is fixed by
I'r. It corresponds to a cocharacter ¢, : G,, — T whose limit at 0 is an F-rational point
and this point belongs to @,. In fact, it even belongs to &, because the point n belongs
to the relative interior of the cone o.

LEMMA 5.1.1. — Let Ty be the maximal F'-split torus inT'; the group Ny of cocharacters
of Ty is equal to the subspace of N fixed by I'r. Let Xy be the Zariski closure of Ty in X.
It is a smooth equivariant compactification of Ty and its fan Xy in (No)r has as cones the
intersections o N (No)r, for all cones o € XIF which are invariant under T'p.

Proof. — It suffices to prove the desired result in each affine chart of X. Consider a
cone o € ¥ and let X, = Spec F[M N ¢"] be the corresponding affine open subset of X .
A vector in My N o, being fixed under the action of I'g, belongs to all of the cones (o),
for v € I'p, hence belongs to their intersection 7 which, by the definition of a fan, is a
cone in Y, obviously I'p-invariant. As a consequence, the closure of Tj in X, is contained
in the toric open subvariety X, .

We thus can assume that o is a ['p-invariant cone, and we may moreover assume that
it is of maximal dimension. Since X is smooth, there is a basis (eq,...,e4) of N and an
integer s € {1,...,d} such that o is generated by S = {e1,...,es}. We can also assume
that esy1,...,e, belong to My and generate a complement to the (saturated) subgroup
generated by My N o. Over F, this identifies T with G and X, with A® x G%~s.
Moreover, ['r acts by permutations on S. This implies that My N o is generated by the
vectors Yo €;, where O runs over the set S/I'r of I'p-orbits in S. Consequently, To N X,
is the set of elements (xy,...,24) in G4 such that z; is constant on each orbit O, and
z; = 1 for i > s. Its closure is the set of such elements (71, ...,74) € A" x G4 satisfying
the same relations. This shows that the closure of Ty in X, is a isomorphic to the toric
embedding of GamMo in A#(5/Tr) 5 Gdim Mo—#(5/T'r) O

COROLLARY 5.1.2. — By associating to a Ty-orbit in X the corresponding T -orbit in X,

we obtain a bijection between the Clemens complex of (X, Xo \ To) and the F-analytic
Clemens complex of (X, X\ T).

5.2. Clemens complexes of wonderful compactifications

Let G be a connected reductive group over a field F. Let T denote a maximal split
torus of G and T' a maximal torus of G' containing 7j.

Let X be a smooth proper F-scheme which is a biequivariant compactification of G.
We denote by Y and Y} the closures of the tori 7" and Ty in X; these are toric varieties
defined over F. We assume that over a separable closure F' of F, the divisor D = X \ G
has strict normal crossings. Observe that this assumption is satisfied if X is a wonderful
compactification of G.

PROPOSITION 5.2.1. — With this notation, one has: X(F) = G(F)Y(F)G(F) and
Y(F)=T(F)Yo(F); in particular, X (F) = G(F)Yo(F)G(F).
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Proof. — Let us first prove that X(F) = G(F)Y(F)G(F). It suffices to prove that
X(F) is contained in the latter set. We use the arguments of [10], Lemma 6.1.4. Let
zrog € X(F); since X is assumed to be smooth, we can choose an arc x € X (F[t]) such
that x(0) = x¢ and z is not contained in X \ G. We interpret x as a F((t))-point of G;
by the Cartan decomposition ([I1], Proposition 4.4.3. The fact that the group G(F[t])
is good follows from the property that the F((t))-algebraic group Gp(yy) is split over an

unramified extension, namely F'((t)), and descent properties of the building)
G(F(t)) = GFIt)TF@)G (),

we may write x = g1yga, where g1, g € G(F[t]) and y € T(F((t))). Writing y = g7 '2g5 !,
we see that y € Y(F[t]). Specializing at t = 0, we now obtain xy = ¢1(0)y(0)g2(0), as
wanted.

Let us now prove the second equality, namely Y (F) = T(F)Yy(F). Again, it suffices
to prove that Y (F) is contained in T'(F)Yy(F). Let xy € Y(F); as above, there is an
arc x € X(F[t]) N G(F((t))) such that x(0) = zy. Using the Cartan decomposition,
we may replace ¥ by an arc of the form y = gy'xgo, with g1,g. € G(F[t]) satisfying
y € X(F[t]) N T(F((t))). Moreover, we may also assume that g;(0) = go(0) is the neutral
element of G(F). In particular, y € Y(F[t]) and y(0) = xo.

Let S denote the anisotropic torus 7'/Ty and w: T" — S the quotient map. One has
m(y) € S(F(t). Since S is anisotropic, one has S(F[t]) = S(F(t)) (Lemma
below), hence 7(y) € S(F[t]). Looking at the exact sequence of tori

1-Ty—-T—-S5—1

and applying Hilbert’s theorem 90 over the discrete valuation ring F'[t], it follows that
there exists z € T(F[t]) such that n(z) = 7w(y), hence 271y € To(F((t))). Moreover,
z~ly € Y(F[t]). Specializing ¢ to 0, we see that z(0)"'y(0) € Y(F), that is y(0) = zo €
T(F)Yy(F), as claimed.

The last equality follows immediately. O

The following lemma is well-known; we include a proof for the convenience of the reader.

LEMMA 5.2.2. — Let S be an anisotropic torus over a field F. Then, S(F(t)) =
S(F[t]).

Proof. — Let F’ be a finite extension of F' which splits S; then, for any F-algebra E, S(FE)
is the set of morphisms from X*(S) to F ®p F” which commute with the actions of I'pr
on both sides. It follows that a point P in S(F'((t))) corresponds to a I'z-equivariant group
morphisms ¢ from X*(S) to F'((t))".

By composing ¢ with the order map F'((t))" — Z, we obtain a I' g/ p-invariant morphism
ordop: X*(S) — Z, which is necessarily 0 since S is anisotropic. Consequently, ¢(c) =0
for any ¢ € X*(S), which means that ¢(c) € F'[t]". In other words, ¢ is a I'p/p-
equivariant morphism from X*(S) to F’[t]", and the corresponding point P belongs to

S(F'[H]). O



IGUSA INTEGRALS AND VOLUME ASYMPTOTICS IN ANALYTIC AND ADELIC GEOMETRY 53

Our goal now is to describe the various Clemens complexes attached to the pair (X, D).
Let W = Ng(T')/T and Wy = Ng(To)/Za(To) be the Weyl groups of G relative to the
tori T" and Tj.

Since the Weyl group W acts on G via the conjugation by an element of G, this extends
to an action on X. This action induces the trivial action on ¢ (X, D). Indeed, the group G
being connected, each irreducible component of D is preserved by the actions of G .

PROPOSITION 5.2.3. — Over F, the open strata of the stratification of Xg deduced
from Dg are exactly the orbits of (G x G)p in Xp. Moreover, associating to an orbit its
closure defines a I p-equivariant bijection from G(F)\X(F)/G(F) to € (X, D).

Proof. — We may assume that the field F'is separably closed. We then have T' = Tj,.
By Proposition [5.2.1] the map

Y(E)/T(F) — GIE)\X(F)/G(F)

which associates to the T'(F)-orbit of a point x in Y (F) the orbit G(F)xG(F') in X (F) is
surjective. By the theory of toric varieties, T'(F") has only finitely many orbits in Y (F).
Consequently, G x G°PP has only finitely many orbits in X.

Let Z be an element of €' (X, D), viewed as an irreducible closed subvariety of D. It is
smooth, and possesses a G'x G°PP-action. The group G x G°PP acts on Z with only finitely
many orbits; necessarily, one of these orbits, say Zy, is open in Z. Since Z is irreducible, it
follows that Z = Zy, and Z is the closure of a G x G°PP-orbit. By Theorem 2.1 of [30], there
exists an open affine subset X, of X such that Zj is the unique closed orbit of G x G°PP
in GX()G

Let us show that Z'\ Z, is contained in X \ GX(G or, equivalently, that ZNGX,G = Z,.
Indeed, let O be any orbit in Z distinct from Zy; we need to prove that O N GX G = @.
Let us denote by O the closure of O in X; since Z is open in Z, O has empty interior in Z,
hence is an irreducible subset of X whose dimension satisfies dim O < dim Z. However,
any action of an algebraic group on an algebraic variety has a closed orbit; in particular
ONGX,@G contains a closed orbit, which implies that ONGX,G D Z, and this contradicts
the assumption dim O < dim Zj.

Since Xj is open in X, it contains at least one point of G, hence GX(G contains G.
Consequently, X \ GX(G is contained in X \ G. Since GX(G is an G x G°PP-invariant
open subset of X, each irreducible component of Z \ Z, is contained in some irreducible
component of X \ GX,G which does not meet Zj.

Consequently, the orbit Z; is an open stratum of the stratification defined by the
boundary divisor D.

Conversely, let O be an orbit of G x G°°? in X and let Z be the stratum of minimal
dimension in %’ (X, D) which contains O. By the preceding argument, Z is the closure
of an orbit Z; whose complement Z \ Z, is a union of lower dimensional strata. By the
minimality assumption on Z, Zy = O, which proves that O is an open stratum.

The rest of the proposition follows at once. m
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The group of characters M, of Tj is the group of coinvariants of I in M (it is a quotient
of M), and its group of cocharacters Ny is the group of invariants of I" in N (a subgroup
of N). Let ty = dim Tj. Let ¥y denote the fan of Ny induced by ¥; it is simplicial albeit
not obviously smooth in general. This fan defines a toric variety X, which in fact is
isomorphic to the Zariski closure of Tj) in X.

5.3. Volume estimates for compactifications of semi-simple groups

5.3.1. Introduction. — Let GG be a semisimple algebraic group of adjoint type over a
field F' of characteristic 0. Let ¢: G — GL(V') be a faithful algebraic representation of G
in a finite dimensional F'-vector space V. The natural map

GL(V) — End(V) \ {0} — PEnd(V)

induces a map t: G — PEnd(V). Let X, be the Zariski closure of its image; it is a
bi-equivariant compactification of GG. Let 0.X, be the complement to G in X,.

When ¢ is irreducible with regular highest weight, X, is the wonderful compactification
defined by De Concini and Procesi in [16, 3.4]. In that case, X, is smooth and 90X, is a
divisor with strict normal crossings.

When F is a local field, we endow the vector space End(V') with a norm |-||. When
F' is a number field, let us choose, for any place v of F', a v-adic norm on End(V) ® F,,,
so that there is an op-lattice in End(V') inducing these norms for almost all finite places.
As it was explained in Sections [2.1.6| and [2.2.4] such choices give rise to a metric on the
line bundle &'(1) on the projective space PEnd(V'), resp. an adelic metric, when F is a
number field.

We claim that the line bundle &(1) on X, has a nonzero global section s, which is
invariant under G. Such a section s, is unique up to multiplication by a scalar, since the
quotient of two of them is a G-invariant rational function on X,. (See also [16], 1.7, p. 9,
proposition.)

To prove the existence, let us first observe that the line in End(V') generated by idy
is G-invariant. By semi-simplicity of G, there exists a linear form ¢, on End(V') which is
invariant under G and maps idy to 1. Let s, be the restriction to G of the global section
of 0(1) over PEnd (V') defined by ¢,. Now, we have

a9l _ )]
() ~ TleCo)]

for any g € G(F) when F is a local field, and similar equalities at all places of F' in the
number field case.

Consequently, for ' = R or C, the results of Section imply, as a particular case, an
asymptotic formula for the volume of sets of g € G(F') with [|¢(g)|| < B, when B — oo,
as well as similar (but weaker) estimates when F is a p-adic field. Similarly, when F' is
a number field, the volume estimates established in Section imply estimates for the
volume of adelic sets in G(Ap) consisting of adelic points of bounded height.

5.1l ((g)) = [le(g)lI ™",
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In the case of local fields, it requires further computations for making these estimates
explicit, in terms of the representation ¢. In particular, we will need to describe the
analytic Clemens complex of 0.X,

5.3.2. The wonderful compactification of De Concini and Procesi. — For simplicity, we
assume for the moment that G is split. We fix a maximal torus 7" of G which is split,
as well as a Borel subgroup B of G containing T'. We identify the groups of characters
X*(T) and X*(B), as well as the groups of cocharacters X.(7") and X.(B); we also let
a=2%X.(T)®zR and a* = X*(T) ®z R.

Let @, resp. T, be the set of roots of G, resp. of positive roots in X*(T); let 3 denote
the sum of all positive roots. Let A C ®1 be the set of simple roots; they form a basis
of the real cone in a* generated by positive roots, hence we may write 5 = > ,ca mqa for
some positive integers my,.

Let .: G — GL(V) be a representation as above; we assume here that ¢ is irreducible
and that its highest weight A is regular, .e., can be written as A = Y~ ca do, for some
positive integers d,. In that case, as recalled above, X, is the “wonderful compactification
of G” defined by De Concini and Procesi. The variety X, does not depend on the actual
choice of ¢, but the projective embedding does.

The irreducible components of X, \ G are naturally indexed by the set A; we will write
D,, for the divisor corresponding to a simple root .. Let D = > D,. The Clemens com-
plex € (0X,) is simplicial, and coincides with the F-analytic Clemens complex 3" (0X,)
since GG is assumed to be split.

The line bundles 0'(D,) form a basis of Pic(X,), as well as generators of the cone of
effective divisors (which is therefore simplicial). The restriction of Op(1) to X corresponds
precisely to A, and there is a canonical isomorphism

Openavy(1)|x, = O3 doDs).

acA

According to [16], the anticanonical line bundle of X, is given by

Kx'~0(> (ma+1)D,).
a€cA
Let ¥ C a* be the convex hull of the characters of T" appearing in the representation ¢.
This is also the convex hull of the images of the highest weight A under the action of

the Weyl group. This is a convex and compact polytope which contains 0 in its interior
by [33], Lemma 2.1.

LEMMA 5.3.3. — Let 0 = maxaea(ma/dy), let t be the number of elements o € A where
equality holds. Then o is the smallest positive real number such that 3/o € € and t is
the mazimal codimension of a face of € containing /0.

Proof. — For any simple root «, let a¥ be the corresponding coroot, so that the simple
reflexion s, associated to « is given by s,(z) = z — 2(a",z)«, for x € a*. We have
(a¥,a) =1 while («",a’) = 0 for any other simple root /.
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Within the Weyl chamber of A\, the polytope % is bounded by the affine hyperplanes
orthogonal to the simple roots a and passing through A. Consequently, a point x in this
chamber belongs to ¢ if and only (o",z) < (a¥,\). Moreover, such a point z belongs
to the boundary of ¥ if and only if equality is achieved for some simple root «; then,
the number of such « is the maximal codimension of a face of € containing z. For
r=[0/0=3pca(Mmo/o)a, we find

v Mo
(o’ )x—N) = . Aoy
hence the Lemma. O

Consequently, our geometric estimates (Theorem [{4.2.5) imply the following result of
Maucourant [33] under the assumption that G is split and V' has a unique highest weight.

COROLLARY 5.3.4. — Define 0 = max,ea(ma/da) and let t be be the number of a € A
where the equality holds.

Assume that ' =R or C. When B — oo, the volume V(B) of all g € G(F') such that
l(9)|| < B satisfies an asymptotic formula of the form:

V(B) ~ ¢B°(log B)' .

According to our theorem, the positive constant ¢ can be written as a product of the

combinatorial factor
C Fo

1
o(t—1)! };[A Aoy
and an explicit integral on the stratum of X, (F') defined by A, with respect to its canonical

residue measure.
In the p-adic case, Corollary similarly implies the following result:

COROLLARY 5.3.5. — Keep the same notation, assuming that F' is a p-adic field. Then,
when B — 00,

0 < liminf V(B) < i V(B) <+
iminf —————— <limsup —————— 00.
Be(log B)!—1 P Bo(log B)-1
5.3.6. The case of a general representations (split group). — We now explain how to

treat non-irreducible representations, still assuming that the group G is split.
By Proposition 6.2.5 of [I0], there is a diagram of equivariant compactifications

X
X, X

where X, is the wonderful compactification previously studied and X is smooth. Since the
boundary divisor of a smooth toric variety is a divisor with strict normal crossings, it then
follows from [I0], Proposition 6.2.3, that the boundary X of X is a divisor with strict
normal crossings in X. Moreover, the proof of this proposition and the local description of
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toroidal G-embeddings in loc. cit., §6.2, show that X is obtained from X,, by a sequence of
T-equivariant blow-ups. Therefore the boundary dX consists of the strict transforms Dy,
of the divisors D,, indexed by the simple roots, and of the exceptional divisors E; (for i
in some finite index set I'). These divisors form a basis of the effective cone in the Picard
group. The anticanonical line bundle of X decomposes as a sum

> (ma+1)Dy+ > E;.

acd i€l

Let L be the line bundle 7™ 0(1) on X: let us write it as L = 3> Ao Do + S ME; in the

above basis. Since we can compute volumes on X, our estimates imply that V(B) has an
asymptotic expansion of the form given in Corollary [5.3.4] o being given by

Me 0 Me
0 = max [ max =, max =— | = —,
acd /\a i€l )\ acd )\,

and t is again the number of indices o € &/ where equality holds. 3

Observe that the definition of o precisely means that the line bundle o7n*L — (K 3 +0X)
belongs to the boundary of the effective cone of X; the integer ¢ is then the codimension
of the face of minimal dimension containing that line bundle. These properties can be
checked on restriction to the toric variety Y given by the closure of T in X; indeed the
restriction map Pic(X) — Pic(Y) is an isomorphism onto the part of Plc(Y) invariant
under the Weyl group, and similarly for the effective cone. To determine o, it now suffices
to test for the positivity of the piecewise linear (PL) function on the vector space a*
associated to this divisor.

The above formula for the anticanonical line bundle of X implies that the PL function
for K¢ + 0X is that of Kx, + 0X,,.

On the other hand, the theory of heights on toric varieties relates the PL function
corresponding to a divisor to the normalized local height function (see [4]). The formula
is as follows. Let D be an effective T-invariant divisor, the corresponding T-linearized
line bundle has a canonical T-invariant nonzero global section sp. For t € T'(F), let £(t)
be the linear form on a defined by x — log|x(¢)]; dually, one has £(t)(x) = (x,log(t)).
Then, the norm of sp with respect to the canonical normalization is given by

log [|sp()||™" = ¢ (£(1)).

If the local height function is not normalized, the previous equality only holds up to the
addition of a bounded term.
In our case, let ® be the set of weights of T" in the representation ¢. Then, for ¢t € T'(F),

[e(t)]] ~ max Ix@®)l,
hence
log [|s,(8)[| ™" = log [[u(t)]| = rilgglog Ix(®)] +O(1).

In other words, the line bundle 7*L corresponds to the PL function ¢, = max,cqs(X, )
on a*.
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As explained above, o is the least positive real number such that the PL function sy,
is greater than the PL function ¢ associated to Kx' (—9X). Since the Weyl group acts
trivially on the Picard group of X, these PL functions are invariant under the action of
the Weyl group and it is sufficient to test the inequality on the positive Weyl chamber C'
in a.

Let (w,) denote the basis of a* dual to the basis (o) — up to the usual identification
of a with its dual given by the Killing form of GG, this is the basis of fundamental weights.
One has C =3, R, w,.

Recall also that (3 is the sum of the fundamental weights of GG, hence belongs to the
positive Weyl chamber in a*. It follows that w@ > [ for any element w in the Weyl
group W (Bourbaki, LIE VI, §1, Proposition 18, p. 158). It follows that (wf, w,) <
(B,w04) for any w € W. Consequently,

ps(y) = max(wpf,y) = (B, y)
for any y € C'. Moreover, if y = > y,@w, € a, then

<ﬁay> = <Z maavzyawa> = Zmaya-

Let A be the set of dominant weights of ¢ with respect to C. For any A € A, let us
write A = Y A\,«, for some nonnegative A, € Z. Consequently, for any y = > y,w, € C,
with y, = 0 for all «, one has

pu(y) = max(y, y) = max(}, y) = max (Zaj Aaya) :

The condition that sy,(y) = ¢ on C therefore means that smaxyep A\, > m, for any
a € ®. In other words, o = max(ma/j\a), where we have set \, = maxycp \o. Moreover,
t is the number of simple roots « such that 5\a0 = mMy,.

As in [33], let € be the convex hull of ® in a*; it is a compact polytope whose dual €*
is defined by the inequality ¢,(-) < 1in a*. Let s be a positive real number. By definition,
B/s belongs to € if and only if (3/s,y) < 1 for any y € a* such that ¢,(a) < 1. This is
precisely equivalent to the fact that sp, — (/3,-) is nonnegative on a*.

Let y € a* and let w € W be such that wy € C. Since ¢, is invariant under W,

spu(y) — (B,y) = se(wy) — (w™' B, wy) < sp.(wy) — (B, wy),
with equality if and only if w = e. We have thus shown that 3/s € ¥ if and only if the
PL function sy, — ¢g is nonnegative. In other words, o is the least positive real number
such that /o belongs to €, as claimed by Maucourant in [33].
Let .Z be the face of € containing /0. It is also explained in [33] that the dual face
of .# is contained in the positive Weyl chamber C' (Lemma 2.3) and is given by

Fr={yec€; B,y =o}.

If again we decompose y as 3 9o @,, it follows that .7 * identifies as the set of nonnegative
(Ya) such that ¢,(y) <1 and (3,y) = 0. The first condition gives us 3~ Aoy < 1 and the
second is equivalent to > my,y, = o. This implies Yy, = 1 and y, = 0 if 0 # ms/Aa.
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Consequently, codim.# = dim.#* = t, showing the agreement of our general theorem
with the result obtained by Maucourant in [33], under the assumption that G is split.

5.3.7. The general case. — We now treat the general case of a possibly non-split group.
Let T be be a maximal split torus in GG, so that its Lie algebra ag is a Cartan subalgebra of
Lie(G). We have already explained how the F-analytic Clemens complex of X is related
to the toric variety Y given by the closure of 7" in X. As a consequence, all positivity
conditions and dimensions of faces which intervene in our geometric result rely only on
the divisors which are “detected” by Y, hence are expressed in terms of PL functions in a*.
The previous analysis now applies verbatim and allow us again to recover Maucourant’s
theorem.

5.8.8. Adelic volumes. — Let us now assume that I’ is a number field. Theorem 4.4.5
describes the analytic behavior of the volume — with respect to the Haar measure — of
adelic points in G(Ap) of height < B, when B — oo. This allows to recover Theorem
4.13 in [24]. In fact, that Theorem itself is proved as a corollary of the analytic behavior
of the associated Mellin transform which had been previously shown in [42, Theorem 7.1].
Similarly, this analytic behavior is a particular case of our Proposition [4.4.4]

5.4. Relation with the output of the circle method

Let X be a non-singular, geometrically irreducible, closed subvariety of an affine space V'
of dimension n over a number field /. When F = Q, W = A" and X is defined as
the proper intersection of r hypersurfaces defined Let n be a positive integer and let
fi,..., fr € Z[Xy, ..., X,] be polynomials with integer coefficients.

The circle method furnishes eventually an estimate, when the real number B grows
to 0o, of the number N (X, B) of solutions z € Z" of the system X given by fi(z) =
-+ = fr(x) = 0 whose “height” ||z|| is bounded by B. A set of conditions under which
the circle method applies is given by [6]; it suffices that the hypersurfaces {f; = 0} meet
properly and define a non-singular codimension r subvariety of A", and that n is very
large in comparison to the degrees of the f;.

Let us assume that X = V(fi,..., f;) is smooth and has codimension r. By the circle
method, an approximation for N(B) is given by a product of “local densities”: for any
prime number p, let
# X (Z/p*Z)

/“LP (X) = hm pk dim X )

k—o00

for the infinite prime, let
Uoo( X, B) = lir%g_rvol{x e R"; ||z|| < B, |fi(x)| <¢e/2},

where vol refers to the Euclidean volume in R”. In some cases, one can indeed prove that
N(X,B) ~ pioo(X, B) [1p<oo ttp(X) when B — oo.

As already observed by [7] (Section 1.8) we first want to recall that the right-hand-
side V (X, B) of this asymptotic expansion is really a volume. Under the transversality
assumption we have made on the hypersurfaces defined by the f;, there exists a differential



60 ANTOINE CHAMBERT-LOIR & YURI TSCHINKEL

form @ on a neighborhood of X in A" such that
OANdfi A ANdf, =dxg Ao Aday,.
The restriction of @ to X is a well-defined gauge form w on X and
poelX.B) = [y Al @), ()= [ o, (pprime).
loll<B X(Zs)

Let us write [t : z] for the homogeneous coordinates of a point in P™*(K), so that ¢t € K
and z = (21,...,2,) € K™ One then defines an metric on ¢'(1) by the formula

|F'(t, )]

max([t], [l][)dee "

lsell (¢ - 2]) =

for any point [t : ] € P"(R) and any homogeneous polynomial F' in Rlt, z]|, sp being
the section of &'(deg F') attached to F. Let fy be the section corresponding to F' = t; for
B > 1, the condition ||z|| < B can thus be translated to |[fo]| ([1: z]) > 1/B.

First assume that the Zariski closure of X in P™ is smooth; let D be the divisor V (fy)
in X. Letting d = Y deg(f;), the divisor of w is equal to d — n — 1. In that case, the
measure |w| coincides with the measure 7 (,11_4p on X(R), so that j. (X, B) is an
integral of the form studied in this paper, namely

froo (X, B) = T(x (nr1-ayp) ([[foll = 1/B).

Assume n > d. Then, when B converges to infinity, Theorem implies that
tioo (X, B) =~ B"%(log B)*"!, where b is the dimension of the Clemens complex of the
divisor D(R), that is the maximal number of components of D(R) that have a common
intersection point. (When n = d, a similar result holds except that b — 1 has to be
replaced by b.)

The paper [19] showed that this asymptotic does not hold for the specific example of
a generic SL(2)-orbit of degree d binary forms. For example, when d = 3, this amounts
to counting points on an hypersurface of degree 4 in P* and the expected exponent 0 =
4 — 4 is replaced by 2/3. This discrepancy is explained by [26]: observing that (X, D) is
not smooth in that case, they computed a log-desingularization of (X, D) on which the
behaviour of the integral 1..(X, B) can be predicted.

In the general case, let us thus consider a projective smooth compactification Y of X
together with a projective, generically finite, morphism 7: ¥ — X such that, over Q, the
complementary divisor £ to X in Y has strict normal crossings. Let E, be the irreducible
components of E. It is customary to assume that 7 induces an isomorphism over X, but
this is not necessary in the following analysis; it is in fact sufficient to assume that the
degree of 7 is constant on the complement to a null set.

Let us pose 1 = m*w; then, the divisor of 1 has the form div(n) = — Y po Eo = —E', so
that

poolXB) = [ pmy Il =75y {lImoll > 1/B)).

[7=fol[>1/B
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Write also m*D = Y A\,E,. According to Theorem [¥4.2.5, p.o(X, B) ~ B%(log B)"*
where now, a = max(p, — 1)/A,, the minimum being restricted to those a such that
E.(R) # @; the integer b is the dimension of the subcomplex of the analytic Clemens
complex consisting of those F, achieving this minimum. (When a = 0, b — 1 is replaced
by b.)

Let us give the specific example of an SL(2)-orbit in the affine space of binary forms of
degree d, as treated in [26]. That paper constructs a pair (17, E) with an action of &,, such
that E = F1+ FE5 has two irreducible components, the divisors Fy and Ey (denoted A[n—1]
and A[n] in that paper) forming a basis of the &,-invariant part of Pic(Y’), Moreover,
K;l = E; + 2F;. They compute the inverse image of & (1) and obtain "52 By + 5 E,
(loccit. , Lemma 3.3). Consequently, (p; — 1)/A; = 0 and (p2 — 1)/Ay = 2/n. Finally,
a=2/n and b = 1, implying that p..(X, B) ~ B>/,

Let us return to the general case, and assume that K¢ is Q-Cartier. Then, the log-
discrepancies (e,) are defined by the formula

Ky(E) =" (Kx (D)) + > _caFa,

so that 1 — p, = (d — n)\, + &, for any a. Then,

a=n—d+ min _Ea,
o )\a
where, again, the minimum is restricted to those a such that E,(R) # @. When (X, D)
has log-canonical singularities, ¢, > 0 for each a and one obtains again a < n — d since
the log-discrepancy corresponding to the strict transform of the components of D is 0.
However, in the case treated by [26], e = 0 and 5 = —1, leading to the opposite
inequality a = % > 0.

5.5. Matrices with given characteristic polynomial

5.5.1. — Let Vp be the Z-scheme of matrices in the affine 4-space whose characteristic
polynomial is X2 + 1, and let By be the euclidean ball of radius 7" in R*. Shah gives
in [41] the following asymptotic expansion:

V(@) N Br) ~ TG e T TG(1) 25 = Co T
T TTeR) TR ) T
where (g, is the leading term at 1 of Dedekind’s zeta function relative to the number
field Q(7).

A matrix in Vp has the form (§ %) with 22 + yz+1 = 0. Let X denote the subvariety
of P3 defined by X?+Y Z+T? = 0. It is smooth of dimension 2 over Z[1/2]. The scheme
Vp is exactly the open subset U C X defined by T' # 0. The divisor at infinity D = X \ U
is defined by T = 0; it is smooth as well (still over Z[1/2]).

5.5.2. — Let p be an odd prime number. One has #U(F,) = p*> + (%)p. Indeed, z # 0

gives p(p — 1) points. If z = 0, y may be arbitrary and z has to be £+/—1, hence 2p
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points if —1 is a square and 0 else. Finally,
-2 1\ 1
vol U(Z,) = p 2 #U(F,) = 1+ ().

For p = 2, we split U(Zs) in two parts:
— y odd, so that z = —(22 + 1) /y. This has measure 1/2.
— y = 2y even, which implies that ¢y and x = 22’ 4+ 1 odd, so that

z=—("+1)/y=—(1+22"+2(')*)/y .

This has measure 1/4. Indeed, it parametrizes as

r=1+2u
2
Y71 +2v
z=(1+2u+2u®)(1+2v) = 1+ 2u + 2v + 2u*(1 + 20) + duv,
with (u,v) € (Zy)%. The differential of this map is given by the matrix
2 0 1 0
0 —4(1420)2 | =2 0 —2(1 4 2v) 2
2+ 4u(l + 3v) 2 4 (4u? + 4u) 14 2u(l+3v) 14+ 2u(l +u)

and is twice a 2 x 3 matrix with coefficients in Zs, of which one of the 2 x 2 is
invertible. Therefore, the measure of its image is [2]2 = 1/4.
Finally, volU(Zy) = 1/2 +1/4 = 3/4.

5.5.3. — The virtual character P(U) is —[x], for x = (—1/-) the quadratic character
corresponding to Q(7). We will prove this in general below, however, this can be seen
directly as follows.

First, U is an hypersurface of the affine 3-space, so it has no non-constant invertible
function. Let us now study its Picard group. Over Q(i), X is the hypersurface of P?
defined by the equation (x+it)(—x +it) = yz, so is isomorphic to P* x P!, the two factors
being interchanges by the complex conjugation. Consequently, Pic(X ), being generated
by these two lines, is the Galois module 1 @ [x]. The result then follows from the fact
that Pic(X ) maps surjectively to Pic(Ug), its kernel being the submodule generated by
the class of the hyperplane of equation ¢t = 0 in P3.

The L-function of P(U) has local factors L,(P(U),s) = 1 — <’?1)p_5. The product
L(P(U),s) of all L, for p > 2 is exactly L(x,s)"*. At s = 1, it has neither a pole, nor a
Z€ero.

5.5.4. — One has

volU(Zy) T] vol U(Z,)L,(1) = i [[(1-p72) = fz =¢(2)7%

p>2 p>2
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As L(x, 5)¢(s) = Cqq(s), one has L(x, 1) = (§;)(1) and the normalized volume of U(Ay)

is equal to '
Caei (1) RO}

5.5.5. — Now we have to compute the volume of the divisor at infinity. Due to the way
matrices are counted in [41] (one wants 22 + y? + 22 < T?) the natural metric on the
tautological bundle of P? is given by the formula

P(z,y,z,1t)

HSPH (IIyIZIt): deg P/2°

max (2 [z* + |y” + |2, [t*)
where P is a homogeneous polynomial in 4 variables and sp the corresponding section of
O (deg P).

The divisor D has equations s; = X? +YZ +T? =0 and s = T = 0 in P3. We'll
compute its volume using affine coordinates (y, z,t) for P? and x for D. Affine equations
of D corresponding to the two previous sections are 1 +yz 4+ t> = 0 and t = 0. One has

dl+yz+tH) Ade Adt = zdy Adz Adt,
and by definition,

2, 2 ,2)2

|dy A dz A di|| :max<2—|—y + 25t ) :

Consequently, on D, one obtains the following equalities
Il 1 o

14+ yz+t2 max(2+y>+22,t2) 2+ y? + 22
(since t =0 on D) and
[sall 1 1

[t]  max(24y2 + 22, 2)1/2 (242 + 22)1/2

lim

lim

Finally,
[[s1]] sl
im
11+ yz + ¢ |t]

= |z| max (2 + 97 + 22,t2)1/2 = |2| (2 +(1/2)" + 22)

|dz]| = |lzdy A dz A dt|| lim
1/2

_ (1+2z2+z4>1/2 =1+ 22
so that the canonical measure on D(R) is given by |dz| /(1 + 2?). Hence, vol D(R) = 7.
5.5.6. — Finally, we obtain that Shah’s constant C'y2,; satisfies
Oy = 2vol D(R) vol U (A,),
compatibly with Theorem
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Appendix A

Tauberian theorems

Let (X, ) be a measured space and f a positive measurable function on X. Define

2(5)= [ 1@ duta) and V(B) = u({f(@) < BY).

One has
—+o0
Z(s) = B~*dV(B).
0

THEOREM A.1. — Let a be a real number; we assume that Z(s) converges for Re(s)

> a
extends to a meromorphic function in the neighborhood of the closed half-plane Re(s) > a —

for some positive real number J.
If a <0, then V(B) has the limit Z(0) when B — oo.
Furthermore, assume that:

a) Z has a pole of order b at s = a and no other pole in the half-plane Re(s) > a — 6.

and

9,

b) Z has moderate growth in vertical strips, i.e., there exists a positive real number k such

that for any T € R,
|Z(a—0+i1)| < (14 |7])".

Then, there exist a monic polynomial P, a real number © and a positive real number € such

that, when B — 00,
V(B) - {@B“P(log B) + 0(B*¢) . z:fa > 0;
Z(0)+©B*P(log B) + O(B*¢) ifa<0.
Moreover, if a # 0, then
deg(P)=b—1 and ©a(b—1)! = lim(s—a)’Z(s)

S—a
while

deg(P)=b and ©b = lim(s — a)’Z(s)

sS—a
ifa=0.
For any integer k > 0, let us define

- ]:!/f(w)@ <log fi))k du(z) = ;,/X (log+ i@)k dp (),

where log™ (u) = max(0,logu) for any positive real number u.

Vi(B)

LEMMA A.2. — Let k be an integer such that k > k. Then there exist polynomials P and Q

with real coefficients, a real number § > 0 such that

Vi(B) = B*P(log B) + Q(log B) + O(B*™).
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Moreover, the polynomials P and Q satisfy

(A 3) P(T) _ m@Tbil_i‘... Zfa#(),
' 0 if a=0;
0 if a > 0;
(A.4) QT) = g ©T" ™ +... ifa=0;
HZ0)TF + ... if a < 0.

Proof. — We begin with the classical integral
ds 2im
AN = = (logT(\))*
LN g = T e ()"
where o and A are positive real numbers. For ¢ > max(0, a), this implies that

VlB) = o7 [ log (B/1(@))* dp(e)

1 o ds
N /X 2 /U_HR(B/]C(QU)) s du(z)
1 s ds
~ 2im /<7+iRB Z(s) e

where the written integrals converge absolutely. We now move the contour of integration to the
left of the pole s = a, the estimates for Z(s) in vertical strips allowing us to apply the residue
theorem. Only s = a and s = 0 may give a pole within the two vertical lines Re(s) = o and
Re(s) = a — § and we obtain

B*Z(s) 1 ds
Vk(B) = Z ReSs:u <k+1> + 7/ BSZ(S) T‘Fl
wefoa) s 20T Ja—s+iR s
a—d<u<o

Ifa >0and a—6 > 0, or if a < 0, one checks that there exists a polynomial P of degree b—1
and of leading coefficient © /a**1(b — 1)! such that

B*Z(s) a
Ressza <3k+1) =B P(lOgB)

In the case a > 0, we moreover set Q = 0.
If a = 0, let us set P = 0. There exists a polynomial @) of degree b+ k and of leading coefficient
©/(b+ k)! such that
B3Z(s
Ress—o <s’f+(1)> = Q(log B).
Finally, if a < 0, one verifies that there exists a polynomial Q) of degree k and of leading
coefficient Z(0)/k! such that

Ress—o (%) = Q(log B).

This implies the lemma. O
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LEMMA A.5. — Assume that there are polynomials P and Q, and a positive real number §, such
that

Vi(B) = B*P(log B) + Q(log B) + O(B*™?),
where we moreover assume that P =0 ifa =0 and Q =0 if a > 0. Then for any positive real
number &' such that 6’ < 6/2, one has the asymptotic expansion

Vi_1(B) = B%(aP(log B) + P'(log B)) + Q'(log B) + O(B*™%").
Proof. — For any u € (—1,1), one has
Vi(B(1 +w)) — Vi(B) = B*(P(log(B(1 +w))) — P(log B))
+ Qog(B(1+u))) — QUlog B) + O(B™)
— B*P(log B)((1 +u)* — 1)
+ B*(1 +u)*(P(log B +log(1 + u)) — P(log B))
+ (Q(log B + log(1 4 u)) — Q(log B)) + O(B*™%)
= B*P(log B) (au + O(u?)) + B*P'(log B)u + B*O(log B)4°& F~2y2)
+ Q'(log B)u + O((log B)89=242) +0(B*79).
Let € be a positive real number; if u = £ B~¢, we obtain
Vi(B(1 +w) - Vi(B)
log(1 + u)

= B%aP(log B) + P'(log B)) + O(B*~%))

+@Q'(log B) + O(B™) + O(B**),
where the O notation indicates unspecified powers of log B. If ¢’ < §/2, we may choose € such
that 0’ < e < /2 and then,
Vi(B(1 4 u)) — Vi(B)

log(1 + )

On the other hand, for any real number u such that 0 < u < 1, and any positive real number A,
one has

(A.6) — B%(aP(log B) + P'(log B)) + Q'(log B) + O(B*™?").

log(A(1 — w))* — log(A)*
log(1 — u)
which implies the inequality
Vi(B(1 —u)) — Vi(B)

log(A(1 + )" — log(A)*
log(1 + w) ’

< klog(4)F! <

Vi(B(1 + u)) = Vi(B)

(A7) log(1 — w) S Viea(B) < log(1 + u)

Plugging in the estimates of Equation , we deduce the asymptotic expansion

(A.8) Vi—1(B) = B*(aP(log B) + P'(log B)) + Q'(log B) + +O(Ba_5/),

as claimed. O
Proof of Theorem[A.]] — We now can prove our Tauberian theorem. Let k be any integer such

that £ > k. Lemma implies an asymptotic expansion for Vi (B); let P,@Q,d be as in this
Lemma. Applying successively k times Lemma we obtain the existence of an asymptotic
expansion for V(B) of the form

V(B) = B*D*P(log B) + DEQ(log B) + O(B*%),
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for some positive real number §' (any positive real number ¢’ such that ¢’ < §/2% is suitable),
where we have denoted by D, and Dy the differential operators P +— aP + P’ and P — P'.

For a # 0, the operator D, doesn’t change the degree but multiplies the leading coefficient
by a. Consequently,

1 b— :
DkP(T): m@ 1+ lfa;éO,
¢ 0 if a = 0.
Similarly, the operator D decreases the degree by 1 and multiplies the leading coefficient by the
degree. It follows that

Z(0 ) if a <0
DEQ(T) =4 £0T" +... ifa=0;
0 ifa > 0.
Theorem now follows easily. O

In ultrametric contexts, the function f usually takes values of the form ¢", with n € Z, where
q is a real number such that ¢ > 1. In that case, the function Z is (2im)/log ¢-periodic, its poles
form arithmetic progressions of common difference 2im/log ¢, and Theorem doesn’t apply.

Let ¢ be a real number with ¢ > 1 and assume that f(z) € ¢Z for any = € X.

Let a be a nonnegative real number; let us assume that Z(s) converges for Re(s) > a and
extends to a meromorphic function in the neighborhood of the closed half-plane Re(s) > a — 0,
for some positive real number §.

Suppose furthermore that the poles of Z belong to finitely many arithmetic progressions of
the form a; + 10gq2’L7TZ where aq,...,a; € C are complex numbers of real part a, not two of
them being congruent mod 2im/logg; let b; = ords=q; Z(s) and let ¢; = lims_.4, (s — a;)b Z(s).

Let us make the change of variable u = ¢~* and set Z(s) = ®(u). The function ® is defined
by

= Z Znpu™, where Z, = p({f(z) = q"});
nez
it is defined for 0 < |u| < ¢~* and is holomorphic in that domain; moreover, it extends to a
meromorphic function on the domain 0 < |u| < ¢°~¢, with poles at g% (for 1 < j < t) such
that
lim (1 —¢%u)%®(u) = lim (1 —¢% %)% Z(s) = (logq)¥¢;.

u—q i i

Consequently, there are polynomials p; of degree b; and leading coefficient (log q)% c¢;j such that
7 ~ pju)
-3 T

is holomorphic in the domain defined by 0 < |u| < ¢°~¢. Therefore, the Cauchy formula implies
an asymptotic expansion of the form

t
Zy =Y Pi(n)g%™ + O(g@=% ),
j=1

where ¢’ is any positive real number such that 0 < ¢’ < ¢ and, for 1 < j < t, P; is a polynomial
of degree b; — 1 and of leading coefficient c;(log )% /(b; — 1)!.
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Since the Laurent series defining ® has nonnegative coefficients, the inequality |Z(u)| < Z(|ul)
holds for any u € C such that 0 < |u| < ¢~%. In particular, we see, as is well known, that ® has
a pole on its circle of convergence. This means that, unless t = 0, we can assume that a1 = a
and that b; < by for all j.

We are not interested in the sequence (Z,) itself, but rather on the sums V(¢") = 3=, <, Zn,
when n — oo. (Their convergence follows from the fact that ®(u) converges for arbitrary small
nonzero complex numbers w.)

We begin by observing that for any integer j, there exists a polynomial ); such that

Pij(m) = Qj(m) — ¢~ Qj(m — 1)

for any m € Z. Moreover, if ¢% # 1, then there is only one polynomial satisfying these relations,
its degree satisfies deg(Q;) = deg(P;) while its leading coefficient is equal to lcoeff(P;)/(1—¢~%);
however, if ¢% = 1, then deg(Q;) = deg(P;) + 1 and lcoeff(Q;) = lcoeff(P;)/(deg(P;) + 1).

Let us now separate the discussion according to the value of a.

Case a < 0. — Then, V(¢") has the limit (1) when n — 400, and

V(") =@1) = > Zy=0(1) = > ¢“™Pi(m) + 0(g(a=9m),

m>n j=1lm>n

provided ¢’ < § is chosen so that a < a + ¢ < 0. Since

> ¢ Pi(m) =) (qaijj(m) —q%mDQ;(m — 1)) = —¢""Q;(n),

m>n m>n
we obtain that

t
(A.9) V(g") =2(1) + Y ¢“"Q;j(n) + O(¢* ™).
j=1

Case a > 0. — In that case, we have

Vg =33 (a™Q;(m) — ¢ DQ;(m — 1)) + O(¢ ™),

j=1m<n

so that
¢
(410 V(@) = 3 a""Qsn) + O ),
j=1

Moreover, deg(Q;) = b; for all j.
Case a = 0. — Then V (¢™) also satisfies the asymptotic expansion (A.10]). However, deg Q1 =
by +1 and deg Q; < b; < by for j # 1, and we obtain

(A.11) lim V(¢")n™" ! lcoeff(Q1) leoeff (Py) (logg)"
. im n coe = coe =c .
nivoe |\ Y 1 O
COROLLARY A.12. — Let us retain the previous hypotheses, assuming moreover that a > 0.

Then, we have the following weak asymptotic behavior:

0 < liminf V(¢")g~*"n~" <limsup V(¢")g~*"n~"" < oo.
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COROLLARY A.13. — Let us assume that for some positive integers b and d, the function
Z(5)(1—q'*= 94 has a holomorphic expansion in some neighborhood of the half-plane {Re(s) >
a—08}. Then, where n is restricted to belong to any arithmetic progression mod. d, the sequence
(V(g")g " log(q™) ™) has a limit.

Proof. — The assumptions allow us to set t = d and a; = a+2in(j —1)/dlog(q), for 1 < j < d,
and b; = b. Let us fix m € N and let us write n = m + kd, where k € N goes to infinity. For
n € N, we may write

Q;(n)

d
V(g")g " og(q") ™" D g S 4 O(g70).
s (nlogq)®

The asserted convergences follow from the fact the observation that for any 7, ¢(%~®" is a dth
root of unity. More precisely, we find

: ny ,—na n\— 1 d . . Cj
dim - V(¢")g " log(q") b Go1 Zexp(Qm(] - 1)/d)1_73_aj,
n=ng (mod d) =1 q

where
;= lim (s = 0;)"Z(s)
O
The following corollary has been inspired by work in progress by Cluckers, Comte and Loeser.

COROLLARY A.14. — Let V*(¢") be the Cesaro mean of V(q"), namely

1 n
Vi(¢") = > V™).
n+1 o
If a > 0, then V* satisfies
by
. *( . n\,—an, —by __ (log q)

nh_)nolOV (@")g “"n _Cll—q*a'

If a <0, then
by
: *0on\ —an,,—b1 _ (log Q)
Jim (V*(¢") = Z(0)) ¢ ""n =

Proof. — This follows from the main result and the fact for any complex number z € C such
that |z| = 1 but z # 1, the sequence (z") Cesaro-converges to 0. O

We conclude this Appendix by a Tauberian result which is useful in S-integral contexts.

THEOREM A.15. — Let a be a real number; we assume that Z(s) converges to a holomorphic
function for Re(s) > a. Let us furthermore assume that it has a meromorphic continuation of
the following form: there exists a positive integer b > 1 and a finite family (q;,b;)jes where g;
is a real number such that g; > 1 and b; is an integer satisfying 1 < b; < b—1 such that, setting
bo =b— > ey bj, the function Zy defined by

Zo(s) = Z(s) <S’5;il>b0 10 (1 B qj—“)bj

jeJ
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extends to a holomorphic function with moderate growth in vertical strips, i.e., there exists a
positive real number k such that for any T € R,

|Z(a—0+ir)| < (14 |7])".

Assume also that for any two j,j" € J, logq;/logqj is not a Liouville number.
Then, there exist a monic polynomial P, a real number © and a positive real number € such
that, when B — o0,

V(B) = OB*P(log B) + O(B*(log B)™x(b:)) ifa>0;
"~ 12(0) + ©B*P(log B) 4+ O(B*(log B)™*(®))  jf a < 0.

Moreover, if a # 0, then
deg(P)=b—1 and ©a(b—1)! = lim(s —a)’Z(s)

S—a
while

deg(P)=b and ©Ob! =lim(s —a)’Z(s)

S—a

ifa=0.

Proof. — For any integer k > 0, let us define

Vi(B) = li!/f(x)@ <10g jﬁ))k dp(z) = ;,/X <1Og+ fg)>k dp(z),

where log™ (u) = max(0,logu) for any positive real number u.
As in Theorem we begin by proving an asymptotic expansion for Vj(B), where k is an
integer satisfying k > k. As above, we have

1 s ds
nB) =g [ B
for ¢ > a, and we will move the line of integration to the left of s = a, the novelty being the
presence of infinitely many poles on the line Re(s) = a, namely at any complex number of the
form a;,m = a + 2imn/log g;, for some j € J and some integer m € Z.

Let F}, be the holomorphic function given by Fi(s) = B*Z(s)/s**!. Let u be any common
irrationality measure for the real numbers log ¢;/ log g/, namely a real number such that for any
two integers m and m' such that mlogg; + m'log g # 0, we have

|mlogq; +m'loggj| > max(|m|,|m/|)7H.

A straightforward computation based on Leibniz and Cauchy formulae shows the existence of
a positive real number ¢ such that for any j € J and any nonzero m € Z,

[ReSeagm Fi(s)] < o1+ [Im ay )48 log By,

where 3 = > ;c;b;. Moreover, as in the proof of Lemma there exists a polynomial P of
degree deg(P) = b — 1 with leading coefficient ©/a**1(b — 1)! such that

Ress—q Fi(s) = B*P(log B).
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We choose k such that k > x + pf. Since b > max(b;), these upper bounds imply that the sum
of residues of F} at all poles of real part a is dominated by the residue at a = 0 and satisfies the
following estimate

> Res Fy(s) = B“P(log B).
Re(s)=a
If a > 0, we set Q = 0; if a < 0, there exist a polynomial ) of degree b + k and leading
coefficient ©/(b + k)! such that

Ress—o Fi(s) = Q(log B).
We may then continue as in the proof of Lemma [A2] and conclude that
Vi(B) = B*P(log B) + Q(log B) + O(B“(log B)").
An application of Lemma[A.5]similar to that of Theorem [A.1]then implies Theorem O
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