UNIVERSAL TORSORS OVER QUARTIC DEL PEZZO
SURFACES AND STABLE RATIONALITY

YURI TSCHINKEL AND ZHIJIA ZHANG

ABSTRACT. Let S be a smooth quartic del Pezzo surface over a field
k, of characteristic zero. We prove that a universal torsor 7 over S
is k-rational, provided 7 has k-points. As an application, we obtain
examples of stably rational smooth cubic hypersurfaces over QQ in
every dimension greater than 2.

1. INTRODUCTION

Let S be a del Pezzo surface over a field k& with a nonempty set S(k)
of k-rational points. Let

T— S

be a universal torsor over S, under the Néron-Severi torus of S; see
Section 2 for details on the terminology. Our first result is a proof of a
conjecture of Colliot-Thélene—Sansuc [CTS87a, Section 2.8|, for quartic
del Pezzo surfaces:

Theorem 1.1 (Theorem 3.4). Let k be a field of characteristic zero and
S a quartic del Pezzo surface over k. Let T — S be a universal torsor

over S with T (k) # &. Then T is k-rational.

Rationality of universal torsors is a key property in the study of the
Hasse principle and weak approximation on del Pezzo surfaces over num-
ber fields, see, e.g., [CTS87a] and [SS91]. Here, we obtain applications
to stable rationality:

Corollary 1.2 (Corollary 4.3). Let k be a field of characteristic zero and
S a quartic del Pezzo surface over k. Then S is stably rational over k if
and only if

e S(k)# @ and

e S satisfies Condition (H1), i.e., vanishing of Galois cohomology

H' (g, Pic(S)) =0,  for all finite k' /k. (1.1)
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Rationality of del Pezzo surfaces is well-understood in terms of the
Galois action on the geometric Picard group Pic(S), see, e.g., [Man86.
For quartic del Pezzo surfaces S, the Galois action factors through a
subgroup of W (Dj), the Weyl group of the root system Djs. There are
4 types of Galois actions that correspond to nonrational S satisfying
the conditions of Corollary 1.2, see [KiST89, Theorems 4.19 and 5.20].
Explicit presentations of these actions can be found in Section 4 (see also

[TY20]). We list them by their images in W (Ds3):

e [y - G,

.]1*(’:2X63,
0]2*(’:3%(’:4,
.]3*@3)4@4.

Rationality of 7 in the case I was established in [BCTSSDS85, Section 1].
The corresponding S admits a conic bundle over k, and rkPic(S) = 2.
The main application in [BCTSSD85] produced the first example of a
stably rational but nonrational threefold X, as a smooth projective model
of a quartic del Pezzo surface over the function field £ = C(t), with Galois
action of type Iy. Stable rationality of X over C follows formally from
the stable rationality of S over k. On the other hand, X is also a conic
bundle over a rational surface, and the intermediate Jacobian of X is
the Prym variety of the discriminant curve, with the associated double
cover. Choosing an appropriate configuration of the discriminant curve,
one can ensure that X is nonrational.

This beautiful construction served as input for [HKT23] to produce
smooth families of threefolds with stably rational and stably nonrational
fibers. It seemed natural to try to apply it to other nonrational threefolds,
e.g., cubic threefolds. This was sketched in unpublished notes [HT17a],
[HT17b], where it was realized that:

e the [ case cannot arise from a smooth cubic threefold (bira-
tionally) as a quartic del Pezzo surface fibration,

e a proof of stable rationality in the I; case over k = C(t) would
produce stably rational smooth cubic threefolds over C.

The bottleneck that remained was a proof of rationality of the torsor. We
settle this in Section 3. In Section 4, we apply this to a proof of Corol-
lary 1.2. The proof follows exactly the strategy outlined in [BCTSSD85,
Section 1]:

e stable rationality of the Néron-Severi torus T" of S — this follows
from the fact that, in our situation, Pic(S) is a stably permutation
module,

e existence of a universal torsor 7 over S with 7 (k) # @, and

k-rationality of T,
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e k-birationality of 7 to S x T, and thus stable rationality of §
over k.

In Section 5, we prove:

Theorem 1.3 (Propositions 5.1 and 5.3). For every n > 3 there exist
stably rational smooth cubic hypersurfaces X C P!, over Q.

Combining Theorem 1.3 with the recent proof in [EFS25] that a very
general cubic threefold over C does not admit a decomposition of the
diagonal, and is thus not stably rational over C, we obtain new smooth
families of threefolds with stably rational and stably nonrational fibers,
extending the results of [HKT23].

The proof of Theorem 1.1 was arrived at via a detour through equivari-
ant geometry, that provided some rigidity in the quest for a rationality
construction.

The analogies between geometry over nonclosed fields and equivari-
ant geometry have been discussed elsewhere, e.g., [KT26a], [KT26b]. In
particular, there is also a Condition (H1), which is necessary for stable
linearizability of a regular action of a finite group G on a del Pezzo sur-
face over an algebraically closed field, identical to (1.1), but with Galois
cohomology replaced by group cohomology:

H'(G', Pic(S)) =0, VG CG.

In the situation at hand, only the Is-action can be realized as a geometric
action on a del Pezzo surface over an algebraically closed field of char-
acteristic zero, by [Prol5, Theorem 1.2]. The following answers the last
remaining open question in this direction:

Theorem 1.4. Let S be the quartic del Pezzo surface given by
S = {22 4+ Gas + Gl + 22 = 23 + Gl + (wd + 22 =0} C P,
with an action of G = €3 x & generated by
(z1,. .., @5) > (22,23, 21, (34, (35),
(21, ..., 25) = (21, T3, T2, —T5, T4).
Then the G-action on S is stably linearizable.

We prove this in Section 6, by writing down one more time a suitable
universal torsor 7, lifting the G-action to T, and proving the lineariz-
ability of 7. The key observation is that 7 has a G-fixed point. This
is the first nontrivial example of a stably linearizable but not coarsely
linearizable action on a rational variety, in the terminology of [KT26b].
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2. GENERALITIES

The material in this section is standard, and is assembled here for
convenience. Throughout, k is a field of characteristic zero. We fix an
algebraic closure k of k and let g = g, be the Galois group of k/k. For a
variety X over k, we let X be the base change to k.

Modules. Let GG be a profinite group, with continuous action on a dis-
crete finite-rank Z-module M, and

HY(G,M)

the first cohomology group of M. A G-module M is called a permuta-
tion module if it has a Z-basis permuted by G, and a stably permutation
module if there exist permutation G-modules P and P’, and an isomor-
phism of G-modules M @& P ~ P’. By Shapiro’s lemma, if M is stably
permutation, then H'(H, M) = 0, for every open subgroup H C G.

Tori. There is a duality between the category of algebraic tori over k
and discrete continuous finite-rank g-modules, via the assignment

T X*(T),
sending 7T to the group of characters of T, Arithmetic properties of T" are
reflected in properties of the g-module X*(7), e.g., if X*(T) is a stably

permutation g-module, then 7' is stably rational over k£ [CTS77, Section
2].

Universal torsors. Let T' be an algebraic torus over k and S a smooth

projective variety over k, with Pic(.S) torsion-free and of finite rank, e.g.,
a del Pezzo surface. There is a natural homomorphism

H'(S,T) = Homy(X*(T), Pic(S))

from the group classifying isomorphism classes of T-torsors over S, see
[CTS87a, Theorem 1.5.1]. When T is the Néron-Severi torus, i.e.,
X*(T) ~ Pic(S),

a T-torsor T 1is called universal if

x([T]) = 1d.
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Such torsors exist over k but not always over k. However, they do exist
under the assumption that S(k) # @ [CTS87a, Remark 2.2.9].

Lemma 2.1. Let S be a del Pezzo surface of degree > 3 over k and T a
universal torsor over S. If T (k) # @ then T (k) is Zariski dense in T .

Proof. Let & : T — S be the torsor and t € T (k). Then S(k) is nonempty,
as it contains s := (¢), and S is k-unirational, by [Man86, Theorems 29.4
and 30.1]. In degree > 6, universal torsors are Zariski open subsets of
affine space. In degree 5, a universal torsor embeds as a dense Zariski
open subset into the affine cone over the Grassmannian Gr(2,5), and
rational points on it are dense as well.

It remains to treat degree 3 and 4. The specialization T; of T to s is
split, i.e., the class

[T5] € H'(Spec(k), T)

is trivial, since there is a point ¢t € T;(k). This implies that the fiber is
isomorphic to 7', and has Zariski dense k-rational points.

By [CTS87a, Proposition 2.7.2], specializations of the universal torsor
T to R-equivalent points in S(k) have the same class in H'(Spec(k), T).
It suffices to show that points in S(k) which are R-equivalent to s are
Zariski dense in S. Indeed, for each s’ € S(k) in the same R-equivalence
class as s, the torsor 7T is split. Each such fiber has a Zariski dense set
of rational points. Thus k-points are Zariski dense in 7.

For smooth cubic surfaces, this follows from [Man86, Theorems 13.1
and 14.3]. The case of quartic del Pezzo surfaces S can be reduced
to the cubic surface case via a blowup of a general k-point (distinct
from s and away from exceptional curves), or handled via a unirational
parametrization p : P? --» S containing s in its image: all points in the
image of p will be in the same R-equivalence class and Zariski dense.
Arguments of this type can be found in [CTS87a, Section 2.9]. O

Remark 2.2. In our applications to stable rationality, the character

lattice X*(T) is a stably permutation g-module, with
H'(Spec(K),T) = 0,

for any field K/k, by Hilbert’s Theorem 90. In particular, the T-torsor
T — S splits over the function field k(S), and every fiber over a point
s € S(k) is isomorphic to T', over k.

Stable rationality. Recall that an algebraic variety X is rational if X
is birational to P", and is stably rational if X x P" is rational, for some
integer r. The application of the theory of universal torsors to stable
rationality was pioneered in [BCTSSDS85], which led to the first (and
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so far only) examples of stably rational but nonrational varieties. The
stable rationality construction relies on the following:

Proposition 2.3 ([BCTSSD85, Proposition 3]). Let X be a smooth,
proper, geometrically integral, and geometrically rational variety over k.
Assume that there exists a universal torsor T — X which is a k-rational

variety, and the g-module Pic(X) is a stably permutation module. Then
X is stably rational over k.

The proof of Proposition 2.3 uses Hilbert’s Theorem 90 and Shapiro’s
lemma to establish a birationality

T ~NE X X T,
where 7' is the Néron-Severi torus of X. Stable rationality of X then

follows from the assumptions on 7 and Pic(X).

OADP varieties. Recall that an n-dimensional reduced, irreducible,
projective variety X C P?"*! has one apparent double point if through a
general point in P?" ! there passes a unique secant line of X. See [CRO6]
for a discussion of properties of such varieties; rationality constructions
based on apparent double points can be found in, e.g., [CMR04], [HKT22,
Sections 3 and 7]. Our proof of rationality of universal torsors 7 over
quartic del Pezzo surfaces will be based on the following strengthening
of [CR0O6, Theorem 2.7] (see also, [CMR04, Theorem 4.1]):

Theorem 2.4. Let X C P?"*! be an n-dimensional reduced, irreducible,
nondegenerate projective variety over a field k of characteristic zero. As-
sume that X (k) is Zariski dense and that X has one apparent double
point. Then the projection

X --»P"
from the tangent space of a general point x € X (k) is a birational map.

Proof. The statement in [CR06, Theorem 2.7] is formulated over C. But
the proof works for any algebraically closed field k of characteristic 0.
The extension to a nonclosed field k£ is immediate: the projection map
from the tangent space of a general k-point is defined over k, and is
birational over k. Thus it is birational over k. Zariski density of X (k)
allows to pick an appropriate point. O

3. UNIVERSAL TORSORS OVER QUARTIC DEL PEZZO SURFACES

We recall the construction of universal torsors over quartic del Pezzo
surfaces. In the geometric case, this has been worked out in [Der07],
[BP04], [SS07]. For results over nonclosed fields, see [CTS87a], [DP19].
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We start with the geometric case, i.e., when k = k. A universal torsor
admits an embedding

T — Spec(Cox(S)),

as a dense Zariski open subset; here Cox(S) is the Coz ring of a quartic
del Pezzo surface S. Concretely, let S — P? be given as a blowup of 5
points in general position, which can be chosen to be

pr=1[1:0:0, pp=1[0:1:0], p3=1[0:0:1], py=[1:1:1],

ps=1[1:a:0],
where a, b € k satisfy
ab(a —1)(b—1)(a —b) # 0.

The Cox ring Cox(S) is generated by 16 sections corresponding to ex-
ceptional curves in S modulo 20 relations arising from 10 rulings in .S,
see [BP04, Theorem 4.9]. The 16 exceptional curves are

e 5 exceptional curves F; above p;,
e 10 strict transforms L;; of lines passing through p; and p;,
e the strict transform @) of the conic passing through the 5 points.

The corresponding generators of Cox(S) are denoted by
€4, lij> q.

2

To each exceptional curve we assign a form defining its image in PP, _

fEi = 17 fL12 = z3, fL13 = %2, fL14 = 22 — 23, fL15 :bZQ—CLZ,’g,

fL23 = 21, fL24 = Z1 — 23, fL25 :bzl_z3> fL34 = 21 — 22,
fras = a2 — 22, fr=(b—a)z + (1 =)z + (a— 1)z,
fo="0b(1—a)zizo +a(b—1)z125 + (a — b)z223.

These determine relations in Cox(.S). The 10 rulings in S are classes

5
H-FE, 2H+E—-Y E, i=1,.5

Jj=1

where H is the pullback of a general line on P2. We compute the relations
associated with each ruling: For each 1 = 1,...,5, there are 4 reducible
members in the pencil |H — Ej],

Lij+Ej7 ]6{1775}\{2}7
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yielding relations given by the vanishing of the following forms:
Ry = ealyp — esliz + eyliy,
Ry = aeslis — besliz + eslys,
R3 = e1lia — e3laz + ealay,
Ry = e1li2 — beslaz + eslas,
Rs = eilis — ealas + eqlsy,
Re = e1li3 — aealaz + esl3s,
Ry = e1lis — ealag + e3l34,
Rg = (b—1)eilis + (@ — b)ealas + e5lus,
Ry = e1ly5 — aeslys + beslss,
Rio = (a — 1)ealas + (1 — b)eslss + eqlys.
Fori=1,...,5, the 4 reducible members in |2H + E; — Z?Zl E;| are
Q+ E;, Ly, + Ligi,, {i1,00,03,0} ={1,...,5}\ {i}.
The remaining relations are given by the vanishing of the following forms:
Ry = laslas + laalzs — laslaa,
Ris = alaslys + (a — b)laylss — e1q,
Rz = li3lss + lialzs — 15034,
Ry = lilys + (1 — b)l1alss — eaq,
Rys = lialss + lialas — ly5la4,
Rig = lialss + (1 — a)lislos — esq,
Ry7 = lialzs — lizlas + li5las,
Rig = (b — 1)lalss + (1 — a)lizlas — eaq,
Rig = lial34 — l13l24 + l14lo3,
Roo = a(b— 1)l1al34 + b(1 — a)li3lag — es5q.
Then
Cox(S) = kg, e1,...,e5 ;] /(R1,..., Ray), 1<i<yj<5h,
and
U := Spec(Cox(S)) C A (3.1)

contains a universal torsor 7 over S as a dense Zariski open subset.
Taking the projectivization gives P(U) C P, Let

e (2 o3
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be the Jacobian matrix, where z; is the jth generator of Cox(S), with
the natural lexicographic order on [;;.

Lemma 3.1. Let uq,us be two points on U. Then
uy — uy € ker(J(uy + uz)).

Proof. Let Bi(z,y) = Ri(x+y)— R;(z) — R;(y) be the symmetric bilinear
form associated with the quadratic form R;. For any ¢t € k, we have that

Ri(x + ty) = tBi(z,y) + Ri(z) + *Ri(y).
The ith component of J(z) -y is

d
J)-y); = —
)= |
It follows that for every ¢ = 1,..., 20,

(J(ur +u2) - (w1 —u2)), = Bi(ur + ug, ug — u2) = 2R;(wq) — 2R;(u2) = 0.

Ri(z + ty) = Bi(z,y).

The key observation is that P(U) is an OADP variety:

Lemma 3.2. Through a general point in PY°, there passes a unique secant
line of P(U).

Proof. First, we show that the secant variety of P(U) is the whole P'°.
By Terracini’s Lemma (see, e.g., [CR06, Theorem 1.1]), it suffices to show
that for two general points uy,us € U, we have that

T, (U) + T, (U) = A", (3.3)
where T, (U) is the embedded tangent space of U at u;, i = 1,2. Consider
t, =(0,1,1,0,...,0), t=(1,0,0,0,0,0,1,0,...,0).

A computation® of the Jacobian matrix J defined in (3.2) shows that
ty,ty are smooth points of U and T}, (U) + Ti,(U) = A'S. Since (3.3) is
an open condition, it holds for two general points on U.

Let z € A'® be a general point. We now show that there is exactly
one secant line of P(U) passing through the image of z in P!°. Assume
that two such lines l; and [y exist. We can find points t3, 24,15, ¢, on U
such that [; = P({ts,t4)), lo = P({t},t})), and x = t3 +t, =t + t,. By
Lemma 3.1, we know that

J(@) - (ts —ts) = J(x) - (t5 — 1}) = 0.

A direct computation shows that dim(ker(J(¢; +t2))) = 1, which implies
that dim(ker(J(x))) < 1, since this is an open condition and z is general.
It follows that t3 —t4 and t; — t), are linearly dependent, i.e., [} =1l,. O

ISee [TZ26] for supporting materials.
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Remark 3.3. In any concrete situation, one can directly check the
OADP property of P(U) and the birationality of the projection in The-
orem 2.4. An example of this computation is provided in Section 6.

Theorem 3.4. Let S be a quartic del Pezzo surface over k and T — S
a uniersal torsor over S. If T (k) # &, then T is rational over k.

Proof. By Lemma 2.1, T (k) is Zariski dense in 7. The g-equivariant
structures

T < U := Spec(Cox(S)) C A'® (3.4)
descend to k, i.e., we have an embedding
T — U C A, (3.5)

over k, such that (3.4) is the base change of (3.5) to k, see, e.g., [DP19,
Remark 4.5]. On passage to k, the universal torsor 7 with the embed-
ding (3.4) is linearly isomorphic to the embedding of the universal torsor
constructed in (3.1). Geometrically, 7 is a Zariski dense open subset

of a cone over a variety P(U) which has one apparent double point by

Lemma 3.2. Note that P(U) is reduced, irreducible and nondegenerate,
since Cox(S) is an integral domain and there are no linear forms in the
defining ideal. By Theorem 2.4, projection from the tangent space of a

general k-point in P(U) yields k-rationality of P(U) and thus of 7. [

Corollary 3.5. Let S be a quartic del Pezzo surface over k such that
S(k) # &. Then there exists a k-rational universal torsor T — S.

Proof. By Theorem 3.4, it suffices to show the existence of a universal
torsor 7 — S with a rational point. Recall that S(k) # @ implies
that we can find s € S(k) in the complement to exceptional curves. By
[CTS87a, Corollary 2.3.4], there exists a universal torsor T over S whose
fiber over s is a trivial torsor, and thus 7 (k) # @. O

4. STABLE RATIONALITY OF QUARTIC DEL PEZZO SURFACES

We recall basic facts about the Picard group of a quartic del Pezzo
surface S, see [Man86] and [KiST89]. The anticanonical model of S is a
smooth intersection of two quadrics

S:QlﬂQQCP4.

The pencil of quadrics generated by @, and @, has 5 singular members,
over k. Bach of them is a cone over P! x P!, whose two rulings give rise to
two conic bundle structures on S. Choosing an appropriate contraction
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S — P? and labeling the 16 exceptional curves in S by Q, E;, L;; as in

Section 3, the classes of 10 rulings in Pic(S) are
5

Fi:=H-E, F =2H+E-)» E;, i=1,.5, (4.1)

j=1

where H is the pullback of a general line on P2. Each pair {F;, F}}
consists of the two rulings of the same singular quadric.

The g-action on Pic(.S) factors through a subgroup of the Weyl group
W(Ds5) ~ €5 x s,

where &5 permutes the 5 singular members of the pencil, and €3 is gen-
erated by elements simultaneously switching the rulings of the ith and
Jth singular members, denoted by c;c; .

Choose a bijection between the 16 exceptional curves, and the 16 odd
subsets of {1,...,5} given by

Qe {l,....5%, Ly {150\ {ij}, E o {i.

The W (Dj)-action on exceptional curves can be described in terms of its
action on odd subsets of {1, ..., 5} as follows: &5 permutes the 5 indices,
and ¢;c; changes an odd subset I to J where for any r € {1,...,5},

e if r € I, then r € J if and only if r ¢ {i, j},

e if r ¢ I, then r € J if and only if r € {4, j}.
Here is an alternative way to identify the image of g in W (D3), using
the blowup S — S of a general point s € S(k) (this will be used in
Section 5). Note that S is a cubic surface with a line I above s. We

denote the class of [ in the geometric Picard group of S by Fs. The
residual conic bundle

0:8 > P! (4.2)

has, geometrically, 5 singular fibers, each consisting of two distinct lines.
Their components are the 10 lines intersecting [. The ith singular fiber
consists of two lines whose classes are

6
H-FE;—FEs, 2H+E—Y E;, i=1,..5.
j=1
Their images in S are exactly the 10 rulings in (4.1). Therefore, the
image of g — W(Dj3) is also determined by the permutation of 5 singular
fibers of ¢ and an even number of switches of their components.
In [Man66], Manin shows that for a stably rational surface S over a

field k of characteristic zero, the g-module Pic(S) is stably permutation.
We are interested in the converse.
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Proposition 4.1 ([KiST89], [TY20]). If a quartic del Pezzo surface S
is k-minimal, and satisfies Condition (H1) of (1.1), i.e
H'(gs, Pic(S)) =0,  for all finite k' /k,

then the z'mage of g in W(Ds) is conjugate to one of the following:

(fo) : &3 = ((3,4,5), c1c3¢4¢5(4,5)),

( ) €2 X 63 <0263(4, 5), 61026304(3, 4, 5)>,

(L2) :

(L

€3 X @4 <(1,2,3),016203C4(2,3)(4, 5)),
) €3 X ®4 - <010263C5(2,5),6304(3,4)(1,5,2)>-

Our presentation of Iy, I, and I3 is different from that in [KiSTS89,
Theorem 5.20], but the resulting subgroups are conjugate in W (Ds).

Lemma 4.2. Let S be a quartic del Pezzo surface over k. Then the
g-module Pic(S) is stably permutation if and only if Condition (H1) of
(1.1) is satisfied.

Proof. If S is not k-minimal, the assertion follows from [Man86]. Thus
we may assume that S is k-minimal. It suffices to show that Pic(S) is
stably permutation, for the four types in Proposition 4.1. The type I is
addressed in [BCTSSD85]. Up to conjugation in W (Ds), the groups of
type Iy, I; and I, are subgroups of the group of type I3. Thus we only
need to consider this last type. Let

g1 = 61020305(2’ 5)7 g2 = 0304(37 4)(1a 57 2)
In the standard basis H, Ey, ..., E5 of Pic(S), they act by matrices

3 1 1 1 2 1 2 1 1 00 1

1 -1 0 0 -1 0 1 -1 0 00 —1
=1 0 0o 0o -1 -1 -1 -1 -1 00 0
N=1-1 0 0o -1 -1 o> 2710 0o 0 10 0
2 -1 -1 -1 -1 -1 0O 0 0 01 0

1 0 -1 0 -1 0 1 0 -100 -1

In our convention, the matrices act from the right, e.g.,
QQ(H) =2H — E1 — E2 — E5.

We introduce new variables wq, wy, ws, qg, ¢1 With g-permutation actions
generated by

gl(wo) = Wo, gl(wl) = Wy, 91(w2) = wy, 91(%) =, gl(Ql) = qo,

gz(wo) = Wa, 92(w1) = Wy, Qz(wz) = wy, 92((]0) = qo, 92((]1) ={q1-
One can check that

Pic(S) & Zlwo, w1, we, o, ¢1]
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is a permutation module. Indeed, in the basis
by =2H — Ey — E3 — By — E5 —wo — w2 — 290 — 1,
by =H — By —wo — w1 — qo — 2q1,
by =2H — Ey — E3 — Ey — E5 —wo — w1 — 290 — 1,
by =H — Ey — w1 —wy — qo — 2q1,
bs = H — E5 — wo — wa — qo — 2q1,
be =2H — Fy — By — B3 — By — w1 — wa — 2q0 — q1,
by = —3H+ By + Ey + 283+ Ey + Es + wo + w1 + wa + 30 + qu,
bs = —2H + E1 + Fy + E5 4+ wo + wy + we + qo + 3q1,
bg = — H 4+ wy+wy +ws + qo + 3¢1,
bio= —3H + E1+ Ex + E3 + 2E, + E5 + wo + w1 + w2 + 3q0 + q1,
bin=3H — By — Ey — B3 — By — E5 — wg — w1 — wa — 2q0 — 241,

the permutation action of g is visible by expressing
g1 = (b1, b2) (b3, b5) (b, bs) (b7, bs) (bg, br0),

g2 = (b1, b, bs3) (b2, bs, ba)(bs, bg).
L]

Corollary 4.3. Let S be a quartic del Pezzo surface over a field k of
characteristic zero such that S(k) # @. Then S is stably rational over k
if and only if one of the following equivalent conditions holds:

(1) Pic(S) is a stably permutation g-module,

(2) S satisfies Condition (H1) of (1.1),

(3) S is not k-minimal or the g-action on Pic(S) factors through one
of the four subgroups in Proposition 4.1.

Proof. The equivalence of the conditions follows from Proposition 4.1 and
Lemma 4.2. Corollary 3.5 and Proposition 2.3 show that (1) implies the
stable rationality of S. The converse is in [Man66]. O

Remark 4.4. Examples of quartic del Pezzo surfaces over Q of type
I, I, or I3 are given in [KiST89, Theorem 6.15]; Corollary 4.3 yields
new stably rational but nonrational surfaces over nonclosed fields.

Levels of stable rationality. Let S be a stably rational but nonra-
tional quartic del Pezzo surface. What is the smallest integer r such

that S x A" is rational? Our construction of Pic(S) as a stably permu-
tation module in Lemma 4.2 gives a uniform upper bound: S x A!! is
rational. One can check that 5 and 11 are the smallest dimensions of

Is-permutation modules P and P’ such that Pic(S) @ P ~ P’. For S of
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type Iy, [BCTSSDS85] shows that » < 3 by working with a torsor under a
3-dimensional torus, which was improved to r < 2 in [SB04]. It remains
open to construct a nonrational variety X such that X x A! is rational.

5. CUBIC HYPERSURFACES

In this section, we provide examples of stably rational smooth cubic
hypersurfaces over Q in every dimension > 3. No such examples in odd
dimensions were previously known. Over C, smooth cubic threefolds are
nonrational, by [CG72]. By [EFS25], a very general cubic threefold over
C is not stably rational. After [Voil7|, one might expect that stably
rational cubic threefolds are dense in moduli — we are unable to reach
this conclusion with our constructions.

Let X C P""! be a smooth cubic hypersurface with n > 3, and [ a line
contained in X. Choose a general plane IT ~ P? C P"*! containing [ and
consider the projection from II:

X - P2,

The generic fiber X, of the projection is a cubic surface over K = k(P"?)
containing a line [, defined over K. Contracting [, yields a quartic del
Pezzo surface S birational to X, over K, with a K-point.

Our goal is to find appropriate X, [, and II such that the gx-action on

Pic(S) has one of the types Iy, I, or I3. For these, Corollary 4.3 shows
that S is stably rational over K, and thus X is stably rational over k.

Type I,. Here, we construct a smooth cubic hypersurface in every di-
mension > 3 which is birational to a quartic del Pezzo surface fibration
of type I, and is stably rational over Q.

Proposition 5.1. The smooth cubic hypersurface

X = {(w4—223) 2] +3(24+223) 25 + 30504 — 25+ 25+ Z w? =0} C Pt
i=1

1s stably rational over k = Q, for every r > 0.

Proof. When r = 0, one can directly check that X is smooth. Adding the

Fermat cubic in variables w; preserves the smoothness for every r > 1.
Choose the line and the point

l={zs=x4=a05=w1=...=w, =0}, p=1[0:0:0:1:0:...:0].
Projection from Il = (,p) is given by
X - P (z,wp) > (23, 25, w1, .0,

Let
K = k(P = k(a, by, ...,b).
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We work on the affine chart x5 # 0. Set a = z3/7s5, and b; = w;/zs.
Renaming the coordinates
Yi=x, Ye=uw Ys=u5 Yi=um
the generic fiber X, C P}, 5, y. y, is given by
Y3(BYF +2a(3Yy — Y7)) + Ya(Y{ + 35 +3a°Yy = V) =0,  (5.1)
where f =1+ 3", b?. One can check that X, is smooth over K. Con-

=1 "1
tracting the line

l,={Y; =Y, =0} CP?
BYZ +2a(3YF — Y2) — VY5 = Y + 3V} + 3a*YZ — Y7 + V3¥; = 0.

We show that S is stably rational over K. Consider the projection from
the line [,

Xy = Pl (Y], Y5, Y3, Y)) = (Ya, YY),
Over the affine chart t = Y, /Y3, the generic fiber is the conic given by
f(Y1,Y5) i= (t —2a)Y? + 3(t +2a)Yy —t* +3a*t + 3 = 0.
The discriminant of the quadratic form f is
disc(f) = 3(t — 2a)(t + 2a)(t* — 3a*t — B).
Let p1, p2, p3 be the roots of the irreducible polynomial
c(t) =t* - 3a*t — B € K]t].
A discriminant computation shows that
A = disc(c(t)) = 27(24° + B)(2a° — 3)
is not a square in K. Thus Gal(K;/K) = &3, where K| = K(p1, p2, p3).
The five singular fibers of , are individually defined over K;. Put
di=p2—p3, do=p3—p1, dz=p—pa.
The coefficients of ¢(t) imply that

pr+p2+ps=0, pips+ paps + prps = —3a,

and thus
3(4a®* —p) =d? € K[?, i=1,2,3.

It follows that singular fibers above p1, p2, and p3 split over K;. We label
their components by

F*: (pi—2a)Yy £d;Yy = 0. (5.2)

1
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On the other hand, singular fibers over 2a and —2a split after adjoining
e; and ey, respectively, where

el = 3a(2a® — B), €5 =a(2a®+ 3).
We label their components by
Ff:6aYy+e =0, FF:2aY;+e,=0. (5.3)
Observe that es € Kj(e1). Indeed, one can check that

<m . d1d2d3>2 _ <m)2 A = a(2d° + B).

All components of the singular fibers of 7, are individually defined over

Ki(e1) = K(p1, p2, p3,€1),

which is thus the splitting field of X, and S over K. There is a unique
quadratic subextension K(vA)/K of K;/K. Assume that e; € K.
Then K (v/A) = K(e;), implying that either €2 or e2/A is a square in K.
Computing their valuations at a, we see that this is impossible. Thus
er € Ky and K(e;) N Ky = K. Since K(e;)K; = Ki(e1), we know that

Gal(K,(e1)/K) = Gal(K (e1)/K) x Gal(K1/K) = €5 x &3,

Recall from Section 4 that the image of Gal(K(e;)/K) (or equivalently,
the image of g ) in W (Ds) is determined by its action on the 10 singular
fibers (5.2) and (5.3).

e The (untwisted) 3-cycle from &3 permutes p; and thus d;, and it
fixes e; and ey. It maps to (1,2,3) € W(Ds).

e Choose the (untwisted) 2-cycle 7 from &3 which fixes p; and
e1, and switches ps and ps3. Then 7(dy) = —dy, 7(dy) = —ds,
7(d3) = —ds, and 7(e3) = —eq. It maps to cicacses(2, 3).

e Let 1 € Gal(Ki(e1)/K;) be the order 2 element. We have that
u(d;) = d;, for i = 1,2,3, and i(e;) = —e;, for i = 1,2. It maps to
cacs € W(Ds).

Therefore, the image of gx in W(Dj) is
<(1, 2, 3), 61620305(2, 3), C4C5> C W(D5),

which is conjugate to the group of type I; in Proposition 4.1. Applying
Corollary 4.3, we conclude that S is stably rational over K. It follows
that the smooth cubic X is stably rational over k = Q. 0

The same arguments yield stably rational but nonrational smooth in-
tersections of two quadrics in P°, over Q and over C(¢). The following
example was found using ChatGPT 5.6-Sol.
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Example 5.2. Let X = {¢ = ¢o = 0} C P° be the smooth complete
intersection of two quadrics, over Q, where
G = Qxf - 6x§ + 3x§ — 3x324 + x§ — T4,
G = o] + 325 — 7] — 376,
Then
(1) X contains no lines over Q. In fact, X contains no lines over R,
since the quadratic form ¢; — %qg has signature (1,5). It follows
that X is not rational over Q (and over R), by [HT21] or [BW23].
(2) The generic fiber of the rational map
fIX——-) ]Pl, (Zlfl,...,Iﬁ)'—) ($3,LE5),

is a quartic del Pezzo surface S over Q(a) which is isomorphic to

the surface (5.1) with 8 = —3a® — a. The same computation as
above shows that S is of type I;, and thus X is stably rational,
over Q.

Type I3. Here, we construct a smooth cubic hypersurface over Q, in
every dimension > 3, that is birational to a quartic del Pezzo surface
fibration of type I3, and is stably rational over Q.

Proposition 5.3. The smooth cubic hypersurface X C P™* given by

T4 (22 + 22129) + w3(2% + w130 + 23) + 15 — 1327 + 23 + 227 + Z w? =0
i=1
15 stably rational over k = Q, for any r > 0.
Proof. One can directly check that X is smooth when r = 0. Adding the
Fermat cubic in variables w; preserves the smoothness for every r» > 1.
Consider the projection
X - P (m,wh) = (24, 25,01, .0,
Let K = k(P™™Y) = k(a,by,...,b,). Set a = x4/x5, and b; = w;/ws.
Renaming the coordinates
Yi=x1, Yo=um, Ys=uax5 Yi=us,
the generic fiber X, C P}, 5, v, y, is given by
Ys(aYy? + 2aY1Ys + (a® + B)Y5) + Ya(Y7? + V1Yo + Y7 — @Y + Y7) = 0,
where § = 2+ Y7 b}, One can check that X, is smooth over K.
Contracting the line [, = {Y3 = Y; = 0} C P? yields a quartic del Pezzo
surface S birational to X, over K. Consider the conic bundle obtained
via projection from [,

Ty Xy = P (N,Y2,Y3,Ys) — (Y3, Ya).
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Over the affine chart ¢t = Y, /Y5, the generic fiber is the conic given by
F,Y2) = (t+a)Y] + (t+20)1Ya + Y7 +1° —a’t + a0 + = 0.

The discriminant of the quadratic form f is
1
disc(f) = —Z(t?’ —a’t +a® + B)(3t* — 4a®).

Let ci(t) = t3 — a®t + a® + 3, and py, pa, p3 its three roots. One sees that
A = disc(c;) = —23a’ — 54a’pB — 27537

is not a square in K. Thus Gal(K,/K) = &3, where K; = K(p1, p2, p3).
Put

dy=p2—ps, dy=ps—p1, d3=p1—pa.
The coefficients of ¢;(t) imply that

d? = 4a® — 3p3.
The singular fibers over p; split over K, and their components are
FX:2(pi+a)Ys+(pi+2a+d)Ya=0, i=1,2,3. (5.4)

Let cy(t) = 3t* — 4a®. The splitting field of ¢, is K(v/3), and ¢, has two
roots py = \2/—“3 and ps = —\2/—%. We check that v/3 ¢ K;. Indeed, K(/3)

is different from the unique quadratic subextension K(v/A)/K of K, /K,
since A/3 is not a square in K. Set Ky = K;(+/3). It follows that

Gal(Ky/K) = Gal(K(V3)/K) x Cal(K,/K) = ¢, x &
Over K, each singular fiber of , is defined. Choose D; € K such that
D? = (—32v/3 — 52)a* — (24V/3 + 36)af,
and put

One can check that
D2 = (32v/3 — 52)a” + (24V/3 — 36)aj.
The singular fibers over py and ps split over Ky(D;), with components:
FF:2a(3+2V3)Y1 4 a(6 + 2v3)Y, + D, = 0, (5.6)
FE:2a(3 — 2v3)Y1 + a(6 — 2V3)Ys + Dy = 0.
Thus, the splitting field of X, and S is
Ky(Dy) = K(V3, p1, p2, p3) (D) = K1(Dy).
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We show that D; ¢ Ks. One can check that the minimal polynomial of
D over K is

(# — D?)(#* — D?) € K[t]. (5.7)

Then K(D;)/K has degree 4 and is not Galois since Dy ¢ K (D). How-
ever, any index 4 subgroup in Gal(Ky/K) = €5 x &3 is normal, which
implies that Dy ¢ K. It follows that

[Kl(D1> . K] = [Kg(Dl) . K] = [KQ(Dl) . Kg][KQ . K] = 24.

Let G = Gal(K1(Dy)/K). From (5.5), one sees that Ky(D;) is the
splitting field of (5.7) over K. It follows that K;(D;)/K; is Galois, and
Gal(K,(D;)/K,) = €2, since it has 3 different quadratic subextensions
Kl(\/g), Ki(Dy 4+ Do) and K;(D; — Dy). We determine the image of
Gal(K:(D;)/K7) in W(Ds) by identifying its action on (5.6).

e One generator of Gal(K;(D;)/K;) swaps D; and D, and maps
e The other generator of Gal(K;(D;)/K;) changes the signs of D,
and D, simultaneously, and maps to csc5 € W(Ds).

The subextension
Ki(D1) DK DK
yields an extension of Galois groups

1= =G — 63— 1. (5.8)

The extension (5.8) splits since we know that Ky N K(D;) = K. Any
element in Gal(K;/K) = &3 can be lifted to G as an element fixing D;.
We describe their actions on singular fibers (5.4) and (5.6).

e A lift of (1,2,3) € &3 to G permutes p; — py — ps, and fixes D,
and Ds. Its image in W(Dj) is (1,2, 3).

e A lift 7 of (2,3) € &3 fixes p; and Dy, and swaps ps and p3. One
can check that 7(dy) = —dy, 7(d2) = —d3, 7(d3) = —ds, and thus
7(D3) = —Ds. Its image in W (Ds) is cieacses(2, 3).

Thus the image of gx in W(D5) is
<<47 5)7 C4Cs, (17 27 3)7 61020365(27 3)>7

which is conjugate to the group of type I3 listed in Proposition 4.1.
Applying Corollary 4.3, we conclude that X is stably rational over Q. [J

Remark 5.4. The cubic hypersurfaces in Propositions 5.1 and 5.3 are
not isomorphic over C. One can see this by checking that the cubic
surfaces X N {z5; = w; = ... = w, = 0} in the two cases have different
numbers of Eckardt points.
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It would be interesting to study quartic del Pezzo fibration structures of
types Iy, I1, Is, I3 on other nonrational varieties, such as singular quartic
hypersurfaces or quartic double solids, cf. [Che06], [Voil5].

6. STABLE LINEARIZABILITY

Recall that a generically free regular G-action on a variety X is called
stably linearizable if X x P" is equivariantly birational to the projec-
tivization of a linear G-representation, with the trivial G-action on P,
for some r > 0. Here, we give a detailed proof of stable linearizabil-
ity of the unique G-minimal nonlinearizable del Pezzo surface satisfying
Condition (H1), see [Prol5, Theorem 1.2]. We work over a field k£ of
characteristic zero containing (3, a primitive third root of 1.

Proposition 6.1. Let S be the del Pezzo surface of degree 4 given by
S ={al + Gy + GGz + 7i = 27 + GGy + G + 25 = 0},
with an action of G = €3 x €4 generated by

(O (X) = (xg,mg,I17C3$4,C32$5),

71 () = (21, 3, T2, —T5, T4).
Then the G-action on S is stably linearizable.

A quick proof of this proposition, based on [DR15], would go as follows:
a G-variety is stably linearizable if and only if all twists (or equivalently,
one versal twist) are stably rational, see [DR15, Theorem 1.1], combined
with [KT26b, Theorem 2.5]. The key is that S¢ # ), so that for every
twist over a field K/k, the set of K-points of a form of S is nonempty.
Then Corollary 1.2 gives stable rationality over K. Nevertheless, we in-
clude a direct proof within equivariant geometry, based on the equivariant
version of the torsor formalism developed in [HT23] and [KT25].

Proof of Proposition 6.1. Note that k is the splitting field of S. Thus,
over k, there is a unique universal torsor over S. By [HT23, Corollary
9], it suffices to show that

(1) Pic(S) is a G-stably permutation module;

(2) the G-action lifts to the universal torsor 7 of S;

(3) the G-action on 7T is linearizable.
We have proved (1) in Lemma 4.2. By [HT23], (2) follows from the fact
that S¢ # @. To show (3), we repeat the Cox ring computation from
Section 3 with the same notation, noting that S is the blowup of P? at
the following 5 points:

pr=1[1:0:0, pp=1[0:1:0], p3=1[0:0:1], py=[1:1:1],
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ps=1[1:¢s:¢3).
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In the anticanonical model, the exceptional curves can be identified as

follows

E1:{$3—$1+$2
E2:{£B3+$1—l’2

Es ={z3— 21 — 29

E4:{£IZ'3+Q?1+£IZ'2:

Es ={z3+ 1 + 22
L12={I3—$1—ZE2
Lz = {x3+ 11 — 29
Ly ={x3 — 21 + 29
Lis ={x3 — 21 + 9
Log = {x3 — 21 + 29
Loy ={x3+ 21 — 29
Los = {x3 + 21 — 22
L34={$3—I1—$2

L3s = {$3 —T1 — X2

L45:{ZB3+$1—|—IB2:
Q:{$3+$1+5L‘2:

$4—C32$1 — T2 =
Ty + Gy + a0 =
$4+C§$1 — Ty =
Ty — GG+ a0 =
I4+<§SU1 — Ty =
$4—C32x1 + X2 =
$4—C32$1 — T2 =
Ty + Gy + 2 =
$4—C§$1 — Ty =
Ty + Gry 4 20 =
Ty —C;?llh — T2 =
I4+C32I1+$2 =
$4—C§$1 + 2y =
Ty + Gry — a9 =

2
Ty —C3IB1+$2 =

2
Ty + (3T — T2

T5 — (311 — 19 = 0},
x5 + (371 + 12 = 0},
x5+ G311 — 29 = 0},
r5 + (311 — 13 = 0},
r5 — (311 + 13 = 0},
T5 — (301 + 19 = 0},
T5 — (311 — 19 = 0},
r5 — (371 — w3 = 0},
x5+ (31 + 22 = 0},
r5 + (371 + 12 = 0},
T5 + (371 + 22 = 0},
T5 — (3w1 — 13 = 0},
T5 + (311 — 19 = 0},
r5 — (371 + 22 = 0},
x5 — (371 + 12 = 0},
x5 + (3r1 — x9 = 0}.

We present an explicit lift of the G-action to Cox(.S), and verify that it

is compatible with the G-action on S. Consider the G-action given by

o(q) =g, o(er) = eq, o(eg) = es, o(es) = ey,
o(es) = es, o(es) = es, o(li2) = G3laz, o(li3) = (alaa,
0(l1g) = —Cslos, 0(lys5) = —Las, 0(la3) = (3lrs, 0(lag) = —(3lss,
o(lss) = —lss,  0(lsa) = Gslra, 0(ls3) = L5, 0(lus) = Lus,
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and
2 )
T(Q) = 3(C§ - 1)64, 7'(61) = % 3 15147 7'(62) = G 3 % Usa,
_ 2 _ _
7'(63) = <33 15247 7'(64) = C?’ 9 15457 7(65) = G 9 1q,
_ C?? —1 o CS 1 2

T(fu) = 3 a5, 7'(413) = 3 35, 7'(514) - (Cg - C3)£23,
2 _

T(ls) = (1 — G)er,  T(loz) = 2 3 C3€15, 7(los) = (3 — 1)l12,

T(lys) = (G — 1)es,  T(laa) = (G — D)ls, 7T(l35) = (1 — (3)ea,

7(lss) = 3(¢s — 1)es.

One can check that the ideal (Ry,..., Ry) given in Section 3 is G-
invariant, and the permutation action of G' on the generators agree with
that on the exceptional curves listed above. In particular, the G-action
on Cox(S) respects the grading by Pic(S). Under the following basis of
HO(S s —-K S)Z

51 = qegeglaz — e1lializlys,

s2 = (3qeresliz — C§€2€12€23€45>

s3 = qeseslas + (sqereslis + 203 qerealis + GGealinloslys + e1l150130s5,
84 = C32q€263f23 — (3qeresliz — C§€2€12523€45 + C§61£12£13£457

55 = (3qesezlaz — (3qeieslys — C3262512f23€45 + (se1l12l13045,

the resulting anticanonical map
. |- K|
7 : Spec(Cox(9)) -+ === §

is equivariant under the prescribed G-action given in Proposition 6.1.

To show the linearizability of the G-action on T, it suffices to estabish
that for the G-action on Spec(Cox(S)). The fixed locus P(U)Y consists
of four points. Consider the projection from the affine tangent space of
one of these points, given by

¢ : Spec(Cox(S5)) --» A8, (g.e1y. - e5,li5) = (fi,..., fs)
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where,
fi=e2— @Ges + (G — 1)eq + lip — liz + i,
fo=Csea — €3 — (G — D)es + Gl — (Glis + bis,
fs=e1—Ges— (G4 2)ea + lip — log + Lo,
fi=e1—Ges+ (G — Des + Lo — Glog + los,
fs = Cser — (Gea — (203 + L)eq + lig — log + laq,
fo = Gzer —ex — (C3 — 1)es + 13 — C3log + I35,
fr=3e1 —3Ce2+3(( — 1)es — (G + 2) g + (2¢ + 1)log + Uys,
fs = q—3(C + 2)eq + 312 — 3C3l13 — (2¢3 + 1)l + (3 + 2)135.
An explicit inverse of ¢, given in [TZ26], proves that ¢ is birational. [

7. ARITHMETIC APPLICATIONS

J.-L. Colliot-Thélene encouraged us to include the following conse-
quences of Theorem 3.4, i.e., the rationality of a universal torsor T over
a quartic del Pezzo surface S, provided T (k) # @:

(1) The evaluation map from S(k)/R (the set of rational points mod-
ulo R-equivalence) to H!(k, T) is injective.

(2) Let Ag(X) € CHy(X) be the Chow group of zero-cycles of degree
zero modulo rational equivalence, and py € S(k). Then the map

S(k)/R — Ao(S), p—=>Dp—po

is bijective. Its surjectivity was proved in [CTC79].

(3) Let k be a finitely generated extension of Q. Then S(k)/R is
finite. This follows from (2) and the finiteness of Ay(X), proved
in [CTS81] and [Blo81].

These were known when .S admits a conic bundle structure, by [CTS87b].
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