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Abstract

Let £ = (L,| - |ls) be an ample metrized invertible sheaf on a
smooth quasi-projective algebraic variety V over a number field F.
Denote by N(V, L, B) the number of rational points in V' having £-
height < B. In this paper we consider the problem of a geometric and
arithmetic interpretation of the asymptotic for N(V, L, B) as B — oo
in connection with recent conjectures of Fujita concerning the Minimal
Model Program for polarized algebraic varieties.

We introduce the notions of L-primitive varieties and L-primitive
fibrations. For L-primitive varieties V over F' we propose a method
to define an adelic Tamagawa number 7, (V') which is a generalization
of the Tamagawa number 7(V') introduced by Peyre for smooth Fano
varieties. Our method allows us to construct Tamagawa numbers for
Q-Fano varieties with at worst canonical singularities.

In a series of examples of smooth polarized varieties and singu-
lar Fano varieties we show that our Tamagawa numbers express the
dependence of the asymptotic of N(V, L, B) on the choice of v-adic
metrics on L.
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1 Introduction

Let F' be a number field (a finite extension of Q), Val(F') the set of all
valuations of F', F), the v-adic completion of F' with respect to v € Val(F'),
and |- |, : F, — R the v-adic norm on F, normalized by the conditions
%)y = |Np,/q,(x)|p for p-adic valuations v € Val(F).

Consider a projective space P™ with standard homogeneous coordinates
(20, .--, 2m) and a locally closed quasi-projective subvariety V' C P™ defined
over F' (we want to stress that V is not assumed to be projective). Let
V(F') be the set of points in V' with coordinates in F'. A standard height
function H : P™(F) — R is defined as follows

Hy= [ max {5}

veVal(F

A basic fact about the standard height function H claims that the set
{z € P"(F) : H(x) < B}
is finite for any real number B [29]. We set
NWV,B)=#{x € V(F) : H(z) < B}.

It is an experimental fact that whenever one succeeds in proving an
asymptotic formula for the function N(V, B) as B — oo, one obtains the
asymptotic

N(V,B) = ¢(V) B (log B)"")~!(1 + o(1)) (1)

with some constants a(V) € Q, b(V) € 1Z, and ¢(V) € R~o. We want to use
this observation as our starting point. It seems natural to ask the following:

Question A. For which quasi-projective subvarieties V. C P™ defined
over I do there ezist constants a(V) € Q, b(V) € 3Z and ¢(V) € R such
that the asymptotic formula (1) holds?

Question B. Does there exist a quasi-projective variety V. over F with
an asymptotic which is different from (1)?



In this paper we will be interested not in Questions A and B themselves
but in a related to them another natural question:

Question C. Assume that V is an irreducible quasi-projective variety over
a number field F such that the asymptotic formula (1) holds. How to com-
pute the constants a(V'),b(V) and c¢(V') in this formula via some arithmetical
properties of V' over F' and geometrical properties of V over C?

To simplify our terminology, it will be convenient for us to postulate:

Assumption. For all quasi-projective V',V with V' ¢ V C P™ and
|V(F)| = oo there exists the limit
N(V', B)

lim ———+

B N(V,B) "

The following definitions have been useful to us:

Definition S;. A smooth irreducible quasi-projective subvariety V' C P™
over a number field F' is called weakly saturated, if |V (F')| = oo and if for
any locally closed subvariety W C V with dim W < dim V' one has

N(W, B)

—_— 1.
N(V,B) ~

limB_>oo

It is important to remark that Question C really makes sense only for
weakly saturated varieties. Indeed, if there were a locally closed subvariety
W C V with dimW < dim V' and

. N(W, B)

llmB_>oo N(V, B) = 1,
then it would be enough to answer Question C for each irreducible compo-
nent of W and for all possible intersections of these components (i.e., one
could forget about the existence of V' and reduce the situation to a lower-
dimensional case). In general, it is not easy to decide whether or not a
given locally closed subvariety V' C P™ is weakly saturated. We expect
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(and our assumption implies this) that the orbits of connected subgroups
G C PGL(m + 1) are examples of weakly saturated varieties V' C P™ (see
3.2.8).

Definition S;. A smooth irreducible quasi-projective subvariety V. C P™
with |N(V, B)| = oo is called strongly saturated, if for all dense Zariski
open subsets U C V', one has

N(U, B)

limp o057 = 1.

N(V, B)

First of all, if V C P™ is a strongly saturated subvariety, then for any
locally closed subvariety W C V with dim W < dim V', one has

N(W, B)

N(V,B) 0,

limB_>oo
i.e., V is weakly saturated.

On the other hand, if V' C P™ is weakly saturated, but not strongly
saturated, then there must be an infinite sequence Wy, Ws, ... of pairwise
different locally closed irreducible subvarieties W; C V with dim W; < dim V'
and |W;(F')| = oo such that for an arbitrary positive integer k one has

N(W, U---UW,, B)
N(V,B)

0 < limp_ < 1.

Moreover, in this situation one can always choose the varieties W; to be
strongly saturated (otherwise one could find W/ C W; with dim W/ < dim W}
with the same properties as W; etc.). The strong saturatedness of each W;

implies that
N(Vth"'mVVin)

limp_, o =0
”“B N(V,B)
for all pairwise different 71, ...,% and [ > 2. In particular, one has

<1 Vk>0.

limp_ o = limp_.o
ZlmB N(VB) s N(V, B)



Definition F. Let V' be a weakly saturated quasi-projective variety in P™
and Wy, Ws, ... an infinite sequence of strongly saturated irreducible subva-
rieties W; having the property

N(W;, B)

1 W .
N(V,B)< Vi>0

0<0;:=limp_.
We say that the set {Wy, W, ...} forms an asymptotic arithmetic fibra-
tion on V, if the following equality holds

> 6 =1
i=1

The main purpose of this paper is to explain some geometric and arith-
metic ideas concerning weakly saturated varieties and their asymptotic arith-
metic fibrations by strongly saturated subvarieties. It seems that the cubic
bundles considered in [9] are examples of such a fibration. We want to re-
mark that most of the above terminology grew out of our attempts to restore
a conjectural picture of the interplay between the geometry of algebraic va-
rieties and the arithmetic of the distribution of rational points on them after
we have found in [9] an example which contradicted general expectations
formulated in [4].

In section 2 we consider smooth quasi-projective varieties V' over C to-
gether with a polarization £ = (L, || - ||5) consisting of an ample line bundle
L on V equipped with a positive hermitian metric || - ||,. Our main interest in
this section is a discussion of geometric properties of V' in connection with the
Minimal Model Program [27] and its version for polarized algebraic varieties
suggested by Fujita [20, 23, 24]. We introduce our main geometric invariants
ar(V), Be(V), and §,(V) for an arbitrary L-polarized variety V. It is impor-
tant to remark that we will be only interested in the case az(V) > 0. The
number a, (V') was first introduced in [4, 5], it equals to the opposite of the
so called Kodaira energy (investigated by Fujita in [20, 23, 24]). Our basic ge-
ometric notion in the study of £-polarized varieties V' with a, (V) > 0 is the
notion of an L-primitive variety. In Fujita’s program for polarized varieties
with negative Kodaira energy L-primitive varieties play the same role as Q-
Fano varieties in Mori’s program for algebraic varieties with negative Kodaira
dimension. In particular, one expects the existence of so called L-primitive



fibrations, which are analogous to Q-Fano fibrations in Mori’s program. We
show that on L-primitive varieties there exists a canonical volume measure.
Moreover, this measure allows us to construct a descent of hermitian metrics
to the base of L-primitive fibrations. Many geometric ideas of this section
are inspired by [4, 5].

In section 3 we introduce our main arithmetic notions of weakly and
strongly L-saturated varieties. Our first main diophantine conjecture claims
that if an adelic L-polarized quasi-projective algebraic variety V over a num-
ber field F' is strongly L-saturated, then the corresponding L-polarized com-
plex algebraic variety V' (C) is L-primitive. Moreover, we conjecture that if an
adelic L-polarized quasi-projective algebraic variety V over a number field F'
is weakly L-saturated, then the corresponding L-polarized complex algebraic
variety V(C) admits an L-primitive fibration having infinitely many fibers
W defined over F' which form an asymptotic arithmetic fibration. These
conjectures allow us to establish a connection between the geometry of V(C)
and the arithmetic of V. Following this idea, we explain a construction of an
adelic measure on an arbitrary £-primitive variety V' with az(V) > 0 and of
the corresponding Tamagawa number 7.(V') as a regularized adelic integral
of this measure. Our construction generalizes the definition of Tamagawa
measures associated with a metrization of the canonical line bundle due to
Peyre [30]. We expect that for strongly L-saturated varieties V' the number
72 (V) reflects the dependence of the constant ¢(V') in the asymptotic formula
(1) on the adelic metrization of the ample line bundle L. We discuss the nat-
ural question about the behavior of the adelic constant 7,(W) for fibers W
in L-primitive fibrations on weakly L-saturated varieties.

In section 4 we show that our diophantine conjectures agree with already
known examples of asymptotic formulas established for polarized algebraic
varieties through the study of analytic properties of height zeta functions.

In Section 5 we illustrate our expectations for the constants a(V'),b(V)
and ¢(V') in the asymptotics of N(V, B) on some examples of smooth Zariski
dense subsets V' in Fano varieties with singularities.

We would like to thank J.-L. Colliot-Thélene for his patience and encour-
agement. We are very grateful to B. Mazur, Yu. I. Manin, L. Ein and A.
Chambert-Loir for their comments and suggestions. We thank the referee for
several useful remarks.



2 Geometry of L-polarized varieties

2.1 L-closure

Let V' be a smooth irreducible quasi-projective algebraic variety over C,
V(C) the set of closed points of V', L an ample invertible sheaf on V', i.e.,
L® = i*Opw (1) for some k > 0 and some embedding i : V < P™. Since
we don’t assume V' to be compact, the invertible sheaf L on V itself contains
too little information about the embedding ¢ : V' < P™. For instance, let V'
be an affine variety of positive dimension. Then the space of global sections
of L is infinite dimensional and we don’t know anything about the projective
closure of V' in P™ even though we know that the invertible sheaf L®* is
isomorphic to i*Opm(1). This situation changes if one considers L together
with a positive hermitian metric, i.e., an ample metrized invertible sheaf £
associated with L. Let us choose a positive hermitian metric h on Opm(1)
(e.g. Fubini-Study metric) and denote by || - ||, the induced metric on L.
Thus we obtain a metric || - || on L by putting ||s(x)|| := ||sk(a?)||}l/k for any
x € V(C) and any section s € H°(U, L) over an open subset U C V.

Definition 2.1.1 We call a pair £ = (L, ||-||) an ample metrized invert-
ible sheaf associated with L. We denote by L& the pair (L, || - ||*).

Our next goal is to show that an ample metrized invertible sheaf contains
almost complete information about the projective closure of V' in P™.

Definition 2.1.2 Let £ = (L,|| - ||) be an ample metrized invertible sheaf
on a complex irreducible quasi-projective variety V. We denote by

Hlojd(va 'C)

the subspace of H°(V, L) consisting of those global sections s of L over V
such that the corresponding continuous function z — ||s(x)|| (xz € V(C)) is
globally bounded on V' (C) from above by a positive constant C'(s) depending
only on s. We call H),;(V, £) the space of globally bounded sections of
L.

Proposition 2.1.3 Let V be the normalization of the projective closure of
V' with respect to the embedding i : V — P™ with L®* = i*Opn(1). Denote
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by e : V. — P™ the corresponding finite projective morphism. Then one has
a natural isomorphism

HY L (V, LE%) 2 HO(V, e*Opm(1)).

Proof. Since V(C) is compact, the continuous function z +— ||s(z)| is globally
bounded on V(C) for any s € H(V,e*Opn(1)). Therefore, we obtain that
HO(V,e*Opm (1)) is a subspace of HY(V, LZF).

Now let f € HYy(V,L®*) be a globally bounded on V(C) section of
i*Opm(1). Since HY,(V, LZ) is a subspace of H°(V,L®*) the section f
uniquely extends to a global meromorphic section f € H(V,e*Opn(1)).
Since a bounded meromorphic function is holomorphic, f is a global regular
section of e*Opwm (1) (we apply the theorem of Riemann to some resolution of
singularities p : X — V and use the fact that p,Ox = Oy). Thus we have

Hya (V. L9%) € H(V,e"O(1)).

Definition 2.1.4 We define a the graded C-algebra
— P, (V, £57).

v>0

Using 2.1.3, one immediately obtains:
Corollary 2.1.5 The graded algebra A(V, L) is finitely generated.
Definition 2.1.6 We call the normal projective variety
V© = ProjA(V, L).
the L-closure of V' with respect to an ample metrized invertible sheaf L.

Remark 2.1.7 By 2.1.3, Vs isomorphic to V. Therefore, we have ob-
tained a way to define the normalization of the projective closure of V' with
respect to an L®*-embedding via a notion of an ample metrized invertible
sheaf £ on V.



2.2 Kodaira energy and a,(V)

Let X be a normal irreducible algebraic variety of dimension n. We denote by
Div(X) (resp. by Z,—1(X)) the group of Cartier divisors (resp. Weil divisors)
on X. An element of Div(X) ® Q (resp.Z,—1(X) ® Q) is called a Q-Cartier
divisor (resp. a Q-divisor). By Ky we denote a divisor of a meromorphic
differential n-form on X, where Kx is considered as an element of Z,_1(X).

Definition 2.2.1 Let X be a projective variety and L be an invertible sheaf
on X. The Iitaka-dimension x(L) is defined as

=1 = if HO(X, L®") =0 for all v > 0
T Max dim e (X) : HO(X, L®) £ 0

where ¢ (X) is the closure of the image of X under the rational map
prev + X — P(HY(X, L®Y)).

A Cartier divisor L is called semi-ample (resp. effective), if L®” is gener-
ated by global sections for some v > 0 (resp. k(L) > 0).

Remark 2.2.2 The notions of litaka-dimension, ampleness and semi-ample-
ness obviously extend to Q-Cartier divisors. Let L be a Cartier divisor. Then
for all Ky, ks € N we set

K(L@k‘l/k&) = /{(L),

L®*/k2 is ample < L is ample,

and
L®k/k2 ig semi-ample < L is semi-ample.

Definition 2.2.3 Let X be a smooth projective variety. We denote by
NS(X) the group of divisors on X modulo numerical equivalence and set
NS(X)r = NS(X) ® R. By [L] we denote the class of a divisor L in NS(X).
The cone of effective divisors A (X) C NS(X)g is defined as the closure
of the subset

U Rao[L] € NS(X)g.
(L)>0
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Definition 2.2.4 Let V' be a smooth quasi-projective algebraic variety with
an ample metrized invertible sheaf L, V* the L-closure of V and p some
resolution of singularities
pX— v
We define the number
ar(V)y=inf{t € Q : t[p"L] + [Kx] € Aes(X)}.
and call it the £-index of V.

Remark 2.2.5 It is easy to see that the L-index does not depend on the
choice of p.

Remark 2.2.6 The L-index a,(V) for smooth projective varieties V' was
first introduced in [4] and [5]. We remark that the opposite number —a, (V)
coincides with the notion of Kodaira energy introduced and investigated
by Fujita in [20, 23, 24]:

ke(V,L) = —ap(V) = —inf{t € Q : s((L)*" ® Ky) > 0}.

From the viewpoint of our diophantine applications it is much more natural
to consider a, (V') instead of its opposite —a (V). The only reason that
we could see for introducing the number —a, (V') instead of a,(V) is some
kind of compatibility between the notions of Kodaira energy and Kodaira
dimension, e.g. Kodaira energy must be positive (resp. negative) iff the
Kodaira dimension is positive (resp. negative).

The following statement was conjectured in [4] (see also [5, 21, 22]):

Conjecture 2.2.7 (RATIONALITY) Assume that ap(V) > 0. Then ag(V)
15 rational.

Remark 2.2.8 It was shown in [5] that this conjecture follows from the
Minimal Model Program. In particular, it holds for dim V' < 3. If dimV =1,
then the only possible values of a,(V') are numbers 2/k with (k € N). If
dimV = 2, then a, (V') € {2/k,3/1} with (k,l € N).
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Definition 2.2.9 A normal irreducible algebraic variety W is said to have at
worst canonical (resp. terminal) singularities if Ky is a Q-Cartier divisor
and if for some (or every) resolution of singularities

p: X—=W

one has
Kx = p"(Kw) ® O(D)

where D is an effective Q-Cartier divisor (resp. the support of the effective
divisor D coincides with the exceptional locus of p). Irreducible components
of the exceptional locus of p which are not contained in the support of D are
called crepant divisors of the resolution p.

Definition 2.2.10 A normal irreducible algebraic variety W is called a ca-
nonical Q-Fano variety, if W has at worst canonical singularities and K
is an ample Q-Cartier divisor. A maximal positive rational number r(W)
such that Ky = L&) for some Cartier divisor L is called the index of
a canonical Q-Fano variety W (obviously, one has (W) = a,(W) for some
positive metric on L).

The following conjecture is due to Fujita [20]:

Conjecture 2.2.11 (SPECTRUM CONJECTURE) Let S(n) be the set all pos-
sible values of as (V') for smooth quasi-projective algebraic varieties V' of di-
mension < n with an ample metrized invertible sheaf L. Then for any e > 0
the set

{as(V) e S(n) @ ag(V) >¢e}

1s finite.

This conjecture follows from the Minimal Model Program [27] and from
the following conjecture on the boundedness of index for Fano varieties with
canonical singularities:

Conjecture 2.2.12 (BOUNDEDNESS OF INDEX) The set of possible values
of index (W) for canonical Q-Fano varieties W of dimension n is finite.

In particular, both conjectures are true for Q-Fano varieties of dimension
n < 3 [2, 20, 23, 24, 28, 32].
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2.3 L-primitive varieties

Definition 2.3.1 Let X be a projective algebraic variety. We call an effec-
tive Q-divisor D rigid, if k(D) = 0.

Proposition 2.3.2 An effective Q-divisor D on X is rigid if and only if
there exist finitely many irreducible subvarieties Dy,...,D; C X (I > 0) of
codimension 1 such that D =r{Dy + ...+ rD; with rq,...,r € Q~¢ and

dimH*(X,0(ni Dy + ...+ mDy)) =1 ¥V (ny,...,m) € Z.,,.

Proof. Let D be rigid. Take a positive integer mg such that myD is a Cartier
divisor and dim H*(X, O(m¢D)) = 1. Denote by Dy, ..., D; the irreducible
components of the divisor (s) of a non-zero section s € H(X, O(mD)). One
has

(s)=miDi+---+mD; my,...,m €N.

Since O(D;) admits at least one global non-zero section we obtain that
dim H* (X, O(n,D; + ... +n}D;)) > dim H°(X, O(ny Dy + ... +n D)),

whenever ny > nf,...,n; > nj for (nf,....n;), (n1,...,n) € Z4,. This
implies that

dimH*(X,O(ni Dy + ...+ mDy)) > 1 V (nq,...,m) € Z%,,.

On the other hand, for any (n,...,n;) € leo there exists a positive integer
ng such that ngmq > nq,...,ngm; > n;. Therefore,

dim HY(X, O(n1 Dy + ... + D)) < dim H°(X, O(ngmoD)) = 1,

since k(nomoD) = k(D) = 0.
O

Corollary 2.3.3 Let Dy,...,D; C X be all irreducible components of the
support of a rigid Q-Cartier divisor D. Then a linear combination

mDi+...+mDy, ny,....n €7

s a principal divisor, iff ny =---=n; = 0.
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Proof. Assume that nyD; + ...+ n;D; is linearly equivalent to 0. Then the
effective Cartier divisor Dy = >°,, ¢ n;D; is linearly equivalent to the effective
Cartier divisor Dj = 3=, ~o(—n;)D;. Since Dy and Dy have different supports
we have dim HY(X, O(Dy)) > 2. Contradiction to 2.3.2.

([

Definition 2.3.4 Let V' be a smooth quasi-projective algebraic variety with
an ample metrized invertible sheaf £ and V* the projective L-closure of V.
The variety V is called £-primitive, if the number o, (V) is rational and if
for some resolution of singularities

p:X—>V£

one has p*(L)%*) @ Ky = O(D), where D is a rigid effective Q-Cartier
divisor on X.

Remark 2.3.5 It is easy to see that the notion of an L-primitive variety
doesn’t depend on the choice of a resolution of singularities p. Since V is
smooth, we can always assume that the natural mapping

pp V)=V
is an isomorphism.

Example 2.3.6 Let V; and V5 be two smooth quasi-projective varieties with
ample metrized invertible sheaves £1 and Ly (resp. on Vi and V3). Assume
that Vi (resp. Vs ) is Ly-primitive (resp. Li-primitive). Then the product
V =V; x Vy is L-primitive, where £ = 7L, @ 75 L.

Our main list of examples of L-primitive varieties is obtained from canonical
Q-Fano varieties:

Example 2.3.7 Let V be the set of nonsingular points of a canonical Q-
Fano variety W with an ample metrized invertible sheaf £ = (L, || - ||) such
that Kb = LW) (W = V*). Then V is an L-primitive variety with
L-index r(W). Indeed, let p : X — W be a resolution of singularities. By
2.2.10, we have p*(L)®"W) @ Kx = O(D), where D is an effective Q-Cartier
divisor. Since the support of D consists of exceptional divisors with respect
to p, D is rigid (see 2.3.2).
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We expect that the above examples cover all L-primitive varieties:

Conjecture 2.3.8 (CANONICAL Q-FANO CONTRACTION) Let V' be an L-
primitive variety with az (V') > 0. Then there exists a resolution of singular-
ities p : X — V* and a birational projective morphism m : X — W to a
canonical Q-Fano variety W such that 7* Ky' = p*(L)*Y) (ie., ap(V) =
r(W)) and the support of D (p*(L)®™W) @ Kx = O(D)) is contained in the
exceptional locus of .

The above conjecture is expected to follow from the Minimal Model Pro-
gram using the existence and termination of flips (in particular, it holds for
toric varieties).

The following statement will be important in our construction of Tama-
gawa numbers for L£-primitive varieties defined over a number field:

Conjecture 2.3.9 (VANISHING) For V' an L-primitive variety such that
ars(V) > 0 we have '
h(X,0x) =0 Vi>0

for any resolution of singularities
p X — v*

such that the support of the Q-Cartier divisor p*(L)®*¢(V) @ Ky is a Q-
Cartier divisor with normal crossings. In particular, Pic(X) is a finitely
generated abelian group and one has a canonical isomorphism

Pic(X) ® Q 2 NS(X) ® Q.

Remark 2.3.10 Theorem 1-2-5 in [27] implies the vanishing for the struc-
ture sheaf for Q-Fano varieties with canonical singularities (even with log-
terminal singularities). All canonical (and log-terminal singularities) are ra-
tional and it follows that the higher cohomology of the structure sheaf on
any desingularization of a canonical or a log-terminal Fano variety must also
vanish (by Leray spectral sequence). Therefore, we would obtain the van-
ishing 2.3.9 for all £-primitive varieties which are birationally equivalent to
a Fano variety with at worst log-terminal singularities. The existence of a
canonical Q-contraction 2.3.8 would insure this.
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Definition 2.3.11 Let V be an L-primitive variety with ag(V) > 0, p :

X -V any resolution of singularities, Dy, ..., D; irreducible components
of the support of the rigid effective Q-Cartier divisor D with O(D) =
p*(L)®V) @ Ky. We shall call

!
Pic(V, L) := Pic(X \ | D;)
i=1
the £-Picard group of V. The number
Be(V) :=rkPic(V, L)

will be called the £L-rank of V. We define the £-cone of effective divisors
Aeg(V, L) C Pic(V, L) @ R as the image of Aeg(X) C NS(X)r = Pic(X)®R
under the natural surjective R-linear mapping

p : Pic(X)® R — Pic(V,£) ® R.
Remark 2.3.12 By 2.3.3, one obtains the exact sequence
0— Z[D:] & - @ Z[D;] — Pic(X) & Pic(V, £)—0 (2)

and therefore
Be(V) =rkPic(X) — L.
Using these facts, it is easy to show that the group Pic(V, L) and the cone

Ae(V, L) do not depend on the choice of a resolution of singularities p :
—L
X =V

The above conjecture holds in dimension n < 3 as a consequence of the
Minimal Model Program. More precisely, it is a consequence of Conjecture
2.3.8 and the following weaker statement:

Conjecture 2.3.13 (POLYHEDRALITY) Let V' be an L-primitive variety

with (V) > 0. Then Aeg(V, L) is a rational finitely generated polyhedral
cone.
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Definition 2.3.14 Let (A, Ar,A) be a triple consisting of a finitely gener-
ated abelian group A of rank £, a k-dimensional real vector space Ag = AQR
and a convex k-dimensional finitely generated polyhedral cone A € Agr such
that AN—A =0 € Agr. For Re(s) contained in the interior of the cone A we
define the X'-function of A by the integral

Xa(s) = / e Y>dy

where A* € AR is the dual cone to A and dy is the Lebesgue measure on Ag
normalized by the dual lattice A* C Ax where A* := Hom(A, Z).

Remark 2.3.15 If A is a finitely generated rational polyhedral cone the
function X, (s) is a rational function in s. However, the explicit determination
of this function might pose serious computational problems.

Definition 2.3.16 Let V be an L-primitive smooth quasi-projective alge-
braic variety with a metrized invertible sheaf £ and a,(V) > 0. Let X be

any resolution of singularities p : X — V*. We consider the triple
(PiC(V, E), PlC(‘/, £)R7 AOH(V, E))

and the corresponding X-function. Assuming that Pic(V, L) is a finitely
generated abelian group (cf. 2.3.9) and that A (V, £) is a polyhedral cone
(cf. 2.3.13), we define the constant v.(V') € Q by

1e(V) = Xnavo) (P(=[Kx])).

2.4 L-primitive fibrations and descent of metrics

Let V be an L-primitive variety of dimension n. We show that there exists
a canonical measure on V(C) which is uniquely defined up to a positive
constant.

In order to construct this measure we choose a resolution of singularities
p X — V* and a positive integer ko such that koD is a Cartier divisor,
where O(D) = (p*L)®*¢(V) @ Kx. Then k; = kya(V) is a positive integer.
Let g € HY(X, O(kyD)) be a non-zero global section (by 2.3.2, it is uniquely
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defined up to a non-zero constant). We define a measure w,(g) on X(C) as
follows. Choose local complex analytic coordinates z1, ..., z, in some open
neighborhood U, C X(C) of a point z € V(C). We write the restriction of
the global section g to U, as

g _ Sk:ZOCC(V) (dzl /\ e /\ dzn)®k2 = Skl (le /\ e /\ dzn)®k2a

where s is a local section of L . Then we set

v—=1\"
<—> sV (dzy Adzy) A+ A (dzn A dZ,).

wg(g) = 5

By a standard argument, one obtains that w,(g) doesn’t depend on the choice
of local coordinates in U, and that it extends to the whole complex space
X(C). It remains to notice that the restriction of the measure we(g) to
V(C) € X(C) does not depend on the choice of p. So we obtain a well-
defined measure on V(C).

Remark 2.4.1 We note that the measure w,(g) depends on the choice of
g € H(X, O(kyD)). More precisely, it multiplies by |c|*/*2 if we multiply g
by some non-zero complex number c. Thus we obtain that the mapping

I-lle + H'(X, O(k:D)) — Rz

QH/X(C) we(9) :/V(C) we(9)

satisfies the property
leglle = [el*lgllz Ve e C*.

Definition 2.4.2 Let V' be a smooth quasi-projective variety with an ample
metrized invertible sheaf £, p : X — V* a resolution of singularities. A
regular projective morphism 7 : X — Y to a projective variety Y (dimY <
dim X)) is called an L-primitive fibration on V' if there exists a Zariski
dense open subset U C Y such that the following conditions are satisfied:

(i) for any point y € U(C) the fiber V, = 77! (y) NV is a smooth quasi-
projective L-primitive subvariety;

(i) as(V) = ar(V,) > 0 for all y € U(C);
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(ili) for any k£ € N such that ka,(V) € Z,
Ly = Roﬂ'* (p*(L)®aL(V) ® KX)®k
is an ample invertible sheaf on Y.

We propose the following version of the Fibration Conjecture of Fujita (see
20]):

Conjecture 2.4.3 (EXISTENCE OF FIBRATIONS) Let V' be an arbitrary
smooth quasi-projective variety with an ample metrized invertible sheaf L
and ap (V) > 0. Then there exists a resolution of singularities p : X — v*
such that X admits an L-primitive fibration m : X — Y on some dense
Zariski open subset V' C V.

Remark 2.4.4 From the viewpoint of the Minimal Model Program, Conjec-
ture 2.4.3 is equivalent to the statement about the conjectured existence of
Q-Fano fibrations for algebraic varieties of negative Kodaira-dimension (cf.
[27]). The existence of an L-primitive fibration is equivalent to the fact that
the graded algebra

R(V, L) = @,20H (X, M™), M := p*(L)**+V) @ Kx

is finitely generated (cf. 2.4 in [4]). One can define Y as ProjR(V, £) and
X as a common resolution of singularities of V* and of the indeterminacy
locus and generic fiber of the natural rational map VoY (cf. [26]).

It is important to observe that a metric || - || on L induces natural metrics
on all ample invertible sheaves L, on Y:

Definition 2.4.5 Let L; be an ample invertible sheaf on Y as above. We
define a metric || - ||zx on Ly as follows. Let y € Y(C) be a closed point,
U C Y be a Zariski open subset containing y, and s € H(U, Ly,) is a section
with s(y) # 0. Then we set

Istlles= ([,

k
wdw*s)) ;
Yy
where V,(C) is the fiber over y of the £-primitive fibration 7*, 7*s the 7-
pullback of s restricted to L-primitive variety V,(C), and wg(7*s) the cor-
responding to 7*s volume measure on V,(C). We call || - ||z a k-adjoint

descent to Y of a metric || - || on L.
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3 Heights and asymptotic formulas

3.1 Basic terminology and notations

Let F' be a number field, Or C F the ring of integers in F', Val(F’) the set
of all valuations of F', F, the completion of F' with respect to a valuation
v € Val(F), Val(F)s = {v1,...,v,.} the set of all archimedean valuations of
F'. For any algebraic variety X over a field F' we denote by X (F) the set of
its K-rational points.

Definition 3.1.1 Let E be a vector space of dimension m+1 over F', O C
E a projective Op-module of rank m+1 and ||-||4,, - - -, || ||+, the set of Banach
norms on the real or complex vector spaces E,, = E Xy F,, corresponding
to elements of Val(F)s = {v1,...,v.}. It is well-known that the above data
for E define a family {|| - ||,, v € Val(F)} of v-adic metrics for a standard
invertible sheaf O(1) on P(E). If z € X(F) is a point and s € H°(U, O(1))
is a section over an open subset U C P(E) containing z, then we denote by
l|s(z)]|, the corresponding v-adic norm of s at z. We set O(1) = (O(1), || - ||.,)
to be the standard invertible sheaf O(1) on P(F) together with a family v-
adic metrics | - ||, defined by the above data and we call O(1) the standard
ample metrized invertible sheaf on P(F).

Definition 3.1.2 Let X be an algebraic variety over F. For any point x €
X (F) and any regular function f € H(U, Ox) on an open subset U C P(F)
containing x, we define the v-adic norm ||f(x)|, := |f(x)],. We call this
family of v-adic metrics on Ox the canonical metrization of the structure
sheaf Ox.

Definition 3.1.3 Let X be a quasi-projective algebraic variety, L a very
ample invertible sheaf on X, i : X — P(F) an embedding with L = ¢*O(1).
We denote by £ = (L, ||-||,) the sheaf L together with v-adic metrics induced
from a family of v-adic metrics on the standard ample metrized invertible
sheaf O(1) on P(E). In this situation we call £ a very ample metrized
sheaf on X and write £ = i*O(1).

Definition 3.1.4 Let £ = (L, || - ||,) be a very ample metrized invertible
sheaf on X. Then for any point « € X (F'), the £-height of x is defined as

He(r)= [ ls@)IL"

vEVal(F)
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where s € I'(U, L) is a nonvanishing at = section of L over some open subset
UcCX.

Remark 3.1.5 Using a canonical metrization of the structure sheaf Oy, the
linear mapping

S*T(U, L)) — T(U, L&) (k> 0),
and the F-bilinear mapping
(U, L¥%) x T'(U, L®7*) — T'(U, Ox),

one immediately sees that a family of v-adic metrics on an invertible sheaf
L allows to define a family of v-adic metrics on L®* and on any invertible
sheaf M such that there exist integers ki, ky (ko # 0) with L& = M®k2 In
this situation we write

M= (M, |- [l) = (LSRR |- [5%),
or simply M = L£F1/*2 Obviously, one obtains

Hy(z) = (He(z)¥/*2 Vo e X(F).

Definition 3.1.6 Let L be an ample invertible sheaf on a quasi-projective
variety X and k a positive integer such that L®* is very ample. We define an

ample metrized invertible sheaf £ = (L, || - ||,) on X associated with L
by considering £L&* := (L®* || - ||*) as a very ample metrized invertible sheaf
on X.

3.2 Weakly and strongly L-saturated varieties

Let V' be an arbitrary quasi-projective algebraic variety over F' with an ample
metrized invertible sheaf £. We always assume that V(F') is infinite and set

N(V,L,B) = #{x € V(F) : He(x) < B}.

Here and in 3.4 we will work under the following
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Assumption 3.2.1 For all quasi-projective V',V with V' C V and |V(F)| =

oo there exists the limit

o N(V'. L, B)
B0 N(V, L, B)

Definition 3.2.2 We call an irreducible quasi-projective algebraic variety V'
with an ample metrized invertible sheaf £ weakly L-saturated if for any
Zariski locally closed subset W C V with dim W < dim V', one has

N(W, L, B)
N(V.C, B)
Definition 3.2.3 We call an irreducible quasi-projective algebraic variety V'
with an ample metrized invertible sheaf £ strongly L-saturated if for any
dense Zariski open subset U C V', one has
N(U, L, B)
N(V.L,B)
Definition 3.2.4 Let V be a weakly L-saturated variety, W C V a locally

closed strongly saturated subvariety of smaller dimension. Then we call W
an L-target of V, if

limB_)OO < 1.

limB_m =1.

N(W, L, B)
N(V.L, B)
Theorem 3.2.5 LetV be an arbitrary quasi-projective algebraic variety with
an ample metrized invertible sheaf L. Assume that |V(F)| = oo and that

3.2.1 holds. Then we have:
(i) of V' is strongly L-saturated then V' is weakly L-saturated;

0 <limp_ < 1.

(ii) V' contains finitely many weakly L-saturated subvarieties Wh, ..., Wy
with
T NWLU---UWy, L, B) _
o N(V,L,B)
(iii) V' contains a strongly L-saturated subvariety W having the property
. N(W, L, B)
0< hmB_)OOiN(V, C.B) <L

(iv) of V' is weakly saturated and if it doesn’t contain a dense Zariski open
subset U C V' which is strongly saturated then V contains infinitely many
L-targets.
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Proof. (i) Let W C V be a Zariski closed subset with dim W < dim V' and
U=V \W. Then

limB_mM hmB_mM = limBﬁmM =1.
N(V,L,B) N(V,L,B) NV, L,B)
Since V' is strongly L-saturated, we have
N(U, L, B
limB_mW =1
and therefore | N(W.L. B)
hmB_,mm =0<1.
(ii) Let W C V be a minimal Zariski closed subset such that
iy N(W, L, B) _
N(V,Z, B)
and Wy, ..., Wy irreducible components of W. It immediately follows from

the minimality of W that each W; is weakly saturated.
(iii) Let W C V be an irreducible Zariski closed subset of minimal di-

mension such that
N(W, L, B)

NV, L, B)
The minimality of W implies that W is weakly saturated.

(iv) By (iii) the set of L-targets is nonempty. Assume that the set of
all L-targets is finite: {W7y,..., Wy}. The strong saturatedness of each W;
implies that

limB_)OO =1.

NW,n---NnW;,L,B)

limp_, o0 =
e N(V.L.B) ’
for all pairwise different i1,...,4; € {1,...,k} and [ > 2. In particular, one
has
(WZ,E B) . NWyU---UWy, L, B)
limp_ o = limp_ 1.
i NV.LE)
Weset U :=V \ (Wi U---UW;). Then
. N(U,L,B)
limp_oo————= )
e N, £,B)
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Since U is not strongly saturated, there exists an irreducible Zariski closed

subset Wy C V of minimal dimension < dim V' such that

NWynU,L,B)
N(U, L, B)

> 0.

lim B—00
It follows from the minimality of W, that W, is strongly saturated. On the
other hand, one has

NWo, £, B)
N(V,Z, B)

N(W,NU,L,B)
N(V, L, B)

limp_ e > limpg .o > 0,

i.e., Wy is an L-target and Wy & {W1, ..., Wy }. Contradiction. a

Definition 3.2.6 Let V be a weakly L-saturated variety and Wy, Wy, ... an
infinite sequence of strongly saturated irreducible subvarieties W; having the

property
N(W,;, L, B)

N(V,L,B)
We say that the set {W;, W5, ...} forms an asymptotic arithmetic £-
fibration on V, if the following equality holds

0<6;,:=limp_ <1 Vi>0.

> 6 =1

i=1
We expect that the main source of examples of weakly and strongly sat-
urated varieties should come from the following situation:

Proposition 3.2.7 Assume 3.2.1 and let G C PGL(n + 1) be a connected
linear algebraic group acting on P" and V' := Gz C P" a G-orbit of a point
x € P*"(F). Then V is weakly O(1)-saturated.

Proof. Let W C V be an arbitrary locally closed subset with dim W < dim V/,
W C V its Zariski closure in V and U := V\W C V the corresponding dense
Zariski open subset of V. Then V is covered by the open subsets gU, where ¢
runs over all elements in G(F') (this follows from the fact that G is unirational
and that G(F) is Zariski dense in G [10]). Therefore, the orbit of z € V(F)
under G(F') is Zariski dense in V. Since the Zariski topology is noetherian
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we can choose a finite subcovering: V = UY_, ¢;U (g; in G(F)). Considering
g; € G(F) as matrices in PGL(n+1) and using standard properties of heights
[29], one obtains positive constants ¢; such that

Hpe(gi(x)) < ciHe(x)
for all # € P"(F). It is clear that for ¢ := 2%, ¢; we have
N(U,L,B) < N(V,L, B) < &N(U, L, B).

It follows that

. N(U, L, B)
— <1 _)OO% < 1.
o~ ETRN(V L, B)
Hence
. NW,L,B) .. N(W,L,B) 1
limp_oqo——r—r—2 <limp_po——o—-><1—-— < 1.
W NW L B) — P N(V.L,B) o

We can reformulate the statement of 3.2.7 as follows:

Proposition 3.2.8 Let G be a connected linear algebraic group, H C G a
closed subgroup and V' := G/H. If 3.2.1 holds then V is weakly saturated
with respect to any G-equivariant projective embedding of V.

It is easy to see that V = G/H is not necessarily weakly saturated with
respect to projective embeddings which are not G-equivariant:

Example 3.2.9 Let S C P® be the anticanonically embedded Del Pezzo
surface which is a blow up of a rational point in P2. Denote by £ the metrized
anticanonical sheaf on S. The unique exceptional curve C' C S is contained
in the union of two open subsets Uy, U; C S where Uy = U; = A2%. Therefore,
S can be considered as a projective compactification of the algebraic group
G? (after an identification of G2 with Uy or U;). This compactification is
not G2-equivariant. One has

ag(UQ) = CLL(Ul) = ag(C) = 2,

but
CLg(Uo \ C) = CLg(Ul \ C) = 1.

Hence, Uy and U; are not weakly L-saturated.
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It is easy to show that an equivariant compactification of G/H is not
necessarily strongly L-saturated:

Example 3.2.10 Let V = P! x P!. Then V is a G-homogeneous variety
with G = GL(2) x GL(2). However, V is not strongly L-saturated for L :=
WTO(]Q) (029 W;O(lﬁfg) (]{71, ]{72 c N), if ]{31 §£ ]{72.

3.3 Adelic £L-measure and 7.(V)

Now we define an adelic measure w, corresponding to an ample metrized
invertible sheaf £ on an L£-primitive variety V' with a,(V') > 0 which satisfies
the assumption 2.3.9. This is a generalization of a construction due to Peyre
([30]) for V' being a smooth projective variety and £ the metrized canonical
line bundle, which in its turn is a generalization of the classical construction
of Tamagawa measures on the adelic points of algebraic groups.

Let V' be an L-primitive variety of dimension n, p : X — V* a resolution
of singularities, ks a positive integer such that k; = ko (V) € Z and

(p*(L)*=Y) @ Kx)®* = O(D),
where D is a rigid effective Cartier divisor on X.

Definition 3.3.1 Let g be a non-zero element of the 1-dimensional F-vector
space H°(X,O(D)) (g is defined uniquely up to an element of F*). Let
v € Val(F). We define a measure w, ,(g) on V(F,) as follows. Choose local
v-analytic coordinates 1 ,, ..., %, in some open neighborhood U, C X (F,)
of a point = € X (F,). We write the restriction of the global section ¢ to U,
as

g= skl(d:cl,v A A d:cm,)k2

where s is a local section of L. Define a v-adic measure on U, as
wﬁ,v(g) = HSHﬁl/kzd‘Tl,v cdxg, = HSHgC(V)dev o dxy

where dzy,---dzx,, is the usual normalized Haar measure on F'. By a
standard argument, one obtains that w, ,(¢) doesn’t depend on the choice of
local coordinates in U, and that it extends to the whole v-adic space X (F,).
The restriction of w, ,(g) doesn’t depend on the choice of p. So we obtain a
well-defined v-adic measure on V' (F,).
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Remark 3.3.2 We remark that w, ,(g) depends on the choice of a global
section g € HY(X,O(D)): if ¢’ = cg (c € F*) is another global section, then
weo(g') = lel weo(g).

Our next goal is to obtain an explicit formula for the integral

d,(V) = /V oy el9) = /. oy @el)

for almost all v € Val(F'). We use the p-adic integral formula of Denef ([16]
Th. 3.1) in the same way as the p-adic formula of A. Weil ([35] Th. 2.2.3)
was used by Peyre in [30].

Remark 3.3.3 By [1, 26|, we can choose p in such a way that p is defined
over F' and all irreducible components Dy, ..., D; (I > 0) of the support of
D = "!_ m;D; are smooth divisors with normal crossings over the algebraic
closure F'.

Definition 3.3.4 Let G be the image of Gal(F'/F) in the symmetric group
S; that acts by permutations on Dy,...,D;. We set [ := {1,...,l} and
denote by /G the set of all G-orbits in . For any J C I we set

D, = ﬂjEJDja lfj#(b
S X\Uje; Dy, ifJ=0"

Ds=Dy\ | D;.
i¢J

(D, is defined over F' if and only if J is a union of some of G-orbits in I/G.).

We can extend X to a projective scheme X of finite type over Op and di-
visors D1, ..., D; to codimension-1 subschemes Dy, ..., D; in X such that for
almost all non-archimedean v € Val(F') the reductions of X and Dy,..., D,
modulo g, C OF are smooth projective varieties X, and D, 1,...,D,,; over
the algebraic closure k, of the residue field k, with D,; # D, ; for i # j.
Moreover, we can assume that

S Njes Dojs if J 0
v X\Ujer Dy, ifJ=0

are also smooth over k,.
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Definition 3.3.5 A non-archimedean valuation v € Val(F') which satisfies
all the above assumptions will be called a good valuation for the pair

(X> {Dz}zel)

Definition 3.3.6 Let GG, C G be a cyclic subgroup generated by a repre-
sentative of the Frobenius element in Gal(k,/k,). We denote by I/G, the
set of all G,-orbits in I. If j € I /G, then we set b; to be the length of the
corresponding G,-orbit and put r; = m;/ky, where m; is the multiplicity of
irreducible components of D corresponding to the G,-orbit j.

The following theorem is a slightly generalized version of Th. 3.1 in [16]:

Theorem 3.3.7 Let v € Val(F) be a good non-archimedean valuation for
(X, {Di}ier). Then

Cp 1 -1
V)= [ wealg) =+ oI 5.
X(Fy) 4 4 @#;/Gv E bi ("J“ -1

where q, 1s the cardinality of k,, and cy is the cardinality of the set of k,-
rational points in DY .

Let us consider an exact sequence of Galois Gal(F/F)-modules:

0— Z[Di] & - & Z[D)] — Pic(X) 2 Pic(x \ Llj D;)—0 (3)

i=1

Theorem 3.3.8 Assume that X has the property h'(X,Ox) = 0. Then

d,(V)=1+ 1Tr(<I> |P1cX\UD ®Qz)+0<q1 )

14
=1 v

where
e=min{l/2,ry,..., 1}

and ®, is the Frobenius morphism.
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Proof. By conjectures of Weil proved by Deligne [15], one has

C—i:c)(i) J#0
ay dy

(since dim Dy <mn — 1 for J # () and

;_@ = é(—l)kTr(®U|H’j(X\ gDi, Q)

where H¥(-, Q;) denotes the étale cohomology group with compact supports.
Using long cohomology sequence of the pair (X, J; D;), one obtains isomor-
phisms

l
HE(X\ U Di, Qi) = Hi (X, Q) for k= 2n,2n 1

i=1
and the short exact sequence

OﬁHQ“X\UDZ,Qz — 02X, Q) @HW (D;, Qi) —

=1

Using isomorphisms
HZ"2(Di, Qu(n — 1)) = Q, HZ' (X, Qu(n)) = Qi
Poincaré duality
H>" (X, Qi(n — 1)) x Pic(X) = Q

and the vanishing property h'(X, Ox) = 0, we obtain

I
X\ UDiQ) =0

i=1

and

1
D14 —Te(@, |P1CX\UD ® Q)
qv Qv i=1

2n3

+Z

r(®, [HE( X\UDZ,Qz)

v =1
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l
=1+ qiTr(q>v|Pic(X\ UD)®@Q)+0 (%) :
v Qv

i=1

On the other hand, for J # () one has

ed qgj(Tﬁ-l) 1 o Lteo )

where gp = min{ry, ..., 7}

Definition 3.3.9 We define the convergency factors

A L,(1,Pic(X \ U._, D;)), if vis good
v 1 otherwise

where L, is the local factor of the Artin L-function corresponding to the
G-module Pic(X \ U'_, D;) and we set

wes = /|disc(F)| T Ar'wes(g),

veVal(F)

where disc(F) is the absolute discriminant of Op and S is the set of bad
valuations.

By the product formula, w, ¢ doesn’t depend on the choice of g.

Definition 3.3.10 Denote by A the adele ring of F'. Let X(F) be the
closure of X (F) in X (Ar) (in direct product topology). Under the vanishing
assumption h!'(X, Ox) = 0, we define the constant

l
7e(V) = lim(s - 1)) Lo (s, Pic(X \ | D1)) /W WL,

i=1

where [(,(V) is the rank of the submodule of Gal(F/F)-invariants of the
module Pic(X \ Ul_; D;).
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3.4 Main strategy

Now we proceed to discuss our main strategy in understanding the asymp-
totic for the number N(V,L, B) as B — oo for an arbitrary L-polarized
quasi-projective variety. Again, we shall make the assumption 3.2.1. Our
approach consists in 4 steps including 3 subsequent simplifications of the
situation:

Step 1 (reduction to weakly L-saturated varieties): By 3.2.5 (ii), every
quasi-projective L-polarized variety V contains a finite number of weakly £-
saturated varieties W7, ... W} such that

NW,L, B)

—_— = =1.
N(V,Z, B)

limB_)OO

Therefore, it would be enough to understand separately the asymptotics
of N(W;, L, B), 1 € {1,...,k} modulo the asymptotics N(W;,N---NW,,, L, B)
for low-dimensional subvarieties W; 0. - -NW,,, where {iy,..., 4} C {1,...,k}
are subsets of pairwise different elements with [ > 2.

For our next reduction step, we need:

Conjecture 3.4.1 LetV be a weakly L-saturated variety which doesn’t con-
tain an open Zariski dense and strongly L-saturated subset U C V. Then the
set of L-targets of V' forms an asymptotic arithmetic L-fibration.

Step 2 (reduction to strongly L-saturated varieties): Let V' be an
arbitrary weakly L-saturated variety. Then either V' contains a strongly L-
saturated Zariski open subset or, according to 3.4.1, we obtain an asymptotic
arithmetic L-fibration of V' by L-targets. In the first situation, it is enough
to understand the asymptotic of N(U, L, B) for the strongly L-saturated
variety U (we note that the complement V' \ U consists of low-dimensional
irreducible components). In the second situation, it is enough to understand
the asymptotic of N(W;, L, B) for each of the L-targets W; C V.

For our next reduction step, we need:

Conjecture 3.4.2 Let V be a smooth strongly L-saturated quasi-projective
variety. Then the complex analytic variety V(C) is L-primitive.
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Step 3 (reduction to L-primitive varieties): Every quasi-projective
algebraic variety V is a disjoint union of finitely many locally closed smooth
subvarieties V;. Therefore, if one knows the asymptotic for each N(V;, L, B)
then one immediately obtains the asymptotic for N(V, L, B).

Definition 3.4.3 Let V be an L-primitive algebraic variety over a number
field F, p : X — V" a desingularization over F' of the closure of V' with
the exceptional locus consisting of smooth irreducible divisors D1, ..., D;. We
consider Pic(X) and Pic(V, £) as Gal(F'/F')-modules and we denote by .(V)
the rank of Gal(F/F)-invariants in Pic(V, L) and by d.(V) the cardinality
of the cohomology group

H'(Gal(F/F), Pic(V, L)).

Remark 3.4.4 Using the long exact Galois-cohomology sequence associated
with (3), one immediately obtains that 5.(V') and é.(V') do not depend on
the choice of the resolution p.

Step 4 (expected asymptotic formula): Let V be a strongly L-
saturated (and L-primitive) smooth quasi-projective variety. Assume that
ars (V) > 0. Then we expect that the following asymptotic formula holds:

N(V, £, B) = cc(V) BV (log B0 (1 4 o(1))
where %
e
ce(V) =
V)= ) 1
v2(V) is an invariant of the triple (Pic(V, £), Pic(V, L)r, Aet(V, L)) (2.3.16),
62(V) is a cohomological invariant of the Gal(F/F)-module Pic(V, £) (3.4.3)

and 7,(V) is an adelic invariant of a family of v-adic metrics {|| - ||,} on L
(3.3.10).

In sections 4 and 5 we discuss some examples which show how the con-
stants

!5£(V)T£(V),

ac(V),Be(V),0c(V),ve(V), 72(V)
appear in asymptotic formulas for the number of rational points of bounded
L-height on algebraic varieties. Naturally, we expect that the exhibited be-
havior is typical. However, we also feel that one should collect more examples
which could help to clarify the general situation.
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3.5 L-primitive fibrations and 7,(V)

We proceed to discuss our observations concerning the arithmetic conjecture
3.4.1 at its relation to the geometric conjecture 2.4.3.

Let V be a weakly L-saturated smooth quasi-projective variety with

as (V) > 0 which is not strongly saturated and which doesn’t contain Zariski
open dense strongly saturated subvarieties. We distinguish the following two
cases:
Case 1. V is not L-primitive. In this case we expect that some Zariski
open dense subset U C V admits an L-primitive fibration which is defined by
a projective regular morphism 7 : X — Y over F' to a low-dimensional nor-
mal irreducible projective variety Y satisfying the conditions (i)-(iii) in 2.4.2,
for an appropriate smooth projective compactification X of U (see 2.4.3). It
seems natural to expect that all fibers satisfy the vanishing assumption 2.3.9.
Thus we see that for any y € Y (F) such that V,, = 7~ !(y) NV is L-primitive
we can define the adelic number 7,(V}). Furthermore, we expect that every
L-target W is contained in an appropriate L£-primitive subvariety V,, which is
a fiber of the L-primitive fibration 7 : V' — U on V. In particular, Step 4 of
our main strategy implies that if every L-target W coincides with a suitable
L-primitive fiber V,, then one should expect the asymptotic

N(V,L,B) = c(V)B*W)(log B)*=)71 (1 + o(1)),

where the numbers a, (V) (resp. (.(V)) coincide with the numbers a, (V)
(resp. Bc(V,)) for the corresponding L-targets V, and the constant c. (V) is
equal to the sum

y
See) = S ety

where y runs over all points in Y'(F) such that V, is an L-target of V. It
is natural to try to understand the dependence of 7.(V,) on the choice of
a point y € Y(F). We expect that the number 7,(V,) can be interpreted
as a “height” of y. More precisely, the examples we considered suggest the
following:

Conjecture 3.5.1 There exist a family of v-adic metrics on Ky and two
positive constants co > ¢ > 0 such that

ctllp(y) < 7e(Vy) < coHp(y) Vy € Y(F)NU,
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where U C Y 1s some dense Zariski open subset and F is a metrized Q-
invertible sheaf associated with the Q-Cartier divisor Li' ® Ky (recall that
Ly is the tautological ample Q-Cartier divisor on Y defined by the graded
ring R(V, L) (see 2.4.4)).

Case 2. V is L-primitive (but not strongly saturated!). We don’t
know examples of a precise asymptotic formula in this situation.

Example 3.5.2 Let V be a Fano diagonal cubic bundle over P3 with the
homogeneous coordinates (Xy : X; : Xo : X3) defined as a hypersurface in
P3 x P? by the equation

XoYV3 + X1 YVP + XoV) + X3V =0

in P3 x P? (see [9]). We expect that V is not strongly saturated with respect
to a metrized anticanonical sheaf L := (O(3,1) and that the corresponding
L-targets are the splitting diagonal cubics in fibers of the natural projection
7 : V — P3 (this leads to the failure of the expected asymptotic formula in
Step 4 for this example).

The next example was suggested to us by Colliot-Thélene:

Example 3.5.3 Let V be an analogous diagonal quadric bundle over P3
defined as a hypersurface in P? x P? by the equation

XoY7 + X1 Y2+ XoVP + X3V = 0.

For infinitely many fibers V, = 77! (z) (v € P3(F)) we have rk Pic(V,) = 2.
At the same time, we have also rkPic(V) = 2. We consider the height
function associated to some metrization of the line bundle L := O(3,2).
On the one hand, we think that the asymptotic on the whole variety is
c¢(V)Blog B(1+0(1)) for B — oo with some ¢(V') > 0. On the other hand, if
XoX1X5X3 is a square in F' we get already about B log B solutions. Another
important observation is the expected convergency of the series

> c(Vy).
z€P3(F): V2Pl xP!

The latter would be a consequence of the following two facts. First, the
condition V, 2 P! x P! (z = (Xp : X1 : X5 : X3)) is equivalent to the condi-
tions that V, contains an F-rational point and that the product XyX;X,X3
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is a square in F'. The number of F-rational points 2’ = (X, : X7 : Xy :
X3 : Z) with Hpny(2") < B lying on the hypersurface with the equation
XoX1X2X3 = Z? in the weighted projective space P4(1,1,1,1,2) can be
estimated from above by B?(log B)3(1 + o(1)).

Secondly, we expect

(Vi) = Ho iy (x)(1+ o(1)),

uniformly over the base P3(F). This would imply the claimed convergency.

4 Height zeta-functions

4.1 Tauberian theorem

One of the main techniques in the proofs of asymptotic formulas for the
counting function

NWV,L,B):=#{x € V(F) : He(x) < B}

has been the use of height zeta functions. Let L£ be an ample metrized
invertible sheaf on a smooth quasi-projective algebraic variety X. We define
the height zeta function by the series

Z(X,L,s):= > He(x)™®
zeX(F)

which converges absolutely for Re(s) > 0. After establishing the analytic
properties of Z(X, L, s) one uses the following version of a Tauberian theo-
rem:

Theorem 4.1.1 ([1}]) Suppose that there exist an € > 0 and a real number
©(L) > 0 such that

(L) f(s)
(s —a) + (s —a)b!

for some a > 0, b € N and some function f(s) which is holomorphic for
Re(s) > a —e. Then we have the following asymptotic formula

O(L)
a-(b—1)!

Z(X,L,s) =

N(X,L,B) = B%(log B)" (1 + 0(1))

for B — .
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4.2 Products

Let X; and X5 be two smooth quasi-projective varieties with ample metrized
invertible sheaves £1 and £ (resp. on X; and X5). Denote by X = X; x X,
the product and by £ the product of £; and £y (with the obvious metriza-
tion). Clearly,

Z(X,L,s) = Z(X1,L1,5) - Z(Xa, L3, 5).
Assume that for ¢ = 1,2 we have

OL)
(s = e (X)Pa 0 T (s = a, ()20

Z(Xz'>£i>5) =

with some functions f;(s) which are holomorphic in the domains Re(s;) >
ar,(X;) — ¢ for some € > 0. There are two possibilities:

Case 1: ar,(X) = a,(X). In this situation the constant ©(L) at the
pole of highest order 8., (X1) + B.,(X3) is given by ©(L) = ©(L,)O(Ls).

Case 2: ar,(X) < az,(X). In this situation the constant is a sum

L) = ¥ H " (@)0(La).

zeX1(F)

Consider the projection X — X; and denote by V the fiber over z € X;(F).
We notice ~
7e(Ve) = Hp, ™ ()72, (Xa).

We denote by M the Q-Cartier divisor 7*£]"? ® Ky,. We obtain that

Ly = M @ Ky;'. So we have 7(V,) ~ H M;K 1. We observe that

Tamagawa numbers of fibers depend on the height of the points on the base.

4.3 Symmetric product of a curve

Let C' be a smooth irreducible curve of genus g > 2 over F. We denote
by X = C™ the m-th symmetric product of C' and by Y := Jac(C) the
Jacobian of C'. We fix an m > 2g — 2. We have a fibration

T 0 Ly,
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with P™~9 as fibers. We denote by V, a fiber over y € Y'(F).
Let C' — Spec(OF) be a smooth model of C' over the integers and £ an
ample hermitian line bundle on C'. It defines a height function

HL; : C(F) —>R>0

which extends to X (F'). Observe that as(X) = (m + 1 — g)/d, where d :=
degq(L). Consider the height zeta function

Z(X,L,s):= > He(x)™.

z€X(F)
This function was introduced by Arakelov in [3].

Theorem 4.3.1 [17] Let £ be an ample hermitian line bundle on C'. There
exist an (L) > 0 and a real number O(L) # 0 such that the height zeta
function has the following representation

o)
(s — ag(X))

with some function f(s) which is holomorphic for Re(s) > a(X) —e(L).

Z(X,L,s) = + f(s)

This is Theorem 8 in ([17], p. 422). Arakelov gives an explicit expression
for the constant ©(L) ([3]). We are very grateful to J.-B. Bost for pointing
out to us that Arakelov’s formula is not correct and for allowing us to use
his notes on the Arakelov zeta function.

Theorem 4.3.2 With the notations above we have

o) = > 7(Vy).

yeY (F)

Proof. We outline the proof for F' = Q. For Re(s) > 0 one can rearrange
the order of summation and one obtains

Z(X,L,s):= > > H(z)™"

YeY (F) 2€Vy (F)
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It is proved in ([17], p. 420-422) that the sums

Z(V,, L,s) = Z He(x)™*

z€Vy(F)

have simple poles at s = a,(X) with non-zero residues and that one can
“sum” these expressions to obtain a function with a simple pole at s = a,(X)
and meromorphic continuation to Re(s) > az(X) — (L) for some (L) > 0.
Moreover, the residue at this pole is obtained as a sum over y € Y (F) of the
residues of Z(V,, L, s).

Choosing an element z(y) in the class of y € Jac(C)(F'), and denoting
by E(y) :=I'(C,O(z(y))) one can identify the fiber as V, = P(E(y)), where
f e E(y) =T(C,0(z(y))) is mapped to z(y) + div(f). The height is given
by the formula

He(2(y) + div(f)) := He(2(y)) eXP(/C(C) log | flea(£))-

This defines a metrization of the anticanonical line bundle on V,, = P(E(y)).
Assuming the Tamagawa number conjecture for P™ (for suitable metrizations
of the line bundle O(1) on P") we obtain

lim (s —ap(X)Z(Vy, L,s) =1(Vy).

s—ar(X)
O

One can write down an explicit formula for 7,(V,). For f € E(y)c\{0} we
define

1
2(f) = exp(y [ ToglFler(£)
and we put ®(0) = 0. It follows that

1

(V) = Lap () Hp(y)-ec0 . YIS € E)n | O(f) < 1})
Y 2

vol(E(y)r/E(y)) ’

where the volumes are calculated with respect to some Lebesgue measure on
E(2(y))r. Arakelov relates this last expression to the Neron-Tate height of
y € Jac(C). A detailed calculation due to Bost indicates that Arakelov’s
formula is correct only up-to O(1).
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4.4 Homogeneous spaces G/P

Let G be a split semisimple linear algebraic group defined over a number
field F'. It contains a Borel subgroup F, defined over F' and a maximal torus
which is split over F. Let P be a standard parabolic. Denote by Yp = P\G
(resp. X = By\G) the corresponding flag variety.

A choice of a maximal compact subgroup K such that G(Ar) = Py(Ar)K
defines a metrization on every line bundle L on the flag varieties Yp ([19], p.
426). We will denote by

H; : P(F)\G(F) — R+
the associated height. We consider the height zeta function

Z(X,L,s):= > He(x)™.

z€X(F)

Theorem 4.4.1 Let L be an ample metrized line bundle on X. There exist
an (L) > 0 and a real number O(L) # 0 such that the height zeta function
has the following representation

o) )
(5= ac(X)e (5 = ag(X))P00 ]

Z(X,L,s) =

with some function f(s) which is holomorphic for Re(s) > ay(X) —e(L).

This theorem follows from the identification of the height zeta function
with an Eisenstein series and from the work of Langlands. The formula (2.10)
in ([19], p. 431) provides an expression for ©(L) which we will now analyze.

There is a canonical way to identify the faces of the closed cone of effec-
tive divisors Aeg(X) C Pic(X)r with Aeg(Yp) as P runs through the set of
standard parabolics. A line bundle L such that its class is contained in the
interior of the cone € Aeg(X) defines a line bundle

[Ly] := ar(X)[L] + [Kx]

which is contained in the interior of the face Aeg(Y) C Aeg(X) for some
Y =Yp. We have a fibration 7, : X — Y with fibers isomorphic to the flag
variety V' := Py\P. A fiber over y € Y (F') will be denoted by V. Denote by
Ky the canonical line bundle on Y with the metrization defined above.
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Theorem 4.4.2 We have

O(L) = > 7e(X)e(Vy).

yeY (F)

Proof. In the domains of absolute and uniform convergence we can rearrange
the order of summation and we obtain

Z(X,L,s)= Y > Hp(yz)™.

yeY (F) z€Po(F)\P(F)

One can check that the sums

Z(V,, L,s) = Z He(x)™® = Z He(yz)™®

z€Vy (F) z€Py(F)\P(F)

have poles at s = a,(X) of order 5,(X) with non-zero residues, and that
they admit meromorphic continuation to az(X) — e(L£) for some (L) > 0.
Moreover, the constant ©(L) is obtained as a sum over y € Y(F) of the
residues of Z(V,, L,s). From the Tamagawa number conjecture for Fp\P
(with varying metrizations of the anticanonical line bundle) we obtain

lim (s — ae(X)2OZ(V,, £,5) = 12 (X)e(Vy).

ar(X)
The sum
> e(X)7e(Vy)
yEY (F)
converges for [Ly] contained in the interior of A.g(Y). O

Let us recall the explicit formula for 7.(V},) (see (2.9) in [19], p. 431):

lim (s —ap (X)) 37 He(ay)™* = merHpge, ()
s—ar(X) Py (F)\P(F)

where v, € Q is an explicit constant and the constant cp is defined in ([19],
p. 430). It follows that

@(ﬁ):’}/lCP Z H£;1®1Cy(y)‘

yEY (F)
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Next we observe that there is an explicit constant v, € Q such that we have
72T£(Vy) =Cp- Hg;}@/cy (y)

for all y € Y(F'). To see this, we first identify cp = v97,(V'), this is done by a
computation of local factors of intertwining operators ([30], p.160-161). The
next step involves the comparison of Tamagawa measures on V,, for varying
y € Y(F). Finally, we have v.(X) = 7172.

4.5 Toric varieties

There are many equivalent ways to describe a toric variety X over a number
field F' together with some projective embedding (see, for example, [12, 25,
13]). For us, it will be useful to view X = Xy as a collection of the following
data ([6]):

1. A splitting field E of the algebraic torus T and the Galois group
G = Gal(E/F).

2. The lattice of E-rational characters of T', which we denote by M and
its dual lattice V.

3. A G-invariant complete fan ¥ in Ng = N ® R.

There is an isomorphism between the group of G-invariant integral piece-
wise linear functions ¢ € PL(X)¢ and classes of T-linearized line bundles on
Xy. For ¢ € PL(X)Y we denote the corresponding line bundle by L(¢p).

We define metrizations of line bundles as follows. Let G, C G be the
decomposition group at v. We put N, = N for the lattice of G, -invariants
of N for non-archimedean valuations v and N, = Ng* for archimedean v.
We have the logarithmic map

T(F,)/T(Oy) — N,

which is an embedding of finite index for all non-archimedean v, an isomor-
phism of lattices for almost all non-archimedean valuations and an isomor-
phism of real vector spaces for archimedean valuations. We denote by £, the
image of ¢, € T'(F,) under this map.

Definition 4.5.1 (/6/, p. 607) For every ¢ € PL(X)¢ and t, € T(F,) we
define the local height function

Hy (b, ) 1= c#0) s
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where ¢, is the cardinality of the residue field of F, for non-archimedean
valuations and loggq, = 1 for archimedean valuations. For t € T(Afg) we
define the global height function as

HZ(t>90) = H HE,v(thp)'

vEVal(F)
We proved in ([6], p. 608) that this pairing can be extended to a pairing
Hy : T(Ap) x PL(%)g — C

and that it defines a simultaneous metrization of 7T-linearized line bundles
on X. We will denote such metrized line bundles by £ = L(¢). We consider
the height zeta function

Z(T,L,s)= Y He(t)™

teT(F)

Theorem 4.5.2 (/8]) Let L be an invertible sheaf on X (with the metrization
introduced above) such that its class [L] is contained in the interior of Aeg(X).
There exist an (L) > 0 and a O(L) > 0 such that the height zeta function
has the following representation

O(£) n f(s)
(s — ap(X))BeX) (s — ap(X))PeX)-1

Z(L,T,S) =

where f(s) is a function which is holomorphic for Re(s) > ag(X) —e(L).

Remark 4.5.3 The computation of the constants a,(X) and (X)) in spe-
cific examples is a problem in linear programming. For the anticanoni-

cal line bundle on a smooth toric variety X we have ax-1(X) = 1 and
Bie-1(X) = dim PL(X)§ — dim M§.

Our goal is to identify the constant ©(L). Let us recall some properties
of toric varieties and introduce more notations (see [6]). The cone of effective
divisors Ag(X) is generated by the classes of irreducible components of X\T'
which we denote by [Dy], ..., [D,]. These divisors correspond to Galois orbits
¥1(1),...,2,(1) on the set of 1-dimensional cones in ¥. The line bundle £
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defines a face A(L) of Aeg(X). We denote by J = J(£) the maximal set of
indices J C [1,...,7] such that we have

ac(X)[L] + [Kx] =D ry[Dj]
jeJ
with [D;] € A(L) and some 7; € Qso. We denote by I = I(L) the set of
indices i € J(L). We denote by M the lattice given by

My={meM| <e,m>=0 Rspe € Uie;2;(1)},

We denote by M; := M/M; and by N, the corresponding dual lattices. We
have an exact sequence of algebraic tori

1—-T,—-T—-1T;—1

which induces a map 7, : T(F) — T;(F) with finite cokernel and an exact
sequence of lattices
00— Nr—N—=N;—0.

The restriction of the fan ¥ C Ngr to N;r will be denoted by ¥;. It is
again a G-invariant fan and it will define an equivariant compactification
X1 of T;. The class of the piecewise linear function ¢; € PL(X;)¢ with
pr(e) = 1 for e € U;erX; corresponds to the class of the anticanonical line
bundle [— K] € Pic(X7).

The line bundle £ defines a fibration of varieties 7, : Xy, — Y with
fibers isomorphic to X7, which, when restricted to 7', gives rise to the exact
sequence of tori above. We denote the fiber over y € T;(F) by Xj,.

Theorem 4.5.4 We have

O(L) =7c(X)oc(X) > 7e(Xiy).

yers(T(F))

Proof. Let L = L(p) be an invertible sheaf on 7" with the metrization
introduced above. In the domain of absolute and uniform convergence we
can rearrange the order of summation and we obtain

Z(T.L,s) = Z Z Hy(yz, )"

yemc(T(F)) z€Tr,y(F)
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From the proof of our main theorem in [8] it follows that the sums

Z(TI,yVCv S) = Z Hz(yx790)_s

{EETI(F)

have a pole at a,(X) of order B.(X). Moreover, the constant ©(L) is ob-
tained as a sum over y € o (T (F)) of residues of Z (17, L, s). Now we want
to use the Tamagawa number conjecture for the anticanonical line bundle
(with varying metrizations) on the toric variety X; to conclude the proof.

In [7] we proved this conjecture for a specific metrization and under the
assumption that the fan ¥ is reqular. We want to demonstrate that our proof
goes through in the general case needed above.

Our main idea was to use the Poisson summation formula on the adelic
group T'(AFr) and to obtain an integral representations for the height zeta
function. We denote by A; = (T;(Ar)/KT;(F))* the group of unitary char-
acters of Tj(Ap) which are trivial on T;(F') and on the maximal compact
subgroup K C T;(AF). Using the the adelic definition of the height function
we obtain

Z2(Ty,. L, 5) He(yt) / / t)dp,
(Iy Z ﬁy " Te(Ar) X()M

teT(F

where dy is a Haar measure on T'(A ) and dy is the orthogonal Haar measure
on A;. To apply our technical theorem in [7] about the analytic continuation
and the residues of such integrals we need to know that

[ o Helt) (O = T Eilres) -G ) - Gl )

iel

where

CEI(X>S) = H CE[,U(X>S)
vEVal(F)

is an absolutely convergent Euler product for Re(s) > az ) —e(£), Li(xi, s)
are Artin L-functions (with some induced characters y;) and (. (x, s) satisfies
certain growth conditions.

First we observe that it is unnecessary to assume that the fan X; is
regular. Using our definition of the height function we see that the calculation
of the Fourier transform (see [6]) reduces to summations of the function
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qf(m“m’” (m, € M;R) over the lattice Ny, (resp. to integrations in cones for
archimedean valuation). A piecewise linear function ¢ induces a piecewise
linear function on any subdivision of the fan. Clearly, the result of such
summations and integrations does not depend on any subdivisions.

Next we see that for a fixed y € T;(F) we have Hp,(yt) = H,(t) for
almost all v and all t € T;(Afp). Now we can refer to lemma 5.10 in [§]
which proves the required statement. The local integrals for the remaining
finitely many non-archimedean valuations will be absorbed into (x,(x, s).
And finally, we need to check that the estimates of the Fourier transform of
H. ,(yt) at archimedean valuations are still satisfied for any y € T,(F'). This
is straightforward.

We can now apply the main technical theorem of [7] and obtain

lim (S - Oég(X))ﬁL(X)Z(T[’y, ,C, S) = ’)/g(X)(sg(X)TL(X[’y).

s—aor

O

Remark 4.5.5 It is possible to compute 7.(X;,) and to observe that it is
related to the height of the point y € T,(F).

Remark 4.5.6 Similar statements hold for equivariant compactifications of
homogeneous spaces G/U where G is a split reductive group and U is its max-
imal unipotent subgroup [33]. We hope that these results can be extended
to equivariant compactifications of other homogeneous spaces, in particular,
to equivariant compactifications of reductive and non-reductive groups.

5 Singular Fano varieties

5.1 Weighted projective spaces

Let W := P(w) = P(wy, ..., w,) be a weighted projective space of dimension
n with weights w = (wy,...,w,). We remark that W is a rational variety
over Q with Pic(W) =2 Z. Moreover, the anticanonical class K;* is an ample
Q-Cartier divisor. So W is a (singular) Fano variety of index

_ Wot -t wy
lLemA{wg, ..., w,}

45



One could try to generalize the method of Schanuel [31] for counting Q-
rational points of bounded height on usual projective spaces to the case of
weighted projective spaces. Let 2, 21, . . ., 2, be homogeneous coordinates on
Y. Then a first approximation to counting points of bounded height would
be a counting of all (n + 1)-tuples (zg, x1,...,2,) € Z™ \ {0} satisfying the
conditions .

|2;| < Boormt—+un §=0,... n.

Since the volume of the domain restricted by these inequalities is

B = [[ B+,
=0

one could expect that the asymptotic number of solutions of these inequalities
agrees with “expected” linear growth for the anticanonical height. However,
this “intuition” turns out to be wrong, in general, because the singularities
of Y could be even worse than canonical. A typical class of singularities that
appear on Y are so called log-terminal singularities introduced by Kawamata
[28]. We give below a simple example of a Del Pezzo surface with a log-
terminal singularity and we show that for every dense Zariski open subsets
U C W the number N (U, B) of F-rational points of anticanonical height
< B in U has more than linear growth:

N(U,B) = ¢(U)B*> ##2 (1 + o( B)).

Moreover, there are no dense Zariski open subsets U’ C X such that the adelic
term in the constant ¢(U) in the asymptotic formula for N(U, B) would be
independent of U for U C U’.

Example 5.1.1 (DEL-PEZZO SURFACE WITH A LOG-TERMINAL SINGU-
LARITY) Let W = P(1,1,m) be a singular weighted projective plane with
weights (1,1, m), m > 2. Then the anticanonical class of W is an ample Q-
Cartier divisor (i.e., W is Del Pezzo surface) and p = (0: 0 : 1) is the unique
singularity of W. Let X — W be the minimal resolution of the singularity
at p € W. Then X is isomorphic to a ruled surface F,, = P(Op:1 & Op1(m))
and the exceptional divisor F = f~1(p) is a smooth rational curve which is
a section of the P-bundle over P! and (F, E) = —m. Then we have

2—m
Ky=fKy+—F.
m
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Therefore, p is canonical < m = 2 and p is log-terminal < m > 3.

The group Pic(X) is isomorphic to Z? where {[E],[C]} is a Z-basis.
Moreover, [E], [C] are generators for the cone A.s(X) of effective divisors
in Pic(X)g. We have

Kx = —2E — (m+2)C,

L:=f*(—-Kx) = mT”E + (m+2)C
and 5
ar(W) =inf{t € Q : t[L] + [Kx] € Aeg(X)} = TT2

Since X is a smooth toric variety, we can apply our main result in [8] and
obtain the following:

Theorem 5.1.2 Let w: W \ p — P! be the natural projection, C, the fiber
of ™ over x € PYQ). Then for any dense Zariski open subset in W \ p, one
has

N(U,B) = c(U)B> ## (1 + o(B))

Moreover,

zePH(Q)Nn(U)

5.2 Vaughan-Wooley cubic

Example 5.2.1 Let Y C P® be a singular cubic defined by the equation
202122 — 232425 = 0, X the intersection of Y with the linear subspace in P?
with the equation:

Zo+21+22—23—24—25:0.
Vaughan and Wooley proved [34]:
Theorem 5.2.2 Let U C X be the complement in X to the following 15
divisors Di1i2i37Dij c X ({il,ig,ig} = {0, 1,2}, 1€ {0, 1,2}, J € {3,4,5}),

where
D

ivigis = 1(20 0 ... 1 25) EP® 1 oz = 23, 25, = 24, 2y = 25}
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Dij={(z0:...:25) € X 1 z;=2; =0}

If N(U, B) is the number of Q-rational points in U of the anticanonical height
< B, then there exist some constants ¢, > co > 0 such that

caB*(log B)° < N(U, B) < ¢, B*(log B)°.

We want to show that this result is compatible with predictions in [4].
First of all we note that Y is a 4-dimensional toric Fano variety: an equiv-
ariant compactification of a 4-dimensional algebraic torus T" with respect to
a 4-dimensional polyhedron A with 6 lattice vertices

Vo = (0707070)7 U1 = (1707070)7 Vg = (07 17070)7

vg = (0,0,1,0), vg = (0,0,0,1), v5 = (1,1,—1,—1)

(A is the support of global sections of a very ample divisor Y corresponding to
the embedding Y < P*). The polyhedron A has 9 faces ©;; of codimension
1:

Oy = Conv ({vo, v1, va, v3, v4, v} \ {03, Uj})-

Each face ©;; defines an torus invariant divisor Y;; C Y \ 7" such that D;; =
Yi; N X. It is easy to check that all singularities of ¥ are at worst terminal
and that the hypersurface X C Y intersects all strata Y;; transversally. From
these facts we obtain that the only exceptional divisors with the discrepancy
0 that appear in a resolution of singularities of X come from singularities in
X NT. We write down the affine equation of X N7 as
l+o+y—z—t— -2
2t

where T = Spec Q[z*!, y*!, 21 t£1]. From this equation one immediately
sees that the only singularities in X N7 are the A;-double points lying on
the curve C' : x =y = z = t. Therefore, we obtain rk C1(X) = rk Cl(Y) =
9 —dim7T = 5. Moreover, there exists exactly one crepant divisor (over C')
in a resolution of singularities of X. So the predicted power of log B in the

asymptotic formula for N(U, B) is (tkCl(X) — 1) + 1 = 5.
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5.3 Cubic zyz = u?

We consider the singular cubic surface X C P3 over Q given by the homo-
geneous equation zyz = u3. This is a toric variety, an equivariant compacti-
fication of the torus

T = SpecQ[:L’,y, z]/(a:yz - 1)

given by the condition u # 0. We can fix an isomorphism 7' = G2 by
choosing {z,y} as a basis of the group of algebraic characters of 7. Consider
the problem of the computation of the asymptotic of

N(T,B) = Card{(z,y) € (Q")* : H(z,y) < B}
for B — oo, where

H(z,y)= [ max{llzllo, lyllo, I(zy)~ o, 111}
veVal(Q)

This problem is addressed in [18]. We would like to use this problem as a
down-to-earth illustration of our general theory of height zeta functions of
toric varieties. First of all we note that the relation ||z||,||y||.||(zy) 7|, =
|1||, = 1 implies that

H,(x,y) == max{||z]lo, [lyllo, [|(zy) "l }-

Since I; = log ||z]|., lo = log ||yl|s, I3 = log||(zy) ™|, are linear functions on
the logarithmic space Ng, = R*:

Ne T(Q,)/T(0,) ®z R, if v=pe€ SpecZ
Re ™0 7(Q)/T(0,), if v = o0,

we can consider log h,(z,y) as a piecewise linear function on Ng,. Let e; =
(=2,1), ea = (1, —2) and e3 = (1,1) be lattice vectors in Z* C R?. We define
the following 3 convex cones in R?%:

o1 = Rx>pea + Rxpes,
oy = R>pe1 + Rxpes,

03 = Rzoel + Rzoeg.
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Then Nr, = UL, 0; and the restriction of log H,(x,y) to o; coincides with
the linear function [;. Let

A= P T(Q,)/T(O,)

veVal(Q

be the logarithmic adelic group. In order to compute the height zeta function

Z(s) = > H(z,y)™

(z,9)€(Q*)*=T(Q)

we use the natural homomorphism Log of T'(Q) to A. Denote by B the
subgroup Log(T(Q)) C A. We remark that the kernel of Log consists of 4
elements of finite order in (Q*)? and the quotient A/B is isomorphic to R2.
Moreover the functions H,(x,y)™® on each T(Q,)/T(O,) define a natural
extension of h(x,y)~* to a function on A. So we obtain:

Z(s) =43 T[ Hlb)™ (4)

beB veVal(Q)

The main idea of our proof in [6] is to apply the Poisson summation
formula on the group A and to express the height zeta function Z(s) as an

integral
26) = o5 (1; Qyfs.im) - Qi) ) i,

where m = (my, my) € R?, dm = dmdms,,

Qp(s,im) = Z hp(bp)_spi<b7m>a

(bl,p,b2,p)€Z2

and
Qoo (s,im) = /R2 Hy(b) " exp(i < b,m >).

An exact computation of @, (s,im) and Qo (s,im) can be obtained by a
subdivision of each of the cones o1, 05, 03 into a union of 3 subcones generated
by a basis of the lattice Z> C R?. (From the viewpoint of toric geometry
this means that we reduce the counting problem for rational points in a torus
with respect to a singular compactification to a counting problem for rational
points in a torus with respect to the minimal resolution of singularities of
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this compactification). This calculation is done in [6], Section 2 for arbitrary
smooth toric varieties. What remains is the analytic continuation of the
integral and the identification of the constant at the leading pole. For this it
is necessary to work on the whole complexified space PL(X)¢ and to invoke
the technical theorems in Section 6 in [7]. Applying the main theorem of [7],
we obtain
~1(X)og-1(X)Tic-1 (X
N (1 ) = I o pye(1 4 o)

for B — oo. The constants are as follows: yxc-1(X) = 1/36, §(X) = 1 and
T (X) = 71 (X) oo [T, 71 (X)), where

Ti-1(X)p = <1 + ]Z) +]%> (1—1/p)”

for all primes p and 7ic-1(X)oo = 9 - 4. Similar statements hold over any
number field. One can compute the constant yic-1(X) by observing that
A (X) (the dual cone to the cone of effective divisors) is a union of two
simplicial cones.
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