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ABSTRACT. We study equivariant birationality from the perspec-
tive of derived categories. We produce examples of nonlinearizable
but stably linearizable actions of finite groups on smooth cubic
fourfolds.

1. INTRODUCTION

Let X be a smooth projective algebraic variety over a field k£ and
D?(X) its bounded derived category of coherent sheaves. It is a rich
algebraic object: a celebrated theorem of Bondal and Orlov [BOO01]
states that D°(X) determines X uniquely, if its canonical or anticanon-
ical class is ample. This uniqueness can fail, there exist nonisomorphic
but deriwed equivalent varieties, e.g., K3 surfaces or abelian varieties.
These results and constructions inspired active investigations of derived
categories, and derived equivalences in various contexts.

In some sense, D?(X) contains too much information, or rather, the
data that are relevant in concrete geometric applications are hard to
visualize. The overarching goal is to extract computable, more com-
pact, invariants of derived categories that would allow to answer basic
questions about geometry, such as

e existence of k-rational points, or

e f-rationality.
This has been pursued in, e.g., [HT17], [AB18], [AB17], [AAHF21].

One natural candidate for an invariant of D?(X) is the Kuznetsov

component Ay, an admissible subcategory of Db(X), which however
depends on the choice of a maximal semiorthogonal decomposition
(see Section 2 for definitions). The expectation is that this compo-
nent captures, in particular, rationality properties of X; this idea has
been tremendously influential. It has been tested in many situations,
e.g., Fano threefolds, or special cubic fourfolds. In these cases, the
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Kuznetsov component is identified as the orthogonal to a naturally
defined exceptional sequence of objects in D?(X).

Due to its universality, one might expect that this approach is valid
over nonclosed fields, as well as in presence of group actions. Here,
we explore this in detail in the equivariant context, for smooth cubic
fourfolds, equipped with a regular, generically free action of a finite
group G. Our main result is:

Theorem 1. There exist smooth Pfaffian cubic fourfolds X with a
reqular generically free action of a finite group G such that

o the G-action is not linearizable, i.e., not equivariantly birational
to a (projective) linear G-action on P4,

o the G-action on X x P!, with trivial action on the second factor,
18 linearizable,

e the standard Kuznetsov component Ax is G-equivalent to D°(S),
with the G-action induced by an embedding of G into the auto-
morphisms of a K3 surface S,

o the variety of lines F1(X) is G-birational to S, the Hilbert
scheme of two points on S.

A more precise version is given in Theorem 16. Our main theorem
contradicts natural equivariant analogs of existing rationality conjec-
tures, as explained in Section 3.

The stable linearizability proof is based on an adaptation to the
equivariant context of the classical Pfaffian construction. This allows us
to establish new stable linearizability results for, e.g., quadric surfaces,
see Section 7.
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2. DERIVED CATEGORIES

We recall basic notions concerning derived categories that are used
in applications to birational geometry, see, e.g., [Orl03].
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Notation. Let G be a finite group. A G-variety over k is an algebraic
variety with a regular action of G. From now on, by a category we
mean a k-linear triangulated category. A G-category is a category A
together with a homomorphism

G — Auteq(A),

the group of autoequivalences of A. A strictly full k-linear triangulated
subcategory B C A of a G-category A is G-stable if for every object
E € B and every g € G we have g, F € B.

Semiorthogonal decompositions. Let X be a smooth projective va-
riety over a field k& and D°(X) its derived category of coherent sheaves.
An object E € D?(X) is called exceptional if

Hom(E,E) ~ k, Ext"(E,E)=0, r#0.
An exceptional sequence is an ordered tuple of exceptional objects
(Eq,. .., Ep)

such that
Ext'(E,,E,) =0, Yr>s,l.

An exceptional sequence is called full if the smallest full triangulated
subcategory containing the F, is equivalent to D°(X), i.e., if the se-
quence generates D°(X).

The notion of semiorthogonal decomposition generalizes the preced-
ing concepts. A full subcategory A of D?(X) is called admissible if the
inclusion functor has a left and right adjoint. A sequence

(Ala"'7An)

of admissible subcategories of D’(X) is called a semiorthogonal decom-
position of D°(X) if
e the A, ..., A, generate D’(X) and
e there are no derived Hom’s from any object in A, to an object
in A, for r > s.

A semiorthogonal decomposition is called maximal if the A, do not
admit a further nontrivial semiorthogonal decomposition. Explicit
semiorthogonal decompositions have been computed in many exam-
ples, not only over fields but also over more general bases, see, e.g.,
[Kuz22].
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Example 2. Let X C P" be a smooth Fano variety with Picard group
of rank one, generated by the hyperplane class, and of index r. Then
there is a semiorthogonal decomposition

D’(X) = (Ax,Ox,0x(1),...,Ox(r — 1));

here Ax is called the Kuznetzov component of D*(X). For smooth
cubic fourfolds X, one has r = 3, and the subcategory Ax has some
formal properties of the derived category of a K3 surface.

Essential dimension and blowups. A k-linear triangulated cate-
gory T is said to be of essential dimension at most m, if 7 embeds as
a full admissible subcategory into a derived category D°(Z) of a smooth
projective variety Z of dimension at most m. Usually, this definition
is applied to a piece in a semiorthogonal decomposition of D°(X).

We now recall Orlov’s blowup formula [Orl92, Theorem 4.3]: Let

q¢: X =Blz(X) = X
be a blowup of X in a smooth subvariety Z. Then there is a diagram

P(Ny)— X

pL lq
A e
and we have a collection of subcategories

As = J. (0"(D"(Z) @ Op,(9)))

(where all the functors are in the derived sense). Note that A, are all
equivalent to Db(Z). If r := codim(Z), then

(A prs o A, g7 (DP(X)))

is a semiorthogonal decomposition of D?(X).

Since P" has a full exceptional collection, and every smooth projec-
tive rational variety X can be linked to P" by a sequence of blowups
and blowdowns along smooth centers, it has become a guiding principle
that such X should have semiorthogonal decompositions with pieces of
essential dimension at most n — 2. There are various issues that arise,
e.g., maximal decompositions are by no means unique, see [BGvBS14],
[Kuz13], [Orl16, Remark 5.6]. Still, this point of view has been the ba-
sis of conjectures concerning rationality of higher-dimensional varieties
over closed and nonclosed fields, e.g., cubic fourfolds [Kuz16, Conj 4.2],
Gushel-Mukai varieties [KP18], and Brauer-Severi varieties, del Pezzo
surfaces, Fano threefolds [Ber09], [AB17], [AB18], [KP19].
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G-categories. We turn to G-varieties X, where G C Aut(X) is a finite
group. There is an induced embedding

G — Auteq(D’(X)),

so that D?(X) is a G-category. The reconstruction theorem of [BOO1]
admits a natural generalization to the equivariant context:

Proposition 3. Suppose X and Y are smooth projective G-varieties,
X s Fano, and

d: D’(X) ~ DY)

1s an equivalence of G-categories. Then there exists a G-equivariant
1somorphism

p: X =Y
nducing P.

Proof. The fact that Y is also Fano and X and Y are isomorphic as

varieties is just the reconstruction theorem of Bondal and Orlov [BOO1].

More precisely, one can define a point object in D’(X) (and similarly
D’(Y)) as an object P such that

)
(1) Sx(P) ~ P[n], where Sx is the Serre functor and n € Z.
(2) For r < 0 one has Ext"(P, P) = 0.
(3) Hom(P, P) ~ k.

These conditions imply, if X is Fano, that n = dim X and P is, up to
shift, the skyscraper sheaf k, of a closed point p € X. Furthermore,
from the given equivalence ®, the reconstruction procedure of Bondal
and Orlov outputs an isomorphism ¢ with the property that if ® maps
a point object P with support p in X to a point object () with support
q in Y, then ¢(p) = g. Since ® is assumed to be an equivalence of
G-categories, it follows that ¢ is a G-morphism as well. 0

Proposition 4. Let X be a smooth projective G-variety. Assume that
there 1s a semiorthogonal decomposition

D'(X) = (A, B),
where B is a G-stable subcategory. Then A is G-stable.

Proof. Indeed, A is, by definition, the full subcategory consisting of all
objects X that satisfy

Hom(Y, X[i]) =0, Vie€Z,
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for all Y in B. Denoting the action of an element g € G on an object
in D*(X) by g, we obtain

Hom(g.Y, . X[i]) =0, Vie€Z,
because g acts by an autoequivalence on D’(X), and in particular,
Hom(g.Y, g. X[i]) is isomorphic to Hom(Y, X[i]) as k-vector space. Since

g+Y is another object of B and all objects in B are of this form (because
B is G-stable), we get that ¢, X is an object of A. O

Corollary 5. In the notation of Example 2, the Kuznetsov component
Ax of a G-Fano variety is naturally a G-category.

We recall from [Plo07] the notion of a G-linearized object of D*(X):
Definition 6. A complex E*® in D*(X) is G-linearized if it is equipped
with a G-linearization, i.e.; a system of isomorphisms

P A A
for each g € G, satisfying the compatibility condition
)\1 = idEo, )\gh = h*()\g) 9] )\h-

Nonbirational linear actions. Let p € X be a closed point and 7, X
the tangent space at p. For the skyscraper sheaf k, we have

Ext"(kyp, ky) ~ AT, X, r € [0,dim X],

and zero otherwise. In particular, Extl(k:p, k,) parametrizes length 2
zero-dimensional subschemes supported at p, which are tangent vectors
at p to X. When G is abelian and P in D°(X) is a point object fixed
under GG, we can consider the weights of the G-action on

Hom(P, P[1]) = Ext! (P, P),

these are the weights of the G-action on T, X for the G-fixed point
p € X that is the support of P.

These weights play a role in the computation of the class of the G-
action in the equivariant Burnside group, introduced in [KPT23] and
[KT22a]. In particular, this formalism allows to distinguish birational
types of linear G-actions on a variety as simple as P%:

Example 7. Let G = C,, x &3, m > 5, the product of the cyclic
group of order m and the symmetric group on three letters, V5 the
standard 2-dimensional representation of &3, and k,, ks 1-dimensional
representations of C,, with primitive characters x, x’, x # £x’. Then

Pky @ V), P(ky & V5)
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are not GG-birational to each other. However, both varieties admit
0,0(1),0(2)

as a full (strong) exceptional sequence of G-linearized line bundles (al-
beit with different linearizations on those bundles). The failure of G-
birationality is proved in [KT21, Example 5.3] and [KT22b, Section
10], using the Burnside formalism of [KT22a].

This example indicates that essential information is contained in the
G-linearizations of the objects of the collection, respectively, in the
attachment functors/nonzero Hom-spaces between the pieces of the
decomposition.

3. CUBIC FOURFOLDS: GEOMETRY

Let X C P be a smooth cubic fourfold, over k = C. Let F' = Fy(X)
be the variety of lines of X, it is a holomorphic symplectic fourfold
deformation equivalent to S, the Hilbert scheme of two points on a
K3 surface S.

Rationality. In this context, there are three main conjectures con-
cerning the rationality of X (see [Huy23] for background, latest results,
and references): each of the following conditions is conjectured to be
equivalent to the rationality of X.

(1) There is a primitive isometric embedding of Hodge structures
H2(S, Z) e — HY(X, Z) (1),

for some polarized K3 surface (S, h).
(2) There is an equivalence of k-linear triangulated categories

Db(S) ~ .Ax,

for some K3 surface S.
(3) There is a birationality

Fi(X) ~ SP,
for some K3 surface S.

Recall that (1) and (2) are equivalent, by [AT14]. A motivic version
has been addressed in [F'V20]: cubic fourfolds over arbitrary fields with
derived equivalent Kuznetsov components have isomorphic Chow mo-
tives.

While there is growing evidence for the validity of these conjectures,
some of it based on extensive numerical experiments, the compatibility
of these constructions with group actions remained largely unexplored.
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Pfaffians. We recall some multilinear algebra occurring in the con-
struction of Pfaffian cubic fourfolds. Let V be a k-vector space of
dimension 6, and consider the nested strata

Gr(2,V) C Pf(V) c P(A?V),
where Pf(V') parametrizes skew 6 x 6 matrices of generic rank 4 and
Gr(2,V) those of rank 2. Dually, we also have
Gr(2,V*) C Pf(V*) Cc P(A*V).
Given a 5-dimensional subspace P(L) C P(A2V), we have an associated
8-dimensional subspace P(L*) in P(A2V*). If
X =P{(V)NnP(L)

is smooth then it is a Pfaffian cubic fourfold with associated K3 surface
(3.1) S = Gr(2, V) NP(LY).

In this context, Conjectures (1), (2) and (3) have been checked for all
Pfaffian cubic fourfolds.

Automorphisms. Actions of a finite group G on S and X induce
actions on related geometric objects:

e the punctual Hilbert schemes,

e the varieties of rational curves on X, e.g., F = Fy(X),

e (polarized) Hodge structures (if G-preserves the polarizations),

e derived categories; note that if the G-action on X C P° arises
from a (projectively) linear action on P°, then we obtain a nat-
ural G-action on the Kuznetsov component Ax.

A useful notion is that of symplectic automorphisms G, C G: in the
case of K3 surfaces these act trivially on H*(S,Z) and for cubic four-
folds on H*»!(X,Z). In both cases, there is an exact sequence

1—-G—G—C, — 1

All finite automorphisms of K3 surfaces have been classified, see [BH21].
Symplectic automorphisms of cubic fourfolds have been classified in
[LZ22].
The Torelli theorem implies that we have embeddings
Aut(S) — O(Lg),
Aut(X) — O(Ly),
the group of isometries of the lattices

Ls := H*(S,Z)p, Lx :=H4X,Z)p,,



EQUIVARIANT BIRATIONAL GEOMETRY AND DERIVED CATEGORIES 9

the latter group coinciding with the group of Hodge isometries of
H*(X,7Z) fixing the polarization.
In a similar vein, one has injective homomorphisms

Aut(S) — Auteq(D’(S)), Aut(X) — Auteq(Ax),

into the group of autoequivalences of the corresponding categories, see,
e.g., [Ouc2l, Theorem 1.3].

Given the naturality of the above constructions, one would expect
the following versions of rationality conjectures:

(1G) There is a primitive isometric embedding of G-Hodge structures
H?(S, Z) e — HY(X, Z) (1),

for some polarized G-K3 surface (S, h).
(2G) There is a G-equivariant equivalence of k-linear triangulated
categories
DP(S) ~ Ay,
for some G-K3 surface S.
(3G) There exists a G-equivariant birationality
F1 (X) ~ Sm,
for some G-K3 surface S.

In Section 7, we present counterexamples to all three statements. These
are based on a G-equivariant Pfaffian construction, in which case both
X and S carry compatible G-actions.

4. AUTOMORPHISMS AND HODGE STRUCTURES

Let F = Fi(X) be the variety of lines of a smooth cubic fourfold
X CP5. Let
PCFxX

be the universal line/incidence correspondence, with projections
p: P—F, q: P—X.
By [BD85], we have the Abel-Jacobi map
a: HY(X,Z) — H3(F,Z)(-1),

where a = p,q*; here we use Poincaré duality twice to make sense of p,.
This homomorphism is an isomorphism of polarized Hodge structures,
with the natural polarization on X and Beauville-Bogomolov form on
the Picard group of the holomorphic symplectic variety F'.
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Given a regular G-action on X we obtain a natural G-action on F,
and on the associated Hodge structures. As p, ¢ are G-morphisms and
Poincaré duality is compatible with the natural G-actions on homol-
ogy and cohomology, « is an isomorphism of G-Hodge structures in
this case; passing to primitive cohomology we obtain a G-equivariant
isomorphism of polarized Hodge structures

(4.1) a: HY(X,Z),e — H2(F,Z) (- 1).

If X is Pfaffian and S is the associated K3 surface then we have a
birational isomorphism

(4.2) : S8 55 R
constructed as follows: fixing general points
p,q€ S =Cr(2,V)NP(LY)

we regard them as 2-planes in V* and consider their span, a 4-plane in
V*. The two-forms in P(L) C P(A*V) that are zero on p + q form a
line in X. This extends to the birational isomorphism (4.2), which is
an isomorphism if S does not contain a line and X does not contain a
plane, by [BDS85].

By [Huy97a], ¢ induces a primitive isometric embedding of polarized
Hodge structures

(4.3) H2(S, Z)pe — HY(X, Z) (1)

since
H2(S® 7) ~ H%(S, Z) & 7,
as polarized Hodge structures. Here 26 is the divisor corresponding to

length-2 non-reduced subschemes of S; concretely, one has a natural
blowup morphism

e: S — 5@

resolving the singularities of the second symmetric product S, the
map € associates to a subscheme its associated zero cycle.

All of the above constructions are obviously G-equivariant. The
following theorem, proved by Brendan Hassett in the Appendix, ensures
that (4.3) is valid in the G-equivariant context as well.

Theorem 8. Let ¢ : Y' --» Y be a G-equivariant birational map of
smooth projective holomorphic symplectic varieties over k = C. Then
there exists an isomorphism of G-Hodge structures

¢ HA(Y,Z) — H*(Y', Z).
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5. AUTOMORPHISMS AND KUZNETZOV COMPONENTS VIA
STABILITY CONDITIONS

We recall results from [Ouc21], connecting actions of automorphisms
on derived categories of Pfaffian cubic fourfolds with those on associ-
ated K3 surfaces.

A labelled cubic fourfold of discriminant d is a pair (X, K) consist-
ing of a smooth cubic fourfold X and a rank 2 primitive sublattice
K C H*?(X,7Z) containing h?, where h is the hyperplane class, and of
discriminant d = disc(K). The subgroup of labeled automorphisms

Aut(X, K) :=={f € Aut(X) | flx =1} C Aut(X)

consists of automorphisms fixing every element of K. Assume that d
satisfies

(*) d>6and d =0 or 2 (mod 6),
(**) d is not divisible by 4,9 or odd primes p =2 (mod 3).

These conditions are equivalent to the rationality of X, via Conjecture
(1), and imply the existence of an associated K3 surface S such that

H2(S,Z)pe — HY (X, Z) (1),
Given any object
£ e DS x X)
we obtain in the standard way the Fourier-Mukai functor
de : DO(S) — Ax

(where we tacitly compose with the projection functor D*(X) — Ay
to get to Ax). If &g is an equivalence and f € Aut(X) we get the
corresponding autoequivalence

fe =@ o f. 0 Bg : DP(S) — DP(S)
via the diagram

D¢

DY(S) 2Em Ay

o

d¢

DY(S) — Ax
We recall the main theorem from [Ouc21]:

Theorem 9. For d satisfying (*) and (**) as above there exists an

£ € DS x X)



12 BOHNING, VON BOTHMER, AND TSCHINKEL

such that ®¢ is an equivalence. Moreover, if we start with an automor-
phism f € Aut(X, K) in the labelled automorphism group Aut(X, K),
then fe is in the image of the natural embedding

Aut(S, h) — Auteq(D°(9))
and the induced map
Aut(X, K) — Aut(S, h)
18 an isomorphism.

This means that given a G-action on a smooth cubic fourfold X fix-
ing the sublattice K C H*?(X,Z) as above, there exists a polarized
associated K3 surface (S, h), with a G-action on S preserving the po-
larization h, such that D®(S) is equivariantly equivalent to Ax. Note
however, that there may be nonisomorphic but derived equivalent K3
surfaces. Under some assumptions on G, the uniqueness of S follows,
e.g., if the subgroup of symplectic automorphisms G, C G is not the
trivial group or the cyclic group Cy [Ouc21, Theorem 8.4.]. However,
a priort it is not guaranteed that different G-actions on S are related
by an autoequivalence in D?(S). There are examples of G C Aut(S)
which are not conjugated by automorphisms of S but are conjugated
via autoequivalences of D°(S) [HT23, Section 8§].

6. AUTOMORPHISMS AND KUZNETSOV COMPONENTS VIA
EQUIVARIANT HPD

We investigate the Homological Projective Duality (HPD) construc-
tion in presence of actions of finite groups G, in the special case of
the Pfaffian construction, as described in [Kuz06a]. This will allow us
to construct a functor that identifies, G-equivariantly, the Kuznetsov
component of a Pfaffian G-cubic fourfold with the derived category of
the associated G-K3 surface.

We work over an algebraically closed field k of characteristic zero,
and adhere to the notation of [Kuz07] and [Kuz06a] (which differs from
the notation in [Ouc21] and our notation in other sections). We first
explain the general structure of (HPD), following [Kuz07]. A Lefschetz
decomposition of a derived category D?(X) is a semiorthogonal decom-
position of the form

D'(X) = (Ao, A1, ..., Aia (i — 1)),

where

0C Aiq,..., A C Ay C D’(X)
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is a chain of admissible subcategories of D?(X) [Kuz07, Definition 4.1].
Let V' be a vector space over k and

QCP(V)xP(VY)
the incidence quadric. An algebraic variety g := Y < P(V*) is called
projectively dual to f : X — P(V), with respect to a fixed Lefschetz
decomposition on X if there exists an £ € D*(Q(X,Y)), where
Y xpey X = Q(X,Y) := (X XY) Xpv)xp(v+) @

and A) is the universal hyperplane section of X, such that the corre-
sponding kernel functor

® = &g : DY) — D(X))
is fully faithful and gives the following semiorthogonal decomposition
D’(&)) = (®(D(Y)), A (1) KD (P(V*)), ..., A1 (i — 1) KD (P(V*))).
The main result [Kuz07, Theorem 6.3] says that

e if X is smooth then Y is smooth and admits a canonical dual
Lefschetz decomposition,

e there is a base-change functor (see [Kuz07, Section 2]) which al-
lows to restrict these structures to an admissible linear subspace
L C V*. In detalil, if

X, =X XP(V) P(LJ‘), Y; =Y Xp(v*) P(L)
then there is a canonical decomposition of their categories.

The main point of [Kuz06a] is to produce the Fourier-Mukai kernel £
and check the required properties. We introduce the following actors:

) U C W ® Ox the tautological subbundle of rank 2 on X,
) P:=P(V*), PV :=P(V), where V := A\*W,

) @ C PV x P, the incidence quadric,

) X =X C X x P is the universal hyperplane section of X,
) Y :=Pf{(W*) — P,

)

Y = Pg(A2KH),

where K C W ® Og is the tautological subbundle of rank 2,
and K+ C W* ® Og is its orthogonal,
(8) the projections

gy :Y =Y and (:Y — G,



14 BOHNING, VON BOTHMER, AND TSCHINKEL

(9) R := gy,End(Oy @ K), a sheaf of Azumaya algebras on Y,
(10) the incidence quadric

QX,Y) = (X x V) Xpvup) Q@ = X x ¥,
with its embedding, the pullback of ) under the composition
X XY = X xY < P(A2W) x P(A*W*),
forming a divisor
QIX,Y)C X xY,
(11) the locus of pairs of intersecting subspaces
X xG=Gr(2,W) x Gr(2,W)

and its preimage )
TCcXxY
under the natural morphism
(idx¢): X xY = X xG,
note that 3
T CQX,Y),
(12) the bundle
&= Irouxy(Hx + Ha),

the sheaf of ideals of T in Q(X,Y) twisted by the sum of hy-
perplane classes of X and of G,
The main difference to the original HPD is that the role of Y (and
its derived category) is now played by the pair (Y, R) and
D'(Y,R),
which is the derived category of coherent sheaves of right R-modules.
By [Kuz06a, Theorem 3.2|, there is a fully faithful embedding of
D(Y,R) = D*(Y),
as an admissible subcategory, with image denoted by D.
Consider the coherent sheaf
j+€ € Coh(X x Y).

By [Kuz06a, Lemma 8.2], and the discussion on p. 11 of that paper,
we can view 7,€ as an object in

D’(X x Y, Ox K RPP),
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derived category of coherent sheaves of right modules over Ox X R°PP.
The associated kernel functor

®;.c: D’(Y,R) = D*(X)
is fully faithful, by [Kuz06a, Corollary 9.16].
First, writing V' = A?2W, we consider the Grassmannians
G := Gr(6,V"),
parametrizing 6-dimensional subspaces of V* with tautological sub-

bundle
Le CV*® Og,
and denote by
Ly CV®0Og,
the orthogonal subbundle. The universal families of linear sections of
X of interest to us are

Xo = (X % Gg) Xpv)xas Pag(Lg)
Vs = (Y x Gg) Xpvexao Pas(Ls),
but actually one considers pairs
(Y6, Re)
consisting of the variety
Ve = (Y X Gg) Xpv+)xcs Pag(Ls),

together with a sheaf of Azumaya algebras Rg, obtained by pullback.

These are fibred over Gg; note that the fibres over a (sufficiently
general) L are just X, the K3 surface associated to Y7, a Pfaffian
cubic fourfold. We consider the natural projection

XGXG6y6—>XXY

and denote by & the pull-back of j,.&, as a sheaf of Azumaya algebras,
to Xs Xy Ve, viewed as a sheaf on Xs X V.

Base-changing to [L] € Gg gives similar objects, which we denote by
the same symbols as above, but with an added subscript L, e.g.,

Eony Xop X Ver =X XYL
We get the functor
®: D'(Vs, Rs) — D(Xs),
induced by &. With our notational conventions, we also get functors
®g.r: DU(YZ) — DP(X1).
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Then Kuznetsov shows, in the commutative context, that both &g and
the ®¢ 1, are splitting, in the sense of [Kuz07, Section 3]; this uses the
faithful base change theorems [Kuz07, Section 2.8]. The base change
theorem holds as well in the context of varieties equipped with sheaves
of Azumaya algebras (called Azumaya varieties) [Kuz06b, Section 2.6,
and Proposition 2.43]. The splitting property of ®g, in the context
of more general noncommutative varieties, which include derived cate-
gories of Azumaya varieties over fields, is established in [Per19, Theo-
rem 8.4]. The argument proceeds by induction on dimension of linear
sections in the universal families, starting with hyperplanes, and is
essentially the one presented for varieties in [Kuz06a, Section 6.

In particular, if we restrict ®¢ ;, to the Kuznetsov component Ay, in

D*(Yz,R) = D(Y1) = (O(-3), 0(=2), O(-1), Ay, ),
where Y7, is a smooth Pfaffian cubic fourfold, we obtain an equivalence
Ay, =~ D(X}),

which in this case is the derived category of the associated K3 surface
Xr. All of the above constructions are G-equivariant if we endow W
with a linear G-action. To summarize, we have:

Proposition 10. Let G be a finite group with a faithful 6-dimensional
representation W. Assume that A*(W)* contains a 6-dimensional sub-
representation L. Then the functor ®¢ 1 induces an equivalence of G-
categories

Ay, ~D(Xy).

7. EQUIVARIANT BIRATIONAL GEOMETRY

In this section, we work over an algebraically closed field k of char-
acteristic zero. We write
X ~G Y7

when the G-varieties X and Y over k are G-birational.

Standard examples include linear or projectively linear actions of G,
i.e., generically free actions of G on P" = P(V) arising from a linear
faithful representation V' of GG, respectively, a linear representation of
a central extension of G with center acting trivially on P(V). Among
the main problems in G-equivariant birational geometry is to identify:

(L) (projectively) linearizable actions, i.e.,

X ~q P(V),
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(SL) stably (projectively) linearizable actions, i.e.,
X X P" ~g P(V),
with trivial action on the second factor.

In particular, as a variety, X is (stably) rational over k. Note that the
same variety, even P", can sometimes be equipped with equivariantly
nonbirational actions of the same group. The classification of such
actions is ultimately linked to the classification of embeddings of G
into the Cremona group, up to conjugation in that group.

Nonlinearizable actions on hypersurfaces. There are many in-
stances when G-actions on varieties of dimension d are not (projec-
tively) linearizable for the simple reason that G' does not admit (pro-
jectively) linear actions on P4

An example of this situation is the Del Pezzo surface of degree 5,
viewed as the moduli space of 5 points on P!, with the natural action
of &s; there are no regular actions of G5 on P2,

Other examples are, possibly singular, hypersurfaces

X CcP(V), dim(V)=q—1,

for some prime power ¢ > 3, admitting the action of the Frobenius
group
G == AGLl (Fq>,

for the finite field F,. Indeed, the smallest faithful representation of G
is its unique irreducible representation V', of dimension ¢ — 1, so that
the G-action is not linearizable. In many cases, G admits no nontrivial
central extensions, so that G does not admit even projectively linear
actions on projective spaces of smaller dimension than dim(P(V')). This
is the case for

e ¢ =5 and X the smooth quadric surface given by

5 5
(7.1) me:in:O.
i=1 i=1
e ¢ = 7and X C P% the space of invariants is 1-dimensional,
these are the Pfaffian cubic fourfolds
(7.2) 23z + 2323 + T3m4 + 2575 + Tix6 + 1178 + N2 (T173T5 + T4 T6),

smooth for X # 0, ¢, v/3€, with € a 6-th root of unity.
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e ¢ =8 and X C P9 is either the quadric
Ty + 33+ x5+ 2]+ +ag +ar =0,
or the singular cubic fivefold
T1Tolkg + X1L3T4 + L1527 + ToT3Lr + XoXyTs + T3X5xg + TaZelr = 0.

e ¢ =9 and X C P" is the (singular) quartic

9 9
(7.3) Zazf = Za:z = 0.
i=1 i=1

Stably linearizable actions and G-Pfaffians. By [HT22], the G-
quadric surface (7.1) is stably linearizable. The proof relied on a G-
equivariant version of the universal torsor formalism. The Pfaffian
construction yields stable linearizability in a fundamentally different
way:

Theorem 11. Let G be a finite group and V a faithful representa-
tion of G of even dimension n = 2m. Assume that there exists a
G-subrepresentation L C AV of dimension n. Let

X = P{(V)NP(L),

and assume that the G-action on X 1is generically free and that the
generic rank of the G-vector bundle Kx — X is 2. Then X x P, with
trivial action on the second factor, is G-linearizable.

Proof. Viewing each point z € X as a skew-symmetric map V* — V|
we let

K,cV”®

be the kernel of z, where z is viewed as a skew-matrix. For general x, we
have dim (K ;) = 2; birationally, this gives a G-linearized vector bundle
Kx — X of rank 2. The No-Name Lemma [BK85], [Dol87], [CTS05,
§3.2, Cor. 3.12] implies that Kx is G-birational to X x A? (where
the G-action on A? is trivial), moreover for the associated projective
bundle we have

IPDX(’CX) ~a X X ]P)l?

with trivial action on the second factor. On the other hand, we have a
G-equivariant birational map

]P)X(’CX) -= P(V*)
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Indeed, given a point [v*] in P(V*), its preimage in Px(Kx) is the set
of all skew-symmetric maps in P(L) C P(A?V) containing v* in their
kernel, thus equal to

P(L) NP(A*(v*)*) € P(A%V).

For generic v*, this is a point, by dimension count. This shows that
X x P!, which is G-birational to Px(Ky), is linearizable. O

Pfaffian quadrics. The G-Pfaffian formalism yields new results al-
ready for quadric surfaces.

Let X = P! x P! and assume that the G-action on X is generically
free and minimal, i.e., Pic(X)“ = Z. Then there is an extension

1—>Gy—>G—Cy— 1,

where Gy is the intersection of G with the identity component of
Aut(P")? = PGLZ, and C, switches the factors in P! x P!

The linearizability problem of such actions is settled, see, e.g., [Sar20].
The stable linearizability problem has been settled in [HT22, Proposi-
tion 16]: the only relevant case is when

Go = Dap Xp Doy,

with D the intersection of Gy with the diagonal subgroup, and n odd.
Here the dihedral group s, of order 2n acts generically freely on P*.
Then X x P2, with trivial action on the second factor, is linearizable.
In this situation, we obtain the following improvement:

Proposition 12. The quadric surface X is not linearizable but is stably
linearizable of level 1, i.e., X x P!, with trivial action on the second
factor, is linearizable.

This answers a question raised in [LPR06, Remark 9.14], strength-
ening a theorem from [LPRO6, Section 9], in the case G = Cy x g,
and [HT22, Proposition 16] in general.

Proof. The nonlinearizability statement follows from [Sar20], see the
discussion preceding [HT22, Proposition 16].

Let W’ W" be irreducible faithful two-dimensional representations
of Dy,. Put L =W @W"” and V = W' @ W”. There is a natural
®y,-invariant skew symmetric matrix M corresponding to

WeoW'c AW aeWw)
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This matrix is also anti-invariant under the Cs exchanging W' and W”.
More precisely, if w], w) is a basis of W’ and wY, w} is a basis of W,
we can choose x4 := w; ® w} as a basis of W’ @ W". In this basis,

0 0 11 T12
0 0 To1 T22
—T11 —T21 0 0
—T12 —T22 0 0

M=

The induced Pfaffian representation of X satisfies the assumptions of
Theorem 11 if and only if n is odd. U

Pfaffian cubic fourfolds. We return to the setup of the equivariant
Pfaffian construction in Theorem 11. Concretely, we proceed as follows:

(1) Let V be a G-representation of dimension 6.
(2) Assume there is a decomposition of representations
NV =L L,

with L a 6-dimensional and L* a 9-dimensional G-representation.

(3) Assume that the cubic fourfold X C P(L) is smooth; then
the associated K3 surface S C P(L1) is also smooth, see e.g.
[Kuz16, Lemma 4.4].

As immediate consequence of Theorem 11, we have:
Corollary 13. Let G be a finite group admitting a 6-dimensional faith-
ful representation V- over k, yielding a Pfaffian cubic fourfold X C P(L)

as described above. Assume that the G-action on X is generically free.
Then X x P! is G-linearizable.

In this setting, the obvious rationality construction need no longer
work in the G-equivariant context, and could thus yield nonlinearizable
G-actions on cubic fourfolds. With this in mind, we excluded in (1) the
existence of a G-invariant hyperplane in P(V'). The following example
yields a nonlinearizable action.

Example 14. Consider the Frobenius group
G .= AGLl(F'y) = IF7 XX = 07 X 06.

We describe its representations:
(1) There are nonisomorphic 1-dimensional representations

k

corresponding to characters of the quotient Cj.

vir 1=1,...,0,
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(2) There is a single faithful irreducible 6-dimensional representa-
tion V', induced from a nontrivial character of C5.

In particular, G' has no faithful representations of dimension < 5. One
checks that A2V contains V as a subrepresentation, with multiplic-
ity 2. Thus we have a P!-worth of choices for a G-subrepresentation
L ~ V inside A?V, and the general one gives a smooth cubic fourfold.
Concretely, the matrix

0 —Azys —x9 0 Te —AI3
ATy 0 ATs X3 0 —I
M, — T2 —)\135 0 —)\SCG —XTy4 0
A 0 —)\$3 T 0 )\I‘l T5
—Xg 0 Ty —/\Il 0 —/\IQ
/\1'3 Al 0 —T5 )\xQ 0

is invariant under
g : (1,72, 3, T4, 5, Tg) (g71'1,C?l'%C?I37C$$47§72$57C$x6)
(with (7 a primitive 7th root of unity) and
h: x> =iy,
which generate GG. Its Pfaffian is given by
/\(1]%1‘2 + 233 + 13Ty + TiT5 + Trws + vih + N (2120375 + x2x4x6)),

which is smooth for A # 0,&,v/3¢ with € a 6-th root of unity; these
fourfolds appeared in [LZ22, Theorem 1.2, Case 7(b)]. The associated
K3 surface S C P(L™*) is also smooth and carries a natural, generically
free, G-action by construction.

Remark 15. One has AGL;(F7) C &7, and it is possible to write the
Sy-invariant smooth cubic fourfold

<.
o
<.
Il

=)

in the above Pfaffian form: indeed, consider the substitution
6
fI Zi Z C”SL’J'
5=0

with ( = (7 a primitive 7th root of unity. It satisfies
f(ZQ+"‘+Z6) :7x0



22 BOHNING, VON BOTHMER, AND TSCHINKEL

and f(z§ + -+ + 23)|.y=0 turns out to be equal to
21 (2523 + 1105 + 2201974 + T1T5 + T47E + Tiw6 + 2737576 + ToTh).
Cyclically permuting
Ty > Ty > Tg > Ty
gives a multiple of our equation with \? = 2.

Theorem 16. Let G = AGL(F;) and X C P° be a smooth cubic
fourfold constructed in FExample 14. Then:

(1) The G-action on X is not (projectively) linearizable.

(2) The G-action on X xP', with trivial action on the second factor,
15 linearizable.

(3) There is a G-equivariant primitive embeddings of polarized in-
tegral Hodge structures

H2(S, Z)pe = HY(X, Z)pe(1).

(4) The Kuznetsov component Ax from the natural semiorthogonal
decomposition

D*(X) = (Ax, Ox, 0x(1),0x(2)),

is equivalent, as a G-category, to D°(S) for the G-K3 surface S
obtained in the Pfaffian construction.
(5) The Fano variety of lines Fy(X) is G-birational to S,

Proof. Item (1) follows since G has no faithful 5-dimensional linear
representations, thus the action is not linearizable; and since the Schur
multiplier of G is trivial (all Sylow subgroups of G are cyclic), every
projective representation of G lifts to a linear representation of G.

Item (2) is Corollary 13.

Item (3) is proved in the Appendix, by Brendan Hassett.

Item (4) follows from the G-equivariance of the functor
Ay — D"(9),

given by Kuznetsov’s HPD construction; we summarized the main in-
gredients in Section 6 (with Kuznetsov’s notation), see Proposition 10.

Alternatively, Ouchi’s work [Ouc21], recalled in Section 5, yields the
statement in a similar, although slightly weaker form: first, the G-
action in our example fixes the sublattice K C H*?(X,Z) spanned by
h? and the class of a quintic del Pezzo surface 3 in X (but not an actual
such cycle ¥ representing that class!). Points in X can be viewed as
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skew-symmetric maps V* — V., and it makes sense to consider the
locus of points in X giving skew maps with kernel contained in some
fixed chosen five-dimensional subspace R5; C V*. In general, this is a
smooth quintic del Pezzo surface ¥ = ¥p,. All such ¥’s yield the same
class in cohomology, in fact, they are all algebraically equivalent (they
form one connected algebraic family of cycles in X parametrized by
points in the Grassmannian Gr(5, V*)). In particular, g(¥) and X give
the same class. Ouchi’s Theorem 9 (and the subsequent discussion
concerning the uniqueness of S) imply that in our example, Ax is
equivalent as a G-category to D?(S) for some action of the group G on
S (but we cannot conclude immediately that it is the one given by the
Pfaffian construction). Note that in our case the subgroup of symplectic
automorphisms G of G cannot be reduced to the trivial group or Cs
because these are not subgroups of G with cyclic quotients.

Item (5) follows as the construction in (4.2) is G-equivariant.
O
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8. APPENDIX, BY BRENDAN HASSETT

Fix a finite group G. Let Y and Y’ be projective hyperkahler man-
ifolds with regular G-actions. We assume throughout the existence of
a G-equivariant birational map

6:Y' -S> Y.

Without group actions, Huybrechts [Huy99, Cor. 4.7| shows that ¢
induces an isomorphism of Hodge structures

¢ H (Y, Z) 5 H (Y, 7).

Indeed, this follows from a geometric construction [Huy99, Th. 4.6]:
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e a connected complex pointed curve (S, 0);
o families

.,y =S
of smooth hyperkahler manifolds with distinguished fibers

Y~V Y =)V
e an isomorphism
D V' s\10y = Vls\ioy
over S\ {0}.

The induced isomorphisms on cohomology yield the desired v, on spe-
cialization to 0.

Here we explain how to carry out the argument while respecting the
group action.

We record some elementary facts:

Lemma 17. Let ¢ be a birational map of hyperkdhler varieties with
G-action as above. Then we have

e the indeterminacy of ¢ and ¢! has codimension > 2;
e ¢ induces isomorphisms

¢* - HX(Y,R) 5 H*(Y',R)
whence
" :T(Q3) S T(QY) and ¢* : Pic(Y) = Pic(Y),

all compatible with the group action. In particular, the symplec-
tic forms on'Y and Y’ yield the same characters of G.

Proof. The indeterminacy of our maps is G-invariant and has (complex)
codimension > 1 because both Y and Y’ have trivial canonical class.
This precludes any exceptional divisors.

The isomorphism on cohomology follows from dimensional consider-
ations. The compatible isomorphisms for holomorphic 2-forms and the
Picard group reflect Hartogs-type extension theorems. U

Choose L' to be an ample line bundle on Y’ that admits a lineariza-
tion of the G-action. Let L be the corresponding line bundle on Y
under the pull-back homomorphism, which is necessarily G-invariant
as well. Note that the Beauville-Bogomolov-Fujiki forms ¢y and gy~
take the same values (see [Huy99, p. 92])

gy (L) = qv:(L)).
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The deformation spaces Def (Y, L) and Def(Y’, L") (as polarized va-
rieties) are germs of analytic spaces, with tangent spaces

L+ cHY(Y, Ty) ~HY(Y,Qy), (L))" c HY(Y', Ty:) ~ HY(Y', Q3.).
These come with natural G-actions and equivariant isomorphisms
Def(Y, L) = Def(Y', L').

Remark 18. The group G' may fail to act faithfully on Def(Y,L).
The kernel G, C G acts on fibers of the family [HT13]. Observe that
G, x Def(Y, L) has a natural G-action

9-(90,y) = (999" 9y)
commuting with the fiberwise G,-action.

Lemma 19. Let 0,p € Def(Y, L) denote the distinguished point and
an arbitrary point. There exists a smooth pointed curve (S,0) with
G-action fizing 0, along with an equivariant morphism

(5,0) = (Def(Y, L), 0),
whose 1mage contains p.

Proof. Consider the universal family

Y — Def(Y, L)
and the diagram
GxY — Gx9Yy=Y — G\Y
\: \J 1

G x Def(Y,L) — G xCDef(Y,L)=Def(Y,L) — G\Def(Y,L)

When X has a left G-action, G x¢ X is the quotient of G x X under
the relation (hg,z) = (h,gx) for g,h € G and = € X. The left hori-
zontal arrows are quotients; the right horizontal arrows are induced by
projections onto second factors.

Start with an irreducible curve S; in the quotient space G\ Def(Y, L)
containing the images of 0 and p. The diagram above and resolution
of singularities give a finite morphism v : .Sy — S; from a non-singular
curve and a G-equivariant morphism

Vo — S

such that the classifying morphism Sy — G\ Def(Y, L) coincides with
- U
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We choose p € Def(Y, L) such that Pic(),) = ZL. Using Lemma 19,
choose compatible

(8,0) = (Def(Y, L),0), (S,0) = (Def(Y", L'}, 0)
so that the corresponding families
Y-S Y-S5

have generic Picard rank one. We may repeat the argument of [Huy99];
the birationality construction appears in [Huy97, §4]. Our families are
G-equivariantly isomorphic over a G-invariant non-empty open U C 5,
hence the fibers have isomorphic Hodge structures over all s € S,
including 0. Thus we obtain G-equivariant isomorphisms

H*(Y',Z) = H* (), Z) ~ H* (Db, 2) = H*(Y, Z),

compatible with Hodge structures.
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