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ABSTRACT. We investigate analytic properties of height zeta func-
tions of toric varieties. Using the height zeta functions, we prove an
asymptotic formula for the number of rational points of bounded
height with respect to an arbitrary line bundle whose first Chern
class is contained in the interior of the cone of effective divisors.
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1. INTRODUCTION

Let X be a d-dimensional algebraic variety defined over a number
field F. Denote by £ = (L,{]| - ||»}) a metrized line bundle on X |,
i.e. a line bundle L together with a family of v-adic metrics, where v
runs over the set Val(F') of all valuations of F'. For any locally closed
algebraic subset Y C X we denote by Y (F') the set of F-rational points
in Y. A metrized line bundle £ defines a height function

H; : X(F)— R.y.

Assume that a subset Y C X and a bundle L are choosen in such a

way that
NY,L,B):=#{z € Y(F)| He(x) < B} < >
for all B € R+ (e.g., this holds for any Y C X if L is ample). Then the
asymptotic behavior of the counting function N(Y, L, B) as B — oo is
determined by analytic properties of the height zeta function Z(Y, L, s)
defined by the series
Z(Y,L,s):= Z H(x
z€Y (F)

which converges for Re(s) > 0. More precisely, one has the following
Tauberian statement:

Theorem 1.1. [2] Assume that the series Z (Y, L, s) is absolutely con-
vergent for Re(s) > a > 0 and that there exists some positive integer b
such that

2. Ls) = 25 s
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where g(s) and h(s) are functions holomorphic in the domain Re(s) > a
and g(a) # 0. Then the following asymptotic formula holds:

g((]) a b—1

Definition 1.2. Denote by NS(X) be the Neron-Severi group of X
and by NS(X)gr = NS(X) ® R. The cone of effective divisors of X is
the closed cone Aqg(X) C NS(X)gr generated by the classes of effective
divisors.

Let [L] € NS(X) be the first Chern class of L. Denote by Kx =
(Kx,{||-|lv}) the metrized canonical line bundle on X.

N(Y,L,B) =

Definition 1.3. Let L be any line bundle on X. Define
a(L) :=inf{a € R|alL] + [Kx| € Aest(X)}.
One of our main results in this paper is the following theorem:

Theorem 1.4. LetT be a d-dimensional algebraic torus over a number
field F', X a smooth projective toric variety containing T as a Zariski
open subset, and L a metrized line bundle on X (with the metrization
introduced in [2]). Assume that the class [L| is contained in the interior
of the cone of effective divisors. Then the height zeta function has the
following representation:

Z(T,[,, S) = % + h(S)

where g(s) and h(s) are functions holomorphic in the domain Re(s) >
a(L), g(a(L)) # 0, and b(L) is the codimension of the minimal face of
Ae(X) which contains the class a(L)[L] + [Kx].

Corollary 1.5. We have the following asymptotic formula

N(T,L,B) = a(L)g((b”(’(LL))) 1)!B“(”)(log B! =1 (1 4 0(1)) for B — oc.

The paper is organized as follows:

The technical heart of the paper is contained in Section 2, where
we investigate analytic properties of some complex valued functions
related to convex cones.

In Section 3, we review basic facts from harmonic analysis on the
adele group of an algebraic torus.

In Section 4, we recall the terminology from the theory of toric va-
rieties as well as the definition and main properties of heights on toric
varieties.
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In Section 5, we give the proof of 1.4. We remark that the most
subtle part in the statement of 1.4 is the nonvanishing of the asymptotic
constant g(a(L)) # 0.

2. TECHNICAL THEOREMS

Let I and J be two positive integers, R[s,t] (resp. C]Js,t]) the

ring of polynomials in I + J variables sy,...,s7,t,...,t; with co-
efficients in R (resp. in C) and C|[s, t]] the ring of formal power series
insy,...,s,t,...,t; with complex coefficients.

Definition 2.1. Two elements f(s,t), g(s,t) € C|[s, t|] will be called
coprime, if g.c.d.(f(s,t), g(s,t)) = 1.

Definition 2.2. Let f(s,t) be an element of C[[s, t]]. By the order of
a monomial s - - s%7¢0" .. -th we mean the sum of the exponents

a4 tar+ B+ + B

By the multiplicity p(f(s,t)) of f(s,t) at 0 = (0,...,0) we always
mean the minimal order of non-zero monomials appearing in the Taylor
expansion of f(s,t) at O .

Definition 2.3. Let f(s,t) be a meromorphic at 0 function. Define
the multiplicity p(f(s,t)) of f(s,t) at 0 as

u(f(s,t)) = p(gi(s.t)) — nlga(s, t))
where ¢;(s,t) and g¢y(s,t) are two coprime elements in C|[s, t]] such
that f = (]1/92

Remark 2.4. It is easy to show that for any two meromorphic at 0
functions fi(s,t) and fy(s,t), one has

() u(fr - f2) = u(fr) + u(fy) (in particular, one can omit ”coprime”
in Definition 2.3);

(i) p(fi + f2) > min{u(f1), u(f2)}:
(iii) p(fi + f2) = p(fr) if p(fa) > p(h).

Using the properties 2.4(i)-(ii), one immediately obtains from Defi-
nition 2.2 the following:

Proposition 2.5. Let fi(s,t) € C[[s,t]] and fo(s) € C|[s]] be two
analytic at O functions, I(s) € R[s|] a homogeneous linear function in
the variables sy, ... , sy,

v=0NY) =y M-, Yy) € CTH
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an arbitrary complex vector with [(v") # 0, and g(s, t) := fi(s,t)/ fa(s).
Then the multiplicity of the function

k
) 0
g(s, t) = <§> g(s+z- 7t + 2 ) o= weynen)

at 0 is at least pu(g) — k, if
fa(s + 2 7")o=ieyuen)

15 not identically zero.

Let ' C Z'" be a sublattice, Tg C R/*’ (resp. T'c C C/*/)
the scalar extension of I' to a R-subspace (resp. to a C-subspace).
We always assume that I'g N RI>+UJ =0and TR N R’ = 0. We set
Pr =R/ /T'gr and Pc := C'™/ /T'c. Let 7! be the natural projection
C'*7 — C’. Denote by 9 (resp. by ') the canonical surjective
mapping C'*/ — Pg (resp. C' — C'/7'(I'¢)).

Definition 2.6. A complex analytic function

f(S,t) = f(Sl,... , ST, b1, - ,tj) U — C
defined on an open subset U C C!*7 is said to descend to Pc if f(u) =
f(u') for all u,u’ € U with u —u’ € T'c.

Remark 2.7. By definition, if f(s, t) descends to Pc, then there exists
an analytic function g on (U) C P¢ such that f = g o 4. Using
Cauchy-Riemann equations, one immediatelly obtains that f descends
to Pc if and only if for any vector @ € I'g and any u = (us,... ,u;;y) €
U such that u 4+ ia € U, one has

f(u+ia) = f(u).

Definition 2.8. An analytic function f(s,t) in the domain Re(s) €
R.,, Re(t) € RZ_;, (for some d§y > 0) is called good with respect to I
and the set of variables {s1, ..., s;} if it satisfies the following conditions:
(i) f(s,t) descends to Pc;
(ii) There exist pairwise coprime linear homogeneous polynomials

ll(S),... ,lp(S) S R[Sl,... ,S[]

and positive integers ki, ... , k, such that for every j € {1,...,p} the
linear form 1;(s) descends to Pg, I;(s) does not vanish for Re(s) € RL,

and »
g(s,t) = f(s,t) - 1_11 [ (s)

is analytic at 0.
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(iii) There exists a nonzero constant C'(f) and a homogeneous poly-
nomial ¢o(s) of degree u(g) in variables sy, ..., s; such that

q(s;t) = qo(s) + qi(s, t)

and

_ D) oy o ((s)).

?:1 l;cj (s)
where ¢;(s,t) is an analytic function at 0 with u(q1) > p(go), both
functions qo, ¢; descend to Pg, and X,y is the X-function of the cone
A(T) =9 (RL,y) € ¢'(R') (see Definition 6.1).

Remark 2.9. Let ¢(s,t) be an arbitrary analytic at 0 function. Col-
lecting terms in the Taylor expansion of g, we see that there exists a
unique homogeneous polynomial gy(s, t) and an analytic at 0 function
¢:(s, t) such that

q(s,t) = qo(s,t) + qi(s, t)

with u(q) = u(qy) < w(gr). In particular, the polynomial gy and the
function ¢, in 2.8 are uniquely defined.

Definition 2.10. If f(s,t) is good with respect to I' and the set of
variables {s1,...,s;} as above, then the meromorphic function

qo(s)
b1 (s)

will be called the principal part of f(s,t) at 0 and the constant C(f)
the principal coefficient of f(s,t) at 0.

Suppose that dim!(R!) > 2. Let v = (v!,y’) € Z'*’ be an
element which is not contained in I, I =T®eZ< v o>, g =
I'R®R < 7>, Pg .= R/ /I'g and Pc := C'*//T'c. We assume that
I'NR’ =0and g N R}’ = 0. We denote by U (vesp. by ') the
natural projection C'*/ — Pg (resp. C' — C'/7'(I'¢)).

The following easy statement will be helpful in the sequel:

Proposition 2.11. Let f(s,t) be an analytic at O function, I(s) € R[s]
a homogeneous linear function such that [(y!) # 0. Assume that f(s,t)
and [(s) descend to Pc. Then

descends to f’c.
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Theorem 2.12. Let f(s,t) be a good function with respect to T and
the set of variables {s1,...,s;} as above,

k.
os)= I ')
J:li(y")=0
the product of those linear forms 1;(s) (j € {1,...,p}) which vanish on
v!. Assume that the following statements hold:
(i) The integral

F(s,6) = —

converges absolutely and uniformly to a holomorphic function on any
compact in the domain Re(s) € RL, Re(t) € R _; ;
(ii) There exists 6 > 0 such that the integral

1
/ ®(s)- f(s+z-9,t+2z-7")dz
JRe(z)=0

2mi
converges absolutely and uniformly in an open neighborhood of 0. More-
over, the multiplicity of the meromorphic function

Fi(s t) = — /Re(z)_é F(s+ 2 7)dz

—/ f(s+z-9y" t+2-v))dz, z€C
211 JRe(2)=0

27

at 0 is at least 1 — dim ¢’ (RT);
(iii) For any Re(s) € RL, and Re(t) € RZ_;,, one has

i (st za))]) <o
A=+00 \ 0<Re(z)<4, |Im(z)|=A

Then f(s) is a good function with respect to T and {sy,...,s;}, and
C(f) =C(f).

Proof. By our assumption on I', 4/ # 0. We can assume that ;(7") < 0
for j=1,...,p1, (7)) =0for j =p; +1,...,ps, and [;(") > 0 for
j=pe+1,...,p. In particular, one has

P2

k.
CI)(S) = H lj] (S),
Jj=p1+1
where k; (j =p1 +1,...,p2) are some positive integers. Denote by z;

the solution of the following linear equation in z:
Li(s) +2;(7) =0, j=1.....p1.
Let U be the intersection of R}’ with an open neighborhood of 0

such that ®(s) - f(g(SLt) is analytic for all (s,t) € U. By the property
(i), both functions fs(s,t) and f(s,t) are analytic in U. Moreover,
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the integral formulas for ]E(;(S,t) and f(s,t) show that the equalities
fs(u+iy-~) = fs(u) and f(u+iy-v) = f(u) hold for any y € R and
u,u+iy-y € U. Therefore, both functions f;(s,t) and f(s, t) descend
to Pc (see Remark 2.7). Using the properties (i)-(iii), we can apply
the residue theorem and obtain

.f(sa t) - f(s(sa t) = pzl R,GSZ:ij(S +z- 717 t+z- ’yl)
=

for s,t € U. We denote by U(v) the open subset of U which is defined
by the inequalities

Li(s) , Im(s)
L) T ()
The open set U(7) is non-empty, since we assume that g.c.d.(l;,1,,) =1

for j # m. Moreover, for (s,t) € U(7), we have
R,GSZ:ij(S + z- fyljt + 2. ,),J) —

1 (6)’9’1 Li(s+z-v)rig(s+2-9',t +2-797)

+ forall j #m, jme{l,... p}.

[

(kj — D! 0z lfj(vf)- b lEm(s+2-41)
where
o Li(s)
z; = _lj(’YI) (J=1,...,p$).
Let
f6:6)- IL7(9) = a(s:6) = 0(s) + (s )
and )
L =C . XA / I s)),
v 15 (s) (f) - Xan (¥7(s))

where ¢p(s) is a uniquely determined homogeneous polynomial (see
Remark 2.9), gy(s, t) is an analytic at 0 function with p(q) = p(go) <
1(q1) and Xy (¥ (s)) is the X-function of the cone A(I) = ¢"(RL).
We set -

. qls) S 1) — _alst)
Ro(s) := §:1 lf‘i(s)j Ri(s.t) ;;:1 l;w (S)

Then u(f) = u(Ry) < u(Ry). Moreover, pu(Ry) = —dim ¢’ (R') (see
Prop. 6.2). Define

~ P1
Ry(s) :==> Res,_, Ro(s +z-7")

J=1
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and
p1

Ry(s,t) == Y Res,—, Ri(s+ 27", t+2-77).
=1
We claim that ) .
Ro(s) = C(f) - Xz (¥'(9)),
where XA(,)@I(S)) is the X-function of the cone A(I) = ¢! (RI>0)
Indeed, repeating for Xy()(1(s)) the same arguments as for f(s,t), w
obtain

1 1
— X . I d —_/ X . 1 d
o /Re(z)_o An((s +2-7))dz 271 Jre(s)—s An((s +2-7))dz
k1
=Y Res.—., Xan(¥(s + 2 - 7))
Jj=1

Moving the contour of integration Re(z) = ¢ (6 — +00), by residue
theorem, we obtain

X -v"))dz = 0.
foo, B (s + 29"z

On the other hand,
X[\(z)@(s)) =

(see Theorem 6.3).
Consider the decomposition of f into the sum:

.f(sa t) = fd(sa t) + RU(S) + RI(SJ t)
By our assumption in (ii), u(f5) > 1—dim ¢! (R!). By Proposition 2.5,
we have j(R;) > 1+pu(R) > 24+p(Ry) = 1—dim wl(RI) Using 2.4(iii),

we obtain that u(f) = u(Ry) = —dim ¢! (R?) and u(fs + Ri) > u(f).
By 2.11, the linear forms

i, (8) = L (8+2;7") = ln(8) —

1
— oy (Bl 271z

211 JR

Li(s)
L)
and the analytic in the domain U(~) functions

Reszzzjf(s+z'717t+z'711)7 ]: 17 » P1

(Y, (G=1,...,p1, m#j)

and
Res,_., Ro(s + 29", j=1,...,m

descend to Pg. For any j € {1,...,p1}, let us denote

Q)= T1 Mns).

m;é],m:l
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It is clear that
k; I J
Q' (s) -Res.—, . f(s+z -7, t+2-7")

and
Ql?j (S) . Resz:z]- RO (S + 2 - ,71)

j
are analytic at 0 and ®(s) divides each ();(s). Hence, we obtain that

(s ) 10, Q5 (s) =

- (fé(s’ 6+ Res., fls+2-7" b+ 2 7'])) 156
j=1

i=1

and

Rg(s)ﬂij (iResz 5 Ro(s+ 2z ) HQkﬂ

7=1
are analytic at 0.

Let us define the set {I;(s),...,l;(s)} as a subset of pairwise co-
prime elements in the set of homogeneous linear forms {h,, ;(s)} (m €
{1,...,p}, 7 € {1,...,p1}) such that there exist positive integers
ny,...,n; and a representation of the meromorphic functions f(s,t)
and Ry(s) as quotients

F(s :M Ro :%
fe8) =5 e O =5 ey

=17
where (s, t) is analytic at 0, go(s) is a homogeneous polynomial, and
none of the forms I,(s), ... ,l,(s) vanishes for (s,t) € RZE/ (the last
property can be achieved, because both functions f(s, t) and Ry(s,t)
are analytic in U and the closure of U is equal to R’;UJ).
Define

Gi(s.t) = (fols,t) + Ri(s,t)) - ﬁ [ (s).

Then

q(s,t) = qo(s) + qu(s, t)
where ¢y(s, t) is a homogeneous polynomial and ¢ (s, t) is an analytic
at 0 function such that p(q) = p(do) < p(q). Moreover,

Go(s)
7= lln]( )

ie., f is good. O

= O(f) - X3 (¥ (5)),
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Definition 2.13. For any finite dimensional Banach space V' over R
we denote by || - || a representative in the class of equivalent norms on
V. Fory = (y1,...,y-) € R" we will set

MR
7=1

The following lemma is elementary:

Lemma 2.14. Let V =V, & V5 be a direct sum of finite dimensional
vector spaces over R, 1y is the dimension of Vy, and ro > 0. Let f(x)
be a complexr valued function on V' satisfying the inequality

C
x)| < ,
FON < Gy e

for any x = (x1,%x3) € V and some constants c,e > 0. Let W C V; be
a locally closed subgroup such that Vo /W is compact. Choose any Haar
measure dw on W. Then there exists a constant ¢ > 0 such that we
have the estimate

[ 1466+ w)ldw <
JW

CI

(1 + fea[|)rr+e

for any x; € V;.

Theorem 2.15. Let f(s,t) be an analytic function for Re(s) € RL,
Re(t) € RZ_; (for some 6y > 0), T C Z'7 a sublattice of rank t < I
with TrNR’ = 0 and FRHRIZJ{)J = 0. Assume that there exist constants
g,e9 > 0 such that the following holds:

(i) The function

g(S,t) =S Slf(sat)

is holomorphic in the domain Re(s) € RL__, Re(t) € R _; and
C(f) = 9(0) # 0,

(ii) For all ey (with 0 < g1 < €) there exist a constant C(g1) > 0 and
an estimate

Clen)

(14 [ly[})r+e’

y=nyn), Iyl =yl +lysl
which holds for all s such that one of the two inequalities —e < Re(s;) <
1 or Re(s;) > €1 is satisfied for every j =1, ..., 1.
Then the integral

1
s+ iy, t+iy;)d
(27T)t .LR f( Y YI) Yy
is a good function with respect to I' and the set of variables {s1, ..., s},
and C(f) is its principal coefficient.

|[f(s+iyr,t+iys)| <
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Proof. Without loss of generality we can assume that I" is not contained
in any of I coordinate hyperplanes s; = 0 (j = 1,...,I), otherwise we
reduce the problem to a smaller value of I. Therefore, we can choose a
basis 7!, ...,7" of T such that all first I coordinates of 7" = (v¥,~%) €
Z'*+7 are not equal to 0 for every u =1, ..., t.

For any non-negative integer u < t we define a subgroup I'™ C I of
rank u as follows:

IO =0, 1" :=PZ<y"> u=1,..t.
j=1

We introduce some auxiliary functions

f(o)(sa t) = f(S, t);

1 u . u u
/F(u) f(s+ iy(i );t + ZY,(] ))dy( ) ou=1,..t,
R

(2m)"

(s, t) =

where dy™ is the Lebesgue measure on F(f{) normalised by the lattice

'™, Denote by Péu) = C’”/F(Cu). By the estimate in (ii), f(s,t)

is a holomorphic function in the domain (Re(s), Re(t)) € RL,’ and

descends to PS”.

We prove by induction that (s, t) is good with respect to T c
Z™7 and {si,...,s;}. By (i), f@(s,t) is good. By induction as-
sumption, we know that f(*~Y(s, t) is good with respect to T*~ and
{s1,..., s1}. Moreover, we have

f(u)(sv t) = (271_”)

Choose 9, > 0 in such a way that for every j = 1,..., one of the
following two inequalities is satisfied:

u

/RP( )=0 U (s 4297 t+ 2 95)dz.

—£e < (5u7;-‘ < —gq, or 5u7;-‘ > £

for some 0 < £, < €. By (ii), the integral

u 1 u— u u
1

(2m)
converges absolutely and uniformly in an open neighborhood of 0, i.e.
the multiplicity of fé(u)(s, t) is at least 0 > 1 +rkI'™ — I. Hence it is
holomorphic at 0 and satisfies assumption (ii) of 2.12. By lemma 2.14,
the property 2.12 (iii) holds. Applying theorem 2.12, we conclude that
f(W(s,t) is a good function with the principal coefficient g(0). O

/r o P+ 07+ iy b+ 0,94 + iy () dy™
R
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3. FOURIER ANALYSIS ON ALGEBRAIC TORI

Let Xp be an algebraic variety over a number field F' and E/F a
finite extension of number fields. We shall denote by Xz the E-variety
obtained by base change from X and by X(F) the set of E-rational
points of Xp. Sometimes we omit the subscript in Xg if the field is
clear from the context.

Let G,, = Spec(F[z,z7']) be the multiplicative group scheme over
F. A d-dimensional algebraic torus 7" is a group scheme over F' such
that over some finite field extension E/F we have Ty = (G,,)%. We
call the minimal £ with this property the splitting field of 7. Denote
by G = Gal(E/F) the Galois group of E over F. For every G-module
A, AY stands for the submodule of elements fixed by G. For any
field E we denote by Ty the G-module Hom(Ts, G,,) of E-rational
characters of T'. If F is the splitting field of 7', we put M := Ty and
N := Hom(M, Z) the dual G-module. We denote by ¢ the rank of the
lattice M¢.

Let T be an algebraic torus over a number field F'. Denote by Val(F')
the set of valuations of F' and by Val,(F') the set of archimedian val-
uations. Let F, be the completion of F' with respect to v € Val(F), V
an extension of v to F,

G, : = Gal(Ey/F,) C Gal(E/F)

the decomposition group at v, T(F;,) the group of F,-rational points of
T and T(0,) its maximal compact subgroup. We have the canonical
embeddings

T, : T(F,)/T(0,) — N
for all non-archimedian v € Val(F) and
 « T(F,)/T(O,) — Ng*
for all v € Val(F). Denote by 7, the image of z, € T(F,) in N

(resp. Ng*) under m,.

Definition 3.1. We call a valuation v € Val(F') good, if the mapping
Ty is an isomorphism. We denote by S a finite subset in Val(F) con-
taining Valy (F') and all valuations v € Val(F') which are not good.

Let us recall some basic arithmetic properties of algebraic tori over
the ring of adeles A . Define

T'Ap)={xeTAp) | [ |m(x,)],=1, for all m e M“}.

vEVal(F)

Let K7 = [Tyevar) 7'(0,) be the maximal compact subgroup of T'(Ap).
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Proposition 3.2. The groups T(Ay), T'(Ap), T(F), Ky have the fol-
lowing properties:

(i) T(Ar)/TH(Ar) = N§ = R,

(ii) TY(Ar)/T(F) is compact;

(iii) TY(Ar)/T(F)K7 is isomorphic to the product a finite group
cl(T), and a connected compact abelian group;

(iv) w(T) =Ky NT(F) is a finite abelian group of torsion elements
in T(F).

Let T(O) C T(F) be the subgroup of Op-integral points. Then T'(O)
contains w(7T), and & := T(Op)/w(T) has a canonical embedding, as
a discrete subgroup, into the archimedian logarithmic space

Neow= P Ng'= @ T(F)/TO,).
vEValoo (F) vEValoo (F)

Moreover, the image of £y in Ng . is contained in the R-subspace
Ng o defined as

Nioo ={T € Nr| >, m@) =0 forallme M},
vEValoo (F)

and the quotient Ng /& is compact.

Definition 3.3. Let 7" be an algebraic torus over a number field F.
We define

Hy = (T(Ap)/T(F))"
as the group of topological characters of T(Ar) which are trivial on
T(F). Define the group Dr as

Dr = (T'(Ar)/T(F))"
Define the group Uy as:

Z/{T = (Tl(AF)/T(F)KT)*

We call the characters x € Dy discrete and x € Uy unramified.

Using 3.2 (i), we see that a choice of a splitting of the exact sequence
1— Tl(Ap) — T(AF) — T(Ap)/Tl(AF) —1
defines isomorphisms
HT = Mg @ DTJ

NR,oo = N§ @ Ng oo,
and

MR,OO = Mfci ® Mlgt,oo’
where

Mro= P Mg

v€Vales (F)
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and Mﬁ’oo is the minimal R-subspace in Mg o, containing the image
of Uy under the canonical mapping

Z/{T — MR,oo-

From now on we fix such a non-canonical splitting. This allows to
consider Uy as a subgroup of Hy. By 3.2, we have:

Proposition 3.4. There is an exact sequence
0— Cl*(T) —)L{T — MT — 0,

where Mt is the image of the canonical projection of Ur to ]\4%{7Oo and
cl*(T) is a finite abelian group dual to cl(T).

We see from 3.4 that a character y € M§ @ Uy is determined by
its archimedian component which is an element in Mg o, up to a finite
choice. Denote by y(x) € M§ & My the image of x € M§ & Uy in
MR oo
For all valuations v we choose Haar measures dy, on T'(F,) normalized

by
/ dp, = 1.
T(Ov)

We define the canonical measure on the group T'(Ar)

w = H d L.

veVal(F)

For archimedian valuations the Haar measure du, is the pullback of
the Lebesgue measure on Ng” under the logarithmic map

T(F,)/T(0,) - N§".

Let dx be the Lebesgue measure on T(Ar)/T'(Ar). There exists a
unique Haar measure w! on T'(Ar) such that w = w'dx. We define

w'.

oT) = |
JTHAR)/T(F)
For any L'-function f on T(Ay) and any topological character y we
denote by f(X) its global Fourier transform with respect to w and by
fv(X’u) the local Fourier transforms. We will use the following version
of the Poisson formula:

Theorem 3.5. Let G be a locally compact abelian group with Haar
measure dg,Gy C G a closed subgroup with Haar measure dgy. The
factor group G/Gy has a unique Haar measure dx normalized by the
condition dg = dx - dgy. Let f : G — C be an L'-function on G and

f its Fourier transform with respect to dg. Suppose that f is also an
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L'-function on Gy , where Gy is the group of topological characters x
which are trivial on Gy. Then

2)dge = / F(y )dy,

[, 7@ = [, 00

where dy is the orthogonal Haar measure on G, with respect to the
Haar measure dx on G/Gy.

We will apply this formula with G = T(Ay), Gy = T(F), dg = w and
dgo is the discrete measure on T'(F'). The Haar measure dx induces
the Lebesgue measure on M§ normalized by the lattice M“ € M§ and
the discrete measure on Dy.

Definition 3.6. Let 7' be an algebraic torus over F' and T(F') the
closure of T(F) in T(Ap) in the direct product topology. Define the
obstruction group to weak approximation as

A(T) = T(Ap)/T(F).

4. GEOMETRY OF TORIC VARIETIES

Definition 4.1. A complete regular d-dimensional fan G-invariant X
is a finite set of convex rational polyhedral cones in Ny satisfying the
following conditions:

(i) every cone o € ¥ contains 0 € Ng;

(ii) every face ¢’ of a cone o € ¥ belongs to ¥;

(iii) the intersection of any two cones in ¥ is a face of both cones;

(iv) Ng is the union of cones from ;

(v) every cone o € 3 is generated by a part of a Z-basis of V;

(vi) For any g € G and any o € 3, one has g(o) € X.

A complete regular d-dimensional fan ¥ defines a smooth toric vari-
ety Xx g as follows:

XZ,E‘ - U Ua = U SpeC(E[Mmé—])a
ogEY ocEY
where ¢ C Mg is the dual to o cone. We can see that T C U, for all
o € Y and that Uy =T.

Theorem 4.2. [14] Let X be a complete reqular G-invariant fan in Ng.
Assume that the complete toric variety Xy, p defined over the splitting
field E by 2 is projective. Then there exists a unique complete algebraic

variety Xy, p over F' such that its base extension to F is isomorphic to
XZ E -
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Denote by X(j) the subset of j-dimensional cones in ¥ and by N, g C
Ngr the minimal linear subspace containing . Let {ey,...,e,} be the
set of 1-dimensional generators of ¥. Denote by PL(X) the lattice
of piecewise linear integral functions on N. By definition, a function
e € PL(Y) iff ¢(N) C Z and the restriction of ¢ to every cone o € ¥
is a linear function; equivalently, there exist elements m, € M such
that the restriction of ¢ to o is given by < -, m, > where < -, - > is
induced from the pairing between N and M. The G-action on M (and
N) induces a G-action on the free abelian group PL(X). Let

N(1) = 2,(1) U... US,(1)

be the decomposition of ¥(1) into a union of G-orbits. A G-invariant
piecewise linear function ¢ € PL(X)“ is determined by the vector
u = (uq,...,u,), where u; is the value of ¢ on the generator of some
1-dimensional cone in the G-orbit 3;(1), (i = 1,...,7). It will be con-
venient for us to consider complex valued piecewise linear functions
and to identify ¢ = ¢, € PL(X)g with its complex coordinates u =
(w1, ..., u,) € PL(X)E.

Theorem 4.3. The toric variety Xs, has the following properties:

(i) There is a representation of Xs g as a disjoint union of split
algebraic tort T, i of dimension dim7T, p = d — dimo. For each j-
dimensional cone o € X(j) we denote by T, g the kernel of a homo-
morphism Ty — Gfﬂp defined by a Z-basis of the sublattice N N N, r.

(ii) The closures of (d — 1)-dimensional tori corresponding to the 1-
dimensional cones Rxger, ..., Rsoe, € X(1) define divisors Ty, ..., T,,.
We can identify the lattices PL(X) = &"_,Z[T}].

(iii) There is an exact sequence of G-modules

0— M — PL(X) = Pic(Xyg) — 0,

moreover, we have Pic(Xy ) = Pic(Xy p)¢;
(iv) The cone of effective divisors Neg( Xy ) C Pic(Xy p)r is gen-
erated by the classes of G-invariant divisors
RzgeiEZ]‘(l)

(v) The class of the anticanonical divisor —[Ky)] is given by the class
of the G-invariant divisor

—[Ks] =Dy + ...+ D).

Remark 4.4. We note that for toric varieties we have Pic(Xy p) =
NS(Xs r).
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Definition 4.5. Let ¢ € PL(X)E be a complex valued piecewise linear
function. Let v € Val(F') be a non-archimedian valuation. Denote by
¢, the order of the residue field of F,. For z, € T(F,) we define the
complex local height function

H o, ) = #P 080

Let v be an archimedian valuation. The complex local height function
is defined as
szv(xm ©) = ¥ (@)

Remark 4.6. This provides a piecewise smooth metrization of line
bundles on the toric variety X5. One can show that this metrization is,
in a sense, "canonical”. Namely, an algebraic torus admits a morphism
to itself (n-th power morphism), which extends to a compactification.
Using the construction of Tate one can obtain a metrization on a line
bundle by a limiting process. This metrization coincides with ours.

Definition 4.7. Let © € T(F) C Xy(F) be a rational point. The
global height function is defined by

Hz(l‘, (,D) = HHZ,U(:EM (P)

By the product formula, the function Hx(z, ¢) as a function on T'(F)
descends to the complexified Picard group Pic(Xy)c. Moreover, we
have the following

Proposition 4.8. [2] Let X5 be an smooth projective toric variety.
For all x € T(F) C Xx(F) the function Hx(t,¢) coincides with a
classical height corresponding to some metrization of the line bundle L
represented by a piecewise linear function o € PL(X)%.

Let Xy be a toric variety and Hy the height pairing. Clearly, it
extends to a pairing T(Ar) x PL(X)% — C. Moreover, it is invariant
under the maximal compact subgroup Kr = [,cvair) T(O,). There-
fore, its Fourier transform I:Ig(x, —s) equals zero for characters y € Hr
which are non-trivial on K.

By 4.3, we have an exact sequence of Z-modules

0— M% = PL(®)Y = Pic(Xyp) = HY(G, M) = 0.
It induces a surjective map of tori a : [[j_, Rp;/r(Gn) — T and a

surjective homomorphism

a: 1 Gun(Ar,)/Gm(F;) = T(Ap)/T(F)

hj=1
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Every character Y € Hy defines r Hecke characters xq, ..., x, of the
groups G,,,(Ap;)/G(Fj) by x oa. It is known [6], that Coker(a)
is isomorphic to the obstruction group to weak approximation A(T")
(see 3.6). Similarly, every local character y, defines local characters
X105 - Xrw- 1 X is trivial on K7 then all x; are trivial on the maximal
compact subgroups in in Gm(Apj), in other words, all x; are unrami-
fied. Their local components for all valuations are given by

Xjuv * Gm(Fj,v)/Gm(Oj,v) — C*

Xijw (7y) = |, ‘iyj’v

for some real y; .

In the remaining part of this section we recall some estimates which
will be used it the study of analytic properties of the height zeta func-
tion (see [2]).

Let us consider a Hecke character x € (G, (Ar)/Gn(F))* and the
corresponding Hecke L-function L(x,u). The following estimate can
be proved using the Phragmen-Lindel6f principle [12].

Proposition 4.9. For all ¢ > 0 there exists a constant ¢, () such that
for all unramified x and all u with Re(u) > 1+ ¢

L0 w)| < ei(e).

For all € > 0 there exists a 0 > 0 such that for all unramified x and all
u with Re(u) contained in any compact K in the domain 0 < |Re (u) —

1] < § there exists a constant ¢(K, ) depending only on K and & such
that

(L0 w)] < e(Ke)(1+ [Im(u)] + [[yO)l)°

Let T be an algebraic torus and xy € Ur an unramified character.
Denote by x, its local components and by xi, ..., X, the induced un-
ramified Hecke characters of G,,(Ap,).

Definition 4.10. Define

_ Hv&Valm(F) IA{Z,’U(XUJ _u)

ngl Ly, (Xj= uj)
where for every field F; we denoted by Lp, (x;,u) the standard Hecke
L-function of Fj. For any x € Dr we define

COO(XJ u) = Cfin(X; —11) ’ H [:IE,U(XJ —11).

vEValao (F)

Cfm(Xa —ll) :
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Proposition 4.11. [2] For every &, > 0 there exist constants 0 <
¢1 < ¢y such that for any u with Re(u) € RY, 5 and any x € Ur we
have

1 < |Crin(x, —0)| < ca.
Proposition 4.12. [2] Let x € Ur be an unramified character and
y(x) its image in Mg . For all §y > 0 there exists a constant ¢(dy) such

that for any u in the domain Re(u) € R;1/2+50 we have the following
estimate

; c(do)
‘ H 7U(X’7u)| S ’
uevalgo(m . (L + [[yOOll + [[tm(u) )+

where p +t is the dimension of the real vector space Mg .

Corollary 4.13. For any 0y > 0, there exists a constant ¢(dy) such
that for any x € Ur and any u in the domain Re(u) € RT>1/2+(5[] we
have the following estimate:

(o)
(14 lly GOl + [Im () |yt

Coo(x; 0| <

5. ANALYTIC PROPERTIES OF HEIGHT ZETA FUNCTIONS

Definition 5.1. Let Xy be a smooth projective toric variety. Let ¢ =
¢u € PL(Y)E be a complexified piecewise linear function. Let Y C Xy
be a locally closed subset. The height zeta function with respect to Y
is defined as

ZVow) = Y H(z,—u).

z€Y (F)
Let us formulate the first main result.

Theorem 5.2. (2| The height zeta function Zs(T,u) as a function on
PL(X)& is holomorphic for Re(u) € RL,. Moreover, it descends to
Pic(Xs)c and is holomorphic for Re(u) contained in the open cone

A (Xs) + [Kx].
Theorem 5.3. (Poisson formula) [2, 3] For all u with Re(s) € R_,
we have the following formula:
1 A
Zo(Tou) = ——— / Hy(y, —u)d
Z( au) (QW)tb(T) o E(Xa 11) X5

The integral converges absolutely and uniformly to a holomorphic func-
tion in w in any compact in the domain Re(u) € RL;.



HEIGHT ZETA FUNCTIONS OF TORIC VARIETIES 21

Let £ be aline bundle on Xy, metrized as above, such that its class [L]
is contained in the interior of the cone of effective divisors Aeg(Xy) C
Pic(Xs). We have defined a(L) as

a(L) :=inf{a € R | a[L] + [Kyx] € Aesr(Xyx)}.

By our assumptions, we have a(L) > 0, since —[Ky] € A24(Xy). De-
note by A(L) the face of maximal codimension of the cone Aqg(Xy)
which contains a(L)[L] + [Kx].

Let J(L) C [1,...,r] be the set of indices such that [D;] € A(L) for j €
J(L) and I(L) = [1,...,7]\J(L). We set I = |I(L)| and J = |J(L)| =
r — I. Without loss of generality, we assume that I(L) = {1,...,I}
and J(L) ={I+1,...,r}. Since a(L)[L] + [Kx] is an interior point of
A(L) it follows that there exists a representation

a(L)[L] + = > Al

JEJ(L)
where \; € Q. Therefore,
A +1 1
L= > —~ D]+ > —IDil.
jed(L) a(L) iel(L) a(L)

Fix these A; and choose £ > 0 such that 2¢ < minje ) A;. We
denote by ¢, the piecewise linear function from PL(X)§ such that
a(L)pr(e;) =1fori=1,... I and a(L)gL(e;) =1+ A; for j € J(L).
Here e; are generators of one-dimensional cones Rxge; in the G-orbits
¥ (1).

We introduce the lattice

M;y={me M| <e,m>=0 for Rspe € Ul_,%(1)}.
Define M; = M/M,. The following diagram is commutative

0— MJ — ®j€J (L) [G]]
1 1

0—- M — ., Z|G
1 i

0= M; — icir) Z[Gil.

The exact sequence of G-modules
0—>M;—->M— M;—0
induces the exact sequence of algebraic tori
1T, —-T—>T; —> 1.

It will be convenient to introduce new coordinates s = (s;)ici(1),t =
(tj)jeJ(L) on PL(E)%, where S; = uz—l (Z = 1, .. ,]), tj = ’LL[+]—1+€
(j=1,...,J). We shall write (s,t) = (s1, ..., S, t1,..., t7).
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Theorem 5.4. The height zeta function Zy (T, s, t) is good with respect
to the lattice M and variables {s1, ..., s;} in the domain Re(s) € RL,
Re(t) € RZ 5 for some positive dy < €.

Proof. Recall that Zx(T, u) has the following integral representation
in the domain Re(u) € R, (5.3):

1 .

—_ Hyx(x, —u)dy.

(2m)b(T) /H »(x ~u)dx

Using the explicit computation of the Fourier transform of local height

functions and the absolute convergence of the integral in the domain
Re(u) € R%,, we have

Zz(T, 11) =

1 .
Zs(Tow) = e [ dy | 30 As(y, u+iy) |,
(2m)tb(T) Jmg XeZuT
because the local height functions are invariant under the maximal
compact subgroups T7(0,) C T(F,) and Hx(x, —u) = 0 for all x which
are not trivial on the maximal compact subgroup K;. By 4.10, we

have:

ﬁZ(Xa 7“) = H L(Xjauj) X Coo(Xa 11),

7=1
where Y1, ..., X, are unramified Hecke characters of G}n(Apj) induced
from a character x € Uy, and ((x,u) is a function in u which is
holomorphic in the domain Re(u) € R, 4 (for all y > 0).
We have

1
ZT,,tzi/ — iy, t —iy,)dy’,
(T8, t) (2m)(T) MfRfZ(S 1y1 iy )dy
where
fE(SJt) = Z H L(X2752+1) X bZ(XJSJt)
XEUr i€I(L)
bz(X,S,t) =
= [T oty + 142 = i) x Gals — iyt — i)y’

TR jeJ(L)
dy’ is the Lebesgue measure on M,CfR and dy’ the Lebesgue measure
on M(fR.

Using the estimates 2.14, 4.12, 4.9, 4.13, we see that the sums and
integrals above converge absolutely and uniformly to an analytic func-
tion in any compact in the domain Re(s) € R, and Re(t) € R _;
for some §y > 0 (dy < £). Now the fact that the function Zx(T),s,t) is
good with respect to the lattice MY C Z’ and the variables (sy, ..., s7)
follows from 2.15 and the following statement:
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Theorem 5.5.
ll_{% s1-++51fx(s,0)
exists and 1s not equal to zero.

We divide the proof of Theorem 5.5 into a sequence of lemmas:

Lemma 5.6. Let Up(I) be the subgroup of Uy consisting of characters
X € Uy such that the corresponding Hecke characters x; (1 =1,...,1)
are trivial. Denote

fi(s,t) = > II Le(xi.si +1)bs(x,s. t).
xeur (1) iel(L)
Then

1 o — 1 PR I
ll_l)% S1 S]fE(S, 0) 21_1% S1 S[fZ(S, 0)

Lemma 5.7. (Poisson formula) For Re(s,t) € Ry xR _; . one has:

Fl(s,t) = /AHZ(:J:, (s, —t))da,

where the subgroup A C T(Ap) is defined as

A= T(F)T,(F).

Proof. By definition of fl(s,t), we conclude that this function
equals to the integral of the Fourier transform of the adelic height
function over the subgroup of characters x of T(A ;) which are trivial
on T(F) and such that the induced Hecke characters x; are trivial for
i€ I(L). It follows from the diagram

Micr) Gu(AER)/Gu(Fi) — Ti(Ap)/Ti(F) — A(T;) —0
1 1 1

io1 Gn(AR)/Gn(F)  — T(Ap)/T(F) — AT) —0
{ 1 1

Mjcs) Gn(AR)/Gun(F;) — T;(Ar)/T;(F) — A(T;) —0.

that the common kernel of all such characters is T(F)T;(F) (here we

used the isomorphism A(77) = T;(Ar)/Ti(F)). The proof of the ab-
solute convergence of the integral over A in the domain Re(s,t) €
R, x RZ_; is analogous to the proof of theorem 4.2 in [3]. O

Lemma 5.8. The function

s1+7 515 (8, t)

extends to an analytic function in the domain Re(s,t) € RL .
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Proof. The proof is similar to the proof of theorem 4.2 in [3]. The
integral

/ Hs (v, (—s, —t))da

A

can be estimated from above by an Euler product which is absolutely
convergent in the domain Re(s,t) € R ; times a product of zeta
functions TT1_, x(s; + 1). O
For (s,t) € R" the function Hy(z, (—s, —t)) has values in positive real

numbers. Therefore, to prove the non-vanishing of the constant, it
suffices to show the following:

Lemma 5.9. The value of

S1-°-S1 Hg(:r,(—s,—t))dal
JT(F)

at (0,0) is positive. Here day is the induced Haar measure on Tr(F)

Proof. For some finite subset S C Val(F'), we can split the group
T/(F) into the direct product

TI(F)S X TI(AF,S)a

where T;(F)g is the image of T7(F) in the finite product [T,cg T7(Fy)
and

Ty (Aps) = Ti(Ap) N I To(F,

vgS
Hence,
_HZ('ZEJ (—S, _t))dal =
Tr(F)
- Hy. “t))dag x / Hy (w5, 4)da,
Tr(F)g ( ( > s H - h )) )

vgS
Here we denoted by dag and de, the Haar measures induced from deo;.
We claim that

HCF si+1) ] Hy o(z, (s, —t))da,.
vgs T T1(F)

is an absolutely convergent Euler product for Re(s,t) € RL ;. This
statement follows from the explicit calculation of the local integrals
(see 5.10).

Lemma 5.10. For all good valuations v € S, the local integral

'/TI(FU) Hz,v(fr;(—s,—t dav HHCF V Sz+1 (1+0( —1— Eg))

=1V
for some g > 0 and all Re(s, t) € R
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Proof. Denote by Ngr([) the minimal R-subspace of Ngr spanned
by all e with Rspe contained in the set of 1-dimensional cones in
User(r)Xi(1). Let X(L) be the complete G-invariant fan of cones in
Ngr(I) which consists of intersections of cones in ¥ C Ngr with the sub-
space Ngr(I). Since X(L) is not necessary a regular fan, we construct a
new G-invariant fan (L) by subdivision of cones in ¥(L) into regular
ones using the method of Brylinski [4]. This reduces the computation
of the local intergral to the one made for local height functions on
smooth toric varieties in [2], theorem 2.2.6.

Let oq,...,05 be the set of representatives of G,-orbits in the set of
1-dimensional cones in ¥(L) C Ng(I). We obtain

/ Hs. (00, (8, —t))da, =
TI(FU)

(s Ay (5) 1o 1
= Qi(L)(%l B8 )11 (1 - z‘:.(_st)) |
j=1 Q

where [,(s,t) are linear forms which are > 1 — ¢y in the domain
Re(s,t) € RL_;, and Qy;(2) is a polynomial in the variables z =
(21, .., za) such that all monomials in QE(L)(Z) — 1 have degree > 2.
Now we notice that [,(0,0) = 1 iff o is a 1-dimensional cone in ¥ and

therefore, the cone R>e; for some i € I(L) is contained in the G,-orbit
of o (see 5.11). O

Lemma 5.11. The set of lattice vectors e € N such that a(L)¢r(e) =
1 coincides with the set of lattice vectors e; € Nr(l) with Rsge; € 3(1)
and a(L)pr(e;) = 1.

Proof. Let e be a lattice point in N. Since ¥ is complete, there
exists a d-dimensional cone o € X such that e € 0. We claim that the
property a(L)¢r(e) = 1 implies that e is a generator of a 1-dimensional
face of 0. Indeed, we have a(L)yr(x) > px(z) for all z € Ng. On the
other hand, o is generated by a basis of N and @y, has value 1 on these
generators. Hence, e must be one of the generators of o.

It remains to show that the property a(L)¢(e;) = 1 for some genera-
tor e; of a 1-dimensional cone R>ge; € ¥ implies that e; € Ng(L). But
this follows from the definition of Ng (L) as the subspace in Ng gener-
ated by all elements e; € N such that Rxge; € ¥ and a(L)pr(e;) = 1.
([

Theorem 5.12. There exists a 0 > 0 such that the zeta function
Zs (T, L,s) obtained by restriction of the zeta function Zx(T,s) to the
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complex line s|L] € Pic(Xy)c has a representation of the form
Oc(¥) h(s)
(s = (L))"~ (s —a(L))"!
with some function h(s) which is holomorphic in the domain Re(s) >
a(L) — ¢ and a nonzero constant O, (X).

ZZ (Ta £a 9) =

6. APPENDIX: X-FUNCTIONS OF POLYHEDRAL CONES

Let (A, Ar,A) be a triple consisting of a free abelian group A of
rank k, a k-dimensional real vector space Ag = A ® R containing A
as a sublattice of maximal rank, and a convex k-dimensional finitely
generated polyhedral cone A C Ag such that AN—A =0 € Ar. Denote
by A° the interior of A and by Ay = A°4+iAg the complex tube domain
over A°. Let (A*, Ax, A*) be the triple consisting of the dual abelian
group A* = Hom(A, Z), the dual real vector space Az = Hom(Agr, R),
and the dual cone A* C Ax. We normalize the Haar measure dy on
Aj by the condition: vol(AR/A*) = 1.

Definition 6.1. The X-function of A is defined as the integral
Xy(s) = [ e Vay,
A*

where s € Ag.

Proposition 6.2. One has Xx(s) is a rational function

P(s)

%7

where P is a homogeneous polynomial, () is a product of all linear

homogeneous forms defining the codimension 1 faces of A, and deg P —
deg @ = —k. In particular, if (A, Ar,\) = (Z’“,Rk,Rgg), then

1

Sl...sk-

XA(S) =

XA(S) ==

Proposition 6.3. [3] Let (A, Ar, A) and (A, Ar, A) be two triples as
above, k = tk A and k = vk A, and v : A — A a homomorphism
of free abelian groups with a finite cokernel Coker(y) (i.e., the cor-
responding linear mapping of real vector spaces ¥ : Ar — Ag is
surjective), and Y(A) = A. Let I' = Ker¢p C A, dy the Haar measure
on T'r =T ® R normalized by the condition vol(I'r/T") = 1. Then for
all s with Re(s) € A° the following formula holds:

1
A ((s) = (270 )k=F|Coker(¢))| Jrr

XA(S + Zy)dya
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where |Coker ()| is the order of the finite abelian group Coker(v)).

Assume that a k-dimensional rational finite polyhedral cone A C Ag
contains exactly r one-dimensional faces with primitive lattice genera-
tors ay,...,a, € A. We set k = r, A :=7Z" and denote by 1 the natu-
ral homomorphism of lattices Z" — A which sends the standard basis
of Z" into ai, ... ,a, € A, so that A is the image of the simplicial cone

Lo C R" under the surjective map of vector spaces ¢ : R"™ — Ag.
Denote by I' the kernel of ¥. By 6.3 we obtain the following:

Corollary 6.4. Let s = (s1, ..., s,) be the standard coordinates in C”.
Then

1 1
(2m)r—*|Coker(v)| Jre [1j=1..(s5 + 1y;)
where dy is the Haar measure on the additive group I'g normalized by

the lattice I', y; are the coordinates of y in R”, and |Coker(¢)]| is the
index of the sublattice in A generated by a4, ... ,a,.

Xr(P(s)) = dy,
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