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1. Introduction

The study of birationality of algebraic varieties is a classical and well studied
subject, with many open problems. In some cases, it is interesting to study birational
maps preserving additional structure, for example group actions, symplectic forms,
or volume forms. Such a study is already implicit in many questions of birational
geometry, eg, in the notion of crepant resolution of singularities.

In this paper, we consider the case of varieties endowed with volume forms with
logarithmic poles and develop a formalism of Burnside rings along the lines of their
counterpart introduced by KONTSEVICH & TSCHINKEL (2019) to establish the spe-
cialization of rationality, and its equivariant version by KRESCH & T'SCHINKEL
(20220)).

Let k be a field of characteristic zero. For each integer n, we define

Burn,, (k)

as the free abelian group on birational equivalence classses of pairs (X, w) consisting
of an integral smooth proper k-variety X of dimension n equipped with an n-form w
with at most logarithmic poles.

The graded abelian group

Burn(k) = @ Burn, (k)

carries a ring structure, induced by taking products of varieties, decomposed into ir-
reducible components, and equipped with the external product of the volume forms.
In section [4] we define morphisms of abelian groups

0: Burn, (k) — Burn,,_ (k).

When X is smooth and the polar divisor of w has strict normal crossings, the image
of the class [X,w] is given by the following formula. Let (D,)ac be the family
of irreducible components of the polar divisor of w. For each subset A of o7, the
intersection Dy = ﬂae A Da 1s a union of integral smooth varieties of codimension |Al;
taking iterated residues, we may equip it with a volume form with logarithmic
poles wa. Then

O(X,w]) = > (=)W Dy wa] - T,
0AACH

where

T = [P',dt/t].
In particular, the existence of the map 0 relies on the birational invariance of this
expression, see theorem [4.7]

This construction is reminiscent of the boundary map in polar homology (KHESIN
& RosLy,, 2003; [KHESIN et al, [2004; (GORCHINSKIY & ROSLY, 2015). However,
apart from the obvious difference that we only record birational types of strata,
rather than the strata themselves, our formula takes into account strata of all codi-
mensions, rather than those of codimension one.
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The map 0 is additive. Furthermore, we prove in theorem that
da-b)=¢e"-0(a)-b+a-0(b) —T-0(a)-0(b),

when a € Burn,,(k) and b € Burn, (k). Here ¢ is the class of the point Spec(k)
equipped with the volume form equal to —1.
In theorem we show that
000 =0.

These formulas may look complicated. However, as we explain in §0], they simplify
significantly after inverting 2.

Inspired by the constructions of |LIN et al| (2020); |LIN & SHINDER|(2022); | KRESCH
& TSCHINKEL (2022a)), we define in §7] a homomorphism

c: Bir(X,w) — Burn,,_,(k),

from the group of birational automorphisms of the pair (X,w), where X is an n-
dimensional integral proper smooth variety equipped with a logarithmic volume
form w. As in the above references, our map c is defined at the groupoid level of
birational maps preserving logarithmic volume forms.

When the birational isomorphism ¢: (X,w) --» (Y, ) is described by a diagram

W
7 N
X-—-f-5Y
of smooth proper integral k-varieties, with birational morphisms p and ¢, the two

logarithmic volume forms p*w and ¢*n on W are equal, and the element c(p) €
Burn,, (k) is given by

C(gp) = Z [E7p*WE] - Z [D7 q*T/D]

E€Exc(q) DeExc(p)

where Exc(p) is the set of irreducible components of the exceptional divisor of p,
and where, for each such component D, the logarithmic volume form p*wp on D is
obtained by taking the residue of p*w along D (and similarly for ¢).

Finally, consider a discrete valuation ring with residue field k£ and field of frac-
tions K and let ¢ be a uniformizing element. In this context, we define a specialization
map

pt: Burn, (K) — Burn, (k).
The image of the class [X,w] involves the combinatorics of a good model (£, w)
over the valuation ring, and a certain subcomplex of the Clemens complex of the
special fiber. In the particular case where 2" is smooth, the polar divisor of w is
a relative divisor with normal crossings, and denoting by w, the restriction of w to
the special fiber 2, one has

(X, w]) = [Zo, wol.

Note that the existence of such a specialization map implies, as in theorem 1
of KONTSEVICH & TSCHINKEL| (2019), or as in (NICAISE & SHINDER) 2019), that
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birational equivalence of varieties with logarithmic volume forms is preserved under
“good specializations”.

In the geometric case, where the valuation is the local ring of a curve C at point o,
the construction of the specialization map can be viewed as a restriction to the
special fiber of a normalization of a global residue map 0 that takes place on a proper
model whose special fiber is a divisor with normal crossings. The normalization
procedure extracts a subcomplex of the Clemens complex of the special fiber. A
similar situation appeared in the study of Tamagawa measures on analytic manifolds
(CHAMBERT-LOIR & TSCHINKEL, [2010)).

Related constructions emerged from the seminal work of KONTSEVICH & SOIBEL-
MAN| (2006) inspired by mirror symmetry, and its subsequent developments, eg, by
MUSTATA & NICAISE (2015)); [NICAISE & XU (2016)); BOUCKSOM & JONSSON
(2017); |JONSSON & NICAISE (2020).

Our constructions use essentially only formal properties of the residue maps. Con-
sequently, one can envision analogous theories for logarithmic forms of smaller de-
gree, Milnor K-theory, or even for the cycle modules of ROST| (1996)).

Acknowledgments. — We thank Evgeny Shinder for having pointed out some
lapsi in §7] The third author was partially supported by NSF grant 2000099.

2. Logarithmic differential forms

2.1. Kahler differentials. — Let £k be a field of characteristic zero and let K be
a finitely generated extension of k; let n be its transcendence degree. The space of
Kéhler differentials 2k is the K-vector space generated by symbols da, for a € K,
subject to the relations:

(1) For a € k, one has da = 0;

(2) For a,b € K, one has d(a + b) = da + db and d(ab) = adb + b(da).

For any integer m > 0, we may consider its mth exterior power Q"K"”/k, which is
a K-vector space of dimension (;;), in particular, it vanishes if m > n, Qf Ik has
dimension n, and €} Ik has dimension one. One has QY% = k, canonically.

Elements of Q ;. for n = tr. deg,(K), are also called volume forms.

For a € K*, we also write dloga = da/a € Q.

2.2. Models. — Let m be an integer and let w € Q?/k‘ A model of K is an
integral k-scheme X together with a k-isomorphism K ~ k(X); we say that this
model is proper, resp. smooth if X is proper, resp. smooth over k. Given such a
model, w induces a meromorphic global section wyx of Q%k. The polar ideal of wx
is the subsheaf of &x whose local sections are the a € &x such that awx is induced
by a regular m-form. Let D be the zero-locus of this ideal. Its complement U is
the largest open subscheme of X such that wx is induced by a regular m-form on U.
If X is smooth, then wyx is locally free, hence the scheme D is an effective divisor
(Hartogs’s principle); we call it the polar divisor of w on X.



BURNSIDE RINGS AND VOLUME FORMS WITH LOGARITHMIC POLES 5

2.3. Logarithmic forms. — By Hironaka’s theorem on embedded resolution of
singularities, there exist smooth projective models (X, wx) of (K,w) such that the
polar divisor D of wx has normal crossings.

Following (DELIGNE, 1970, chap. 2, §3), we then say that wx has at most loga-
rithmic poles, or that w has at most logarithmic poles on X, if both wx and dwx
have at most simple poles along D.

The following lemma implies that this condition is essentially independent of the
choice of X such that the polar divisor of wx has normal crossings.

Lemma 2.4. — Let g: X' — X be a morphism of smooth k-varieties, let D be a
divisor with normal crossings in X and let D' be a divisor with normal crossings
in X' such that D' = g=1(D). Let w be a reqular m-form on X=D and let w' = g*w.

(1) If w has at most logarithmic poles along D, then w' has at most logarithmic
poles along D'.
(2) The converse holds if g is proper and surjective.

Proof. — The first assertion is (DELIGNE, (1970, chap. II, prop. 3.2, (iv)). Let us
prove the second one.

Consider the generic point 1 of X and a point ' € X' =D’ which is algebraic
over k(n). The Zariski closure X/ of 7 is proper and generically finite over X, and
D] = D' N X] is a divisor. There is a proper modification h: X), — X/ such that
D, = h~}(D}) has normal crossings. By the first part, the form h*w’ |x; has at most
logarithmic poles along D}. Replacing g by goh, we may assume that g is generically
finite.

Since the sheaf of forms with at most logarithmic poles along D is locally free and
X is smooth, we can delete from X a subset of codimension at least 2. Thus, we
may assume that ¢ is flat, D is smooth and irreducible, and ¢ is étale outside of D.
It suffices to argue étale locally at the generic point of D. By the local description
of ramified morphisms, there are étale local coordinates (z1, ..., 2,) on X such that
Diea = V(21), local coordinates (z1,...,z,) on X’ such that g*z; = (2])¢, g* 22 = 25,
etc., where e is the ramification index of g along D. Let d be the order of the pole
of w along D; write w = a/2¢ + B A dzy/z{, where «, 3 are regular forms which do

not involve dz;. Then
W =g'w=g'a/(Z))% +eg B Adz /() TEDe

Assume, by contradiction, that d > 2, so that de > 2 and 1+ (d — 1)e > 2. Since w’
has at most logarithmic poles along D, we get g*a = 0 and ¢*3 = 0. This implies
that both a and 8 are multiples of z;, contradicting the hypothesis that d was the
order of the pole of w along D. Therefore, d < 1. This concludes the proof. O]

2.5. — We say that an m-form w € Q?/k is logarithmic if for all proper smooth
models X of K such that the polar divisor of wx has normal crossings, the meromor-
phic differential form wx has at most logarithmic poles. By resolution of singularities
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(HIRONAKA| [1964), two models are dominated by a third one, hence lemma[2.4] im-
plies that it suffices that this condition is satisfied on some proper smooth model
for which the polar divisor of wx has normal crossings.

Analogously, if X is a reduced k-variety, then we say that a meromorphic m-form w
on X is logarithmic “everywhere” if for all proper birational models (X', w’) of (X, w),
the meromorphic m-form w’ on X’ has at most logarithmic poles. It suffices that
this holds on one such model.

3. Burnside rings for logarithmic forms

3.1. Burnside rings. — Let k£ be a field of characteristic zero and n an integer
such that n > 0. |[KONTSEVICH & TSCHINKEL| (2019)) defined the Burnside group
Burn, (k) as the free abelian group on isomorphism classes of finitely generated
extensions of k of transcendence degree n.

Any integral k-variety X of dimension n has a class [X] in Burn,, (k). This gives rise
to alternative useful presentations of Burn,(k), for example involving only classes
of integral projective smooth varieties.

The group

Burn(k) = ED Burn,, (k)
carries a natural commutative ring structure, with multiplication defined by taking
products of (smooth projective) k-varieties:

X] - [XT] = [X x XT].

3.2. Definition of a Burnside group for volume forms. — Let k be a field
of characteristic zero and let n be an integer > 0. We define Burn, (k) to be the
free abelian group on isomorphisms classes of pairs (K, w), where

— K is a finitely generated extension of k of transcendence degree n and
- w e O s is a logarithmic volume form.

We write
[K,w] € Burn,,(k)

for the class of a pair (K,w).

Remark 3.3. — This definition has obvious more geometric formulations. For
example, we can take for generators equivalence classes of pairs (X,w), where

— X is a smooth integral k-scheme of dimension n, and
— w a regular volume form on X which is logarithmic “everywhere”,

modulo the smallest equivalence relation that identifies (X, w) and (X’,w’) if there
exists an open immersion f: X’ — X such that ' = f*w.

Alternatively, we can assume that X is proper, smooth and integral, the form w is
a logarithmic volume form on X, and consider the smallest equivalence relation that
identifies (X,w) and (X', w’) if there exists a proper birational morphism f: X' — X
such that o' = f*w. By the weak factorization theorem of (ABRAMOVICH et al|
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2002), this equivalence relation is generated by such morphisms f which are blowing-
ups along smooth centers in good position with respect to the polar divisor of X.
In both contexts, if X is an n-dimensional k-variety and w is a meromorphic n-form
on X which is logarithmic “everywhere”, then we define [X,w] to be the sum, over
all irreducible components Y of X which have dimension n, of the classes [Y,w|y].

Ezxzample 3.4. — Finitely generated extensions of k of transcendence degree 0 are
finite extensions of k. Let K be such an extension. Since k has characteristic zero,
one has O e = 0. However, QY Ik which is its Oth exterior power, is canonically
isomorphic to K. Consequently, Burny(k) is the free abelian group on isomorphism

classes of pairs (K, \), where K is a finite extension of k and A € K.
We will let 1 = [Spec(k), 1] and € = [Spec(k), —1].

Exzample 3.5. — Let K = k(t). The differential form dt/¢ is a logarithmic volume
form; indeed X = P} is a model of K and this form has poles of order 1 at 0 and oo,
and no other poles. We write T for the class of (k(t),dt/t).

Note that the k-isomorphism of K that maps ¢ to 1/t maps dt/t to its opposite;
consequently, we also have T = [k(t), —dt/t] = - T.

In the context of birational geometry in presence of logarithmic volume forms,
“rational varieties” would have class in T", and similarly for stable birationality.

3.6. Multiplicative structure. — We view the direct sum
Burn(k) = @ Burn,, (k)
neN

as a graded abelian group. It is endowed with a multiplication such that
X, w] - [X W] =[XxX wAd

when X, X’ are proper, smooth and integral and w, resp. w’ are logarithmic volume
forms on X, resp. X, and Y ranges over the set of irreducible components of X x X’.
Let s: X' x X — X x X’ be the isomorphism exchanging the two factors. One has

SwAW) = (—1)"u Aw,
if n = dim(X), n’ = dim(X’), w is a volume form on X and ' is a volume form
on X'. Consequently,
a-b=ec"-b-a

for « € Burn, (k) and b € Burn,, (k). In particular, classes in Burn, (k), for even n,
are central in Burn(k).

We remark that the element T € Burn, (k) is central as well. Let indeed a €
Burn, (k). If n is even, then a - T = T - a. Otherwise, we have a- T =¢-T - a, but
we have seen in example that T =¢-T. As a consequence, a- T =T - a.

However, the ring Burn(k) is not commutative. Indeed, consider curves X, X’
without automorphisms and no nonconstant morphism between them. Then the
switch is the only isomorphism from X’ x X to X x X’. Take nonzero logarithmic
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1-forms w, w’ on X, X’ respectively. The classes [X x X', w A w'] and [X' x X, w' A w]
are then distinct.

3.7. Functoriality. — Let £’ be an extension of k. Then there is a natural ring
homomorphism
Burn(k) — Burn(k')
described as follows. Let (X,w) be an integral k-variety of dimension n equiped with
a logarithmic ¢-form. Let X' = X ®; k' be its base change to £/, and let w’ be the
volume form on X’ deduced from w by base change. Then the class of (X, w) maps to
the sum of classes (Y, w'|y), where Y runs the (finite) set of irreducible components
of X'.
If k&’ is a finite extension of k, we also have a trace map

Trex: Burn(k') — Burn(k)

obtained by averaging over a set of representatives of automorphisms of the Galois
closure of k' over k modulo those preserving £'.

3.8. Relation with the classical Burnside group. — Forgetting the form w
gives a ring morphism

7: Burn(k) — Burn(k).
On the other hand, if K is a finitely generated extension of k of transcendence
degree n, we can endow it with the zero n-form. The resulting map

w: Burn(k) — Burn(k)
identifies Burn(k) with an ideal of Burn(k). One has 7o w = id.

3.9. Variations on the theme. — The construction of the Burnside ring Burn(k)
admits several natural variants that are relevant in more specific contexts. Some of
them will be used in later sections.

3.9.1. A relative ring. — Let n be an integer. For any k-scheme S, we define
Burn, (S/k) as the free abelian group on triples (X,w,u) where X is an integral
smooth n-dimensional k-scheme, w € Qf s 15 a regular volume form which is loga-
rithmic “everywhere”, and u: X — S is a morphism, modulo the smallest equivalence
relation that identifies (X, w,u) and (X',w’, u’) if there exists an open immersion
f: X" — X such that o' = f*w and v =uo f.

Let h: S — T be a morphism of k-schemes. It induces a morphism of abelian
groups

h.: Burn,(S/k) — Burn,(T/k)

such that h,([X,w,u]) = [X,w, h o u] for any triple (X, w, u) as above.

3.9.2. Pluriforms. — One can replace volume forms with volume r-pluriforms, that
is, elements of (2 /k)(g”, for some given integer r. The corresponding logarithmic
condition requires that the pluriform has poles of order at most r on an adequate
model. Note that when r is even, the obtained ring is commmutative.
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3.9.3. Forms up to scalars. — In the construction, we may wish to identify (K, w)
and (K’,w’) if there exists A\ € k*, resp. A € {£1}, and a k-isomorphism f: K — K’
such that f*w’ = Aw. These variants also give rise to a commutative ring.

3.9.4. Group actions. — Let G be a profinite group scheme over k. One can also
consider pairs (K, w), where the field K is endowed with an action of G leaving the
form w invariant. The obtained ring will be denoted by Burn®(k).

4. Residues

4.1. Residue of a volume form. — Let X be an equidimensional smooth k-
variety of dimension n.

Let D be a smooth divisor on X. We denote by Q' (log D) the sheaf of m-forms
on X with logarithmic poles along D, locally of the form nAdlog f + 7', where n and
n' are regular and f is a local equation of D. The residue map is the homomorphism
of Ox-modules

po: QX (log D) — Q)

characterized by the relation

pp(n Adlog f+1") =nlp

for every local sections n € QQ/’; and n' € Q%k, and any local generator f of the

ideal of D.
If w is a logarithmic m-form on X, there is an open subset U of X such that
UND # 0 and such that wly belongs to QY (log D). Its residue pp(w|u) is then a

: : m—1
meromorphic section of () e

Lemma 4.2. — Let w be a logarithmic differential form of degree m on X. Then
pp(w) is a logarithmic (m — 1)-form on D.

Proof. — We may assume that the sum of D and of the polar divisor of w has strict
normal crossings. The assertion is then evident in local coordinates. O

4.3. Blowing-ups and normal bundles. — Let Y be a smooth closed sub-
scheme of X. The blow-up Bly(X) of X along Y is a smooth k-variety. The blowing-
up morphism by : Bly(X) — X is an isomorphism over the complement of Y. If Y
is nowhere dense and nonempty, then Ey = b3'(Y) is a smooth divisor in Bly(X).

In general, Ey = by'(Y) identifies, as an Y-scheme, with the projectivization of
the normal bundle A% (X) of Y in X.

Let W be a closed smooth subscheme of X. Assume that W and Y are transversal.
Then the Zariski closure of by (W = (Y N'W)) is called the strict transform of W
in Bly (X) It identifies with BIYOW (W)

Let now w be a logarithmic m-form on X. Then the form b%w on Bly(X) is
logarithmic; assuming that Y is nonempty and nowhere dense, we can consider the
residue py(w) of biw along Ey. It is a logarithmic (n — 1)-form on P(A5(2)).
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Definition 4.4. — Let X be an irreducible proper smooth k-variety, let n be its
dimension and let w € Q?{/k be logarithmic volume form whose polar divisor D has
strict normal crossings. Let (Dy)ace be the family of its irreducible components; for
A C ./, weletDy = (), cp Da. We then define an element p(X,w) in Burn,,_;(X/k)
by the formula:

p(X,w): Z (_1)|A|_1PDA(X7W)'
0£AC

(In this formula and all similar ones below, it is always implicit that the terms
where D = () are omitted.)

4.5. Tterated residues. — We retain the notation of definition [4.4]

Fix a logarithmic volume form w on X and a nonempty subset A of &/ such
that Dy # 0. It will be useful to compute inductively the logarithmic volume form
pp, (w) that appears in definition (4.4}

Let by: X — X be the blowing-up of X along Dy and let E be its exceptional
divisor.

When A = {a} has a single element, D, is the divisor D,, the blowing-up mor-
phism b, is an isomorphism and the exceptional divisor identifies with D,. Then

PDy (X> w) = [Don PDa (w)’ ja]v

where j, is the immersion of D, into X.

This construction can be pursued in higher codimension, using iterated residues.
Fix a total order on 7. There is a unique, strictly increasing sequence (ay, . . ., ay,)
in &7 such that A = {«y,...,a,}. Given the chosen order on &7, we may apply the
iterated residues construction and obtain a logarithmic form of degree n — m

pDA<w) :pDal OOpDam<(JJ)

On a nonempty open subset U of X that meets Dy, we may write

w=mnAdlog(fa,) A ...dlog(fa,,),

for a regular form 7, and then one has pp, (w) = n|urp,-

Denote by ba the blowing-up of X along D and by Eja its exceptional divisor;
recall that E, identifies with the projectivized normal bundle A5, (X) of Dy in X.
Using local equations for the divisors D, for a € A, we trivialize A5, (X) on a dense
open subscheme of Dy; this gives a birational isomorphism of Ep with Dy x P™1
(with m = |A|), and a local computation gives the formula

por(X,w) = [Da, po, ()] - T

in Burn,, 1(Da/k).

When m > 2, the definition of pp, actually depends on the chosen order of o7, but
only up to a sign, so that the class [Dy, pp, (w)] is well defined up to multiplication
by the class ¢ € Burng(k). On the other hand, it is multiplied by T™ ! and we
have observed that ¢ - T = T.
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Proposition 4.6. — Let (X,w), D, and (Dy)acw be as in definition[{.J} Let Y be
a strict irreducible subvariety of X; let @y be the set of all o € o/ such that Y € D,;
we assume that ) . Do meets Y transversally.

Let g: X' — X be the blowing-up of X along Y and let w' = g*w; it is a logarithmic
form, its polar divisor has strict normal crossings, and we have

g*p(X/,w/) = IO<X7W)
in Burn(X/k).
Proof. — Let E = g7(Y) be the exceptional divisor; for each o € &, let D/, be the
strict transform of D,. The blow-up X’ is smooth; the divisor E 4 )" . D/ has
strict normal crossings and contains the polar divisor of w’.

Let B be the set of all 3 € &/ such that Y C Dg, so that Dy is the minimal
stratum containing Y.

We now split the discussion into two cases.

(1) Assume that dim(Y) < dim(Dg). Since g is ramified along E, its Jacobian
vanishes along E. Since w has poles of order at most one, the form ' = ¢g*w is
regular at the generic point of E. Consequently, the polar divisor of w’ does not
contain E and we have to compare

Y DAy ()

0AACo

S (DA, ).
0AAC A
Since ¢ is a local isomorphism around the generic points of D,, for a € &7, we
see that the polar divisor of ' is equal to ) ., D/ . For every nonempty subset A
of 7, one has

with

9«PD4 (X/> w,) = PDa (X, w)
for every nonempty subset A of &7, which implies the desired formula in this case.
(2) Assume that dim(Y) = dim(Dg). In this case, Y is an irreducible component
of Dg. Since Dy = X and Y # X, we have B # (). We have to compare the expression

Z (_1)|A|_1PDQ§(W/) + Z (_1)‘AIPE0D§%(W/)

0AAC of ACo

> (=DM, ().
0#ACe
The argument takes place in a neighborhood of Y, which allows us to assume that
Y = Dg.

Let A be a nonempty subset of 7. One has D)y = () whenever B C A, and the
corresponding terms are absent from the second expression. On the other hand,
if B Z A, the morphism ¢ identifies Dy with the blow-up of D, along Dy NY =
Daug. In particular, g induces a birational isomorphism from D’y to Dy, so that

with
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gy, (X', w') = pp,(X,w). Moreover, E N D), is the projectivized normal bundle
P45, 5(Da), and
9+ PEND/, (X/7 w/) = PDaus (X7 w)'
Similarly, one has
g*pE(lew/) = PDp (X7 w)'
This gives a formula of the form

gop(X, ) = D (=) pp, (X, w) + D (=1)*pp, (X, w)

PAAC ACo
BZA BZA
- Z n/ApDA<X7w)7
0£AC
where
(—1)lAl=t if BZ A,
A =14Y ccw (=1 if BCA.
BZC
CUB=A

It suffices to prove that n/y = na for any nonempty subset A of 7. This is obvious
when B Z A, so let us assume that B C A. In the sum that defines n/y, we write
C = (C=B)UC’, where C' = CNB is a subset of B; the condition CUB = A means
C=B = A =B; the condition B € C means C’ # B. Consequently, we have

= (=13 (-1

C'CB
C'#£B
= (-1 (Z (~1) - <—1>'B>
C'CB
= (~1)A (1 1Pl (1))
- (_1)‘A‘_17
since |B| > 1. This concludes the proof of the proposition. ]

Theorem 4.7. — Let (X,w) be as in definition . If X is proper, then the image
of p(X,w) in Burn,,_,(k) only depends on the class [X,w] € Burn, (k). It gives rise
to a morphism of abelian groups

Opn: Burn, (k) — Burn,_(k).

Proof. — By the definition of Burn, (k) involving pairs (X,w) where X is proper,
it suffices to consider two pairs (X,w) and (X',w’) as in definition which are
related by a proper birational morphism ¢: X’ — X such that ¢*w = w’. By the
weak factorization theorem of ABRAMOVICH et al| (2002), in order to prove the
theorem, we may assume that ¢ is a blowing-up of X along a smooth subvariety
which is transversal to the polar divisor of w. In this case, proposition asserts
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that g.p(X,w') = p(X,w) in Burn(X/k). In particular, the images in Burn(k) of
p(X' w') and p(X,w) are equal. ]

Ezample 4.8. — The meromorphic differential form dt/t on P; has residues 1
and —1 at 0 and oo respectively. By construction, we thus have

0:(T) = [Spec(k), 1] + [Spec(k), —1] =1 + <.

Let n be an integer such that n > 2 and let us compute 9, (T"). We view T" as
the class of P", with homogeneous coordinates [1 : x; : ... : z,], and with the toric
differential form

Wy = (day fz1) Ao (day /x).
Its divisor is the sum of the toric hyperplanes Dy, ..., D,. Each of these hyperplanes
identifies with P!, and pp,(wy,) is (=1)" Jw,—1. Let & = {0,...,n}. If A = &7,
then Dy = (). Otherwise, we see by induction that Dy is isomorphic to P14l and
pDA (wy) identifies with w,,_|a|, so that
[DAa PDa (wn)] : T|A|_1 = [Gmnilu j:wn—l] = Tn_la

since n — 1 > 1. Then,

an(Tn> - Z (_]‘>‘A|_1[DA7PDA((’U”)] ' T|A|_1

Now,

Z (_1>|A|—1 —1— (1 _ 1)n+1 + (_1)n+1 _
0AACH
We get 0,(T") = 2T"! if n is odd and 9,(T") = 0 if n is even. (Remind that
n > 2.) Since T = ¢ - T, the following formula unifies the various cases: for n > 1,
we have

0 if n is even.

{2 if n is odd;

Op(T™) = (1 + (=1)"te) . T 1.

Proposition 4.9. — For every class b € Burn,(k), we have
Proof. — We may assume that b = [X,w], where X is a proper integral smooth

variety of dimension n, and w is a logarithmic volume form on X whose polar divisor
has strict normal crossings. Let (D, )ac be the family of its irreducible components.
We view b- T as the class of [X x P*,w Adt/t]. The polar divisor of wAdt/t is equal
to

> Do x P' 4+ X x {0} + X x {o0}.

acd
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It has strict normal crossings, and its strata are of the form D x P!, for nonempty
A C o7, or Dy x {0}, or Dp x {0}, for A C 7. This decomposes 0,,41(b x T) as
the sum of three terms.

The first one is

3" Da x P pp, e (w Adt/1)] - T
0£AC o
For any nonempty subset A of o7, one has
pp,xpl(w Adt/t) = £pp, (w) Adt/t,
so that
[Da % P ppypr (i A dt/£)] - T = Dy, ()] - T - T

Consequently, the first term equals 9,,(b) x T.
Write Dy = X x {0} and Do, = X x {o0}, and identify both divisors to X. For a
subset A of o7, we have

PD sy (W A dE/E) = pp,, © ppy(w A dE/t) = pp, (w).
Consequently, the second term is equal to
D (=1)ADy, pp, ()] - T = [X,w] = 9, (b) - T
ACH
Similarly, the third term is equal to
X, —w] — 9,(b) - T.
Summing up these three terms, we get
Opt1(bx T) = =0,(0) - T + [X,w] + [X, —w].
We now recall that 9;(T) = [Spec(k), 1] + [Spec(k), —1], so that
X, w]+ [X, —w] = [X,w] - 01(T) =b-h(T).
This concludes the proof. n

Theorem 4.10. — Let a € Burn,,(k) and b € Burn,(k); we have

Oman(a-b) =" - Op(a)-b+a-0,(b) — T - 0p(a) - On(b)
in Burn,, (k).
Proof. — 1t suffices to treat the case where a and b are classes of proper integral
smooth varieties (X,w), (Y,7n), endowed with meromorphic volume forms whose
polar divisors have strict normal crossings and no multiplicities. Let (Dg)acwr be
the irreducible components of the polar divisor of w, let (Eg)ses be the irreducible

components of the polar divisor of . Then [X,w]-[Y,n] is the class of [X X Y, wAn];
the polar divisor of w A 7 is equal to

> Dax Y+ > XxEg

acd BeR
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We fix a total order on the disjoint union of .« and % such that the elements of .o/
are smaller than those of . For any subsets A, B of &/ and 4, observe that we
have

PDaus (w A 7]) = j:pDA (w) N PEg (77)7
where pp, has to be understood as the identity when A is empty, and similarly

for pg,. The sign is 1 when A = @); when B = {), it is equal to (—1)/4!"; we won’t

need to use its explicit value in the other cases. Then we can write J(|X,w] - [Y,n])
as

> (—)AFETD, x B, £pa(w) A pry ()] - TAPH
ACo
BC#
AUB#D
and we split it into the sum of three terms, according to which B =0, or A = {), or

none of them is empty. The first two terms are respectively equal to
D DAL Y, (= 1), (w) A] - T = 9(IX, (=1)"w]) - [Y, 7]
0#£AC

and

Y (FD)PTX x Epyw A pig ()] - TP = (X, w] - O(Y, 7)),
P£ABC%
since T belongs to the center of Burn(k). As for the third one, we obtain
- Z (_1)“3'_1 Z (_1>|A|_1[DAapDA(w>] ’ [EB7pEB(77)] ’ T‘A|+|B|_2
0+BC# 0AAC
which equals
Finally, we get
Omsn(a - b) = Omyn([X, 0] - [Y, 7])
— T (X, w]) - Ou([Y, n])
=e" - Opla) - b+a-0,(b) —T-0pn(a)- 0,(b)

as was to be shown. O

In particular, using the computation of example 1.8, we obtain the following
generalization of proposition

Corollary 4.11. — For any a € Burn,,(k) and any integer n, we have

Om(a) - T" if n is even;

Oy (a ) {_am(a) . T”+a-an(Tn) if n is odd.

Remark 4.12. — For the variant of Burn(k) where we consider forms up to sign,
the formula of theorem simplifies to

Oppan(a-b) = On(a) - b+ a- Bu(b) — T - Oula) - B, (D).
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5. A complex of Burnside rings
Theorem 5.1. — For any integer n > 2, we have
Op_1 00, =0.
In other words, the residue morphisms of Burnside groups give rise to a complex
.-+ — Burn, (k) — Burn,,_;(k) — --- — Burn; (k) — Burng(k)

Proof. — It suffices to prove the following result: Let (X,w) be an integral
proper smooth variety of dimension n equipped with a meromorphic volume
form w whose polar divisor has strict normal crossings and no multiplicities; then
On-1(0n([X, w])) = 0.

Let (Dg)acer be the family of irreducible components of the polar divisor of w
in X. By definition, one has

8n([X,w]): Z (_1>‘A|_1pDA(X7w>‘
0AACo

Fix a total order on «7. Let (ai,...,q,) be a strictly increasing sequence in .o
and let A = {ay,...,a,}. We have seen in that pp, (X,w) can be defined via
iterated residue maps:

pDA([X7 W]) - [DAa pDal ©---0 IODam (CU)] . r_[‘lA‘_1 = [DAawA] . T‘A|_1

where we wrote wy for the composition pp, ©---opp, (w). When [A] is odd, we
have

O(pp, (X, w])) = O([Da, wa]) - THI,

while when |A| is even, we have
App, (X, w])) = —0([Da,wal) - T*7" + [Da,wa] - (T,

Consequently, we have

0o0(X,w]) = Y O([Da,wal)- T = >~ [Da,wa] - AT,
0#AAC 0£AC
|A| even
The polar divisor of the form wy on Dy is equal to ZMA Dg M Da, so that, by
definition (and computation of 0 via iterated residues),

O(Da,wal) = DY (1) Dag, waus) - TP
0#£BCCA

Also, when A is nonempty and of even cardinality, d(T/*I=1) = 2T1A1=2, When we
put these two formulas into the antepenultimate one and collect the various terms,
we obtain

90 0(X,w]) = Y nc[De,we] - T2,

CC«&
2<|C|
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where

B
ng = — E (_1)| - 2(‘;\C| is even-
0#£A,B
AUB=C,ANB=0

In the first sum, the terms A = () or B = () are omitted, while if we put them in, we
obtain

€|

S pE=Y (|§|) (-1)’=@1-1%=0

AUB=C b=0
ANB=0

since |C| > 1. Consequently,
ne =1+ (1)1 = 26,0/ is even = 0.

This concludes the proof. O

6. Algebraic structure of Burn(k) after localization at 2

In this section, we study the algebraic structure of the Burnside ring Burn(k),
endowed with its elements €, T and the operator 0.

6.1. — By construction, Burn(k) = p,,., Burn, (k) is an associative unital Z-
graded ring, ¢ € Burngy(k), T € Burn,(k) and 0 is a homogeneous additive map
of degree —1. They satisfy the following relations, for homogeneous elements a,b €

Burn(k):

(1) b-a=cd.q.p (§3.6):

(2) =1 (example [3.4));
3) T=e-T (example [3.5));
(4) O(T)=1+c¢ (example [4.8));
(5)  Oa-b)=<"-9(a) - b+a-0(0b)—T-9(a)- Ob) (theorem [4.10));
(6) 90(9(a)) =0 (theorem [5.1)).

By (1), the element ¢ is central, and by (2), we may view Burn(k) as an algebra over
Ze]/(e* — 1). After inverting 2, the algebra Burn(k) splits into two components
Burn®=' (k) and Burn®="'(k), one over which ¢ = 1, and the other over which
e=—1

In the rest of this section, we implicitly assume that 2 is inverted, without changing
the notation.
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6.2. Sector ¢ = —1. — Here, we have T = —T, hence T = 0 since 2 is invertible.
As a consequence, after replacing d with &': a + (—=1)'*199(a), one gets from (5)
the usual graded Leibniz rule

(a-b)=0(a) b+ (1) -3 b)

and therefore Burn®='(k) is a classical differential graded (super-)commutative
algebra, similar to, eg, the de Rham complex.

6.3. Sector ¢ = 1. — The algebra Burn®=! is now commutative (and not graded
commutative). This reflects the intuition in our constructions that they speak about
volume forms (as opposed to top-degree differential forms) for which we have com-
mutativity (as reflected by the change of order of integration in multiple integrals).

Lemma 6.4. — The map F: a — a — T - 0(a) is a ring endomorphism of
Burn®='(k), and F? = id. Moreover, one has Fod =0 = —0oF.

Proof. — This map is additive. One has F(1) = 1 — T -9(1) = 1. Let us show
multiplicativity. Indeed, for a,b € Burn®='(k), one has
F(a)-F(b) = (a =T -0(a)) - (b —T-0(b))
=a-b—T-0(a)-b—T-a-3(b)+T* 9(a)-9(b)
=a-b—T-(9a) -b+a-9(b)—"T- 9(a)-0(b))
=a-b—T-0(a-b) (using (5))
=F(a-0).

Since 0% = 0, one has

On the other hand,

A(F(a)) = da — T - d(a))
= 0(a) — (T - 9(a))
= 0(a) — A(T) - 8(a) — T - 8(d(a)) + T - A(T) - ((a))
= —0(a)

using that 9(T) = 2 and 9 = 0.
Consequently, for a € Burn®'(k), we have

F?(a) = F(a) = T-0(F(a)) =a—T-9(a) + T-0(a) =a
since o F = —0. ]
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6.5. — To simplify the notation, write 2 = Burn®=' (k). Since F? = id and 2 is
invertible, the algebra 4 splits as a direct sum

B=RB, B

such that F acts as id on %4, and as —id on A_. Moreover, %4, is a subalgebra.
Since the operator 0 anticommutes with F, it induces maps

0r: By — B_, Op: B — B
Note that
F(T)=T-T-0(T) = -T,
so that T € #_. Consequently, the multiplication by T map induces two maps
ty: By — B, et B — B

Lemma 6.6. — The map 0 vanishes on AB. Fquivalently, O+ = 0.
The maps %&F and ty are inverses the one of the other.

Proof. — For a € A, one has d(a) = —9(F(a)) = —0(a), since 0 o F = —0, hence
d(a) =0.
On the other hand, for a € %, , one has

T -a)=2-a+T-9(a) —2T-9(a) =2a —T-09(a) =a+ F(a) = 2a
while for a € #_, we have
T-0(a) =a—F(a) = 2a.

This concludes the proof of the lemma. n

In particular, we see that the cohomology of the differential 0 vanishes in the
sector Burn®=!(k) = 4.
6.7. — It follows from the lemma that we have a ring isomorphism

B = B[ - T?),

from which we see that all the algebraic structure of %, (namely §, T, F) can be
canonically reconstructed from a unital commutative associative Z-o-graded ring %
endowed with an element in degree +2 (namely, the element T?).

Remark 6.8. — The situation clarifies even more if we invert the class T. Then
we can write d(a) = (a — F(a))/T, and all relations happen to follow from the fact
that F is an involution such that F(T) = —1. Indeed,

52(a) = d(a) —F((a)) 1 (a —0d(a) F<a — 8(a)> _0

T T T T
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explains that 9% = 0. Moreover, for a,b € %, we have

a(a.b):a'b_;?(a'b) :a'b—Fé@-F(b)
_a—F(@ , b-F@) o a—F(a) b-F(Q)
=0(a)-b+a-0(b)—T-9(a)-I(0D).

7. Birational morphisms preserving volume forms

7.1. — Let (X,wx) be a smooth integral k-variety of dimension n equipped with a
logarithmic volume form, and let f: Y — X be a proper birational morphism.

Let E be an exceptional divisor in Y, that is, such that dim(f(E)) < dim(E).
By lemma , and lemma , the residue pg(f*wx) along E of the meromorphic
form f*w is a logarithmic volume form on E.

We define c(f;X,w) to be the sum of all such classes [E, pg(f*w)] in the free
abelian group Burn,,_; (k).

Lemma 7.2. — Let g: Z.— Y be a proper birational morphism of smooth integral
varieties of dimension n. Then go f is a proper birational morphism and one has

c(go fiX,w) =c(g:Y, ff'w) +c(f; X, w)

in Burn,,_,(k).

Proof. — An integral divisor F in Z is exceptional for g o f if and only if one of the
two mutually excluding situations happen:

— The divisor F is exceptional for g;
— Or ¢g(F) is a divisor in Y which is exceptional for f.

Moreover, any divisor E in Y which is exceptional for f appears once and only as
a divisor of the form ¢(F). The contribution of F to c(g o f;X,w) is given by the
volume form pr((go f)*w). In the first case, we write pp((go f)*w) = pr(9*(f*w)), so
that the contribution of F coincides with its contribution to the term c(g;Y, f*w).
In the second case, g induces a birational isomorphism from F to E = ¢(F); writing
pr((go f)*w) = g*(pr(f*w)), we see that the contribution of F coincides with the
contribution of E to ¢(f; X,w). This concludes the proof. O

7.3. — Let (X,wx) and (Y,wy) be proper smooth k-varieties equipped with loga-
rithmic volume forms and let

P (X>WX) -2 (Y7WY)
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be a birational map preserving the volume forms. By definition, this means that
there exists a diagram

W
p q
X {-“”---\+ Y

of integral k-varieties such that that p and ¢ are proper and birational, and such
that p*w = ¢*w’ on W. In this situation, we may assume that W is smooth.

Lemma 7.4. — With this notation, the element

c(p) = c(q) — c(p) € Burn, (k)
only depends on the birational map @, and not on the choice of the triple (W, p,q).

Proof. — Consider two possible diagrams X < V % Y and X < W 3 Y describ-
ing . Considering for example a resolution of singularities U of V xx W, we can fit
these two diagrams in a common commutative diagram of the following form:

The equalities p*wx = ¢*wy and r*wx = s*wy imply that
(pou)'wx =upwx =u'qwy = (gou)'wy = (sov)wy.
By lemma [7.2] we then have
c(p) —c(q) =c(pou) —c(qgou) =c(rowv) —c(sov) =c(r) — c(s).

This concludes the proof. O

Theorem 7.5. — If ¥: (Y,wy) --» (Z,wz) is another birational map preserving
volume forms, then one has

(o @) = c(y) +c(¥).

Proof. — Consider two diagrams X < V 5 Y and Y < W 3 Y describing ¢
and . Considering for example a resolution of singularities U of V xy W, we can
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fit these two diagrams in a common commutative diagram of the following form:

VyUYW
TN,

and the diagram X &= U 2% describes the birational map 1o . Since gou = row,
we then have

c(Yop)=c(pou) —c(sov)
=c(pou) —c(qou)+c(rov)—c(sow)
= c(p) — c(q) + +¢(r) —c(s)
= c(p) + c(¥),
as was to be shown. O]

Corollary 7.6. — Let Bir(X,w) be the set of birational automorphisms of X pre-
serving w. The map c induces a homomorphism of abelian groups

Bir(X,w) — Burn,,_; (k).

Its kernel contains the group of automorphisms of X that preserve w.

8. Specialization

Let K be the field of fractions of a discrete valuation ring R with residue field k.
Fix a uniformizer t € R.

In this context, KONTSEVICH & TSCHINKEL (2019) have defined two (distinct)
specialization morphisms

pi: Burn,(K) — Burn, (k),

relating the Burnside groups of K and & (see , one of which is a ring homo-
morphism. (The latter homomorphism actually depends on the choice of ¢, see
example 6.2 of (KRESCH & TSCHINKEL, 20220)).)

The goal of this section is to define a similar homomorphism

pr: Burn(K) — Burn(k)

for varieties with logarithmic volume forms.
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8.1. — Let 2 be an integral proper scheme over R, of relative dimension n, whose
special fiber A is a divisor with strict normal crossings.

Let (Ay)ace be the family of irreducible components of the special fiber A; for
a € , let e, be the multiplicity of A, in A. For every nonempty subset A of <7,
let Ax be the intersection of all divisors A,, for a € & and ex be the greatest
common divisor of the e,, for a € A; let also A} be the complement A A_Uagz A Do

The first specialization morphism of (KONTSEVICH & TSCHINKEL| 2019) is de-
fined by

(82) p((2]) = D (—)AITALLAY

0AAC o/

where L € Burn(k) is the class of the affine line.

Although this map is not multiplicative, it proved sufficient for many applications
to rationality problems.

To ensure multiplicativity, a more delicate construction was necessary, valued in
the Burnside ring

Burn” (k)

of varieties endowed with an action of the profinite group i, limit of finite groups of
roots of unity.

Fix a nonempty subset A of &7. We identify the normal bundle of Ay in 2 as a
direct sum of line bundles:

‘/VAA(%) = @’/VAa<%)|AA'
a€cA
Let us consider its open subscheme 4 (2") obtained by restricting to A} and
taking out all “coordinate” hyperplanes. This furnishes a morphism

va: Mo (Z) = Q) ANau(Z)%ag.
acA
Since the uniformizer ¢ has divisor — Zaed o, on 2, it trivializes the line bundle
on the target of va. We set A’y = v;'(t). By construction, the projection A, — Ay
is a torsor with group g, .
With this notation, the correct, multiplicative, specialization map of (KONTSE-
VICH & TSCHINKEL, 2019) is given by the formula

AX) = Y (—)AAL LA
PDAACH

in Burn”(k).

Remark 8.3. — The relation between the two specialization morphisms is as fol-
lows. Fix a nonempty subset A of .. The group G, acts diagonally on A (Z)
(the factors of index a ¢ A don’t act), and this induces an action of the finite group
of roots of unity of order ey on A'y, hence an action of [, so that p;(X) naturally
lives in the equivariant Burnside ring Burn” (k). Moreover, taking the p-invariants
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of Ay, we get A3, so that the specialization map p; is the composition of p; with
the map
Burn”(k) — Burn(k)
obtained by taking fi-invariants.
Taking invariants does not commute with taking products, in general, so that p;
is not multiplicative.

8.4. — Let us explain how to define analogous specialization homomorphisms in
our context of Burnside groups with volume forms.

For simplicity, we only consider the case where K has transcendence degree 1
over k, in which case the idea can be explained geometrically as follows. We assume
that there exists an smooth integral curve C together with a k-point o € C(k) such
that K = k(C) and R = 0¢,. We fix a local parameter ¢ € R such that V(t) = o.

Let us consider a pair (X,w) consisting of an integral proper K-variety X of di-
mension n and a logarithmic n-form w on X.

8.5. — Consider a regular flat proper model 2" is of X over C, let A = (Z,)rea
be its reduced special fiber, and consider a divisor & with relative normal cross-
ings on 2°. We assume that the divisor 2 + A has normal crossings. In this
situation, DELIGNE (1970, §3.3.2) says that a meromorphic relative differential m-
form on 27 /C is logarithmic with respect to 2 + A if it is (locally) the image of
a logarithmic m-form @ in Q7 Ik with poles 2 + A under the natural morphism
V5 = 2% e

Consider a logarithmic relative n-form w on 2 /C. We consider an associated
volume form w’ on 27, defined locally by

W= Adt/t,
where @ is any local lift of w. This form «’ is logarithmic and we can compute its
“residue along A” as in §4] only taking into account the strata of the polar divisor

of w’ which are contained in the special fiber A.
There exists a subset &7, of o/ and a subset A, of £ such that the polar divisor

of W' is given by
Z Aa + Z .@5.

o€, BEA,
We thus set
pt(%,W) = Z (_1)|A|+|B|_1pAA09B(‘%’w)'
@#Agdo
BC%,

This is an element of Burn,, (Z,/k).

Proposition 8.6. — Let % be an irreducible closed subscheme of 2 which is
transverse to 2 + A and let g: X' — Z be the blowing-up of X along % . The
form g*w on Z is logarithmic and we have

g*pt(‘%lvg*w) = pt(‘%aw)
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in Burn,, (Z2,/k).
Proof. — With the notation of §4] the difference
p(%,@) - pt(%vw)

is exactly the part of p(:Z", @) which lies over the complement of the special fiber 2,
in 2°. We have seen in theorem .7 that

g*p(‘%,aal) =p(Z,w),

and a similar formula holds over 2 — %Z,. This implies the proposition. n

8.7. — Starting from a smooth proper K-variety X and a logarithmic volume
form w on X, we can define a model 2" /C, with & and A as above, but the form w
will not necessarily extend to a logarithmic relative form with respect to 2+ A, nor
does the volume form @ on 2°. However, this can be achieved by multiplying w by
a suitable power of the uniformizing element.

Let us write the polar divisor of @ on 2~ as

divey (@) =D+A = dala+ Y dsZs.
acd BeEA
With this notation, the condition for @ to be logarithmic on 2" is just that
do =2 —1, dg =2 —

In particular, while the conditions at the horizontal components follow from their
counterparts on the generic fiber, those for the vertical components are not auto-
matic. On the other hand, for any x € Z, the form t"@ is logarithmic if and only
if

Keq +do 2 —
for all @ € &7, that is, if and only if k > (w), where k(w) is defined by

k(w) = inf 1~ da :

aEd  Eq,

Since the rational number x(w) is defined in terms of logarithmic forms, it only
depends on the class of (X,w) in Burn,(K), and not on the actual model which is
chosen to compute it.

8.8. — We assume for the moment that x(w) € Z. This holds in particular if the
special fiber 2, is reduced. Let then o7, be the subset of & consisting of all a such
that

K(w)eqg + do = —1,
and let %, be the subset of # consisting of all 8 such that dg = —1. The polar

divisor of t"w is equal to
D Bat D> T,

ac, BEB,
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and we set
pt(‘%vw) = pt(%vtﬁ(mw)
in Burn, (Z,/k).

In the particular case where & is empty, the strata of the Clemens complex of
the special fiber that actually appear in the definition of this class are those defined
by KONTSEVICH & SOIBELMAN (2006]), more precisely, by the adjustment provided
by MUSTATA & NICAISE| (2015).

8.9. — In the general case, the rational number k(w) is not an integer. Let us
consider the finite ramified extension K4 = K(t'/%) of K, whose ramification index d
is a multiple of the denominator of x(w), but which induces an isomorphism on
the residue field. Geometrically, this furnishes a morphism 7: C; — C which is
ramified at the point o, together with a lift of 0 in C4(k) (still denoted by o), and a
distinguished uniformizing element /¢,

We consider the extension of (X,w) to Ky and introduce a model (2, w,) as
above, over C;. Now, the corresponding s-parameter is integral, so that any choice
of a uniformizing element #'/¢ in R, induces a class p;ia(2y,wy) in Burn(k). In
fact, we can assume that the scheme 2, carries an action of the group scheme p4 of
dth roots of unity induced by its action on Spec(Ry), leaving the logarithmic form wy
invariant. In other words, we obtain a class in the group Burn” (k).

Combinining these classes, we obtain the desired group homomorphism

p:: Burn(K) — Burn”(k).

In fact, as explained in (NICAISE, 2013, §2.3), especially proposition 2.3.2, one
can compute the normalisation of 2~ ® Ry in terms of the given model 2. This
gives an explicit decomposition of p;(X, w) as a sum

> (=)D, viwa] - TA,
0AAC oA,

where va: D)y — Dy is the pg,-torsor introduced in for the definition of the
classical specialization map.

Remark 8.10. — In the case of specialization of rationality, it has proved fruitful
to consider models with singularities on the special fiber, mild enough so that the
special fiber computes the specialization of the birational type of the generic fiber.
This is in particular the case for rational double points.

A parallel study can be developped in the context of varieties with logarithmic
forms.

Following (KONTSEVICH & TSCHINKEL, 2019) and keeping track of the various
logarithmic volume forms on the strata, we have:

Theorem 8.11. — The morphism p; is a ring homomorphism.
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