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ABSTRACT. We discuss invariants in equivariant birational geometry.

1. INTRODUCTION

In this survey, we consider problems in classical birational geometry
and their extensions to the setting of equivariant geometry. The focus
is on new invariants, introduced in [84], building on [79], 78], [82], and
[59]. In our applications, we work over an algebraically closed ground
field k of characteristic zero.

The term birational geometry refers to the characterization of isomor-
phism classes of function fields of algebraic varieties over k, i.e., fields K
which are finitely generated over k. Of particular interest is the (stable)
rationality problem, i.e., the characterization of (stably) rational function
fields. Recall that an algebraic variety X over k is called rational, re-
spectively, stably rational, if its function field K = k(X), respectively, the
field K (x1, ..., z,) for suitable n, is isomorphic to a purely transcendental
extension of k. An interesting related notion is that of unirationality, i.e.,
the property that K C k(xq,...,x,). The (stable) rationality problem is
settled in dimension 2, but remains elusive in dimensions > 3.

One can ask about birationality of varieties with group actions. Con-
cretely, let G be a finite group, acting on K = k(X), and trivially on k.
If the action is generically free, then G is identified with a subgroup of

Bir Aut(X),

the group of birational automorphisms of X over k. The main question
in this context is:

When are two such subgroups conjugate in Bir Aut(X)?

There is always a smooth projective model for which the action is
reqular (see Section 3). Taking X to be such a model, we can view G as
a subgroup of

Aut(X),
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the group of biregular automorphisms of X. For example, when X = P2,
the projective plane, we have Aut(X) ~ PGLj3, and it is known classically
how to distinguish finite subgroups up to conjugation in PGL3. But the
problem of distinguishing finite subgroups of PGL3 up to conjugation in
the Cremona group
Cry := Bir Aut(P?),

the group of birational automorphism of P2, is a recent advance [38].

In this paper, we discuss new invariants in G-equivariant birational
geometry, and in particular, the equivariant Burnside group

Burn, (G),

introduced in [84]. Needless to say, there is an enormous literature on
equivariant birational geometry; we will not be able to give a complete
account of all important ideas and techniques. We will point to sources
that should allow an interested reader to learn more about this fascinating
subject.

One of the motivations to study G-birational geometry lies in strongly
suggestive analogies with birational geometry over nonclosed fields, a
booming subject. These analogies have been emphasized in [94] and [95]:
the role of G is played by Galois symmetries, which act on special loci,
geometric invariants, etc. There are also appreciable differences between
these theories. We will not pursue this theme here, but refer to [66], [67],
[83] for recent developments inspired by this dual point of view.

Here is a roadmap of this paper. In Sections 2 and 3 we discuss the
basics of equivariant birational geometry and the evolution of ideas and
constructions that led us to the definition of Burn,,(G):

e analytic tools: motivic integration and (specialization of) ratio-
nality,

e geometric tools: equivariant weak factorization, birational rigid-
ity, stacks.

We give a short summary of known obstructions in equivariant birational
geometry in Section 4. In Section 5, we discuss the Amitsur group and
introduce a higher version of the classical Amitsur invariant, based on the
Leray spectral sequence for motivic complexes of stacks. In Section 6,
we explain how to choose suitable birational models for G-actions. In
Section 7, we recall the definition of equivariant Burnside groups from
[84] and explain how to compute the class of the action. We comment
on first structural properties of these new invariants in Section &:

e filtrations,
e incompressible symbols,
e specialization.
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We present several applications in Section 9 and discuss limitations of
these invariants towards the end of the paper, in Section 10.

Acknowledgments: The authors thank Joseph Ayoub for extensive
discussions and essential input for the treatment of motivic cohomol-
ogy. The authors are very grateful to Brendan Hassett for his interest
and collaboration on related projects. The second author was partially
supported by NSF grant 2301983.

2. KEY IDEAS
Throughout, we work over a field k of characteristic zero.

Motivic integration. Motivic integration was introduced by Kontse-
vich in his generalization of Batyrev’s theorem [7]: birational Calabi-Yau
varieties have equal Hodge numbers. It is now a major research direc-
tion, with many applications, e.g., to the study of singularities, McKay
correspondence, etc.; see [34].

Let

Var,, 1
be the set of isomorphism classes of algebraic varieties over k of dimension
n, and put
Var, = |_| Var,, k, Var,?d = |_| Var, 1, .
n>0 0<n<d
We will write [X] for the class of an algebraic variety (i.e., a reduced,
separated, finite-type k-scheme) in Var,. The Grothendieck ring
K()(Val'k)
is defined as the quotient of the Z-module
Z|Vary]
by the relations:
o Excision: [X] = [Z]+[X \ Z], for closed Z C X,
o Product: [ X x Y] =[X]x[Y], forall X, Y.

The ring Ko(Vary) carries a natural filtration, by the images of Z[Var,?d].

A motivic measure with values in a commutative ring R is a ring ho-
momorphism

w: Ko(Varg) — R.
For example, for k = C we take R = Z[u,v] and define, for smooth
projective X,
p(IX]) = SO (1P R (X e,

p.q
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the Hodge-Deligne polynomial. Kontsevich’s refinement of Batyrev’s the-
orem shows that birational Calabi-Yau varieties have the same class in
Ko(Vary), thus the same Hodge-Deligne polynomials, and thus the same
Hodge numbers.

Stable rationality and Kg(Vary). The beautiful paper [93] revealed
an unexpected connection with birational geometry: smooth projective
varieties X and Y are stably birational if and only if

[X]=[¥] (mod [A")),
We have a surjective homomorphism

to the free abelian group on stable birationality classes of algebraic vari-
eties over k, with kernel the ideal generated by [A!]. In particular, every
motivic measure p which is trivial on Al factors through the homomor-
phism (2.1).
The proof is based on
o Weak factorization: every birational map can be factored into a
sequence of blow-ups and blow-downs with smooth centers,
e Bittner’s presentation: the defining Excision relation in Kq(Vary)

can be replaced by the Blow-up relation: If X is the blow-up of
a smooth projective variety X in smooth Z C X and E is the
exceptional divisor then

The paper [79] introduced the set
Birmk

of isomorphism classes of function fields of algebraic varieties of dimen-
sion n over k, i.e., the set of birationality classes of n-dimensional alge-
braic varieties. The free abelian group on Bir,, j is

Burn, ; := Z[Bir, ].

The group
Burn, = @ Burn,,

n>0
has a natural ring structure, induced by the product operation on alge-
braic varieties. There is a surjection

Burn, — gr(Ko(Varyg)),
with nontrivial kernel [27, Thm. 2.13].
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Specialization of (stable) rationality. Applications of specialization
to rationality problems go back (at least) to [10], which established failure
of rationality of certain Fano threefolds by degenerating them to conic
bundles; for these it is easier to compute the intermediate Jacobian, and
if it fails to be the Jacobian of a curve, then the same holds for the generic
fiber.

The next conceptual leap was due to Voisin [123] and Colliot-Thélene—
Pirutka [47] who realized that specialization holds for cycle-theoretic (sta-
ble) birational invariants such as integral decomposition of the diagonal,
respectively, universal CHy-triviality. Again, the computation of these
invariants can be easier in the special fiber. Immediately, this led to a
wealth of new results on failure of stable rationality, see, e.g., [123], [47],
[77], [115], [58], [63], [61], [62], [60], [81], [111], [4], [112], [100], as well as
the surveys [102] and [46].

It turned out that both Z[SBirg] and Burn, admit specialization ho-
momorphisms as well [101], [79]. The key construction was the motivic
volume homomorphism

Ko(Varg) — Ko(Varg), K = k((t)),
respectively, the Burnside volume homomorphism
Burng — Burny .
A common refinement
Ko(Varg™) — Ko(Vary™)
of these two volume homomorphisms, with the Grothendieck ring graded
by dimension Ko(Varpy™) = Do Ko(Vary?), was given in [99].

3. EQUIVARIANT BIRATIONAL GEOMETRY

Given the developments outlined in Section 2, it is natural to seek
equivariant and other analogs of the main constructions. Here, we do
this in the context of actions of a finite group G; a version for varieties
with logarithmic volume forms has been proposed in [33].

3.1. Background. We follow the conventions of [85, Sect. 2]: a G-
variety is a reduced, separated, finite-type scheme over k, with regular
action of G that is transitive on the set of irreducible components. The
G-action is generically free if it is free on a nonempty invariant open
subvariety.

Let X and Y be G-varieties. We call a G-equivariant rational map
X --» Y a G-rational map; if birational, then we call it G-birational. A
G-rational map X --+ Y is proper if there exist a G-variety Z and proper
G-equivariant morphisms 7 — X and Z — Y, with Z — X birational
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(cf. [72, Sect. 2.12], [57, App. A]). Fundamental results in this setting
are:

e Equivariant desingularization, which holds, e.g., by [18], and
lets us replace any model by a smooth model.

e Equivariant weak factorization [2]: Any proper G-birational
map X --+» Y, where X and Y are smooth, can be factored as a
composition finitely many G-birational maps given by blow-ups
of invariant smooth G-subvarieties, and their inverses.

e Regular models. Any rational G-action is regular on some pro-
jective model, which by equivariant desingularization we may take
to be nonsingular; see [31].

By convention we work with regular G-actions. We say that X and Y
are G-birational, written,
X ~qY
when there exists a proper G-birational map X --» Y. We say that two
G-varieties X and Y are stably G-birational if

X XP"~gY xP™, somen,méeN,

with trivial action on the second factors. In particular, we do not assume
that X and Y have the same dimension.

A projective G-variety X is called linearizable, respectively stably lin-
earizable, if there exists a G-representation V' such that

X ~gP(V), rtesp. X x P" ~g P(V)

for some n. If X is only quasi-projective, then we apply the same ter-
minology for the respective condition, applied to an equivariant pro-
jective model. A G-action on X is called unirational if there exists a
G-equivariant dominant rational map

P(V) --» X.

By convention, we let GG act on X on the right, and we write X © G.
Correspondingly, the G-action on K = k(X) is on the left, G & K,
where we adopt the further convention that k(X) is the product of the
function fields of the irreducible components of X.

3.2. Cremona group. Of particular interest are varieties X with large
birational automorphism groups

Bir Aut(X).
There are currently no general methods to determine this group, given a

variety X. Of course, this is easy for curves, but is a formidable problem
in dimensions > 2.
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There are important classes of varieties, where Bir Aut(X) is accessible,
in principle:
e varieties of general type, via canonical models supplied by the
Minimal Model Program [56],
e K3 surfaces: every birational automorphism is a regular auto-
morphism, and those are classified, see, e.g., [71, Chapter 15] or
[30],
e birationally rigid varieties, e.g., smooth quartic threefolds [74];
see [108].

However, one of the most important examples,
Cr,, := Bir Aut(P"),

the Cremona group in dimension n > 2, remains mysterious. Taking k
to be algebraically closed, the classification of finite subgroups of Cry
was a culmination of decades of efforts [52]. There is a classification of
finite nonabelian simple and quasi-simple subgroups of Crg [105], [21],
and there are fascinating results about the overall structure of Cr,, [107],
[22], but there are also many concrete unanswered questions, that fall
under the general, overarching problems:

e When are two (necessarily linear) G-actions on P™ conjugate in
Cr,?
e Is a given G-action on a rational variety (stably) linearizable?

3.3. Equivariant birational rigidity. The study of G-equivariant bi-
rational rigidity is a thriving area, with many beautiful constructions,
see, e.g., [106], [37]. In principle, one can approach the problem of (equi-
variant) birationality via classification of all possible blow-ups and blow-
downs. In practice, this is feasible only in small dimensions, and under
the assumption that G is large. It entails a detailed analysis of singular-
ities, explicit invariant theory, geometric inequalities, etc. In dimension
2, the main technical tool is the theory of equivariant Sarkisov links; it
allowed to classify finite subgroups of Cry in [52]. In dimension 3, it is
the equivariant Noether-Fano inequality. Here is a sample application:

Ezxample: The permutation 2s-action (and thus also the Gs-action) on
the diagonal quadric

5
x={>a=o0jcP
j=1

is not linearizable [36], [104]. By [41, Thm. 4.1], the G5-action is stably
linearizable.
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3.4. Stacks. Let X be a G-variety and [X/G] the associated Deligne-
Mumford stack. When X is a point (with trivial G-action), this is the
classifying stack

BG = [Spec(k)/G].

A systematic introduction to the birational geometry of Deligne-Mumford
stacks can be found in [86].
While there is loss of information in the passage

XOG ~ [X/G] ~ kX)°,

there is still a rich source of obstructions to G-birationality to be explored
in the setting of stacks; we will see such examples below in Section 5.

An equivariant sheaf (of abelian groups) on X (for the G-action) de-
termines a sheaf on [X/G], by which we mean a sheaf on the étale site of
[X/G] [50, Defn. 4.10]. As on any site, there are cohomology groups of
sheaves of abelian groups. For BG, when the base field k is algebraically
closed, sheaf cohomology recovers group cohomology

H?(BG, F) = HP(G, F(Spec(k))), (3.1)

by the Cech spectral sequence for the covering of BG by Spec(k). Still
supposing k to be algebraically closed, the Leray spectral sequence, ap-
plied to the morphism of stacks

[X/G] — BG,

yields
HP(G,HY(X,F)) = H*"9([X/G], F). (3.2)

One can also consider an arithmetic version, where instead of a G-
action we consider the action of the absolute Galois group Gy, = Gal(k/k).
In this case, the spectral sequence takes the form

HP (G, HY( X3, F)) = HPH( X, F). (3.3)

This spectral sequence has been studied in great detail; see, e.g., [48,
Sect. 1.5].

3.5. No-name lemma. This surprisingly useful result in equivariant
geometry is applicable to a G-vector bundle, whenever the G-action on
the base is generically free. In one form, it asserts the existence of a G-
birational map, over the base, from the total space of the vector bundle
to a product with an affine space (with trivial G-action on the affine
space); cf. [43, Lemma 4.4]. Here we state a projective version.

Lemma 3.1 (No-name lemma, projective bundle version). Let X be a
G-variety, where the G-action on X is generically free. Let E — X be a
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G-vector bundle of rank n > 1. Then, letting G act trivially on P"~1 we
have

P(E) ~¢ X x P* 1
compatibly with the projection maps to X.

Proof. By assumption, the G-action is free on some dense invariant open
subscheme W C X. If V C W is an affine dense open subscheme, then
the intersection

U=(1V-g

geG
of the translates of V is an affine dense invariant open subscheme of
X. Writing U = Spec(R), we have quotient Z = Spec(RY) such that
U — Z has a structure of G-torsor. Then, by [98, Prop. 0.9, Ampfl. 1.3]
and standard faithfully flat descent, we may identify G-vector bundles
on U with vector bundles on Z. In particular, when we shrink U to a
suitable invariant dense affine open and correspondingly shrink 7, we
may suppose that the restriction of E to U is G-equivariantly trivial.
With this we obtain a proper G-birational map P(E) --+ X x P*~1. [

As an immediate consequence, we have

Corollary 3.2. Let G — GL(VY) and G — GL(WY) be representations,
that determine faithful projective representations G — PGL(VY) and
G — PGL(WY). Then P(V) and P(W) are stably G-birational.

Another useful observation concerns the canonical compactification
P(E®1) of a G-vector bundle £ — X. The G-rational map E --» P(E)
becomes a morphism after blowing up the zero-section Og. This extends
to the compactification, and we have an equivariant isomorphism

BEOEIP)(E el P(OP(E)(—I) ®1)
over P(E).
Corollary 3.3. Let X be a G-variety and £ — X a G-vector bundle of
rank > 1. If the G-action on P(FE) is generically free, then
P(E®1) ~qP(E) x P!,

where G acts trivially on P*.

4. OBSTRUCTIONS IN (G-EQUIVARIANT GEOMETRY

Here, we assume that k (the base field, of characteristic zero) is alge-
braically closed. A regular action of a group G on a smooth projective
n-dimensional variety X naturally induces an action on its points X (k)
and on various geometric invariants associated with X. Among those
geometric invariants are:
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e spaces of differential forms,

e Chow and Hilbert schemes,

e Picard and Brauer groups,

e étale cohomology and Chow groups,
e Intermediate Jacobians, etc.

Frequently, the information extracted from these data can be turned into
a birational invariant of the G-action. In this section, we recall some of
these extensively studied invariants and resulting obstructions to (stable)
linearizability, and introduce new invariants.

4.1. Dimension. Let X be a smooth projective rational variety with a
generically free action of a finite group G. The simplest obstruction to
linearizability of the action is the absence of faithful G-representations
of dimension dim(X) + 1.

FExamples: Quadrics with actions of large groups. E.g., the smallest
faithful representation of the symmetric group &,, has dimension n — 1.
It follows that the (n — 3)-dimensional quadric X, defined in P"~! by

n n

2 _ o
g xj—g ;=0
=1 =1

with the obvious permutation action of G,,, is not linearizable. For n = 6,
the action is stably linearizable, by [41, Thm. 4.1].

Another example is supplied by the Mathieu group G = M. Its
smallest faithful representations have dimension 10. One of these is a self-
dual representation V' admitting a nontrivial invariant quadratic form,
thus a nonlinearizable action on an 8-dimensional quadric X C P(V'). By
[67, Prop. 5.3|, stable linearizability of the G-action on X is implied by
stable linearizability of the action of the 2-Sylow subgroup G5 C G, which
in this case is the semi-dihedral group of order 16. The restriction of V
to G5 admits a decomposition W @& 1 @ 1, from which we may conclude
X ~g, P(W @& 1). Thus the G-action on X is stably linearizable.

Yet another example is the Pfaffian, and thus rational, cubic fourfold
X C P® considered in [26, Rmk. 15]:

6 6
Z x? = Z r3 =0,
j=1 j=1
with the action of the Frobienius group AGL;(F7) of order 42. Its small-
est faithful representation has dimension 6, and the group cannot act
generically freely on P*. As shown in [26, Thm. 16], X x P! is lineariz-
able.
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4.2. Fixed points. Actions of cyclic groups on smooth projective ratio-
nal varieties always have fixed points. However, this may fail for noncyclic
groups (or for actions of cyclic groups on nonrational varieties).

Ezamples: The faithful action of the Klein four-group £, = C3 on P!
has no fixed points. Also, there are no fixed points for the action of the
unique Cy @ Cy C Crg not fixing a curve of genus > 1 and not birational
to an action on P? or P! x P!, see [19, Thm. 5].

Clearly,
XO40) o (X xPH)C £,
with G acting trivially on the second factor.

Proposition 4.1 ([109]). Let A be an abelian group and let X and Y be
smooth projective A-birational varieties. Then

X440 o YA#0.

Example 4.2. Consider a blow-up of a fixed point € X* on a smooth
projective A-variety. The exceptional divisor £ = P(7Tx,) is the pro-
jectivization of the tangent bundle 7x,, a representation of A. The
projectivization necessarily has fixed points.

However, for nonabelian GG, the existence of fixed points is not a G-
birational invariant of smooth projective G-varieties. Consider G = G3,
acting on P2, canonical compactification of the standard 2-dimensional
representation. When we blow up the origin, the unique fixed point, we
obtain exceptional divisor P!, which has has no fixed points.

(A): Existence of fixed points upon restriction to abelian subgroups
ACQG.

Condition (A) is a G-equivariant stable birational invariant of smooth
projective varieties. It holds when the G-action is stably linearizable,
and more generally, when the GG-action is unirational.

4.3. Determinant. For the action of a finite abelian group A, we get a
finer invariant by considering the weights of the A-action in the tangent
space Tx . to a fixed point z € X4, Let

B(x) == [b1,...,by), b; €AY :=Hom(A, k"),
be the collection of these weights, i.e., characters of A. Let
det(B(x)) € A"(A")

be the determinant, defined as the wedge product b; A --- A b, and well-
defined up to sign.
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Proposition 4.3 ([110]). Let
XX

be an equivariant birational morphism of smooth projective A-varieties.
Then for all v € X* and & € X* with ©(%) = x we have

det(B(7)) = +det(B(x)) € A"(AY).

Ezxample: The action of the cyclic group Cs on P!, canonical compact-
ification of a nontrivial one-dimensional representation, falls into one
Cs-birational equivalence class for weight +1 and another Cs-birational
equivalence class for weight +2 (and we have the same description for Cs-
isomorphism classes, because of dimension 1). Using Proposition 4.3 we
see that for any n > 1 and odd prime p the canonical compactifications
of n-dimensional faithful linear representations of C} fall into precisely
(p — 1)/2 equivariant birational equivalence classes.

(Det): Existence of A-fixed points, for some abelian subgroup A C G,
with a given determinant class

[det(B)] € A"(AY)/+
is a G-equivariant birational invariant for smooth projective G-varieties.

Remark 4.4. The invariant (Det) can only deliver finer information, than
the mere existence of A-fixed points, in the case of G-varieties of dimen-
sion equal to the rank of A.

4.4. Cohomology. One can investigate the G-action on the Picard group
Pic(X). A key observation is that a blow-up of a smooth G-stable subva-
riety adds a permutation module to Pic(X), and that the multiplication
with projective space with trivial G-action adds Z to Pic(X), a triv-
ial permutation module. It follows that Pic(X), modulo permutation
modules is a stable birational invariant. This yields an invariant and
obstruction to stable linearizability:

Let X be a smooth projective rational variety with a generically free
G-action. The similarity class

[Pic(X)]

in the set of isomorphism classes of G-lattices, modulo the equivalence
relation given by direct sums with permutation lattices, is a stable bira-
tional invariant.

(SP): The property that the G-module Pic(X) is stably permutation:
[Pic(X)] = [0].
Condition (SP) holds for stably linearizable actions.
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There exist stably permutation modules that are not permutation
modules; some examples are recalled in [68, Sect. 1]. We are not aware
of algorithms to check whether a given G-module is stably permutation.
However, the next, related, invariant can be computed effectively.

The first group cohomology
HY(G, Pic(X))
is a stable birational invariant.
(H1): The vanishing of H'(H, Pic(X)), for all subgroups H C G.

If the G-action is stably linearizable then Condition (H1) holds. In
some cases, the invariant H'(G,Pic(X)) can be determined from the
stabilizer stratification of X [23], [83].

Ezxample: Let G = C,, act on a smooth projective rational surface X. As-
sume that X contains a curve of genus g > 1; such a curve is necessarily
smooth and unique. Then by [23],

HY(G, Pic(X)) = (Z/pZ)*.

4.5. Coniveau filtrations. Let X be a smooth projective G-variety of
dimension n and A a G-module. As in [89, Sect. 3] there is the cohomol-

ogy ' '

Hi, (X, A) = H{([X/G], A).
Let us suppose that A is m-torsion, for a positive integer m, and consider
the subgroups:

e N'H, (X, A), the group of all &« € H, (X, A), such that o vanishes
in H, (U, A) for some nonempty G-invariant open U C X,

° Nng(X ,A), consisting of classes induced via equivariant mor-
phisms Y — X, with Y a smooth projective G-variety of dimen-
sion n — 1.

In the definition of N'H,(X, A), classes are induced via the Gysin map
H([Y/G), A® ) — H([X/G], A).
We have N
N'HL (X, A) € N°HL (X, A); (4.1)
see [13] for background. Exactly as in [13, Prop. 2.4] we obtain:
Proposition 4.5. The quotient
N'HL (X, A)/N'HL (X, A) (4.2)

15 a stable G-birational invariant of X.
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This invariant has been studied in the non-equivariant setting: the
quotient (4.2) (with G = 1) can be nontrivial, e.g., with i = 3, A = Z/27Z
[76].

Remark 4.6. Benoist and Ottem [13, Thm. 4.3] consider a variant of this
construction, where for particular G and A there are smooth projective
varieties X which approximate in a certain sense the cohomology of BG,
for which the quotient (4.2) is nontrivial.

4.6. Intermediate Jacobians. An important notion in birational ge-
ometry of threefolds over closed and nonclosed ground fields is the inter-
mediate Jacobian. It allowed to show that a smooth cubic threefold over
C is irrational [45], showed irrationality of many conic bundles [10], gave
rise to examples of irrational but stably rational threefolds [11]. Recent
developments in [14], [64], [65], [15], [91], [92] concerning torsors under
intermediate Jacobians led to rationality criteria for certain geometri-
cally rational threefolds over nonclosed fields. Equivariant versions of
intermediate Jacobians and cycle invariants appeared in [67].

The following gives an analog of a birational invariant introduced in
[32, Thm. 3.6]; our definition does not depend on the theory of atoms
from that paper.

Theorem 4.7 ([80, Prop. 5.2]). Let X be a smooth projective rational
threefold with a reqular action of a cyclic group G = C,, of prime order p.
We have a decomposition of the fized locus X¢ = | |, F, into a disjoint
union of smooth irreducible components. Let C be a smooth projective
curve of genus g > 2. Consider

I:= —]1 _2IQ+I3, (43)
where

e [, is the number of F, isomorphic to C,

e I, is the number of F, birational to C x P!, and

o I3 is the number of factors of the intermediate Jacobian 1J(X)
isomorphic to J(C), with trivial G-action.

Then I is an equivariant birational invariant, which vanishes when the
G-action is linearizable.

Proof. The proof is parallel to the proof in [32]. By equivariant weak
factorization, it suffices to consider blow-ups of smooth G-orbits; only
the following blow-ups can change the shape of the invariant:

(1) blow-up of a G-fixed curve isomorphic to C' not lying on a G-fixed
surface,

(2) blow-up of a G-fixed curve isomorphic to C' on a G-fixed surface,

(3) blow-up of a G-stable but not G-fixed curve isomorphic to C,
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(4) blowing up a G-orbit of curves isomorphic to C.

Case (1) admits subcases, depending on whether or not the G-weights in
the normal bundle of C' are equal. In the first subcase,

A(Il) =2- 17 A(]Q) = Oa A(I3) = 17
where A denotes the discrepancy. In the second subcase,
A([l) - —1, A(IQ) - 1, A([g) - 1

In Case (2),

In Case (3), there are no changes in [;. In Case (4), the intermediate
Jacobian changes by a G-orbit of J(C); all I; remain unchanged.
Finally, for a linear action on P?, all terms in (4.3) vanish. O

5. AMITSUR GROUPS

Classical Amitsur invariant. It is well-known that the canonical line
bundle on a nonsingular G-variety is automatically G-linearized. On the
other hand, not every element of the invariant Picard group Pic(X)“ can
be represented by a G-linearized line bundle. These observations can be
formalized, via an introduction of a cohomological invariant, the Amitsur
group; see, e.g., [21, App. Al:

Am*(X,G) := Pic(X)%/{[L] | G-linearized line bundle L}.

Then, for instance, Am*(X,G) = 0 when X = P(V) for a linear rep-
resentation V of G. If Am*(X,G) = 0, then every element of Pic(X)¢
admits a lift to the group

Pic(X, G) = Pic(|X/G])

of G-linearized line bundle L on X.

To see that Am?(X, () is a stable G-birational invariant, let X be
a smooth projective G-variety and Z C X a smooth G-subvariety in
codimension > 2. When we blow up Z in X to produce X we obtain
Pic(X), differing from Pic(X) by a permutation module, generated by
components of the exceptional divisor. The corresponding G-invariant

class is automatically G-linearized. It follows that
Am*(X,G) = Am*(X, Q).

A similar argument takes care of invariance under product with a pro-
jective space.
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Higher Amitsur invariants. Additional cohomological invariants can
be extracted from the Leray spectral sequence (3.2):

HP (G HY(X, F)) = HT([X/G], F),
for a G-linearized sheaf F is on a G-variety X.
We start by recording some basic results:
e For s =1 and F = G,,, we have
HY([X/G],G,,) = Pic(X, G);
see, e.g., [83, Sect. 3].
e If k is algebraically closed, then by (3.1) we have
H'(BG,G,,) = H(G, k"),
for all ¢; when ¢« > 0 this recovers classical group cohomology
HY(G,k*) 2 H"(G,Z), cf. [83, §2.1].
Combining these results, and setting F = G,, and taking X to be

a smooth projective variety with regular G-action and k algebraically
closed, the spectral sequence (3.2) yields (see, e.g., [83, Sect. 3]):

0 — HY(G, k*) = Pic(X, G) — Pic(X)% 25 H%(G, k)

— ker(Br([X/G]) = Br(X)) — H'(G, Pic(X)) -2 H3(G, k),
(5.1)

where
BI‘(—) = H2(_7 Gm)tors

is the Brauer group; since here X is smooth, the full group H*(X, G,,)
is torsion and thus is Br(X), and by [3, Prop. 2.5 (iii)] the same holds
for [X/G]. The obstruction to linearizing line bundles with classes in
Pic(X)¢ is cohomological:

Am?(X,G) = Im(5,).
We can also consider
Am?(X, Q) = Im(d3) C H*(G, k*);

this is also a stable birational invariant, by the stable birational invariance
of H(G, Pic(X)) and functoriality of the spectral sequence [83, Sect. 3].
In each of the following cases we have the vanishing of Am?*(X,G) and
Am?(X, G):
e When X has a G-fixed point [83, Sect. 3].
e When the G-action is stably linearizable, or more generally, when
the G-action is unirational [89, Sect. 2].
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All possibilities for Am? for rational surfaces have been determined in
21, Prop. 6.7]; for Am® this has been done in [118].

Universal torsor obstruction. One can extend the analysis of the
spectral sequence further, using different coefficients. We suppose that k
is algebraically closed. We can consider

F = TNSa

the Néron-Severi torus, considered as a sheaf. For X smooth, projective,
and rational, this is the torus with character group NS(X) = Pic(X).
Then, the low-degree sequence reads:

0 — HY(G, Tns(k)) — HY([X/G], Tns) — HY(X, Txs)® LN H?(G, Tns(k))

We can identify
H' (X, Txs) = End(Pic(X)). (5.2)

This has a canonical, G-invariant, element lpi(x). As explained in [66]
and [89, Sect. 5],

B(X, Q) := da(1pic(x))
is the obstruction to lifting the G-action from X to a universal torsor

Tx

lTNS

GxX—X
This gives rise to:

Condition (T): 3(X,G) = 0.

This condition is a stable birational invariant of smooth projective irre-
ducible rational G-varieties. Its failure is an obstruction to unirationality
of the G-action on X [89, Prop. 5.1].

By [89, Thm. 6.1], for toric varieties, where the action is via auto-
morphisms of the torus (as an algebraic variety), the vanishing is also
sufficient for the unirationality of the action; indeed, up to strata in
codimension > 2, Tx is an affine space, and the lifted action on is linear.
A classification of such liftable actions on 3-dimensional toric varieties
can be found in [119].

The formalism of torsors for varieties over BG in [66] was inspired by
the corresponding theory of torsors over nonclosed fields, developed by
Colliot-Thélene-Sansuc, and others. Some, but not all, features of the
theory carry over. The most important difference is the absence of an
analog of Hilbert’s Theorem 90, used extensively in [48]. On the other
hand, over BG there are additional geometric applications, including
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a wealth of stably linearizable, non-linearizable actions (via birational
rigidity or Burnside invariants).

The motivation for the introduction and detailed study of universal
torsors is rooted in the expectation that the birational geometry of Tx is
in some sense “easier” than that of the base variety X. One instance of
this is the following analog of [48, Thm. 2.1.2].

Proposition 5.1. Let X be a smooth projective rational variety with a
reqular action of a finite group G. Assume that 5(X,G) =0, i.e., the G-
action lifts to a universal torsor Tx — X. Let T x be a smooth projective
G-equivariant compactification of Tx. Then Pic(Tx) is a permutation
module and hence

H'(G,Pic(T x)) = 0.

Proof. We follow the proof of [48, Thm. 2.1.2]. Since, non-equivariantly,
Tx is the complement of the zero-sections in a sum of line bundles, whose
classes form a basis of Pic(X), we have k[Tx]* = k*. Thus Pic(T x) is
freely generated by the components of the boundary Ty \ 7x. The G-
action is a permutation action. [

Example 5.2. A natural geometric construction of new actions goes as
follows: given a regular G-action on a smooth projective rational X, we
can consider the action of G := G" 1 &,, on X := X", combining the
given action with the permutation action. Then

B(X,3)=0 = pB(X,G)=0.

Indeed, we have

Pic(X) = Pic(X)™;

Putting T := (7x)", where Tx be a universal torsor of X, we obtain a

universal torsor for X. The G-action lifts to Ty, by assumption. Then
G-action lifts to 7.

Condition (T), torsors, and Amitsur invariants. We continue to
suppose k algebraically closed and X smooth, projective, and rational.
We connect the f(X, G)-obstruction with the problem of lifting G-actions
to general torsors and the Amitsur group Am?*(X, G).

Consider a G-torus S, i.e., non-equivariantly S is isomorphic to G}, for
some n € N, and the G-action is given by a representation G — GL(M),
where M denotes the character lattice of S. We fix a G-equivariant
homomorphism

A M — Pic(X).
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For this torus as well there is the low-degree sequence of the spectral
sequence (3.2):

0 — HYG, S(k)) = HY([X/G], S) — Homg (M, Pic(X)) — H*(G, S(k))
where we use the equivariant identification
H' (X, S) = Hom(M, Pic(X)).

We interpret H'([X/G], S) as isomorphism classes of G-equivariant S-
torsors on X, and for such, mapping to A € Homg (M, Pic(X)), we call
A the equivariant type of the corresponding G-equivariant S-torsor.

The low-degree sequence is related to the sequence (3.2) by functo-
riality, with 1picx) € End(Pic(X)) mapping to A\. Consequently, the
image of 5(X,G) in H*(G, S(k)) is the obstruction to realizing A as the
G-equivariant type of a G-equivariant S-torsor on X.

The case M = Z, with trivial action, corresponds to a G-invariant class
[L] € Pic(X)%. Here, H3(G, S(k)) = H*(G, k*), and the functoriality
relation supplies the commutative diagram

Endg(Pic(X)) —> H2(G, Txs(k))

| |

Pic(X)¢ — 2 H2(G, k)

where the vertical maps are given by evaluation on [L]. Consequently,

02([L]) = eviyy(B(X, G)),
and

Am?(X, G) = feviy (B(X, @) | [L] € Pie(X)%}.

Proposition 5.3. Let X be a smooth projective rational variety with reg-
ular G-action. If B(X,G) = 0, then every G-equivariant homomorphism
A M — Pic(X) arises as the equivariant type of some G-equivariant
S-torsor on X. In particular,

BX,G)=0 = Am*X,G)=0.

Examples with nonvanishing $(X,G) and vanishing Am?*(X,G) ap-
pear in [89] (one with vanishing and one with nonvanishing Am®(X, @)).

Motivic cohomology. Let ¢ be an integer. The gqth motivic complex
is the bounded above cochain complex of étale sheaves with transfers

Sing®' (Zy, (GA9))[—q], if ¢ >0,
0, if ¢ <O,

on smooth separated finite-type k-schemes; see, e.g., [96, Defn. 3.1]. Here,
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e Sing®' denotes the Suslin-Voevodsky construction [96, Defn. 2.14],
which associates to a given presheaf with transfers the complex,
formed by its values on products with algebraic simplices,

o Zi(X) is the presheaf with transfers sending U to the free abelian
group on the set of correspondences (finite over U) to X, and

e G,, denotes the pointed scheme (A \ {0},1), with gth iterated
smash product G)?.

For ¢ = 0, we have Z(0) = SingAl(Z), quasi-isomorphic to Z. For
¢ =1, we have Z(1)[1] = Sing® (Z,(G.,)), quasi-isomorphic to the étale
sheaf G,,.

We are interested in étale motivic cohomology groups

HP(X, Z(q)) := Hg (X, Z(q)|x..)- (5.3)

For instance, when k is algebraically closed and X is a smooth projective
variety, we have

H(X,Z(0)) = Z, H°(X,Z(1)) =0,

H'(X, Z(0)) = 0, H'(X,Z(1)) = k%,

H*(X, Z(0)) = Hom(m1(X),Q/Z)), ~ H*(X,Z(1)) = Pic(X),
H?(X,7Z(1)) = Br(X)

(Normal schemes have vanishing H'(—,Z), with H'(—, Q) for all 7 > 1
[51, (2.1)], so we get the assertions in the left-hand column from the short
exact sequence 0 - Z — Q — Q/Z — 0, and the right-hand column
shows the étale cohomology of G,, in low degrees.)

In (5.3), the hypercohomology on the right is HP(RI'(X,Z(q)|x.,))-
Another approach is to work in the category of étale motives. This arises
in a two-step construction: [ocalization of the derived category D =
D(Shg (Cory)) of étale sheaves with transfers at Al-weak equivalences to
produce the category of effective étale motives DMS! (k) [96, Defn. 9.2],
and stabilization, which formally inverts tensoring with Z(1) to yield the
category of étale motives DM (k). The natural functor

DM (k) — DM, (k)
is fully faithful, by [70, Prop. A.3] and [6, Lemme 4.2].

Theorem 5.4. Let k be a field of characteristic 0 and X a smooth sep-
arated k-scheme of finite type. Then

H& (X, Z(q) | x,,) = Hompn,, ) (Zer (X), Z(q) [p))-

For the convenience of the reader we record a proof of this standard
result; cf. [5, Thm. 4.12]. As described in [114], for unbounded com-
plexes, notions such as K-injective are relevant. For example, among
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unbounded complexes the injective objects are those that not only are
exact (by factoring 14« through cone(14.)) and termwise injective (ex-
act left adjoint to the nth term functor), but are also K-injective; cf.
(69, Exa. 3.2]. Over a Grothendieck category there is the injective model
structure on cochain complexes (loc. cit., see also [12]): fibrations are
epimorphisms with termwise injective K-injective kernel, cofibrations are
monomorphisms, and weak equivalences are quasi-isomorphisms. In par-
ticular, for complexes of sheaves of abelian groups on an essentially small
site, RI" is obtained by applying I" to a fibrant replacement, i.e., a quasi-
isomorphic termwise injective K-injective complex.

Proof. We use the identification of étale hypercohomology with hyperext:
He (X, £%]x,,) = Homp (Ze (X), L*[p]), (5.4)

for any complex L* of étale sheaves with transfers. This fact [96, Exer.
6.25] is conveniently addressed using the local projective model structure
on complexes of presheaves on Cory, respectively Smy, (smooth separated
finite-type k-schemes), respectively X, described in [44, §5.2], and the
corresponding right-lifted model structures on respective complexes of
sheaves (cf. [54, Cor. 2.7]). In each case, the fibrant objects are those
that satisfy étale hyperdescent; exact forgetful functors, that forget the
transfers and restrict to X, send fibrant objects to fibrant objects. It
suffices to show that the object Z(q) of D is A'-local, since by [96, Lemma
9.19] the Hom on the right in the statement of the theorem is then iden-
tified with Homp (Z,.(X), Z(q)[p]), and we conclude by (5.4).

We show, more generally, that for any étale sheaf with transfers K, the
Suslin-Voevodsky construction SingAl (K) gives the Al-localization of K,
meaning:

e the natural map K — Sing® (K) is an Al-weak equivalence,
e Sing™ (K) is an Al-local complex of étale sheaves with transfers.

The first assertion holds by [96, Lemma 9.15]. The second is more subtle
and relies on char(k) = 0, but quickly reduces to the case that k is
algebraically closed. Indeed, writing k for an algebraic closure and

p: A, — Spec(k), p: Aj — Spec(k), «: Spec(k) — Spec(k),

we have generally for a complex £* over Shg;(Cory), that £° is Al-local if
and only if the natural map £* — Rp.p*L® is a quasi-isomorphism. Being
a quasi-isomorphism may be detected after applying o*. By [6, Lemme
4.2] we get an identification of o*Rp.p*L® with Rp.p*a*L®. Now the
reduction is clear, since essentially by definition, we have an identification
a*Sing®' (K) = Sing® (*K).
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For the rest of the proof, we suppose k is algebraically closed. Then we
may apply [96, Prop. 9.30], which tells us that a complex over Shg; (Cory),
which has strictly Al-homotopy invariant cohomology sheaves, is Al-
local. For n € Z the cohomology presheaf H™(Sing®' (K)) is A'-homotopy
invariant by [96, Cor. 2.19]. This leads to strict A'-homotopy invariance

of the sheafification F := aétH”(SingAl(lC)), i.e., the property that
RT(U,F) — RI(U x A', F)

is a quasi-isomorphism for U in Smy. Indeed, this holds if and only if the

same is true with F replaced by F @ Z/¢Z for ¢ prime and by F @ Q,

since cohomology commutes with ®YZ/¢Z, and with ®Q, the latter an

instance of commuting with filtered colimits [97, Rmk. I11.3.6]. The case

of F @Y Z/{Z is taken care of by the Suslin rigidity theorem [96, Thm.
7.20], and F®Q, by [96, Cor. 14.22] and [121, Thm. 5.6, Prop. 5.27]. O

Remark 5.5. By the same argument, for an arbitrary complex IC* of étale

sheaves with transfers, SingAl (K*) gives the Al-localization of K* [5, Cor.
4.11].

By [122, Prop. 3.3.1], we have the exact sheafification functor
Shyis(Corg) — She(Cory,),
thus a triangulated functor
DM (k) — DM (k).

We have the projective bundle and blow-up formulas in DMSE (k) [96,
Thm. 15.12, Cor. 15.13]:

d—1
Ziy(Blz(X)) = Zn(X) © P Zu(Z)(r)[2r]  (codim(Z) = d).

r=1
So the same formulas are valid in DM (k) and we conclude:

Proposition 5.6. For a vector bundle E — X of rank d on a smooth
separated finite-type scheme X over k, respectively, a smooth subscheme
Z C X of codimension d, we have

HP(P(E), 2()) = @D B (B(E). Z(q — 1)

HP(B,(X), Z(q)) = HP(X, Z()) & D B> (2,Zq — 7).

r=1
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Proof. We apply Theorem 5.4 and the projective bundle and blow-up
formulas in DM (k). O

Applications of motivic cohomology. We suppose that k is alge-
braically closed and X is a smooth projective rational variety. This
implies, in particular, that the birational invariant Br(X) of the smooth
projective variety X vanishes. Let a regular action of G on X be given.

We use scheme approximations in order to apply a result such as Propo-
sition 5.6 to [X/G]. This is the construction [53, Sect. 6.3], used to define
equivariant (higher) Chow groups. For each ¢ > 0, a representation V'
of G is chosen, with invariant open U C V and V' \ U of codimension
> i, such that a G-principal bundle U — U/G exists in the category of
smooth separated schemes of finite type over k. By [98, Prop. 7.1}, the
same holds for

X xU— (XxU)/G.

The scheme approximation (X x U)/G has the property, that
HP([X/G], Z(q)) — BP((X x U)/G, Z(q))

is an isomorphism, provided i > min((p + 1)/2,¢q), as we see by com-
paring the Leray spectral sequence (3.2) for X and X x U and applying
homotopy invariance and purity [75, Prop. 3.13].

In the Leray spectral sequence (3.2), we put F := Z(1) and analyze
the outcome. In particular, we are interested in the kernel ker(y) of the
natural homomorphism

p: HY([X/G), Z(1)) — HY(X, Z(1))“.

Considering deeper terms in the spectral sequence, we obtain an exact
sequence

H?(G, k*) — ker(¢) — H%(G, Pic(X)) 2% HY(G, k), (5.5)
where d; := d3? is the differential of the spectral sequence. This allows
to define the degree 4 Amitsur group

Am*(X,G) = Im(64) € HY(G, k).

Theorem 5.7. Let X be a smooth projective rational variety, equipped
with a regular action of a finite group G. Then Am*(X,G) satisfies the
following properties:
(1) It is a stable birational invariant of the G-action.
(2) It vanishes if X # ().
(3) Given a G-equivariant morphism Y — X of smooth projective
rational G-varieties one has

Am*(X,G) C Am* (Y, G).
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If this induces an isomorphism Pic(X) = Pic(Y) then
Am*(X,G) = Am*(Y, G).
(4) If V is a linear representation of G then
Am*(P(V),G) = 0.

Proof. First we address the birational invariance. By equivariant weak
factorization, we only need to consider blow-ups of smooth subvarieties.

Let X be a smooth projective variety and Z C X a smooth subvariety
of codimension d. Let X — X be the blow-up of X in Z. By Proposition
5.6 and the vanishing of Z(q) when ¢ < 0, we have

HP(X,Z(1)) = HP(X, Z(1)) @ HP~2(Z, Z(0)). (5.6)
For p = 4, the additional term takes the form
H*(Z,7(0)) = Hom(m(Z),Q/7Z). (5.7)

Same formulas hold for stacks, as can be seen via scheme approximations.

Assume that Z is a smooth G-subvariety of X, and let Z; be a compo-
nent of Z. We let H be the subgroup of G that stabilizes the component
Zy. Then, [Z/G] = [Zy/H]. We apply the blow-up formula:

HY([X/G], Z(1)) d )6

HY([X/G), Z(1)) & B*([Zo/ H], Z(0)) — HY(X, Z(1))¢ © H*(Z, Z(0))"

Using the low-order terms of the Leray spectral sequence for F = Z(0),
we have

0 — H*(H,Z) — H*([Zo/H],Z(0)) — H*(Z,, Z(0))",
thus
ker(p) = ker(p) @ H*(H, Z).
One the other hand,
H?(G, Pic(X)) = H3(G, Pic(X)) & H2(H, Z).
Comparing the exact sequence (5.5) for X and X, we see that
Am'(X,G) = Am*(X, @).

We now address invariance under upon passage to the product with a
projective space with trivial G-action. This uses the following formula
for motivic cohomology, a trivial case of the projective bundle formula:

HP(X x P",Z(1)) = HP(X, Z(1)) @ HP~%(X, Z(0)).

Then we can argue as above and obtain the invariance.
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Properties (2) and (3) are immediate from the functoriality of the Leray
spectral sequence. Property (4) follows by considering the G-rational
map

P(V&el)--»P(V).
By Property (2), Am*(P(V @ 1),G) = 0. After blowing up the origin this
becomes a morphism

BULP(V @ 1) — (V).

By Property (1), we still have Am*(B{P(V @ 1), G) = 0; now it suffices
to apply Property (3). O

Corollary 5.8. Let X be a smooth projective rational variety with reqular
action of a finite group G. If X is G-unirational, then Am*(X,G) = 0.

Example 5.9. One can compute Am*(X,G), following [90, p. 84]. We
carry this out, taking G to be the Klein 4-group, acting on P* by z — —x
and z — 27!, The result is

Am* (P!, G) = HYG, k™) = (Z/27)*.
For the computation we use the invariant set of divisors {0, 00}, and we
get
H?(G, Pic(PY)) = H*(G, Z) = (Z/27.)?,
mapping isomorphically to H*(G,Z - (0 — o0)) = (Z/27)?, mapping iso-
morphically to H*(G, k*).

Bogomolov multipliers. Given that many cohomological invariants
vanish upon existence of fixed points, and taking into account Condi-
tion (A), which is necessary for equivariant unirationality and (stable)
linearizability of the action, it is natural to consider generalized Bogo-
molov multipliers

B/ (G, M) := Ker (Hj(G, M) — @Hj(A, M)) :

where M is a G-module and the sum is over all abelian subgroups A C G,
see [118, Sect. 2|. In search of interesting examples, we focus on G and
M with nontrivial B/(G, M), for some j.

We suppose that k is algebraically closed. For j = 2 and M = k*,
with trivial G-action, we obtain the classical Bogomolov multiplier

B*(G, k™) = Bru (k(V)°),
the unramified Brauer group of the field of invariants of a faithful repre-
sentation V' of G [24] over an algebraically closed field k of characteristic

Zero.
We can extend [118, Prop. 2] to the degree 4 Amitsur group.
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Proposition 5.10. Let X be a smooth projective rational variety with
reqular action of G. If X satisfies Condition (A), then

Am*(X,G) C BYG).

6. EQUIVARIANT BIRATIONAL GEOMETRY — CHOICE OF A MODEL

In this section, we fix a finite group G and assume that the base field
k contains a primitive eth root of unity, where e is the least common
multiple of the orders of the elements of G.

6.1. Stabilizer stratification. Let X be a smooth G-variety, and sup-
pose that the G-action is generically free. One can introduce the stabilizer
poset

P(X,G) = {Stab(z) | 7 € X (k)}.

the set of subgroups of G' (ordered by inclusion) which occur as stabilizer
groups of geometric points of X.

We are interested in the fixed locus X of the action, i.e., the maximal
closed subscheme of X on which G acts trivially, and more generally in
the fixed loci X# for subgroups H C G. These are smooth (see, e.g., [49,
Prop. A.8.10]), and may have several components, of various dimensions.
They are collected in the stabilizer stratification [28]:

S(X,G) := {components of X" | H C G}.
Any F € §(X, G) gives rise to two associated subgroups of G:

e The generic stabilizer group
I(F) e P(X,G).
e The component stabilizer group
D(F):={geG|F .g=F}.
The generic stabilizer group is a normal subgroup of the component sta-
bilizer group:
I(F) < D(F).

In case X is affine, X = Spec(A), with quotient variety Spec(B),
B = A% and F = Spec(A/B), with prime ideal 3 over a prime ideal p
of B, these reproduce the classical inertia and decomposition groups:

e I(F) =1(P/p), the inertia group of P over p.
e D(F)=D(3/p), the decomposition group of P over p.

The extension of residue fields Ay /PAy of B,/pB, is Galois, and the
Galois group is canonically identified with D(F')/I(F).
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Example 6.1. Let the dihedral group ®, of order 8 act on affine space
A3 = Spec(k|x, vy, z]), where generators p and o act by

(x,y,2) = (—y,x,2) and (x,y,2) — (x,—y,—2),

respectively. Then the subvariety F', defined by x = y = 0, belongs to
S(A3,Dg), with I[(F) = (p) and D(F) = D,.

6.2. Models. One could try to develop a theory of birational invariants
of G-actions by analyzing the arrangement S(X, G) on a given model X.
It turns out that the theory admits significant simplifications, under some
assumptions on the model, which can be achieved by performing suitable
equivariant blow-ups. We comment on the nature of the simplification
in Section 10.

Our setting is, still, a smooth G-variety, where the G-action is gener-
ically free. One of the first simplifications is to obtain a model X for
which P(X, G) consists of abelian subgroups of G. Abelianization of sta-
bilizers has been discovered and rediscovered several times; the earliest
reference we found is [25]. Subsequently, the result appeared in [109],
[8], and [28]. In a more modern formulation, it appears in the frame-
work of destackification in the theory of algebraic stacks [16], [17]. The
procedure, described below in Corollary 6.10, achieves several conditions:

e Abelian stabilizers — every H € P(X, G) is abelian.

e Divisorial form — the action has abelian stabilizers, and for
every H € P(X,G) and F € S(X,G) with I(F) = H, putting
Y :=D(F)/H, the composite

Pic(X,G) — HYD(F), k(F)*) — H'(H, k(F)*)¥ — HY

is surjective. The leftmost map is given by restriction to the
generic point of F', the middle map is the restriction map of the
inflation-restriction exact sequence, and the rightmost map is

HY(H, k(F)*)Y C H'(H, k(F)*) = Hom(H, k(F)*) = H".

e Standard form — there exists G-invariant open U C X, with
simple normal crossing boundary, such that
— G acts freely on U,
— for every irreducible component Z of the boundary X \ U,
every g € (G satisfies

Z-gNZ =10 or Z-qg=2Z.

In [84], “divisorial form” was called “Assumption 2”; a similar divisori-
ality condition, with surjection from a given group of classes of orbifold
line bundles of an algebraic orbifold, appeared in [82]. The condition
“standard form” was introduced in [109].
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Example 6.2. If GG is abelian, then the action of G on X is automatically
in divisorial form. Indeed, we have G¥ — Pic(X, @), and the composite
with the map from the definition of divisorial form is G¥ — HV is the
restriction map, Cartier dual to the inclusion H — G. This is surjective.

All three conditions are preserved under equivariant blow-ups. Among
the advantages of divisorial form are: its formulation does not require
a generically free G-action, so for instance we have Example 6.2 also
without the requirement of a generically free G-action; divisorial form is
stable under general equivariant morphisms, as we may observe by the
following characterization.

Proposition 6.3. Let X be a smooth G-variety, where the G-action on
X is generically free. Then the action is in divisorial form if and only if
the action has abelian stabilizers and at every T € X (k) the characters
of Stab(z), determined by the elements of Pic(X, G), generate Stab(z)".

Proof. Given T € X(k), over a closed point x € X we let H = Stab(z)
and F € S(X, G) be the unique component of X containing . The ac-
tion of G on X restricts to the trivial action of H on F', and in particular,
on the local ring Op,. The composite map in the definition of divisorial
form factors through H'(H, O;x) and agrees with the composite with

H'(H,0F,) — H'(H,k*) = H".

So the condition from the definition of divisorial form, for F' as above, is

equivalent to generation of Stab(z) by elements coming from Pic(X, G).
0

Remark 6.4. Given a collection of linearized line bundles {L;};c; on X,
we can replace Pic(X, G) by the subgroup generated by the classes of the
L; in the definition of divisorial form, to get a variant, divisorial form
with respect to {L;};c;. This notion appears, e.g., in [88, Sect. 5|, and
Proposition 6.3 remains valid for this notion and subgroup. If X is in
divisorial form, then X is in divisorial form with respect to some {L;};c;
with I finite. This is observed in [84, Remark 3.2, which also points
out the following stack-theoretic formulation ([ finite): X is in divisorial
form with respect to {L;};cs if and only if the associated morphism of
stacks

[X/G] = [ BGnm. (6.1)

icl

is representable (i.e., induces monomorphisms on geometric stabilizers).
Example 6.5. Divisorial form has abelian stabilizers, but not every
action with abelian stabilizers is in divisorial form: consider the pro-
jectivization X of the 3-dimensional irreducible representation of the
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alternating group G := 4. There are points with stabilizer H of or-
der 4. We compute Pic(X,G) using exact sequence (5.1): the torsion
is Hom(Rdy, k*) = Z/3Z, the free part is spanned by the class of Ox (1)
with its natural linearization. There is no surjective homomorphism from

Pic([X/G)) X Z @ Z/3Z to HY = (Z/27)>.

Example 6.6. Standard form is divisorial, but not every divisorial action
is in standard form: consider X := P? with action of G := (Z/2Z)*, where
respective generators send (z:y: z:w) to

(x:y:—z:—w), (z:w:z:y), (r:—y:z:—w), (y:x:w:z).

Every subgroup of G of order 2 appears as generic stabilizer along curves
in X. Since G is abelian, the action is in divisorial form. With

Q: P+ +22+w =0,
we get Pic(X, G) = ([Q])BGY, by (5.1). For asubgroup H C G, |H| = 2,
the homomorphism Pic(X, G) — H" (definition of divisorial form) maps
Q] to 1 € HY if C' C Q, otherwise to 0, for a curve C' € S(X,G) with
I(C') = H, and on G" is given by restriction. Such C' can be contained in
at most two boundary components of a standard form. But exhaustive
checking reveals: any subset T' C Pic(X,G), generating HY for every

subgroup H C G, |H| = 2, has to have at least 3 elements mapping to
1 € HY for some subgroup H C G, |H| = 2.

Proposition 6.7. Let G be a finite group with generically free action on
a smooth variety X . If the action is in divisorial form, then I(F) lies in
the center of D(F), for every F € S(X,G).

Proof. With the notation of the definition of divisorial form, the action
of Y on H'(H,k(F)*) has to be trivial. Since the action is given by
conjugation, I(F) is a central subgroup of D(F). O

Example 6.8. In Example 6.1, I(F) does not lie in the center of D(F').
With this linear action of ®, on A3, or its projective compactification
P3, we have additional examples of actions with abelian stabilizers, not
in divisorial form.

Proposition 6.9. Let a generically free action of a finite group G on
a smooth algebraic variety X be given, together with a simple normal
crossing divisor

D=DyU---UD,,

on X such that each D; is smooth and G-invariant. Given T € X (k)
over x € X, we define

H' C H := Stab(z)
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to be the intersection of the kernels of the characters determined by the
G-linearized line bundles Ox(D;) for all i with x € D;, and let d(Z)
denote the dimension of the nontrivial part of the representation of H'
on the tangent space Tx z. Then the function d is identically zero if and
only if the action is in standard form with boundary D. If the maximal
value m of d s positive, then

{z € X(k)|d(z) = m}
is the set of k-points of a smooth G-invariant closed subscheme W of pure
codimension m, meeting D transversally, such that the blow-up X of X
along W has a simple normal crossing divisor formed by the exceptional

divisor and the pre-images of the D;, and d(y) < m for all y € X (k).

Proof. We start by proving the first assertion. For an action in standard
form with boundary D, the generation condition of Proposition 6.3 is
satisfied at 7 € X (k) over z € X with just the G-linearized line bundles
Ox(D;) with = € D;, thus d(z) = 0. The converse follows from the
observation, that for z in the complement of D, the vanishing of d(z)
implies the triviality of H.

For the remaining assertions, the condition to have geometric stabilizer
group contained in H defines H-invariant open X° C X, with z € X°.
At any k-point of X° the value of the function d stays the same when we
replace G by H. The function d also remains unchanged under passage to
an equivariant étale cover that induces bijections on geometric stabilizer
groups. So we are reduced to checking the remaining assertions under
the assumption that G = H and z is the origin in a linear representation
X =V for some G — GL(V"Y),

V:XIEB"'EBXZEBV,;

direct sum of ¢ one-dimensional representations of G and a final factor
V', with the D; given by the first ¢ factors.
The subgroup H' is the intersection of the kernels of xi, ..., x¢,. We
write
V! = (V/)H’ fan V"
for some subrepresentation V”. Now m = dim(V"”), with d(v) < m for

all v € V (k) and equality if and only if v projects to 0 € V". So
W=xi® axo V)"

Blowing up W in V replaces V" by Bly(V"). At a k-point § of the
exceptional divisor, the nontrivial part of the representation on Tps, vz
of the intersection of kernels of characters of Stab(y) is contained in the
tangent space to the image of  in P(V"). This has dimension m—1. O
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Corollary 6.10 ([17]). A smooth algebraic G-variety, where the G-action
18 generically free, can be brought into standard form via a sequence of
blow-ups at G-invariant smooth centers.

Proof. Starting with the empty divisor, we repeatedly blow up the locus
indicated in Proposition 6.9, until the function d is identically zero. [

Remark 6.11. The function d of Proposition 6.9 depends only on the
closed point x € X and may be extended to arbitrary points of X,
by replacing the tangent space at & by the dual of the fiber at x of
the conormal sheaf of the closure of {x}. Then we recover the divisorial
index of [17]. Corollary 6.10 records the outcome of the divisorialification
algorithm of [17, Thm. A].

7. EQUIVARIANT BURNSIDE GROUPS — DEFINITIONS

Consider a smooth projective G-variety X of dimension n, where the
base field k is assumed to contain enough roots of unity; the precise
requirement for “enough” is stated at the beginning of Section 6. We
assume that the G-action is generically free. Let Z be a k-point of X,
with abelian geometric stabilizer group H C G. The equivalence class
of the induced representation of H on the tangent space 7Ty ; may be
encoded by a sequence

B(x) := (by,...,by)
of characters of H. If Z is an isolated point of X then all of the charac-
ters will be nontrivial. In general, the multiplicity of the zero character
will be the codimension in X of the component of X containing z. The
characters by, ..., b, will generate the character group H".

We formulate, first, the groups of symbols that encode these actions.
At a k-point # € X with abelian geometric stabilizer group H, we get
a sequence of characters of H, that is defined up to order. At another
point in the G-orbit of z the geometric stabilizer group H C G gets
replaced by a conjugate subgroup H' := gHg™!, and the characters get
replaced accordingly by their g-conjugates. The corresponding symbol
groups are subject to order and conjugation relations. In a next step,
blow-up relations are introduced; only after introducing these relations
do we obtain groups, where the equivariant birational invariants take
their values.

7.1. Symbols. Let H be a finite abelian group, with character group
A:=H".

For n € N, we introduce
S.(H),
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the abelian group generated by symbols, which take the form of an n-tuple
of characters
B =(by,...,by), by,...,b, € A,
such that (by,...,b,) = A. These are subject to the relation
(O) (order) g = (by,...,b,) is equal to g = (b},...,b)) if there exists a
permutation o € &,,, with b; = b,(;) for i =1, ..., n.
Notice that we allow 0 to appear as a character in f3.

Let G be a finite group. The combinatorial symbols group
SC,.(G)
is generated by symbols
(H,Y,5)
where

e H C (7 is an abelian subgroup,

e Y is a subgroup of Zg(H)/H (with Zg(H) the centralizer of H
in G), and

e (3 is a sequence of characters in H", generating H", of length at
most n.

These are subject to relations

(O) (H,Y,8)=(H,Y,p) if f' is a reordering of 3,

(C) (conjugation) For ¢ € G we have (H,Y,5) = (H',Y', '), where
H' = gHg ', Y = ¢gYg !, and by conjugation by g we obtain the
characters in 4’ from those in .

Lastly, we introduce the abelian group
Symb, (G),
where the generators are symbols
(H,)Y C K, p).
Here,

e H C (G is an abelian subgroup,

e Y C Zs(H)/H is a subgroup,

e (3 is a sequence of characters in H", generating H",

e K is a finitely generated extension field of k, with faithful action
over k by Y, such that, if we denote by Yj the pre-image of Y in
Za(H) (by the canonical homomorphism), the restriction map

H'(Yy, K*) — HY(H,K*) =~ HY (7.1)
is surjective, and

e denoting by d the transcendence degree of K over k, the length
of the sequence of characters [ is n — d.
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These symbols are subject to relations
(O) (H,)Y ¢ K,p)=(H,Y CK,p)if f is a reordering of 3,
(C) For g € G we have (H,Y ¢ K,p) = (H,Y' & K', '), where
H' =gHg ', Y'=gYg™",
K’ is isomorphic as a k-algebra to K in a manner that is compatible with
the respective actions, and ' obtained from [ by conjugation by g.

Remark 7.1. The surjectivity condition (7.1) here was called “Assump-
tion 17 in [84]. The map (7.1) is extraced from the inflation-restriction
exact sequence of group cohomology. This has, further to the left, the
term H!(Y, K*), which vanishes by Hilbert’s Theorem 90. Consequently,
surjectivity of (7.1) is equivalent to having here an isomorphism.

7.2. Relations. We define relations, mirroring the impact on the weights
when a smooth G-variety when X is blown up along a smooth invariant
G-subvariety. It suffices to consider the case of a blow-up in codimen-
sion 2 (this will be explained later, in the proof of Theorem 7.4); this is
reflected in the form of the relations.

We consider the quotient
Sn(H) — B, (H)
by the relation:

(B) (blow-up) For 8 = (by,...,b,), n > 2,

ﬁ: (0,62,...,[)”), lf bl :bg,
B1 + B2, if by # by,

where

By = (bl — b, ba, b3, . .. 7bn)7 P = (blab2 — by, bs, ... 7b”)'

Similarly, we consider the quotient
SC,(G) — BC,(G)

by the relations
(V) (vanishing) (H,Y, 8) = 0 whenever b; = 0 for some 1,
(B) if the sequence of characters = (by, bs,...) has length > 2, then

(H,Y,/B) = (Ha}/vﬂl)“f‘(Ha}CBQ) + (F7?75)7

v_vhere_/Bl_:: (bl - bg, bz, ce ), 52 = (bl, b2 - bl, e ), H ::_ker(bl - bg),
B := (ba,bs,...) (restrictions of characters), and Y := Yy/H, with Y} the
pre-image of Y in Zg(H), as before.
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Finally, we consider the quotient
Symb,, (G) — Burn,(G)

by the relations

(V) (H,Y & K, ) =0 whenever b; = 0 for some 1,

(B) for a symbol (H,Y & K, () with n —d > 2 (where d denotes the
transcendence degree of K over k),

(HY CK,B)=
(HY CK,B)+(HY G K, B)+(HY cK,B), (7.2)
with notation as above and additionally
K = K(t),

where the following recipe is carried out to produce an action of Y on K.
Consider b := by —by as a primitive character of H/H. By the surjectivity
of (7.1) and Remark 7.1, b admits a unique lift to H'(Yp, K*). A choice
of cocycle representation leads to a Yg-action on K (t), where H acts
trivially, and we get an induced action of Y; see [84, Sect. 2].

Remark 7.2. The formulation of relations (V) and (B) follows [88, Sect.
2]. Earlier papers such as [84] and [85] allowed only symbols with se-
quences of nonzero characters, generating H", with relations (B1)—(B2),
that are however equivalent to the formulation with more general sym-
bols and relations (V) and (B). An additional, conventional difference
in the present formulation is the requirement for K to be a field, rather
than a finite product of fields, as in [84] (formulation with Galois algebras
for the group Ng(H)/H), or [88] (with Galois algebras for subgroups of
Ng(H)/H); here, Ng(H) denotes the normalizer of H in G.

7.3. Class of the action. Given a good model for the G-action, i.e.,
one that is in divisorial form, as in Section 6.2, we define its class in B,
BC,,, respectively, Burn,, as follows:

e For G abelian, we let F(X,G) be the set of components of the

fixed locus
X6 = |_| F
FEeF(X,G)

and, for each, record the characters of the G-action
Br(X) = (b1,...,b), b €GY,
in the tangent bundle at a geometric point of F'. The class

(X OG) = Y [K:KBr(X)EB.G)

FeF(X,G)
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with k' the algebraic closure of k in k(F), yields a well-defined
G-equivariant birational invariant [78, Thm. 3.

e For arbitrary GG, we consider the stabilizer stratification S(X, G)
introduced in Section 6.1; recall that all stabilizers are abelian.
For every component F' € S(X,G) of dimension d we record a
symbol

(H,Y,8)  resp.  (H,Y Ck(F),p),

where H = I(F) (an abelian subgroup of G), and the symbol
records Y = D(F)/H C Zg(H)/H (containment by Proposi-
tion 6.7), respectively Y with residual action, and f = fp(X) =
(b1,...,b,_q) is the sequence of characters of H, for the action
of H in the normal bundle to F' in X at the generic point of F.
We record only one such symbol for the G-orbit of F'. In partic-
ular, H, Y, and [ are defined only up to conjugation (reflecting
the passage to a different component in the G-orbit of F'); fur-
thermore, the sequence 3 is only defined up to order. The class
is

(XOG:= > [F:K(HY,B(X)) e BC,(G),
FeS(X,G)/G

with £’ as before the algebraic closure of k in k(F'), respectively,

XOG):= ) (HY CkF), (X)) € Burn,(G),
FeS(X,G)/G

where the sum runs over G-orbit representatives of the stabilizer
stratification.

Remark 7.3. In parallel to the conventional differences in the definition
of symbols, mentioned in Remark 7.2, there are alternative expressions
for [X © G]|. In [84], [X © G] € Burn,(G) is expressed as a sum
over conjugacy class representatives H of abelian subgroups of G, of
sums of symbols Y. 6p, where F' in the inner sum runs over Ng(H)-
orbits of elements of S(X, G) with generic stabilizer H. In the analogous
expression in [85], the inner sum is over Zg(H )-orbits, but this comes
at the cost of a more complicated outer sum, requiring the notion of
Pic(X, G)-pairing on an abelian subgroup of G; an advantage of the shift
to Zg(H)-orbits was a simpler formulation of the blow-up relations. The
closest to the present formulation is [87, p. 3027], an expression as a sum
over points xy € X/G (in the scheme sense, i.e., not just closed points).
When we have the generic point of some F' € S(X,G)/G over zg, the
contribution is (H,Y C k(F), Bp(X)). Otherwise, the contribution is a
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symbol with 0 in the sequence of characters, and this vanishes by relation
(V). More details are provided in [88, Sect. 2].

Theorem 7.4. The recipe, for a projective n-dimensional G-variety with
generically free G-action, to choose a smooth projective model X in divi-
sorial form and associate the element

[XOG]v

defines a G-equivariant birational invariant class in BC,(G), respectively
in Burn, (G).

We recall, a smooth projective model in divisorial form may be ob-
tained by performing equivariant resolution of singularities, followed by
the sequence of blow-ups given by Corollary 6.10.

Proof. 1t needs to be checked that two different smooth projective models
in divisorial form give rise to the same class in BC,(G), respectively in
Burn, (G). This is established in [84, Thm. 5.1] by using equivariant weak
factorization to reduce to the case of a blow-up of a smooth G-subvariety
of codimension j > 2, and relations in Burn, (G) of the form

(HY CK,p)= Z (Hr,Yr C K, B1),
0#£IC{1,....5}

provided trdeg,(K) < n — j (or analogous relations in BC,(G)); a key
point is that these relations are shown, in [84, Prop. 4.7(ii)], to follow
from relations (B) and (V). Here,

H] = ﬂ ker(bi — bl/)
iiel
and, writing Y = Yy/H with Yy C Zg(H),
Y, == Yo/H,.

We construct an action of Y; on the purely transcendental extension K7
of K, trdeg (K;) = |I| — 1, in an analogous fashion to Y & K in (7.2);
this is the action construction from [84, Sect. 2], see also [85, Sect. 2].
All b; for i € I have a common class b € (H;)V; then,

B = (l_),l_)il,...,l_)%),
with {1,...,n —d} \ I = {i1,...,i,}. O

Algorithms for the computation of the class [X © G] € Burn,(G)
for actions arising from (projectivizations of) linear representations and
actions on smooth projective toric varieties can be found in [85] and [87].
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7.4. Class of an open subvariety. In applications, we also need to
consider a G-invariant open U in a smooth projective G-variety X. We
suppose that the G-action on X is generically free, and X is in divisorial
form. There are two ways to define the class of U ©O G (in any flavor of
Burnside group). The most naive way to do this is to copy the formula
from Section 7.3, replacing X by U:

U oGP = Y [K:kBrU) € Bu(G),

FeF(UG)

UoG™ =Y [K:k(HY,Br(U)) € BC.(G),
FeS(U,R)/G

UoG™ = Y  (HY CkF),B:(U)) €Bum,(G).
FeS(U,G3)/G

These classes are birational invariants of U ©O G, by [84, Lemma 5.3].
However, motivated by the form of the specialization map, even in
its original, nonequivariant form [79], we also need a more sophisticated
formula with an alternating sum over boundary strata. For this we make
the further assumption, that X \ U is a simple normal crossing divisor

D=D,U---UDy,

such that each D; is G-invariant. For ) # I C 7 := {1,...,{} we have
D[, Mic; Di, with normal bundle ND,/X and punctured normal bundle
b, x- Thelatter is defined by removing, from Np,/x = @,.; Np,/x|p;
the fiber over Dy, for all j € T\ I, as well as the zero-section of
Nb,/x|p;, for all i € I. Then in any flavor of Burnside group we have

UoG)=[XOG+ > (-)"Np,/x OGP
0£ICT

[U S, G naive + Z |I\ /X S, G]nawe
0AICT

The definition is [84, Defn. 5.4], and the equality is [84, Lemma 5.7].
This class is a birational invariant of U < G, by [84, Thm. 5.15].

7.5. Comparisons. The different versions of Burnside groups are re-
lated to each other, via forgetful homomorphisms. The homomorphism

Burn, (G) — BC,(G)
forgets the birational type of the stratum F in the symbol [88, Prop. 8.2]:
(H,Y < K(F), 8) = K : Kl(H,Y, ).
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For GG abelian, we have a further homomorphism [88, Exa. 8.8]
BC,(G) — B,(G),

where we quotient by the subgroup generated by symbols with H C G. A
more refined formalism of intermediate quotients, with respect to natural
filtrations on Burn, (G) is described in Section 8.2.

8. EQUIVARIANT BURNSIDE GROUPS — PROPERTIES

We continue to assume that & has enough roots of unity, as in Sections
6 and 7.

8.1. Vanishing in stable range. In the analysis of relations in the
various Burnside groups, we often use the following combinatorial conse-
quence of the blow-up relation [84, Prop. 4.7(i)]: a symbol

(H,)Y ¢ K, (b1,...,bh—a))

vanishes in Burn,(G), if .., b; = 0 for some § # I C {1,...,n —d}.
This implies the vanishing of any symbol of the form

(H,Y & K(ty, ... tn), (b . bua))

where m is at least one less than the minimum of the orders of the b; [87,
Prop. 4.1]. As a consequence, if X is a smooth projective n-dimensional
variety with generically free G-action, and we consider X x P™, with
trivial G-action on P, then

(X xP"O G =(1,G CE(X)(ts,...,tm), () € Burn, 1, (G),

provided m > —1 + maxgeq [(g)| [87, Rmk. 4.2]. (More generally, if X
is a smooth projective G-variety and X an irreducible component of X,

then this holds with (1,D(Xy) C k(Xo)(t1,...,tm),()) on the right.)

8.2. Filtrations. There is the possibility to restrict attention just to
certain stabilizer groups. This can be done systematically using the no-
tion of filter, introduced in [88, §3]. A G-filter is a subset H of the set
of pairs (H,Y’), consisting of an abelian subgroup H C G and a sub-
group Y C Zg(H)/H, that is closed under conjugation and satisfies the
following additional property. For (H,Y) € H, H # 1, and g € Zg(H),
with g € Y and Y C Zg(g)/H, we require ((H,g),Y/(g)) € H. Then
Burn(G) is defined to be the quotient of Burn,(G) by the subgroup
generated by all symbols (H,Y & K, ) with (H,Y) ¢ H. A similar
definition is made for BC,(G). The properties of a filter guarantee [88,
Prop. 3.3, Prop. 8.7] that Burn®(G) is the abelian group, generated by
symbols (H,Y < K, ) with (H,Y) € H, subject to relations (O), (C),
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(V), (B), applied just to these symbols, and the analogous fact holds for
BCH(@G).

There is also a comparison homomorphism between the Burnside and
combinatorial Burnside groups (§7.5) in the presence of a filter H, and
this is compatible with the quotient maps Burn,(G) — Burn(G) and
BC,.(G) — BCH(G).

For instance, when G is abelian we define (cf. [84, §8])

Burn%(G) := Burn! @V} @), BCS(G) := BCIEVH@).
By [88, Exa. 8.8], we have
BCS(G) = B,.(G).

8.3. Incompressibles. The analysis of the blow-up relation, and in par-
ticular, the determination of the vanishing of a symbol in Burn,, (G) can
be tricky. However, in many applications, G-actions can be distinguished
upon projection to the subgroup, freely generated by incompressible sym-
bols. These are divisor symbols, that is, symbols

(H,Y C K, (b))

with trdeg, (K) = n — 1 and nontrivial cyclic H, HY = (b), that cannot
be obtained, via the action construction, as rightmost term in a relation
(7.2), coming from relation (B). The notion appears in [85, Defn. 3.3].

Among classical precursors of this notion are fixed curves of birational
involutions on rational surfaces, leading to the classification of involu-
tions as Bertini, Geisser, and de Jonquieres; cf. [9]. A more recent ver-
sion of this is the normalized fized curve with action (NFCA) invariant,
introduced by Blanc [20]. This takes into account the stabilizer and the
residual action, and gives a finer invariant for cyclic groups of nonprime
order.

8.4. Specialization. Let 0 be a complete DVR with residue field k, and
let K be the fraction field of 0. Fix a uniformizer ¢ € o; so, 0 = k[[t]].
We proceed to describe the specialization map

pS: Burn, x(G) — Burn,(G).

The definition works with symbols in Burn, x(G), but the motivation
is the specialization of [X © G] € Burn, x(G), where X is a smooth
projective G-variety over K with generically free G-action.

We take X to be a regular model, projective over o, such that the
special fiber is a simple normal crossing divisor D = Dy U---U D,, where
the G-action extends to X', each D; is G-invariant, and there is d; € N,
common multiplicity of the components of D; in the special fiber. The
set-up reminds us of Section 7.4, and we have similarly the normal bundle
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Nbp, /x and punctured normal bundle NB,/X for0 A1 CT:={1,...,(}.
We have a map, given by the canonical section of a twist of Op,, and
isomorphism, supplied by t:

@i vl (@i

el el

D1> ® Op, ( > defu{j}> = Op,.
FEINI

We define the regular function w; on Np, sx via the natural identification

with @,.; Np,/x|p,, to be the composite with the morphism

@NDi/X’DI — ®N§id/i)(|l717 (Si>i€1 = HS?Z

i€l i€l i€l
The locus of vanishing of w; is the union of the fibers over Dy for
j € Z\ I and the zero-sections of the Np, x|p,. Thus

wi (AN A{0}) = N, -

The specialization map is defined as follows. Given a symbol
(H,Y ¢ K(W),5)

with W a smooth projective G-variety over K, we take V to be a regular
model of W as above. So the G-action extends to W, projective over o,
with simple normal crossing special fiber Dy U --- U Dy, such that each
D; is G-invariant with a multiplicity d;. There is the regular function wy
on Np, w, as above. Then

PL(HY C KW),0):= Y (~D'IT(HY & kw'(1),5),
0AICT
which is well-defined, i.e., independent of the choice of W [84, Sect. 6].
We return to our motivation, to understand the image of [X © G]
under p¢. This was addressed in [84, Thm. 6.6], with a formula as an
explicit sum of symbols. We state this in a conceptually simpler form.

Theorem 8.1. Let X be a smooth projective G-variety over K with
generically free G-action, and let X be a reqular model to which the action
extends, such that the special fiber is a simple normal crossing divisor
D = DyU---U Dy, where each D; is G-invariant with a multiplicity d;.
Then with w; as above we have

(X)) =) (D" w'(1) oGP
0AICT
A technical point is that we wish to employ geometric arguments over
k, but X is defined over K. Néron desingularization [29, §3.6] lets us

replace 0 by a suitable smooth k[t]-subalgebra A, and K by the fraction
field K4 of A, thereby enabling direct geometric arguments. First, A may
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be chosen with projective A-scheme X4, locally a complete intersection
with X =2 X4 Xgpee(a) Spec(o). The simple normal crossing boundary
translates into a local equation form for X', which we may assume valid
for X4. Then X4 is smooth over k with simple normal crossing bound-
ary Xasa = Xa Xgpec(a) Spec(A/tA), and the same holds when A is
replaced by a larger smooth k[t]-subalgebra of 0. By means of monoidal
transform we may suppose that X, is equivariantly isomorphic to
D x Spec(A/tA) (where G acts trivially on the second factor).
The normal crossing boundary of X 4 defines a morphism

[X4/G] = [A"/G,,], (8.1)

which by [17, Rmk. 3.4] is smooth. The stack [A*/G! ]| has a dense open
substack [(A"\{0})/G",] = Spec(k), with pre-image X 4p-1] = X4\ X /14
by (8.1). The pre-image of X ;-1 under X — X is X.

We observe that in Theorem 8.1 there is no loss of generality in sup-
posing X to be in divisorial form. For (8.1) there is a relative notion of
divisoriality and a functorial procedure to achieve this by iterated blow-
up; see [17, Thm. 6.6]. Each center of blow-up is smooth over [A*/G¢ ],
i.e., smooth over k and transverse to the normal crossing boundary. We
claim, also, transverse intersection on N/ Dby x With w; (1), for every I.
This claim does not see the group action; with respect to a local triv-
ialization of N De/x, We have w; given as unit times monomial, so this
is clear. Thus, in Theorem 8.1, relative divisorialification preserves the
hypothesis, as well as both sides of the equality (by birational invariance
of the class in the Burnside group).

The notion of divisoriality makes sense also for X', as explained in
[84, Sect. 6]: X, to be divisorial, should have abelian stabilizers with X
divisorial, and for every F' € S(X, G) supported in the special fiber, with
generic stabilizer group H, we should have surjective composite

Pic(X,G) — H (D(F), k(F)*) — H'(H, k(F)*)PW/M _ gV,

But if X is divisorial, then X is divisorial. The corresponding assertion
for orbifolds is [86, Lemma 9.1(ii)]; we give a proof in the present setting.
Say X is divisorial with respect to linearized line bundles Ly, ..., L,.
We suppose A, as above, is taken so that the linearized line bundles are
restrictions of linearized line bundles M, ..., M, on X,. We apply
relative divisorialification to the map

[X4/G] = BGy, x [A"/G,,]

that combines (6.1) and (8.1). A numerical quantity that measures the
relative stabilizers, if not identically zero, takes its maximal value on a
locus W, smooth over BG”, x [A/G' ], in particular, transverse to the
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normal crossing boundary. By the equivariant isomorphism of X /4 with
D x Spec(A/tA) and the analysis of the numerical quantity in terms of
representation theory (cf. proof of Proposition 6.9), every component of
W is either contained in X 4;-1) or meets every fiber of X 44 nontrivially.
The image in Spec(A) of a component of W cannot contain the generic
point, but by transversality cannot be equal to Spec(A/tA). Thus W is
contained in X 4;-1), with W XX 4y X =

The proof of Theorem 8.1 will be helped by a more convenient descrip-
tion of wy. The monomial map

[AY/Gr] = [A1/Gy)

with exponents dy, ..., dy, when composed with (8.1), is the map given
by the boundary divisor X4/4 C X4. The chosen uniformizer ¢ supplies
a lift of the composite map to A and a corresponding lift of (8.1) to

[X4/G] = [AY/K], K :=ker(G) — G,,). (8.2)
Away from the boundary, (8.2) restricts to
[Xap-1/G] — [(AT\ {0})7/K] = AT\ {0},

given by ¢t. The morphism (8.2) is smooth. Since formation of the normal
bundle commutes with flat base change, we may describe Np, /x by base
change from [A‘/K], where we have D; defined by x; = 0, and Dj, by
z; = 0 for all i € I. Then Np, u = A’ but now x;, for i € I, is a
normal bundle coordinate; wy is given by xflll . .a:?f. Summarizing, with
07: AY — A given by (;)ier — (17\s(4)x;)iez, we have the diagram with
fiber square

ND]/X [Af/lc] Ty Ty Al
j lol (8.3)
X ALK T o

where the composite top map is wy, and the composite bottom map is ¢.

In the proof of Theorem 8.1 we suppress the explicit mention of Xy ,
but its use is implicit in application of facts, valid for smooth morphisms,
to a morphism such as [X/G] — [A*/K], where the justification will use
the smooth morphism (8.2).

Proof of Theorem 8.1. We use the description of Np,, x, and w;, from
the diagram (8.3). Restriction to A'\ {0} in the top row has the ef-
fect of replacing Np,/x by Np  , and making the right-hand map an
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isomorphism. Stabilizer components in a smooth family are smooth, so

Y. (HYCKENW(1),8Np, )

EES(NG, | 4:G)/G

(8.4)
= S (HY CKEF)Brw D)

FeS(wit(1),6)/G

We bridge the gap between p¢ ([X © G]), a sum over S(X,G)/G, and
the sum over S(Np /5, G)/G in (8.4), by means of deformation to the
normal bundle. Classically, for a smooth scheme X with a smooth closed
subscheme V', the construction

i}//X = BKVX{O}(X X Al) \ BEVX{O}(X X {0})

yields a scheme with morphisms to X and to A!, such that:

e The morphism to A! is smooth.
e The fiber over 0 is Ny, x, projecting to V' C X.
e The fiber over A'\ {0} is X x (A'\ {0}).

(Usually V' and X are not assumed smooth; the general case is called de-
formation to the normal cone. In the first property “smooth” is replaced
by “flat”, and in the second, instead of the normal bundle we have the

o

normal cone.) We are interested in D; in &, but by flatness Mg, Jx 18
obtained by base change from D; in [A’/K]. In the latter case the defor-
mation to the normal bundle yields [A*/K] x Al. Denoting by u the co-
ordinate on the factor A', we have morphisms ((z;)iez, u) — (u*D2;)ier
to [AY/K] and projection to Al

There is the additional morphism ((z;)iez,u) — 2" - - 23 to Al. The
additional morphism restricts to w; on the fiber over 0; we denote it by
@r. The morphism @y is flat, and the restriction over A\ {0} is smooth.
Upon restriction we get smooth (&r, pry) to (A {0}) x Al and subject
to the caveat mentioned just before the start of the proof, the same can
be asserted when we map the corresponding open subscheme of M7, Jx
to (A'\ {0}) x Al. The fiber over (A'\ {0}) x (A \ {0}) is isomorphic
to X x (A'\ {0}), and the fiber over (A"\ {0}) x {0} is NVp /5.

Thus, we have a G-equivariant map S(NBI/X, G) — S(X,G) and for
E € S(Np, x,G) mapping to W € S(X,G) we have Sp(Np ) =
Pw (X). For W € §(X, Q) the closure W in X is a regular model of W,
with normal crossing special fiber (D; N W) U ---U (D, N W) and the
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same multiplicities d; as for the special fiber Dy U---U Dy of X'. So

P ([X ©a)
=Y DIt N (@Y S ROW xxwrt (1), Bw (X))

PAICT WeS(X,G)/G

= Y (i > (HY CRENW (1), 85N, x):

PAICT BES(NG, ,:0)/G

and we conclude by (8.4). O

9. APPLICATIONS

We suppose that k is algebraically closed. Our main interest is the
study of finite subgroups of the Cremona group Cr,,, i.e., automorphisms
of rational varieties, see Section 3.1. Representative examples of rational
varieties include:

quadric hypersurfaces and quadric bundles over P*,

del Pezzo surfaces and rational Fano threefolds,
rational conic bundles over rational surfaces,

singular cubic hypersurfaces (other than cones),

toric varieties,

equivariant compactifications of linear algebraic groups,
generalized flag varieties.

One of the main problems is the linearization problem, i.e., the determi-
nation whether or not a given action is equivariantly birational to the
projectivization of a representation. This is settled in dimension 2 [103],
but is largely open in dimensions > 3.

Another important problem is to prove that a given G-action on a
rational variety is stably linearizable. The main tool for this is Lemma 3.1
(No-name lemma), applied to various vector bundle constructions. This
is particularly interesting when the action is not linearizable.

In this section, we discuss several geometric applications of Burnside
groups, quotient stacks, and cohomological invariants, with special regard
to

e stabilizer stratification, Amitsur and Brauer groups,
e filtrations, incompressibles,
e specialization.
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Fields of invariants. An application that we have already seen, of
Lemma 3.1 (No-name lemma), is the stable G-birationality of projec-
tivized representations from Corollary 3.2. By essentially the same argu-
ment, the quotients P(V')/G and P(W) /G are stably birational. However,
the corresponding questions for (G-)birationality are more subtle.

First examples of nonbirational linear G-actions appeared in [110];
these were based on Condition (Det) in Section 4.3. Further examples,
via the Burnside group formalism, can be found in [38] and [116].

We are not aware of examples of nonbirational quotients P(V)/G,
P(W)/G, for projectivized representations of the same dimension, where
the G-actions are generically free. The same questions can be asked for
nonlinear actions, e.g., actions on quadrics.

Translation actions. Let G be a connected linear algebraic group over
k; as a variety, G is rational. Let G C G be a finite subgroup. When is
the natural translation action of G on G (stably) linearizable?

The action is stably linearizable, when G is special, i.e.,

HYK,G) =1, VYK/k;

see, e.g., [67, Prop. 4.1].
Here we show how to address the stable linearizability problem for the
nonspecial group
G=PGL,, n>2.
Let V be a faithful representation of G, and K := k(V)% the field of
invariants. We have, by functoriality:

H'(BG,G) — HY([V/G],G) — HY(K,G). (9.1)
The inclusion of G in G supplies an element o € H!(BG, G).

Lemma 9.1. If a has trivial image in H' (K, G), then « also has trivial
image in H' (k(W)%, G) for any other faithful representation W of G.

Proof. Let L := k(W)€% and let 3 denote the image of o in HY(L, G). By
the No-name lemma, we have on a suitable invariant open W° C W an
equivariant identification V' x W° = A4 x W°, d = dim(V). Since « is
trivial in H'(K, G) it is also trivial on a dense open subset of [V/G], and
this determines a dense open subset of A% on which 3 becomes trivial.
Since L-points in A¢ are Zariski dense, we obtain the vanishing of 3. [

We define
a®(G,V) e HY(k(V)C,G)
to be the image of o under (9.1). By Lemma 9.1, the triviality of a®(G, V)
is independent of the choice of faithful representation V.
The argument in the proof of [67, Prop. 4.1] implies:
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Proposition 9.2. If a®(G, V) is trivial, then G is G-equivariantly stably
linearizable.

In fact, the triviality of a®(G, V) is both necessary and sufficient for
the stable linearizability of the translation action, and indeed is encoded
in the classical obstruction to lifting GG to a linear representation

G — GL,,.
There is a natural PGL,-equivariant compactification
PGL, C P"!,

the projectivization of the coordinates of an n x n matrix. Those with a
single nonzero column form an invariant linear subspace P! C P
Since the inclusion induces an isomorphism on Picard groups, by [90,
Lemma 2.1] we have Am*(P"~!, G) = Am*(P**~!,G). But Am?*(P"!,G)
is cyclic, generated by a class v € H*(G, k*) that represents the obstruc-
tion to lifting G — PGL,, to a linear representation. If v = 0, then such
a lift exists, and by functoriality a®(G, V) lies in the image of

H'(K,GL,) — H (K, PGL,),

hence is trivial, and by Proposition 9.2, PGL,, is G-equivariantly stably
linear. If o # 0, then we have nontrivial Am?(P"~! @), and this ob-
structs not only the G-equivariant stable linearizability of PGL, but also
the G-equivariant unirationality.

Condition (A). Actions of abelian groups on del Pezzo surfaces have
been classified in [19], in particular, there is a classification of all actions
satisfying Condition (A). Such a classification for smooth Fano threefolds
can be found in [1].

Amitsur and Brauer groups. The Amitsur invariant Am?(X, G) from
[21, Sect. 6] has been computed for rational surfaces [21, Prop. 6.7] and
can be extracted for smooth Fano threefolds from the analysis in [113].
Computations of Am®(X, G) for del Pezzo surfaces can be found in [118].
The related Condition (T) (Section 5) has been investigated for Fano
threefolds and toric varieties in [89], [119]. It would be desirable to
undertake a systematic study of Am*(X, Q).

An algorithm for computing Brauer groups of stacks [X/G] and smooth
projective models of quotient spaces X/G has been presented in [90].



EQUIVARIANT BIRATIONAL GEOMETRY 47

Incompressibles. The description of incompressible symbols is easy in
Burny(G). There, the incompressible symbols are the divisor symbols
(H,Y & k(C), (b)), where C'is either a curve of positive genus, or C' = P!
is acted on by a noncyclic group Y. Already the simplest example

(Co, &5 ¢ k(PY), (1)),

is useful, e.g., reproving a result of Iskovskikh [73] about nonbirationality
of a linear action and a toric action of G = Cy x &3, see [59, §7.6].

For Burns(G) the situation is more involved. There are many examples
of incompressible symbols, but a full classification is unavailable; it would
require the detailed analysis of [52]. Proofs of nonlinerizability of G-
actions on rational varieties of dimension > 3, based on incompressibles,
can be found for

e actions on singular cubic threefolds, e.g., [39, Exa. 2.7], or
e the Burkhardt quartic, [40, Prop. 7.2].

Among further applications of incompressible symbols to proofs of non-
birationality of stably birational actions are:

e on 3, see [85, Thm. 11.2], or [117, Exa. 8.1],
e cubic threefolds and degree 14 Fano threefolds [120].

Specialization. An immediate application of Theorem 8.1 is the fact
very general members of families of GG-varieties equivariantly specializing
to (mildly singular) nonlinearizable G-varieties are also not linearizable
[84, Cor. 6.8, Exa. 6.9].

This motivated a search for such families. For example, a systematic
study of specialization patterns for singular cubic threefolds to cubics
with cohomological obstructions to stable linearizability was offered in
[39], [35]. In particular, there is now a classification of actions on sin-
gular cubics X C P* failing Condition (H1); these come from specific
Cy or Cs-actions, see [42, Sect. 2|. A representative example of such a
specialization is given in [39, Prop. 4.3].

10. WHAT IF ...

Nonabelian stabilizers. A priori, one could try to encode a given reg-
ular action of a finite group G by the stabilizer stratification and the
induced action in the normal bundles, which would decompose into irre-
ducible representations of the stabilizer groups. There are at least two
reasons for bypassing this, via passage to divisorial forms:

e one would have to keep track of these representations, and it is
easier to deal with sums of one-dimensional representations,
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e encoding the interaction of the action of the stabilizers with the
residual action on the stratum might involve nonabelian second
cohomology [55], which we wanted to avoid.

This explains the importance of achieving abelian stabilizers.

Not in divisorial form. The definition of divisorial form ensures that
the formula for the class in the equivariant Burnside group yields a sum
of symbols.

Example 10.1. Consider the action of ®4 on P, the projective com-
pactification of the action of Example 6.1. The subvariety F' defined by
x =y = 0 has generic stabilizer H, cyclic of order 4, and nontrivial resid-
ual action of ©4/H on C(F). As observed in [84, Exa. 3.5, primitive
characters of H do not lift to H' (D4, C(F)*).

Such lifts of characters are needed in the definition of relation (B),
which is crucial for the equivariant Burnside group. The definition of
symbols (§7.1) restricts to actions Y & K, where Y is quotient by H
of a subgroup Y, of G, in which H is central. Only then is there the
possibility for all characters of H to lift to H!(Yy, K*) (see Proposition
6.7 and [88, Lemma 2.1]).

Tori. We suppose that k is algebraically closed. In principle, the the-
ory developed above can be extended to the case of an algebraic torus
T = G%. We can imitate the construction of the equivariant Burnside
group and define analogous groups, where the symbols involve subgroups,
quotient groups, and sequences of characters.

For example, there would be an analogous group

B,.(T),
generated by unordered sequences of characters
B=(by,....by), bjeM=3%X"T),

and subject to the blow-up relation as in Section 7.1.

The first issue is that B, (7") has infinitely many generators and rela-
tions, so that it is not obvious that one can effectively check whether or
not two such symbols are equal in B,,(T).

However, there are geometric reasons for not pursuing the formalism
for Burn, (7"). Indeed, T-torsors are Zariski locally trivial, and thus a
T-action on X is equivariantly birational to a T-action on 7' x Y, with
Y = X/T, standard action of T on itself, and trivial action of 7" on Y.
Moreover, actions of 7" on X and X' are equivariantly birational if and
only if the quotients Y and Y’ are (non-equivariantly) birational.



EQUIVARIANT BIRATIONAL GEOMETRY 49

Extensions of finite groups by tori. Another direction would be to
consider algebraic groups fitting into an exact sequence

1—-T—-N-—->G—1,
where G is a finite group and T'= G2,.
Example 10.2. Consider the singular cubic threefold X C P* given by
T1T2x3 + Ig + x314T5 + Ii + fl?g =0,

with singularities at [1:0:0:0:0] and [0:1:0:0: 0], and the action
of
1—-G,, > N—Cy, —~1,

given by rescaling
Ne: T1 > ATy, Xo > a_lxg

and 7: 11 <> x9, switching the coordinates. The fixed locus is the smooth
curve given by x; = x5 = 0, of genus 1. We can consider (n,,7), a € k*,
defining a family of actions of (infinite, for general a) dihedral groups on
X. When a is a primitive even root of unity, the action is not linearizable,
by [35, Prop. 5.17].

Reductive groups. One might inquire, whether the theory developed
above could be extended to linear algebraic groups, more general than
tori. Reichstein and Youssin have established the existence of a standard
form, after suitable equivariant blow-up [109]. However, several issues
arise:

e The stabilizer groups are extensions by unipotent groups of diago-
nalizable groups, so their representation theory is not determined
by characters.

e The stabilizer groups can vary in a stratum.

Example 10.3. Consider the action of GLy by right multiplication on
the affine space of 2 x 2-matrices. The stabilizer groups of rank 1 matrices
consist of a whole conjugacy class of G,-extensions of G,,. As this stra-
tum has codimension 1, there is no possibility to improve the situation
by blowing up.
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