LINEARIZABILITY NOTIONS IN EQUIVARIANT
BIRATIONAL GEOMETRY

ANDREW KRESCH AND YURI TSCHINKEL

ABSTRACT. We discuss birational properties of actions of finite
groups on algebraic varieties, linearizability, torsors, and versality.

1. INTRODUCTION

In this note, we continue our study of equivariant birational geom-
etry of regular actions of finite groups on smooth projective varieties
over an algebraically closed field of characteristic zero. We amplify and
expand the parallels between equivariant geometry and geometry over
nonclosed fields, extending constructions from [DRI5] to the setting
of equivariant Chow groups, and equivariant decomposition of the di-
agonal. One of the key observations in [DR15] was that the twisting
construction preserves some birational properties of G-actions, e.g., a
G-variety is equivariantly stably linearizable if and only if all of its
twists are stably rational.

Among our main results are:

e In Theorem we show that many properties of arbitrary
twists of G-varieties via torsors (such as existence of rational
points, unirationality, stable rationality, rationality) are im-
plied by the same properties for a single twist, arising from
a G-variety with generically free versal G-action.

e In Theorem [2.6|we show that birationality of twists of G-varieties
for all torsors is equivalent to birationality of twists arising from
a single generically free versal G-action.

e In Theorem we prove that G-equivariant integral decompo-
sition of the diagonal, introduced in Section [4] is equivalent to
integral decomposition of the diagonal for a twist arising from
a single generically free versal actions.

Earlier developments have exhibited properties of arbitrary twists as
implied by the same for a single twist, associated with a faithful G-
representation. As linearizable actions are versal, but not all versal
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actions are linearizable, for these properties our statements represent
a strengthening.

In Section [2| we discuss basic notions in G-equivariant birational ge-
ometry and their relation to birational geometry over nonclosed fields,
via the twisting construction through torsors. In Section [3|we introduce
the notions of coarse G-birationality, which sits between G-birationality
and stable G-birationality, and coarse linearizability. In Section 4| we
define the notion of G-equivariant decomposition of the diagonal and
establish its key properties, e.g., connection with stable equivariant
linearizability, in Theorem 4.6 and specialization, in Theorem .7 Fi-
nally, in Section [5] we consider the behavior of cohomological obstruc-
tions under twisting, and the related notion of negligible cohomology.

Acknowledgments: The authors thank Brendan Hassett and Sho
Tanimoto for discussions and collaboration on related problems. The
second author was partially supported by NSF grant 2301983.

2. BASIC NOTIONS OF EQUIVARIANT BIRATIONAL GEOMETRY

We work over an algebraically closed field k of characteristic zero.

Varieties over extension fields. For an extension field K of k, a
variety over K is a scheme of finite type over K that is separated,
reduced and irreducible. A proper birational map X --» Y of varieties
over K is one that can be factored into proper birational morphisms
and their formal inverses. Existence of a proper birational map over K
defines an equivalence relation, for which we employ the notation

X ~Y.

For the stable version, with X replaced by X x P™ and Y by Y x P",
for some m and n, we employ the notation

X ~7Y.

We recall well-studied conditions for a variety X over K of dimension
d (understood for general X as applied to a proper model of X):

o rationality: X ~ P?,
e stable rationality: X ~° P9,

G-varieties. Let G be a finite group. A G-variety (over k) is a sep-
arated, reduced, finite-type k-scheme X with regular G-action, such
that the G-action is transitive on the set of irreducible components
of X. We call X an irreducible G-variety if, non-equivariantly, X is
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irreducible, i.e., a variety. Given a G-variety X, the G-action is gener-
ically free if it is free on an invariant dense open subvariety of X. By
convention, the actions are right G-actions.

We recall some further notions; see, e.g., [KT26l §3.1] for more de-
tails. A G-rational map is a G-equivariant rational map between G-
varieties. A G-birational map is a G-rational map that is birational. A
proper G-birational map is one that factors as a composition of proper
birational G-equivariant morphisms and their formal inverses.

Among G-varieties we have the relation, to be G-birational:

X ~¢Y <& dproper G-birational map X --» Y.

We call X and Y stably G-birational if they become G-birational after
passing to products with (nonempty) projectivized representations:

X ~&Y & 3 G-representations U, V: X x P(U) ~¢ Y x P(V).
We also recall birationally invariant conditions on a G-variety X:

o (L) linearizability: X ~¢ P(V') for some representation V.

e (SL) stable linearizability X x P(U) ~g P(V) for some repre-
sentations U and V.

e (U) G-unirationality if there is a dominant G-rational map
P(V) --+ X for some representation V.

(These conditions apply as stated when X is proper and are under-
stood by convention for more general X when they are satisfied by an
equivariant proper model; cf. [KT26, §3.1].)

Torsors. Further notions are defined in terms of torsors, by which we
mean torsors under G. Without further mention, the base of the torsor
will be Spec(K), where K is an extension field of k. The total space
will be T' = Spec(L) for an étale K-algebra L. The next condition on a
G-variety X is defined by requiring a condition to hold for all torsors,
over all extension fields K of k (expressed simply as V1': ...).

o (WV) X is weakly versal if VT: 3 G-equivariant Spec(L) — X.
e (V) X is versal if every invariant dense open subvariety of X
is weakly versal.

Let Z be a quasi-projective G-variety over k with a generically free
action of G and Z — Z/G the quotient. The function field k(Z/G) is
the field of G-invariants k(Z)“. We get an associated torsor

Ty = k(Z)/k(Z)",

corresponding to the Galois field extension, with Galois group G. An
important special case Ty arises from a faithful G-representation V'
and the quotient V' — V/G.
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Twisting. Given a torsor 7' = Spec(L) over K, we obtain a free G-
action on the G-variety

XL =X ><Spec(k) SpGC(L)

over K. The quotient variety for this free G-action, provided it exists,
is the twist TX, a variety over K with the property (TX); = X.
The quotient variety is guaranteed to exist when X is quasi-projective.
In the sequel we will apply the twisting construction only to quasi-
projective varieties.

When applied to a torsor T arising from a generically free G-action
on Z as above, we get the twist 72X over K = k(Z)C.

Example 2.1. For a G-representation V' of dimension n > 1, we have
Ty =~ A™ [DR15, Lemma 3.1] and TP(V) =2 P!, for all torsors T'.

Remark 2.2. The twisting construction respects G-invariant loci U C
X, ie., TU c TX, for all G-torsors T. In particular, it preserves the
stabilizer stratification on X, see [KT26| Sect. 6.1].

Versality and twisting. Duncan and Reichstein give the following
characterizations.

Proposition 2.3 ([DR15]). Let X be a quasi-projective G-variety.

(i) X is weakly versal & ¥YT: TX(K) # .
(i) X is versal & VT:TX(K) is dense in TX.
(iii) X 4s G-unirational < YT: 17X is unirational.
(iv) X is stably linearizable < VT : TX is stably rational.

For smooth projective G-varieties, these conditions are stably bira-
tionally invariant. Generally, we have the implications [DRI5, (1.1)]:

(SL) = (U) = (V) = (WV).
(In [DR15], group actions satisfying (U) are called very versal.) There
is also the implication
(WV) = (A)

[DR15, Rmk. 2.7], where Condition (A) is the existence of fixed points
for all abelian subgroups of G.

Example 2.4. All of these implications are strict. For the first two,
we see this already when G is trivial [DR15, Sect. 1]. For G = Z/2Z,
the action on an elliptic curve £ by —1 has fixed points, thus is weakly
versal [DRI5, Prop. 2.2], but is not versal: for T': k(t)/k(t*), the only
rational points on the twist 7E are the ones coming from the fixed
points. Actions satisfying condition (A), but not (WV), may be found
among toric varieties and del Pezzo surfaces [KT25], [STZ26].
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In the proof of their characterizations by means of torsors, Duncan
and Reichstein make the observation that a property for all torsors
is implied by the property for a single torsor, coming from a faithful
G-representation. Such observations had also appeared earlier, e.g., as
recalled in [GM22] Prop. 2.1]. Our next result presents this observation
uniformly for all of the relevant properties and in the strengthened
form, that the single torsor can be given by any generically free versal
group action.

Theorem 2.5. Let X be a quasi-projective G-variety over k, and P
one of the following properties of a variety over an extension field of k:

e possession of a rational point,

e possession of a Zariski dense set of rational points,
e unirationality,

e stable rationality,

e rationality.

The following are equivalent.

(i) For every torsor T, the twist T X satisfies property P.

(ii) For some quasi-projective G-variety Z over k with generically
free versal G-action and Ty = k(Z)/k(2)€, the twist 72X sat-
1sfies property P.

Proof. The implication (i) = (ii) is trivial. We suppose (ii), and let K
be an extension field of k and T': L/K a G-torsor, where L is an étale
K-algebra. We need to establish property P for the twist 7X. We
first treat the case when P is “possession of a rational point”, then we
explain the modifications to the argument for the other properties P.
If 72X has a rational point, then there is a G-rational map Z --» X,
say, defined on invariant dense open U C Z. Since the G-action on Z is
versal, there is a G-equivariant morphism Spec(L) — U. Composing,
we get equivariant Spec(L) — X, thus a K-point of 7 X.

Generally, density of a given set of points of a finite-type scheme over
a field is stable under field extension (reduce to the case of a finitely
generated field extension and treat the finite and purely transcendental
cases separately). So, if 72X has a dense set of k(Z)%-points, then
K(Z)/K(Z)° X has a dense set of K(Z)%-points. For invariant dense open
W C Xk we argue as above with Zx --+ W, defined on invariant dense
open U C Zg, and get a K-point of X, for which the corresponding
G-equivariant morphism Spec(L) — Xk has image in W.

If 72 X is unirational, then for some N there exists a dominant G-
rational map PN x Z --+ X x Z (with trivial action on PV), compatible
with the projection morphisms to Z. We choose an invariant dense
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open subset where this is a morphism and an invariant dense open
subset W of the image and let U C Z denote the image of W C
X x Z under projection. As before, by versality, there is equivariant
Spec(L) — U, and by base change, dominant equivariant PY --» X
hence dominant P& --» 7X.

For the remaining properties, we get the result as a special case of
the next theorem. 0

Theorem 2.6. Let X and Y be a quasi-projective G-varieties over k.
The following are equivalent.

(i) For every torsor T, we have TX ~TY.

(ii) For some quasi-projective G-variety Z over k with generically
free versal G-action, we have 72 X ~ 12Y,

Proof. As before, (i) = (ii) is trivial, so we suppose (ii) and consider
a G-torsor T': L /K. By a closure-of-graph construction we have, after
replacing Z by a suitable invariant dense open subvariety, a diagram
of equivariant projective birational morphisms

v

N

X xZ Y xZ

compatible with projection morphisms to Z. We let W C V be an
invariant dense open subset, such that the morphisms in the diagram
restrict to isomorphisms of V' with the respective images. Let U C Z
to be the common image under the further projection morphisms. We
conclude as in the proof of Theorem with an equivariant morphism
Spec(L) — U and base change. O

3. COARSE G-BIRATIONALITY AND COARSE LINEARIZABILITY
Theorem [2.6| motivates the following definition.

Definition 3.1. Two quasi-projective G-varieties X and Y are said to
be coarsely G-birational, written

X ~LY
if the equivalent conditions of Theorem [2.6] hold for X and Y.

Example 3.2. We have P(V) ~¢ P*~! for any G-representation V' of
dimension n > 1 (cf. Example [2.1)).

We recall that the case Y = P4 of Theorem [2.6, where d denotes the
dimension of X, gives Theorem for the property rationality.
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Definition 3.3. We say that a projective G-variety X is coarsely lin-
earizable, or satisfies Condition (CL), if X satisfies the equivalent con-
ditions of Theorem for the property rationality. Generally, a G-
variety considered to satisfy Condition (CL), when (CL) holds for an
equivariant projective model.

In other words, for a projective G-variety X of dimension d:

X is coarsely linearizable <« X ~¢ P

Example 3.4. The obstruction to linearizability, based on dimension
of G-representations |[KT26| §4.1], yields examples of actions that are
coarsely linearizable but not linearizable. Letting the symmetric group
S5 act faithfully on P!, the product action of &3 x &3 on P! x P! is
coarsely linearizable but not linearizable: the smallest faithful represen-
tation of ©3x &3 has dimension 4. For additional examples, notice that
(CL) < (SL) for any nonsingular invariant quadric X C P(V). So
a stably linearizable dimension-obstructed quadric, as given in [KT26,
§4.1], is coarsely linearizable but not linearizable.

Example 3.5. Some varieties are known to have the property that
all twists are rational, or at least all twists with a rational point are
rational. Examples include projective spaces, quadric hypersurfaces,
del Pezzo surfaces of degree > 5, and quintic del Pezzo threefolds and
prime Fano threefolds of genus 7 and 12 [KP23| Thm. 1.1]. On the
other hand, methods such as universal torsors or vector bundle tech-
niques give the stable linearizability of some nonlinearizable actions.
Combining, we get additional examples of actions that are coarsely lin-
earizable but not linearizable. These include a sextic del Pezzo surface
with &,-action [HT23] Sect. 5.2], Mg 2,41 for many subgroups of Gy,
[HTZ25], and some actions on quadrics [BGvBT25, Prop. 12].

Remark 3.6. Condition (CL) fits into a chain of implications
(L) = (CL) = (SL).

As we see in Examples [3.4] and [3.5] the first implication cannot be re-
versed. When G is the trivial group, (L) and (CL) are both equivalent
to rationality, and (SL), to stable rationality. Since there are known
examples of stably rational varieties that are not rational [BCTSSDS85],
also the second implication cannot be reversed.

Example 3.7. We let the quaternion group Qs act linearly on P!, via
faithful action of the K4-quotient, with center Z C Qg acting trivially.
The product action of G = Qg x Qg on X = P! x P! has trivial action of
Z x Z. Since any P(V'), dim(V') = 3, has trivial action of a subgroup of
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G of order > 8, the action is not linearizable. Being a product of linear
actions, it is coarsely linearizable. Thus it is also stably linearizable.
It is also interesting to note that X x P" is not linearizable for any n,
where G acts trivially on the factor P". Indeed, if X x P" ~g P(V),
then Z x Z must act trivially on P(V'), thus X X P" ~g,«g, P(V). This
would contradict the equivariant birational invariance of the Amitsur
group Am?; cf. [KT26, Sect. 5]:

Am?(X x P" Ry x Ry) 2 Z/27. © 7./27,
but any projective space has cyclic Am?.

Remark 3.8. Example illustrates why (SL) needs to be defined
by the condition X x P(U) ~¢ P(V), rather than the linearizability of
X xIP™ for some n. For generically free actions, the two formulations are
equivalent, since then we have X x P(U) ~¢c X x P", n = dim(U) — 1,
by the No-Name Lemma, cf. [KT26] §3.5].

Proposition 3.9. For projective G-varieties X and 'Y we have:
X~ Y = XY = XAnY

Proof. The first implication is clear. For the second, we take V to
be a G-representation, such that the G-action on P(V) is generically
free, and apply Theorem to the versal G-action on Z = P(V).
A Dbirational equivalence 72X ~ 72Y gives an equivariant birational
equivalence X X P(V) ~¢ Y x P(V). O

Remark 3.10. Condition (SL) may be formulated equivalently with
(compactifications of) representations, rather than projectivized repre-
sentations, as is done, for instance, in [DR15, Sect. 1. We summarize
other reformulations here. Let U and V' be G-representations of re-
spective dimensions d, e > 1, and W a G-representation, such that the
G-action on P(W) is generically free. Suppose that

X xP(U) ~g Y x P(V).

Then the same holds after passing to products with P(W). The No-
Name Lemma gives

P(U) x P(W) ~¢ P(1?@ W) and P(V) x P(W) ~g P(1°® W),
cf. [KT26, Cor. 3.3]). So
XxPP@W)~e Y xP(1°DW).
In particular, X is stably linearizable if and only if

X xPAY QW) ~g P(1°@ W),
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for some d, e > 1. Also, if X and Y have the same dimension, then
there is no loss of generality in taking U = V in the definition of
X ~LY.

Example 3.11. Taking Y to be P(V') in Proposition recovers the
chain of implications among the notions of linearizability. By definition,
(L) is the condition X ~¢ P(V) for some V. By Example 3.2 (CL)
is equivalent to the condition X ~¢ P(V) for some V. Arguing as in
Remark (SL) is equivalent to X ~¢ P(V') for some V.

Conditions (U), (SL), and (L) are defined via G-equivariant geom-
etry, while (WV), (V), and the new Condition (CL) are defined in
terms of torsors. We now give interpretations in terms of equivariant
geometry.

Proposition 3.12. Let X be a G-variety. Let W be a G-representation,
such that G acts generically freely on P(W). The following are equiv-
alent.

(i) The G-action on X is weakly versal.
(ii) For some G-representation V' of positive dimension, there is a
G-rational map P(V) --» X.
(iii) There is a G-rational map P(W) --» X.

Proof. In the proof we use the following form of Theorem [2.5] which
makes no reference to twists:

(WV) & 3 G-rational Z --» X

(where Z is as in Theorem [2.5). The implication (iii) = (ii) is trivial.
Given (ii), there is also a G-rational map P(V) x P(W) --» X; so
we obain Condition (WV) by taking Z = P(V) x P(W). Taking
Z =P(W), we get (i) = (iii). O

The next statement makes reference to the image closure of a rational
map, which is the closure of the image of any dense open on which the
map is defined.

Proposition 3.13. Let X be a G-variety. Let W be a G-representation,
such that G acts generically freely on P(W). The following are equiv-
alent.

(i) The G-action on X is versal.
(ii) The union of image closures of G-rational maps P(V) --» X,
over all G-representations V , is dense in X.
(iii) The union of image closures of G-rational maps P(W) --» X
15 dense in X.

Proof. This is immediate from Proposition [3.12 U
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Proposition 3.14. Let X and Y be quasi-projective G-varieties. Let
W be a G-representation, such that G acts generically freely on P(W).
Then X and Y are coarsely G-birational, if and only if there exists a
proper G-birational map X x P(W) --» Y x P(W), fitting in a com-
mutative diagram

with the projection morphisms to P(W).

Proof. We apply Theorem and use that a proper birational map of
twists 72X ~ T2Y comes from a proper G-birational map of products
with Z, compatible with the projection maps to 7. 0

Corollary 3.15. Let X be a projective G-variety of dimension d. Let
W be a G-representation, such that G acts generically freely on P(W).
The following are equivalent.

(i) The G-action on X is coarsely linearizable.
(ii) There exists a G-birational map X x P(W) --+» P{xP(W), that
is compatible with the projection morphisms to P(W).

Remark 3.16. The implications, among the conditions on smooth
projective G-varieties mentioned so far, are displayed here in one chain:

(L) = (CL) = (SL) = (U) = (V) = (WV) = (A).

The strictness of these implications is explained, for the first two im-
plications, in Remark [3.6] and for the remaining ones, in Example [2.4]

4. DECOMPOSITION OF THE DIAGONAL

Equivariant Chow groups. Let X be a quasi-projective G-variety
over k, of dimension n. We recall the definition of equivariant Chow
groups
CHY(X) := CHy((X x U)/@),

with diagonal action of G on X and on U, a G-invariant Zariski open
subset of an /-dimensional G-representation V', such that G acts freely
on U and codim(V \ U) > n — i; see [EGI8|. This does not depend on
V and U.

An i-dimensional G-invariant cycle on X, as well as an (i + ¢)-
dimensional G-invariant cycle on X x V, define classes in CHY(X).
Taking X to be a point yields

CHY := CHY(Spec(k)),
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the case treated in [Tot99]. Analogous to the degree map of a proper
variety, when X is projective we have
deg?: CHY(X) — CHY.

For + = 0 we have CHiG = 7Z and thus integer-valued degg, as in the
non-equivariant case.

Lemma 4.1. [EG98, Proposition 1] If o € CHY (X)), then there ewists
an (-dimensional G-representation V', and an (i + {)-dimensional G-
invariant cycle Z = > a;[Z;] on X x V', that represents the class of
a.

Finally, over a k-point of U/G, the fiber of
(X xU)/G—-U/G
is isomorphic to X. Pullback to a fiber gives a homomorphism
CHE(X) = CH,(X),
which is independent of the choice of fiber. The image is contained in

the G-invariant subgroup CH;(X)¢.

Equivariant decomposition of the diagonal. Let X be a projec-
tive variety of dimension n over a field K. We recall, X is said to have
integral decomposition of the diagonal if there exist a zero-dimensional
cycle class ¢ € CHy(X) of degree 1 and closed D C X, such that the
class of the diagonal Ax satisfies

[Ax] = ([X]x Q)+
in CH,,(X x X), for an n-dimensional cycle class 7, supported on D x X.
This implies that ¢ = [z] in CHo(X), for any smooth K-point = in the
complement of D (by restriction to  x X). Thus, if X(K) is dense

in X, the definition may be equivalently stated with the existence of a
smooth K-point x, taking the place of ( in the equality.

Definition 4.2. Let X be an irreducible projective G-variety of di-
mension n. We say that X has G-equivariant integral decomposition
of the diagonal if there exist ¢ € CHS(X), with deg§(¢) = 1, and
G-invariant closed D C X, such that

[Ax] = ([X]x )+ (4.1)
in CHY(X x X), for some v € im(CHY(D x X) — CHY(X x X)).
Lemma 4.3. Let K be a field, X a finite-type K-scheme, ¢ a positive
integer, and S C A% a closed subscheme. The inclusion map

X xS = X x Ak
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induces, by pushforward, the zero map on Chow groups.

Proof. Pullback gives an isomorphism CH;(X) — CH,, (X x A%), with
inverse given by intersection with X x {v} for any K-point v € A%.
So it suffices to show the vanishing of the composite

CH;yo(X x S) — CHypo(X x A%) — CHy(X)

with the inverse isomorphism. This is clear if K is infinite, by choosing
v € A% \ S, while the case that K is finite can be treated with a pair
of points v, v’ valued in extension fields of K of coprime degrees. [

Theorem 4.4. Let X be an irreducible projective G-variety over k with
generically free G-action. The following are equivalent.

(i) For every torsor T, X has integral decomposition of the diag-
onal.

(ii) For some quasi-projective G-variety Z over k with generically
free versal G-action, 72X has integral decomposition of the di-
agonal.

(i) X has G-equivariant integral decomposition of the diagonal.

Proof. The implication (i) = (ii) is trivial. We show (ii) = (i). Let d
denote the dimension of Z. An integral decomposition of the diagonal
determines, by spreading out, an expression in CH,,,4((X x X xY)/G)

[(Ax xY)/G) = al(X xY;)/G] +7, (4.2)

(2

for some dense invariant open Y C Z, without loss of generality con-
tained in the nonsingular locus of Z, integers a;, invariant multisec-
tions Y; C X x Y, flat over Y, of the projection map X xY — Y,
of respective degrees d;, with > a;d; = 1, and class 7 of an invariant
cycle supported on D x X x Y, for some G-invariant closed D C X.
Given a torsor T: L/K, we take G-equivariant Spec(L) — Y, say
dominant over G-invariant closed Y’ C Y of codimension c¢. The inclu-
sion gives rise to a Gysin pullback, hence an analogous expression in
CHp1a-c((X x X xY")/G). We restrict over the generic point of Y'/G
and extend scalars to obtain an integral decomposition of the diagonal
on TX.

Taking Z = V', a G-representation of dimension ¢ with G-invariant
open U C V with free G-action, codim(V \ U) > n, gives (iii) = (ii).
We complete the proof by showing (i) = (iii). By (i), we have integral
decomposition of the diagonal for the twist by torsor Ty, where we
are taking Z = V. Spreading out, we may suppose that we have an
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expression (4.2)). Let W =V \ Y. Taking closures, from (4.2)) we get
[(Ax x V)/G] =D a(X xY)/G]+ 7+,

with v supported on D x X x V and ¢ supported on X x X x W. Let
T = Tx, the torsor L/K with L = k(X) and K = k(X)“. With base
change by Spec(K) — X/G and an identification XV = A% vielding
from W closed S C Af, we obtain from § a cycle class, supported on
xXxS. By Lemma this is rationally equivalent to 0 on 7¥ X x A%..
Spreading out, we obtain a rational equivalence on (X x X x V)/G
between d and 4/ for a class 7/ of an invariant cycle supported on
D’ x X x V, for some invariant closed D’ C X. Thus, X satisfies
G-equivariant integral decomposition of the diagonal. 0

Remark 4.5. If the G-action on X is generically free and versal, then
Deﬁnltlon! may be equivalently stated with ¢ represented by an
invariant U C X x U, projecting birationally to U, with U ¢ Xsne x U,
Indeed, versality implies density of rational points on any twist 7 X. In
the portion of the proof with T'= Ty and Z =V, over K = k(V)% we
use the observation that integral decomposition of the diagonal may be
equivalently stated with a smooth K-point in the role of (. We carry
out the proof of (i) = (iii) in Theorem with just a single index
@ = 1, an equivariant section Y, and a; = 1, to get what is claimed,
with U = (X x U)NY}.

As is well known (cf. [Sal84, Sect. 3] and [CTP16l Lemma 1.5)), sta-
bly rational varieties admit an integral decomposition of the diagonal.
Here we give an analogous result in equivariant birational geometry.

Theorem 4.6. Let G be a finite group and X a smooth projective vari-
ety with a generically free G-action. If the action is stably linearizable
then X admits a G-equivariant integral decomposition of the diagonal.

Proof. Theorem .4 reduces the statement to stable rationality of twists
of X. 0

The following is analogous to [Voild, Thm. 2.1] and [CTP16, Thm.
2.3].

Theorem 4.7. Let G be a finite group. Let m : X — B be a smooth
proper family of irreducible G-varieties over a smooth curve B such
that G acts on X and 7 is G-invariant. Suppose that the general fiber
X, has a G-equivariant integral decomposition of the diagonal. Then
a special fiber Xy, has a G-equivariant integral decomposition of the
diagonal.
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Proof. This follows from [CTP16, Thm. 1.12] combined with Theo-
rem [4.4] O

5. COHOMOLOGICAL INVARIANTS

Cohomology, and in particular, the Leray spectral sequence associ-
ated to the morphism of stacks

[X/G] — BG,

supplies equivariant birational invariants of G-actions. In this section,
we investigate the behavior of these under passage to nonclosed fields,
via the twisting construction in Section

Universal torsor obstruction and Amitsur invariants. We recall
the definition of the Amitsur invariant

Am?*(X,G) := Pic(X)%/Pic([X/G])

in equivariant geometry; see, e.g., [BCDP23|. This group captures
obstructions to the G-linearization of G-invariant classes in Pic(X).
When X is a smooth projective irreducible G-variety, Am*(X, G) can
be expressed as the image of the homomorphism

§y: Pic(X)Y — H?(G, k™)
from the Leray spectral sequence. Higher Amitsur invariants Am®(X, G)
(d > 2) are defined similarly, as the images of homomorphisms
6q¢: H72(G, Pic(X)) — HYG, k™).

Assume that Pic(X) is Z-free and finitely generated. A similar spectral
sequence gives rise to an exact sequence [KT25] (3.1)]

HL (X, Tas) — End(Pic(X))? 3 H2(G, Tws(k)) — HZ(X, Txs), (5.1)

where Tyng denotes the Néron-Severi torus, and we have the universal
torsor obstruction

B(X © Q) = (1pic(x))-

The Amitsur invariants Am?(X,G) (d > 2) and the vanishing of
the universal torsor obstruction B( £ @) are stable G-birational
invariants of X. As well, (X © G) = 0 implies Am*(X,G) = 0 for
all d > 2 [STZ26, Thm. 1.2].

Proposition 5.1. Let X be a smooth projective irreducible G-variety,
such that the G-action is weakly versal. Then:

(i) Am“(X,G) =0, for all d > 2.

(i) If Pic(X) is Z-free and finitely generated, then S(X © G) = 0.
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Proof. Assertion (i) is immediate from [STZ26, Thm. 5.1]. Assertion
(i) is [KT25, Thm. 5.3], where the stated hypothesis that X is rational
can be replaced by the more general condition, that Pic(X) is Z-free
and finitely generated. O

Let X be a variety over an extension field K of k. We denote by K
an algebraic closure and by gy the absolute Galois group of K. Then
there is a similar, classical, invariant

Am?(X) := Pic(X%)% /Pic(X).
In case X is a nonsingular geometrically irreducible projective variety
over K, we identify Am?(X) with the subgroup of the Brauer group

Br(K) ~ H2(gx, K ), that arises as the image of Pic(Xz)9 from the
analogous spectral sequence.

Negligible cohomology. We recall the definition and basic proper-
ties, following [GM22]. A continuous homomorphism

pr: 9k = G
yields a homomorphism in cohomology
pie: HY(GL M) — H(gie, M),
for every G-module M. The group of negligible classes
HY(G, M)eg = {a | pie(@) =0, ¥ K/k} € HY(G, M)

consists of classes not detectable in Galois cohomology. In particu-
lar, this applies to the twisting construction associated with a quasi-
projective G-variety Z with generically free G-action, in which case
there is a natural surjective homomorphism pz: gyz¢c — G, arising
from the Galois extension k(Z)/k(2)C.

The following result strengthens [GM22l, Prop. 2.1]:

Proposition 5.2. A class o € HY(G, M) is negligible if and only if
py(a) =0, for some quasi-projective G-variety Z over k with generi-
cally free versal G-action.

Proof. The forward implication is trivial. For the reverse implication,
given p}(a) = 0, there exists dense invariant open W C Z, such that
the G-action on W is free, p7, factors as

Hd(G7 M) — Hd(W/G? M) — Hd(gk(Z)G7 M)a

and o maps to 0 in the étale cohomology HY(W /G, M). Given a torsor
T: L/K, with corresponding pg: gx — G, there exists G-equivariant
Spec(L) — W. Then pj} also factors through HY(W/G, M), thus

O

pi(a) = 0.
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Proposition 5.3. Let X be a smooth projective irreducible G-variety
with Z-free finitely generated Pic(X), let Z be a quasi-projective G-
variety with generically free versal G-action. Then the twisting con-
struction by the associated torsor Ty = k(Z)/k(Z)¢ over K = k(Z)¢

gives rise to an isomorphism
Am*(X,G) = Am* (T2 X).
Furthermore, the homomorphism
H*(G, k") — H (g, K )
is injective and restricts to the above isomorphism of Amitsur groups.
Proof. The hypotheses imply H!(X, Ox) = 0 and thus
Pic(X x T') = Pic(X) @ Pic(T),

for any finite-type k-scheme T'. A standard limit arguments for coher-
ent sheaves [Gro67, (8.5.2)] identifies Pic(?2 X) with

lin Pic((X x W)/G),

where the limit is over nonempty invariant affine open W C Z. A
similar treatment of Pic(Xjz)), in combination with the expression for
Picard group of a product with X, gives an equivariant isomorphism

Pic(X) = Pic(Xy(z). (5.2)

Since group cohomology commutes with direct limits [Ser94, Prop.
1.8], we may identify H*(G, k(Z)*) with liﬂHQ(G, kE[W1*). With this,
we deduce that H*(G,k*) — H*(G,k(Z)*) is injective by combining
the vanishing of Am?*(Z, @) (Proposition with functoriality of the
Leray spectral sequence and [AM20, Prop. 2.5 (iv)], which gives in-
jectivity of Br([Z/G] — Br([W/G]). Now H*(G,k(Z)*) is identified
with the subgroup of Br(K) ~ H*(gx, K ), of classes, trivialized by
restriction to k(Z); cf., e.g., [CTS21, Thm. 1.3.5].

We establish the isomorphism of Amitsur groups, first, in the case
that Z = V, a linear representation with invariant open U C V on
which G acts freely and complement of U in V' of codimension > 2. Let

n denote the dimension of X, and ¢ the dimension of the representation
V. By [EG98, Thm. 1], we have

Pic([X/G]) = CHS_, (X) = CH,1o1((X x U)/G).

We have equivariant identifications of Pic(X) = CH,,_;(X), first, with
CH,, o 1(X x V), then with Pic(X x U) = CH,,4y_1(X x U). In the
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commutative diagram

Pic([X/G]) Pic(X)C 2(G, k%)

A T

Pic((X x U)/G) —= Pic(X x U)¢ — H2(G, k)

| - f

Pic(TV X) Pic(Xy(v))¢ — H*(G, k(V)*)

the bottom-left vertical map is surjective. So we have the isomorphism
of Amitsur groups, compatible with the injective map on H?.

Now we treat the case of general Z. Basic functoriality gives the ho-
momorphism of Amitsur groups, compatible with homomorphism on
H?, and the latter is injective. By the isomorphism (5.2), the homo-
morphism of Amitsur groups is surjective. Now suppose we have a
line bundle £ on X with G-invariant class in Pic(X), such that the
class of Lyz) on Xz lifts to Pic(*2X), i.e., to Pic((X x W)/G) for
some nonempty invariant affine open W C Z. By versality there exists
an equivariant morphism Spec(k(V)) — W. By a similar diagram as
above, with Pic((X x W)/G) and Pic(X x W)% in the middle row, and
the established isomorphism Am?(X,G) = Am?*("v X), we obtain the
vanishing of the class of £ in Am*(X, Q). O

Example 5.4. An analogous statement for higher Amitsur groups fails.
There exist generically free regular actions of G = Qg on a del Pezzo
surface X of degree 2 with nontrivial Am*(X,G) [T725]. If we take
7 =V, faithful 2-dimensional representation, then k(Z)“ is a Cs-
field, so Am® has to vanish for the twist 72X . Another example, with
nontrivial Am"(X, G) and vanishing Am"(72X), for all n > 3, can be
found in [STZ26], Sect. 9].
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