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Abstract. We study irreducibility of families of degree 4 Del
Pezzo surface fibrations over curves.

1. Introduction

Let X ⊂ P4 be a smooth surface defined by the intersection of two
quadrics over an algebraically closed field k of characteristic different
from 2. It is known that X is characterized up to isomorphism by the
degeneracy locus of the pencil of quadrics containing X, i.e., by the
form

(1.1) f(u, v) = det(uP + vQ),

where P andQ are symmetric 5×5 matrices whose associated quadratic
forms define X. The two-dimensional space of binary quintic forms
with nonvanishing discriminant up to linear change of variable serves
as a moduli space of smooth Del Pezzo surfaces of degree 4. Mabuchi
and Mukai [24] studied this from the perspective of Geometric Invariant
Theory.

Any (nontrivial) family X → P1 of degree 4 Del Pezzo surfaces neces-
sarily contains singular fibers. Generically, these are Del Pezzo surfaces
with a single A1-singularity. So a study of families of degree 4 Del Pezzo
surfaces necessarily entails a moduli problem which admits Del Pezzo
surfaces with one A1-singularity.

It is known that a general smooth Del Pezzo surface of degree 4 has
automorphism group (Z/2Z)4. A notable incongruity with standard
moduli problems such as stable curves of genus g ≥ 2 is that automor-
phism groups can decrease, rather than increase, upon specialization.
Indeed, the general A1-singular degree 4 Del Pezzo surface has only 8
automorphisms [19].
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In this paper we study the moduli problem of degree 4 Del Pezzo sur-
faces. We relate it to the moduli problem of log general type surfaces,
as worked out by Hacking, Keel, and Tevelev [17], where the above-
mentioned incongruity disappears. We give an explicit description of
families of degree 4 Del Pezzo surfaces over P1, general in the sense of
having smooth total space, fibers with at most one A1-singularity, and
maximal monodromy of the lines in smooth fibers. A single discrete
invariant, the height, is proportional to the number of singular fibers.
We establish the irreducibility of the space of general families of given
height, with exceptional behavior for a few small heights.

Given a family of Del Pezzo surfaces of degree 4 over a base T , the
fiberwise vanishing locus of the form (1.1) determines a spectral cover of
degree 5 over T . Assuming the family is sufficiently general, the singu-
lar members of the pencils of quadrics are of nodal type, hence contain
two families of planes. This defines a double cover of the spectral cover.
In the case of a family over P1, we get

(1.2) D̃ → D → P1.

Our approach is to obtain a description of families of Del Pezzo surfaces
of degree 4 over P1 in terms of the spectral curve D together with
tower (1.2), and to relate the moduli problem for families to the moduli
problem for such towers. The machinery of moduli of log general type
surfaces is used to show that every such tower does indeed come from
a family of Del Pezzo surfaces of degree 4.

In Section 2, we recall the construction of the spectral cover; in par-
ticular, the spectral curve in (1.2) comes embedded in a Hirzebruch
surface F → P1. It is then relevant to understand the monodromy of
2-torsion of the Jacobian of curves in Hirzebruch surfaces, which is de-
scribed in Section 3. Section 4 contains a classical treatment of degree
4 Del Pezzo surfaces containing a line disjoint from the singular locus,
an ingredient in the comparison of moduli problems. We discuss the
connection between moduli of Del Pezzo surfaces of degree 4 and of
binary quintic forms in Section 5. In Section 6 we begin the study
of moduli of degree 4 Del Pezzo surfaces, and we introduce genericity
conditions on families of degree 4 Del Pezzo surfaces in Section 7. Sec-
tion 8 recalls the moduli problem of log general type surfaces, which is
related to our moduli problem in Section 9. In Section 10 we state and
prove our main theorems, describing and enumerating the components
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of general families of degree 4 Del Pezzo surfaces over P1. In an Ap-
pendix, we show that the discrete invariant of families introduced here
agrees with the height defined in [18].
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2. Spectral cover

We work over a base field k, perfect of characteristic different from
2. A Del Pezzo surface is a smooth projective surface (always assumed
geometrically integral) X with ample anticanonical line bundle ωX .
The degree of X is the self-intersection of the anticanonical class. A
Del Pezzo surface of degree 4 is embedded by the anticanonical linear
system as a complete intersection of two quadrics in P4, and is geomet-
rically isomorphic to the blow-up of P2 at 5 points in general position
(i.e., no three on a line, and not all lying on a conic). Geometrically,
the curves with self-intersection −1 are the 16 lines on such a surface,
the Picard group has rank 6, and the primitive Picard group (i.e., the
subgroup orthogonal to the anticanonical class) is a root lattice of type
D5. In particular, all Galois symmetries factor through the Weyl group
W (D5).

Singular Del Pezzo surfaces, i.e., normal projective surfaces with
ADE-singularities and ample anticanonical class, are extensively stud-
ied, e.g., [8]. Such a surface X has a minimal resolution X̃. The
anticanonical linear system (or a suitable multiple) induces the mor-

phism X̃ → X. When X is geometrically a Del Pezzo surface of degree

4 with one A1-singularity, X̃ has one curve with self-intersection −2,

contracted under the morphism X̃ → X ⊂ P4, and has, geometrically,
12 curves with self-intersection −1. Unlike the smooth case, the pencil
of quadrics containing X has a distinguished member, appearing with
multiplicity 2 in the degeneracy locus.

Let T be a k-scheme of finite type. Any flat family of possibly
singular degree 4 Del Pezzo surfaces π : X → T gives rise to a degree
5 cover D → T which encapsulates the degeneracy loci of the pencils
of quadrics associated with the fibers of π, as follows. The relative
anticanonical line bundle ω−1

π is ample and induces a closed immersion

X → P((π∗ω
−1
π )∨)
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over T ; we let π also denote projection P((π∗ω
−1
π )∨) → P1. The com-

position

(∧5(π∗ω
−1
π )∨)⊗2 det→ Sym5(Sym2((π∗ω

−1
π )∨))

∼= Sym5((Sym2π∗ω
−1
π )∨) → Sym5((π∗IX (2))∨)(2.1)

gives rise to an ideal sheaf on P(π∗(IX (2))) and hence the spectral cover

D ⊂ P(π∗(IX (2))) → T.

3. Curves and their monodromy

In this section, we study monodromy groups of some families of
curves in Hirzebruch surfaces. We recall that Hirzebruch surfaces, be-
ing smooth complete toric varieties, have the property [9, Thm. 6.1.15]
that every ample line bundle is very ample.

Lemma 1. Let D be a smooth curve on P1 ×P1 of bidegree (a, b), with
a ≥ b ≥ 3, respectively a smooth curve on the Hirzebruch surface F1 in
the class af + bξ, with a > b ≥ 3, where f denotes the class of a fiber
of F1 → P1 and ξ denotes the class of the (−1)-curve. The monodromy
action on H1(D,Z) of the space of smooth curves in the same curve
class as D is the full symplectic group Sp(H1(D,Z)), in each of the
following cases:

(i) D ⊂ P1 × P1 with a or b odd;
(ii) D ⊂ F1 with a even or b odd.

Proof. In each case the class ofD is very ample. Hence the discriminant
hypersurface in |D| is irreducible with generic point corresponding to
a curve with a single node; see, e.g., [25, §1]. The method outlined in
[6] is applicable, provided that we verify:

• D may be degenerated to acquire an E6-singularity, such that
the linear series |D| is versal for this singularity;

• D degenerates to a union D′∪D′′ of two smooth curves meeting
transversally in an odd number of points.

We recall the basic strategy. There exists a Lefschetz pencil of curves
in |D|. The monodromy of the pencil is generated by symplectic reflec-
tions by vanishing cycles associated with each nodal fiber. Lefschetz
theorems [12, p. 151] imply the full monodromy group is also gener-
ated by these reflections. Moreover, the curves in |D| with precisely
one node form a connected set, so the reflections are all conjugate un-
der the monodromy group. Squares of symplectic reflections generate
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the kernel of

Sp(H1(D,Z)) → Sp(H1(D,Z/2Z)),

so we only have to address the representation (mod 2). The first
assumption implies that the monodromy contains W (E6), as it con-
tains all the reflections associated with simple root/vanishing cycles;
it is thus either Sp(H1(D,Z)) or surjects onto a subgroup O(q) ⊂
Sp(H1(D,Z/2Z)) preserving a quadratic form q with q(δ) = 1 for each
vanishing cycle δ [6, Th. 3]. The monodromy can factor through such
a subgroup, e.g., when a and b are both even, in case (i). The second
assumption precludes this: Given a smoothing of D′ ∪ D′′ in |D|, fix
vanishing cycles δ1, . . . , δ2p+1 indexed by the nodes; the sum

∑2p+1
j=1 δj

is homologous to zero. Since q(
∑

j δj) = 0 we must have q(δj) = 0 for
some j, a contradiction.

To verify the E6 condition, we use the plane quartic C = {y3 = x4},
which has a singularity of this type, and whose versal deformations can
be realized with plane quartics. The image of C under the linear system
of quadrics through two general points of C gives a nodal curve in
P1×P1 of bidegree (3, 3) with the same singularity. Adding appropriate
fibers gives curves with all desired bidegrees. Similarly, blowing up a
generic point of C gives a curve in F1 with the desired singularity and
class 4f+3ξ. Adding lines (with class ξ+f) and fibers gives the classes
we seek. The final condition can be checked case by case, e.g., for F1

with a even consider [D′] = f + ξ and [D′′] = (a − 1)f + (b − 1)ξ, so
[D′] · [D′′] = a− 1. �

Example 2. Consider hyperelliptic curves of genus g > 1. Note that
the general such curve—with the datum of a line bundle of degree
g+1—arises as a curve of bidegree (g+1, 2) in P1×P1. The monodromy
of such curves has been studied [2]: It is an explicit subgroup Γ ⊂
Sp(H1(D,Z)) = Sp2g(Z), where

Γ = {γ ∈ Sp2g(Z) : γ(mod 2) ∈ S2g+2 ⊂ Sp2g(Z/2Z)}.
The symmetric group comes from the monodromy action on the branch
points r1, . . . , r2g+2 of the degree-two map D → P1. Indeed, any two-
torsion point η ∈ J(D)[2] admits a unique expression

η =
∑

j∈S

rj − ng1
2, S ⊂ {1, . . . , 2g + 2}, |S| = 2n, 0 ≤ n ≤ g/2.

The monodromy representation on J(D)[2] for D hyperelliptic there-
fore factors through the permutation representation on even subsets
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of the branch points. The orbits of J(D)[2] correspond to integers
n = 0, 1, . . . , ⌊g/2⌋.

4. Nonsingular lines on degree 4 Del Pezzo surfaces

We summarize the results of this section: Assume the base field
k is perfect with characteristic different from 2. Let X ⊂ P4 be a
complete intersection of two quadrics which is normal and contains a
line L disjoint from the singular locus of X. We will call such L a
nonsingular line. Projection from L identifies X with the blow-up of
the projective plane along a degree 5 subscheme Ξ of a smooth conic
B, making X a degree 4 Del Pezzo surface with restricted singularities.
The conic, which is the image of L under the projection, is canonically
identified with the pencil of quadric hypersurfaces containing X, so
that the the locus of singular members of the pencil (which carries a
natural scheme structure) corresponds to Ξ.

Let us write P4 = P(k5) and L = P(V ) with V ⊂ k5 a subspace of
dimension 2.

Proposition 3. With the above notation, the morphism L→ P(k5/V ),
sending p ∈ L to the tangent plane TpX, is an isomorphism onto a
conic B ⊂ P(k5/V ).

Proof. Under the morphism L → P(k5/V ) ∼= P2, the tautological rank
two quotient bundle O3

P2 → Q pulls back to O3
L → OL(1)2 given by

a 2 × 3 matrix of linear forms. The morphism is therefore a closed
immersion of degree 2. �

Projection from L is a morphism

ψ : X → P(k5/V ) ∼= P2

sending p ∈ X \ L to the linear span of L and p, and sending p ∈ L
to TpX. A general hyperplane in P4 containing L intersects X in
the union of L and a residual cubic curve having intersection num-
ber 2 with L. The residual cubic curve belongs to the linear system
P(H0(X,ψ∗OP2(1))). Its self-intersection number is 1, hence the mor-
phism ψ is birational.

Under ψ, a general member D of the linear system P(H0(X,OX(1)))
maps to an irreducible cubic curve C ⊂ P2, and the image linear system
is spanned by:

• B ∪ ℓ, B ∪ ℓ′, B ∪ ℓ′′ where ℓ, ℓ′, ℓ′′ span P(H0(P2,OP2(1)));
• an irreducible cubic curve C as above;
• another such irreducible cubic curve C ′, with B ∩ C ′ 6= B ∩ C.
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Let Ξ = B ∩ C ∩ C ′ be the base locus of the linear system; comparing
self-intersection numbers of D and C we see that deg(Ξ) = 5, and the
linear system determines a morphism

(4.1) ρ : BlΞ(P2) → X.

It is known that BlΞ(P2) is normal, and the fiber over a geometric point
of Ξ is a copy of P1 mapping to a line inX. It follows that ρ is birational
and finite, hence by Zariski’s main theorem is an isomorphism.

Let Q be a quadric hypersurface containing X. To Q there is an
associated symmetric bilinear form on k5 (defined up to scalar multi-
plication). Since L avoids the singular locus of Q, this is a bilinear form
of rank ≥ 4, and P(V ⊥) is a plane containing L; we therefore have a
morphism

ϕ : P(H0(P4, IX(2))) → P(k5/V ).

Lemma 4. For any plane Π ⊂ P4 containing L exactly one of the
following statements is true:

(i) Π /∈ B, and as schemes we have Π ∩ X = L ∪ {p} for a point
p ∈ X not in L nor in any line L′ ⊂ X satisfying L ∩ L′ 6= ∅;

(ii) We have Π ∈ B, i.e., Π = TpX for a unique p ∈ L, and the
scheme Π ∩X is irreducible, has L as reduced subscheme, and
has a unique embedded point, located at p;

(iii) Π ∈ B, and Π ∩X = L ∪ L′ where L′ ⊂ X is a line satisfying
L ∩ L′ = {p}, with Π = TpX.

Proof. If the pencil of quadric hypersurfaces containing X restricts to
a pencil of conics in Π, then it decomposes as L plus a residual pencil
of lines with a base point p. If p /∈ L then we are in case (i), with Π
the linear span of L and p and no line on X through p meeting L′. If
p ∈ L then we are in case (ii). Otherwise some member of the pencil of
quadric hypersurfaces contains Π, and for any other member Q of the
pencil we have Π ∩X = Π ∩Q of degree 2 in Π and containing L. We
exclude L having multiplicity 2 by Proposition 3, and obtain therefore
L ∪ L′ as in case (iii). �

By Lemma 4, the morphism ϕ factors through B. Since by a Chern
class computation the morphism ϕ has degree 2, the morphism ϕ de-
termines an isomorphism

(4.2) P(H0(P4, IX(2))) ∼= L.

The morphism ϕ sends singular members of the pencil of quadric hy-
persurfaces to Ξ and nonsingular members to B r Ξ.
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Theorem 5. Let k be a perfect field of characteristic different from
2, and let X ⊂ P4 = P(k5) be a Del Pezzo surface of degree 4 con-
taining a nonsingular line L = P(V ); projection from L identifies
X ∼= BlΞ(P(k5/V )) with Ξ ⊂ B = {TpX|p ∈ L} uniquely determined
of degree 5. Then the isomorphism P(H0(P4, IX(2))) ∼= B, sending a
quadric hypersurface Q ⊃ X to the plane P(V ⊥) with V ⊥ the orthog-
onal space to V under a symmetric bilinear form corresponding to Q,
identifies the scheme of singular members of the pencil of quadric hy-
persurfaces containing X (defined by the vanishing of a determinant in
an evident fashion) with Ξ.

When X is smooth the isomorphism (4.2) and statement of Theorem
5 are classical; see [29]. For singular X, projection from nonsingular
lines appears as a key ingredient already in Segre’s classical treatment
[28].

Proof of Theorem 5. Let U be an irreducible smooth affine variety with
k-point u ∈ U , π : X → U a generically smooth family of Del Pezzo
surfaces of degree 4, and L ⊂ X a family of lines; fix an identification
Xu = π−1(u) ∼= X sending Lu to L. There are versions for families
of the identifications BlΞ(P(k5/V )) ∼= X and P(H0(P4, IX(2))) ∼= L of
(4.1) and (4.2) respectively. So we have subschemes of L finite and
flat over U , corresponding to the spectral cover and the center of the
blow-up, respectively. Since they agree over the generic point of U ,
they must be equal. �

5. Invariants of binary quintics

We consider the space P5 of binary quintic forms
∑5

i=0Aix
5−iyi with

standard PGL2-action. Let U ⊂ P5 denote the binary quintic forms
with at most double roots. Over any field, this is the semistable and
stable locus.

The algebra of invariant homogeneous polynomials is generated by
classically known invariants Id of degrees d = 4, 8, 12, and 18, given
explicitly in [27, pp. 87-89] with coefficients in Q. Moreover, I2

18 may be
expressed as a weighted-homogeneous form F ∈ Q[I4, I8, I12] of degree
36 (see, e.g., [15, § 7.2]). So the invariant-theoretic quotient is

Proj(Q[I4, I8, I12]) = P(1, 2, 3)Q.

The PGL2-action on U has reduced finite stabilizer group schemes.
By [26, (8.1)] the stack quotient [U/PGL2] is a Deligne-Mumford stack,
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and is in fact a separated Deligne-Mumford stack (the standard valua-
tive criterion for separation may be checked easily). It follows that the
evident morphism [M 0,5/S5] → [U/PGL2] contracting any component
of a stable 5-pointed genus 0 curve with exactly two marked points is
proper; it is as well surjective and is an isomorphism on the locus of five
distinct points on P1. In particular, [U/PGL2] is proper over Spec(Z).

Choose J4, J8, J12 ∈ Z[A0, . . . , A5] such that

Z[J4, J8, J12]d = Z[A0, . . . , A5]d ∩ Q[I4, I8, I12], for d = 4, 8, 12,

i.e., J4, J8, and J12 generate the invariants in degrees 4, 8, and 12 over
Z. Let J18 be a multiple of I18 with relatively prime integer coefficients.
A direct computation via Gröbner bases shows the invariants J4, J8,
and J12 define a morphism [U/PGL2] → P(1, 2, 3) over the integers. It
follows from Pic(M 0,5)

S5 ∼= Z that the composite

[M 0,5/S5] → [U/PGL2] → P(1, 2, 3)

is quasi-finite, hence each individual morphism is proper and quasi-
finite.

Since, over a field of characteristic zero, P(1, 2, 3) is the coarse moduli
space of [U/PGL2], and also of [M 0,5/S5], the same is then true over
Spec(Z) by an application of Zariski’s Main Theorem to the normal
scheme P(1, 2, 3), and over a field of positive characteristic by the same
argument, noting that the scheme loci of [M 0,5/S5] and of [U/PGL2]
are dense over any field.

Lemma 6. The stacks [P5/PGL2] and [U/PGL2] have Picard group
isomorphic to Z, generated by H := [Z(J18)] − 4[Z(J4)].

Proof. We may identify [P5/PGL2] with [(A6r{0})/GL2] with standard
GL2-action is twisted by the (−2)-power of the determinant represen-
tation. Since the open immersions of regular stacks

[U/PGL2] ⊂ [P5/PGL2] ∼= [(A6 r {0})/GL2] ⊂ [A6/GL2]

each have complement of codimension ≥ 2, they induce isomorphisms
of Picard groups, hence the Picard groups are identified with

Pic([A6/GL2]) ∼= Pic(BGL2) ∼= Z.

(For these identifications of Picard groups, see [10, Lem. 2].) By com-
paring characters of GL2 we see that H generates the Picard group. �

For the rest of this section we work over a field k of characteristic
different from 2. On the space of binary quintic forms the discriminant
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is an invariant of degree 8, defining a divisor ∆ ⊂ P5 which on U has
singularities along quintic forms with two double roots.

Lemma 7. The canonical class K[U/PGL2] is −3H.

Proof. The coarse moduli space P(1, 2, 3) has a standard affine chart
isomorphic to A2 and on it a standard generator of the canonical bundle
on this chart. This pulls back to a rational section of the canonical
bundle of [U/PGL2] vanishing to order 1 along Z(J18) and having a
pole of order 6 along Z(J4). So we have

K[U/PGL2] = [Z(J18)] − 6[Z(J4)] = 9H − 12H = −3H.

�

Lemma 8. We have

Pic([M 0,5/S5]) ∼= Z ⊕ Z/2Z,

where the first summand is the Picard group of [U/PGL2] and the sec-
ond summand is generated by [∂] − 2H, where ∂ = [∂M 0,5/S5] with
∂M 0,5 denoting the boundary (complement of M0,5) of M 0,5.

Proof. As in the proof of Lemma 6 we may remove any codimension
2 substack without changing the Picard group. Removing the locus
of curves with three irreducible components, respectively quintic forms
with two double roots, the morphism [M 0,5/S5] → [U/PGL2] restricts
to a morphism

(5.1) [M
′

0,5/S5] → [U ′/PGL2],

such that ∆∩U ′ is a smooth divisor on U ′. A construction called root
stack adds stabilizer along a divisor: with standard Gm-action on A1

the stack [A1/Gm] is identified with pairs consisting of a line bundle
and a global section, which is determined by an effective Cartier divisor
so we have a morphism [U ′/PGL2] → [A1/Gm]; then the root stack of
interest is

[U ′/PGL2] ×[A1/Gm],θ2
[A1/Gm]

where

θ2 : [A1/Gm] → [A1/Gm]

is the morphism induced by squaring on both A1 and Gm; cf. [7, §2] and
[1, App. B]. Since ∆ acquires multiplicity 2 upon pullback to M 0,5, the
morphism (5.1) factors through the root stack; the morphism to the
root stack is quasi-finite, proper, and representable, hence by Zariski’s
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Main Theorem is an isomorphism. The result now follows by the dis-
cussion of the Picard group of a root stack in [7, §3.1] and the fact that
the PGL2-equivariant class of ∆ is 4H ∈ Pic([U/PGL2]). �

6. Moduli stacks of degree 4 Del Pezzo surfaces

The moduli stack MDP4, of degree 4 Del Pezzo surfaces, where we
allow arbitrary ADE-singularities, is an Artin stack, smooth, of finite
type, with separated quasicompact diagonal, and of relative dimension
2 over any chosen base ring.

Given a flat family of degree 4 Del Pezzo surfaces X → S over an
arbitrary scheme S, standard Hilbert scheme machinery gives rise to
a scheme of nonsingular lines L → S. By the associated deformation
theory, specifically the result [14, Cor. 5.4] and the fact that nonsingular
line L ⊂ X satisfies H i(L,NL/X) = 0 for i = 0 and 1, the morphism
L → S is étale. In particular, containing a nonsingular line is an open
condition in moduli, and there is a corresponding moduli stack M◦ of
degree 4 Del Pezzo surfaces containing a nonsingular line. This comes
with a representable étale covering

(6.1) M′◦ → M◦,

where M′◦ is the moduli stack of degree 4 Del Pezzo surface with choice
of nonsingular line. The stacks M◦ and M′◦ are also smooth, of finite
type, and of relative dimension 2 over the base ring.

We work over a perfect field k with char k 6= 2. By [29, §2.2], a
smooth Del Pezzo surface X ⊂ P4 over k is specified uniquely up to iso-
morphism by the singular locus of the pencil of quadric hypersurfaces
D ⊂ P(H0(X, IX(2))) up to projective equivalence together with an
isomorphism class of k-torsors under the group scheme Rk[D]/k(µ2)/µ2,
where Rk[D]/k denotes restriction of scalars. This description extends
naturally to singular degree 4 Del Pezzo surfaces containing a nonsin-
gular line (Theorem 9 and Corollary 10).

Theorem 9. The blow-up of the projective plane along the zero locus of
a binary quintic form on the Veronese-embedded projective line yields
an isomorphism of stacks

(6.2) [P5/PGL2]
∼→ M′◦

with inverse isomorphism given by the spectral cover construction (Sec-
tion 2). The spectral cover morphism

(6.3) M◦ → [P5/PGL2]
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is an étale gerbe (an étale surjective morphism with étale surjective
relative diagonal) which is neutral, i.e., admits a section; a section is
the composite of (6.1) and (6.2).

Proof. That we have the morphism (6.2) is clear. As remarked in the
proof of Theorem 5, the treatment given in Section 4 can be carried
out in a relative setting over a smooth k-scheme, so by Theorem 5
in a relative setting we have the isomorphism as claimed. The claim
about the section to the morphism (6.3) is clear, and implies that the
morphism (6.3) is étale surjective. It remains, therefore, only to show
that the relative diagonal is étale surjective, i.e., that two families in
M◦ having a common spectral cover are locally isomorphic. We can
étale locally make choices of nonsingular lines in the fibers, and then
we apply the isomorphism (6.2) to establish the assertion. �

Corollary 10. Given a Del Pezzo surface X ⊂ P4 of degree 4 over k the
set of nonsingular lines defined over k is either empty or is acted upon
simply transitively by the kernel of Aut(X) → PGL(H0(X, IX(2))).

In the stack of binary quintic forms there is the open substack
[U/PGL2] treated in Section 5, consisting of binary quintic forms with
at most double roots. We let M denote the corresponding open sub-
stack of M◦, under the morphism (6.3). Concretely, M is the moduli
stack of degree 4 Del Pezzo surfaces with at most one A1-singularity,
or with two A1-singularities connected by a line. The morphism (6.3)
restricts to

(6.4) M → [U/PGL2],

also a neutral étale gerbe. However, even though [U/PGL2] is separated
(and, in fact, is proper), the stack M is nonseparated, since as remarked
in the Introduction (see also [18, Rem. 2]), the order of the geometric
stabilizer group in a family may decrease under specialization.

If we let U◦ denote the open subset of U with nonvanishing discrim-
inant and Msm denote the moduli stack of smooth degree 4 Del Pezzo
surfaces, then (6.4) restricts to a neutral étale gerbe

(6.5) Msm → [U◦/PGL2].

Remark 11. The morphism M → P(1, 2, 3) is one-to-one on geometric
points by [18, Prop. 1]. By combining a standard property of gerbes [26,
Lem. 3.8] with the fact that [U/PGL2] → P(1, 2, 3) is a coarse moduli
space, we deduce that the morphism M → P(1, 2, 3) is also universal
for morphisms to algebraic spaces. However, M is nonseparated, the
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property of being étale locally on a coarse moduli space a quotient of
a scheme by a finite group (a standard property for separated Deligne-
Mumford stacks and more generally for Deligne-Mumford stacks with
finite stabilizer [20]) fails to hold for the stack M.

Corollary 12. The singular locus of the total space of the universal
family over

[M 0,5/S5] ×[U/PGL2] M
consists of ordinary double points in the fibers over the locus of singular
degree 4 Del Pezzo surfaces.

Proposition 13. The morphism (6.3) and (6.4) induce isomorphisms
on Picard groups. In particular, we have Pic(MDP4) ∼= Pic(M) ∼= Z.

Proof. Let

β : [P5/PGL2] → M◦

denote the composite of (6.1) and (6.2), mentioned in the statement of
Theorem 9. The Leray spectral sequence gives an exact sequence

0 → Pic([P5/PGL2]) → Pic(M◦) → Hom(Aut(β),Gm) → 0.

Already the restriction of the sheaf Hom(Aut(s),Gm) to [U◦/PGL2] has
no nontrivial sections. Since the stacks in question all have separated
diagonal, this is enough to deduce the vanishing of Hom(Aut(β),Gm).
We conclude by appealing to Lemma 6. �

We call attention to the restriction of β to [U/PGL2], a section

(6.6) [U/PGL2] → M
of the gerbe (6.4), and to [U◦/PGL2], a section

(6.7) [U◦/PGL2] → Msm

of the gerbe (6.5).

Corollary 14. For a flat family π : X → P1 of degree 4 Del Pezzo
surfaces with ADE-singularities, we have

(6.8) deg(π∗ω
−1
π ) = deg(π∗(IX (2))),

with the notation of Section 2.

Proof. By Proposition 13, the degrees in (6.8) must be related by a
constant proportionality. We deduce their equality from any of the
worked out examples, e.g., Case 1 on page 11 of [18] with π∗ω

−1
π

∼=
OP1(−2n)5 and π∗(IX (2)) ∼= OP1(−5n)2. �
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Definition 15. The height of a flat family π : X → P1 of degree 4 Del
Pezzo surfaces with ADE-singularities is the quantity

h(X ) = −2 deg(π∗ω
−1
π ) = −2 deg(π∗(IX (2))).

The constant 2 in the definition of height is a convention. This height
agrees with the height defined in [18, §3]; see Appendix.

Lemma 16. Let Fn be the Hirzebruch surface, with Picard group gen-
erated by (−n)-curve ξ and fiber f . If D ⊂ Fn is a reduced divisor in
class [D] = af + bξ then (b − 1)n ≤ a. If D ⊂ Fn is irreducible then
either a ≥ bn or a = 0.

Proof. The first assertion is a consequence of Proposition 2.2 of [23].
The second encodes the fact that D ·ξ ≥ 0 unless D contains a multiple
of ξ. �

For d ≤ e, on the Hirzebruch surface P(OP1(d) ⊕OP1(e)) ∼= Fn with
n = e− d we have c1(OP(O(d)⊕O(e))(1)) = −df + ξ.

Lemma 17. Let E be a vector bundle on a scheme B, let π : P(E∨) →
B be the projectivization of the dual of E, let F be a vector bundle of
rank f on B, and let F → Symd(E) for some d ≥ 1 be given, defining
X ⊂ P(E∨) (locally by f homogeneous equations of degree d). Assume
that the fibers of X → B are of codimension f . Then

[X ] = cf(OP(E∨)(d) ⊗ π∗F∨)

in the Chow group of P(E∨).

Proof. From F → Symd(E) = π∗OP(E∨)(d) we get π∗F → OP(E∨)(d)
and hence a global section of OP(E∨)(d)⊗π∗F∨, whose vanishing defines
X ⊂ P(E∨). �

We will consider flat families of degree 4 Del Pezzo surfaces over P1

with smooth general fiber. The geometric fibers over closed points of
P1 are allowed to have arbitrary ADE-singularities. Let h = h(X ) be
the height of such a family π : X → P1.

Proposition 18. A generically smooth family π : X → P1 of degree 4
Del Pezzo surfaces of height h = h(X ) has discriminant divisor ∆(π) ⊂
P1 of degree 2h.

Proof. The discriminant divisor is defined by the vanishing of

OP1(−10h) ∼= ((∧2π∗(IX (2))∨)∨)⊗20

→ Sym8(Sym5(π∗(IX (2))∨)∨) → (∧5π∗ω
−1
π )⊗16 ∼= OP1(−8h).
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We are using the eighth symmetric power of the dual of the linear
transformation coming from (2.1). �

Corollary 19. For a family π : X → P1 of height h the morphism
P1 → P(1, 2, 3) has degree 6h, i.e., the image of the class [P1] is 6h
times the positive generator of the divisor class group of P(1, 2, 3).

Proposition 20. Let π : X → P1 be a nonconstant flat generically
smooth family of degree 4 Del Pezzo surfaces with ADE-singularities.
Then:

• We have h(X ) ≥ 4.
• If the spectral cover D is irreducible then h(X ) 6= 6.
• If in addition the monodromy action on the lines does not factor

through S5 ⊂W (D5) then h(X ) 6= 4.

Proof. Letting h = h(X ), it follows from the definition of height that
(∧5π∗ω

−1
π )⊗2 ∼= OP1(−h). Lemma 17 yields

[D] = c1(OP(π∗(IX (2)))(5)) − hf.

Let us write

π∗(IX (2)) ∼= O(a) ⊕O(−h
2
− a)

with a ≤ −h/4. We set n = −2a− h/2. Then,

(6.9) [D] = (−5a− h)f + 5ξ

on P(π∗(IX (2))) ∼= Fn.
Now assume that the generic fiber of π is smooth. ThenD is reduced,

so by Lemma 16 we have −3a− h ≤ 0. Combining the facts, we have

−h
3
≤ a ≤ −h

4
.

So, h = 2 is impossible.
Suppose further that D is irreducible. Then the second part of

Lemma 16 implies −5a− h ≥ 5n = 5(−2a− h/2), hence

−3h

10
≤ a ≤ −h

4
.

This excludes h = 6.
Finally, suppose h = 4. The analysis above implies a = −1, n = 0

and [D] = f + 5ξ, i.e., D has bidegree (1, 5) in P1 × P1. Since D is
irreducible, it is necessarily isomorphic to P1. Since P1 is simply con-
nected, the monodromy action on the families of planes in the singular
quadric hypersurfaces consists of two S5-orbits. �
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7. Genericity conditions

We continue to work over a perfect field k of characteristic different
from 2. The primary case of interest is a generically smooth family
π : X → P1 of degree 4 Del Pezzo surfaces with square-free discrimi-
nant. We introduce two conditions for π to be general.

Definition 21.

(G1) π has reduced discriminant divisor, or equivalently, X is smooth
and each fiber of π has at worst a single A1-singularity,

(G2) π has full W (D5)-monodromy of lines in smooth fibers.

For D → F → P1 with F → P1 a Hirzebruch surface with divisor D
such that D → P1 is finite and flat of degree 5, there are two related
conditions:

Definition 22.

(G1)′ D is simply branched over P1.
(G2)′ The normal closure of k(D) over k(P1) has Galois group S5.

Given a generically smooth family π : X → P1 of Del Pezzo surfaces
of degree 4, we will say that π satisfies (G2)′ if the spectral cover
D ⊂ P(π∗(IX (2))) → P1 satisfies (G2)′. We remark that in W (D5)
there are no proper subgroups strictly containing S5. So, (G2)′ implies
either S5-monodromy or full W (D5)-monodromy of lines in smooth
fibers.

Proposition 23. A family π : X → P1 of height h = h(X ) satisfying
(G1) has 2h singular fibers. If, furthermore, π satisfies (G2)′, then the
spectral curve is an irreducible nonsingular curve of genus h− 4.

Proof. This is immediate from Proposition 18. �

Condition (G1) is open in moduli. In the locus of moduli where
(G1) is satisfied, condition (G2) is an open and closed condition. This
means, if we let Hom(P1,M; h) denote the moduli stack of height h
families of Del Pezzo surfaces of degree 4, then the families satisfying
(G1) are the points of a well-defined open substack Hom(G1)(P

1,M; h).
There is an open and closed substack

Hom(G1),(G2)(P
1,M; h) ⊂ Hom(G1)(P

1,M; h)

where both (G1) and (G2) are satisfied.
If D ⊂ P(π∗(IX (2))) → P1 is the spectral cover of π, then it satisfies

(G1)′ if and only if π satisfies (G1). Furthermore, property (G2) for
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π implies that D ⊂ P(π∗(IX (2))) → P1 satisfies (G2)′, although the
reverse implication does not hold. Because any subgroup of S5 con-
taining a transposition and acting transitively on {1, . . . , 5} is the full
group S5, if in Definition 22 (G1)′ holds and D is irreducible, then
(G2)′ holds as well.

There are open and closed substacks

Hom(G1),(G2)′(P
1,M; h) ⊂ Hom(G1)(P

1,M; h)

and

Hom(G1)′,(G2)′(P
1, [U/PGL2]; h) ⊂ Hom(G1)′(P

1, [U/PGL2]; h),

where the notation is self-explanatory. We will remove h from the
notation when we do not want to constrain the height.

Lemma 24. The stack Hom(G1)(P
1,M; h) is smooth of dimension 3

2
h+

2.

Proof. For h = 0 the assertion is trivial, so we assume h > 0. As
remarked above, (G1) implies that the spectral curve D is smooth.
Since M is étale over [U/PGL2], it suffices to show that the space
of maps P1 → [U/PGL2] of degree 6h with smooth spectral curve is
smooth.

We treat two cases, according to whether or not the spectral curve
is irreducible. First suppose that the spectral curve is irreducible.
The stack of morphisms P1 → B(PGL2) is the stack BunPGL2

whose
fiber over any scheme T is the category of principal PGL2-bundles
over T × P1. It is a smooth algebraic stack with two irreducible com-
ponents, each of dimension −3. Identifying PGL2-bundles with P1-
bundles, these correspond to the Hirzebruch surfaces Fn with n even,
respectively, n odd. The stack of morphisms from P1 to [U/PGL2] is an
algebraic stack Hom(P1, [U/PGL2]), and its points correspond to cov-
ers D ⊂ F → P1 as above. Standard deformation theory in a relative
setting (see [14, Cor. 5.4]) implies that the morphism

(7.1) Hom(G1)′(P
1, [U/PGL2]; h) → BunPGL2

is smooth of relative dimension 3
2
h + 5. Indeed, in this situation

OF(D)|D has degree 5h/2, so H1(D,OF(D)|D) = 0 and

dimH0(D,OF(D)|D) =
3

2
h+ 5.

If the spectral curve is reducible, then it must be a disjoint union of
the exceptional curve E ⊂ Fn and an irreducible curve different from
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E. Then h must be divisible by 6, with n = h/6 and spectral curve
D∪E with [D] = (2/3)hf +4ξ, by (6.9) (with the same notation). By
deformation theory for the curve in the surface E ⊂ Fn, the vanishing

(7.2) Ext1(Ω1
Fn

(logE),OFn
) = 0

implies that near a point with reducible spectral curve the morphism
(7.1) factors through the locally closed substack of BunPGL2

correspond-
ing to the isomorphism type of Fn. We conclude as above by computing
the dimension of |D| to be 5

3
h + 4 and noting that 5

3
h + 4 − (n+ 2) =

3
2
h + 2. The vanishing (7.2) may be seen by comparing the sequences

of Ext groups associated with the standard exact sequences

0 // Ω1
Fn

// Ω1
Fn

(logE) //

��

OE
//

��

0

0 // Ω1
Fn

// Ω1
Fn

(log
∑
Di) //

⊕ODi

// 0

where Di are the toric divisors on Fn, and applying the triviality of
the middle term of the bottom sequence (see, e.g., [9, §8.1]) and the
isomorphism Extj(ODi

,OFn
) ∼= Hj−1(Di,OFn

(Di)|Di
). �

Remark 25. Lemma 24 is consistent with the expected dimension of
the Kontsevich space of maps f : P1 → M. Indeed, if g : P1 →
[U/PGL2] denotes the composite map to [U/PGL2] then the expected
dimension is

deg(g∗K[U/PGL2]) − 1 =
3

2
h− 1.

8. Log general type surfaces

We work over an algebraically closed field of characteristic different
from 2.

Proposition 26. Let X be a smooth quartic Del Pezzo surface with
lines D1, . . . , D16 ⊂ X. Then the pair (X, (D1, . . . , D16)) is has log
canonical singularities and ample log canonical class.

Proof. Computing in the Picard group, we find that

D1 + · · ·+D16 ≡ −4KX

thus the log canonical class KX + D1 + · · · + D16 is ample. Recall
that at most two Di can be incident at any point x ∈ X—this is
straightforward from the classical realization of X as the blow-up of P2

at five distict points with no three collinear. Since each Di is smooth,
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the union ∪16
i=1 is strict normal crossings; thus the pair is log canonical.

�

We would like to compactify the moduli space of quartic Del Pezzo
surfaces, considered as a moduli space of ‘stable log surfaces’, in the
sense of Kollár, Shepherd-Barron, and Alexeev [3, 16]. In positive
characteristic the general construction of moduli spaces of stable log
surfaces is not fully worked out, but the specific space we require can
be obtained via other techniques [17].

The definition of a family of stable log surfaces is still evolving; we
refer the reader to [21] for more detailed discussion. For our purposes,
we may use the following restricted definition:

Definition 27. Let B be a scheme of finite type over the base field.
A family of mildly singular stable log varieties consists of

• a scheme π : X → B with π flat, proper, and Gorenstein;
• effective Cartier divisors D1, . . . ,Dr ⊂ X flat over B;

satisfying the following: For each closed point b ∈ B,

• the pair (Xb, (D1b, . . . ,Drb)) is semilog canonical;
• ωπ(D1+ · · ·+Dr)|Xb is ample, where ωπ is the relative dualizing

sheaf.

Note that ωπ(D1+ · · ·+Dr)|Xb = ωXb
(D1b + · · ·+Drb) for each b ∈ B,

by standard properties of the dualizing sheaf.
In general, stable varieties need not be Gorenstein and the boundary

components need not be Cartier, which is why we describe these as
‘mild’ singularities. The mildness conditions behave extremely well
in families—both are open conditions: If Xb is Gorenstein then π is
Gorenstein over some neighborhood of b; if Dj,b is Cartier (and Dj is
flat over B) then Dj is Cartier near b. In practice, this means that the
mildly singular varieties are open in moduli spaces of stable varieties.

Let M̃+ denote the connected component of the moduli stack of
stable log surfaces (X, (D1, . . . , D16)) containing the pairs introduced
in Proposition 26. We recall some key properties:

• M̃+ ≃M0,5 [17, Rem. 1.3, Thm. 10.19], with the smooth quar-
tic Del Pezzos identified with M0,5;

• the singularities of the fibers are ‘stably toric’, obtained by
gluing together toroidal varieties along their boundaries [17,
Thm. 1.1].
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For our purposes, we enumerate the singular fibers over the zero-
dimensional and one-dimensional boundary strata of M 0,5. This de-
scription is implicit in [17, Rem. 1.3(5)]:

one-dimensional: The surface X consists of six components:

• X1, the minimal resolution of a quartic Del Pezzo surface with
a single node with conductor divisors

– B12 the exceptional divisor over the node;
– B1k, k = 3, 4, 5, 6 the proper transforms of the lines meeting

the node;
• X2, the blow up of a quadric surface at four coplanar points
p3, p4, p5, p6 with conductor divisors

– B12 the proper transform of the hyperplane sections;
– B2k, k = 3, 4, 5, 6 the exceptional divisors over the pk;

• Xk, k = 3, 4, 5, 6 copies of the Hirzebruch surface F0 with dis-
tinguished rulings

– Bk1 ∈ |fk| ;
– Bk2 ∈ |f ′

k|;
Note that X1 and X2 are in fact isomorphic.

The limits of the 16 lines are

• D1k: union of the eight lines of X1 not incident to the node
and the ruling ∈ |f ′

k| meeting it;
• D2k: union of the eight lines of X2 not incident to the node

and the ruling ∈ |fk| meeting it.

In particular, X is D-semistable in the sense of Friedman [11]; each
line Dij ⊂ X is cut out transversally. Thus the singularities are mild.

zero-dimensional: The surface X consists of 12 components of two
types:

• four components X1, X2, X3, X4, each isomorphic to P2 blown
up at four non-collinear points {x′i,i−1, x

′′
i,i−1, x

′
i,i+i, x

′′
i,i+1}, i ∈

Z/4Z, with conductor divisor
– the four exceptional divisors B′

i,i−1, B
′′
i,i−1, B

′
i,i+1, B

′′
i,i+1 in

Xi;
– the proper transforms Bi,i−1 and Bi,i+1 of the lines joining
{x′i,i−1, x

′′
i,i−1} and {x′i,i+1, x

′′
i,i+1} respectively;

• eight components X ′
12, X

′′
12, X

′
23, X

′′
23, X

′
34, X

′′
34, X

′
41, X

′′
41 isomor-

phic to F0, with conductor divisor consisting of representatives
from each ruling.



MODULI OF DEL PEZZO SURFACES 21

−2 −2

−1

−1

−1

−1

−1

−1

−1

−1

0 0

X X1 2

Xk

Figure 1. the components, with conductors solid and
lines dashed
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Figure 2. the four new components X1, . . . , X4

Note that the components of the second type appear over the codimension-
one boundary points; however, we now have eight such components
rather than four.

We describe the limit of one of the 16 lines, the others being defined
symmetrically. It has three irreducible components:

• In X1, take the proper transform D1,4′,2′ of the line joining
{x′1,4, x

′
1,2}.

• In X ′
41 take the ruling incident to D1,4′,2′ in one point.

• In X ′
12 take the ruling incident to D1,4′,2′ in one point.

In particular,X is D-semistable except at one point, whereX1, X2, X3, X4

all intersect. Here X is locally the cone over a cycle of four lines in P3,
e.g.,

{x = z = 0} ∪ {y = z = 0} ∪ {y = x+ z − 1 = 0} ∪ {x = y + z − 1}
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which is a complete intersection

{xy = z(x+ y + z − 1) = 0}
thus Gorenstein. Each line avoids this point and is cut out transversally
in X. These singularities are mild as well.

From this analysis, we deduce

Proposition 28. The action of W (D5) on the moduli space of marked

quartic Del Pezzo surfaces extends naturally to a regular action on M̃+.
The distinguished subgroup

(Z/2Z)4 = ker(W (D5) → S5)

acts via automorphisms on the universal family. The induced action of

S5 on M̃+ coincides with the standard relabelling action on M 0,5.

Definition 29. Let M̃ = [M̃+/W (D5)] denote the moduli stack of
stable log surfaces as above, with unordered boundary divisors.

This comes with a morphism

(8.1) M̃ ∼= [M 0,5/W (D5)] → [M 0,5/S5]

fitting into a fiber diagram with the morphism of classifying stacks

BW (D5) → BS5. In particular, M̃ is proper with coarse moduli space
P(1, 2, 3). The morphism (8.1) restricts to a morphism

(8.2) Msm ∼= [M0,5/W (D5)] → [M0,5/S5] ∼= [U◦/PGL2].

9. Comparison of moduli spaces

We start by recalling a well-known geometric description of torsors
under symmetric and hyperoctahedral groups. Let n be a positive
integer, and let T be a scheme. There is an equivalence

Covn(T ) ∼= BSn(T )

between the category of degree-n étale covers of T , and the category of
Sn-torsors over T , where Sn denotes the symmetric group on n letters,
sending an étale cover U → T to the open subscheme of the n-fold
fiber product U×n over T of pairwise distinct points, and in the other
direction associating to an Sn-torsorE → T the cover E×Sn{1, . . . , n}.

There is a similar equivalence

Cov2,n(T ) ∼= BW (Bn)(T )
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between the category of towers of étale coverings V → U → T with
V → U of degree 2 and U → T of degree n and the category of torsors
under the hyperoctahedral group W (Bn) = (Z/2Z)n ⋊ Sn. For torsors
under the index 2 subgroup W (Dn) ⊂ W (Bn) (the type D Weyl group)
there is a description via towers V → U → T together with a section
of E/W (Dn) → T , where E denotes the associated W (Bn)-torsor. If
n is odd, then the involution of V → U induces the involution of the
degree 2 cover E/W (Dn) → T .

The next result uses the above language to make explicit the mor-
phism (8.2).

Proposition 30. (i) Let T be a scheme and T → [U◦/PGL2] a mor-
phism, corresponding to the cover D ⊂ P(E) → T for a rank 2 vector
bundle E on T . Then D → T is canonically identified with the degree
5 cover associated with the composite

T → [U◦/PGL2] ∼= [M0,5/S5] → BS5.

(ii) Let T be a scheme and π : X → T a smooth family of Del Pezzo
surfaces of degree 4, corresponding to a morphism T → Msm. Let

D ⊂ P(π∗(IX (2))) → T

be the spectral cover, parametrizing singular members of the pencils
of quadric hypersurfaces, and D̃ → D the degree 2 cover of singular
quadric hypersurface with family of rulings, cf. [18, §3]. Then

D̃ → D → T

is canonically identified with the tower of coverings associated with the
composite morphism

T → Msm ∼= [M0,5/W (D5)] → BW (D5).

(iii) Let T be a scheme, π : X → T a smooth family of Del Pezzo
surfaces of degree 4 with family of lines L ⊂ X , corresponding to a
morphism T → [U◦/PGL2] ∼= M′◦ ×M◦ Msm. Then with the notation
of (ii) we obtain a canonical identification D̃ ∼= D × Z/2Z by labeling
with 0 the family of planes containing the linear span of the vertex of
a singular quadric and the chosen line of L and with 1 the opposite
family.

Proof. The first assertion is clear. For the second assertion, given a
smooth Del Pezzo surface of degree 4, each singular member of the
pencil of quadric hypersurfaces determines a partition of the set of 16
lines into two disjoint sets each consisting of 4 pairs of intersecting lines.
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Then W (D5) acts on the 5 such pairs of sets via the standard inclusion
in the hyperoctahedral group (Z/2Z)5⋊S5, cf. [22], and the assertion is
clear. For the third assertion, we merely recall that the choice of family
of lines L dictates a distinguished plane in every singular member of
the pencil of quadrics, namely the linear span with the vertex. �

Corollary 31. The morphism (6.7) fits into a fiber diagram

[U◦/PGL2] //

��

BS5

��

Msm // BW (D5)

with the right-hand morphism induced by S5 ⊂W (D5).

Proposition 32. (i) There is a canonical étale representable morphism

[M 0,5/S5] ×[U/PGL2] M → M̃,

extending the identity morphism on smooth families of degree 4 Del
Pezzo surfaces.
(ii) The morphism [M0,5/S5] → [M 0,5/S5]×[U/PGL2] M determined by
the section (6.6), composed with the morphism in (i), is canonically
2-isomorphic to the morphism

[M 0,5/S5] → [M 0,5/W (D5)] ∼= M̃
coming from S5 ⊂ W (D5).

Proof. For both statements, we use Nagata-Zariski purity, (cf. [13, Cor.
X.3.3]) which tells us that the restriction functor, from finite étale
covers of a regular locally noetherian scheme X to covers of a dense
open subscheme U is fully faithful, and is an equivalence of categories if
XrU is of codimension at least 2. The statement is equally valid if X
is an algebraic stack. For (i), by the fiber diagram mentioned just after
Definition 29 it suffices to show that the tautologicalW (D5)-torsor over
Msm ∼= [M0,5/W (D5)] extends to a W (D5)-torsor over the complement
of a codimension 2 substack of [M 0,5/S5]×[U/PGL2]M. We consider the
substack of Del Pezzo surfaces with at most one A1-singularity. Then
the recipe to produce a log canonical model is to blow up the singular
locus described in Corollary 12, then to blow up the (−1)-curves in the
fibers meeting the relative singular locus. The proof of (ii) is similar,
using Corollary 31. �
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By Proposition 32(i) we have a 2-commutative diagram with carte-
sian square.

[M 0,5/S5] ×[U/PGL2] M //

uukkkkkkkkkkkkkkk

��

M

��

M̃ ∼= [M0,5/W (D5)]
// [M 0,5/S5] // [U/PGL2]

(9.1)

Given a family of Del Pezzo surfaces of degree 4 over a regular base
whose discriminant divisor is a multiple of 2, Proposition 32(i) supplies
a family of log general type surfaces, which we call the associated family
of log general type surfaces.

Proposition 33. Let R be a discrete valuation ring over k with alge-
braically closed residue field, and let X → Spec(R) and X ′ → Spec(R)
be generically smooth families of Del Pezzo surfaces of degree 4, each
with central fiber having a single A1-singularity and with discriminant
of valuation 2. Let

X̃ = Bl4 lines(BlX sing(X ))

where we recognize by the hypotheses that X has one singular point,
an ordinary double point, which is the center of the first blow-up, and
where the second blow-up is along the proper transform of the four lines
in the central fiber meeting X sing. Define X̃ ′ similarly, and let

ϕ : X̃ → X̃ ′

be an isomorphism over Spec(R). Then the rational map

X 99K X ′

induced by ϕ is a morphism when ϕ sends exceptional divisors to ex-
ceptional divisors and is only a rational map otherwise.

Proof. Under the composite blow-down morphism X̃ → X the pre-
image of the complement of the four lines meeting X sing is the comple-

ment of the exceptional divisors in X̃ . If ϕ sends exceptional divisors
to exceptional divisors then ϕ induces an isomorphism

X r {4 lines} → X ′ r {4 lines}.
Since X is normal, this extends to an isomorphism X → X ′. Con-
versely, an isomorphism X → X ′ induces an isomorphism of blow-ups
sending exceptional components to exceptional components. �
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Proposition 34. Let R be a strictly henselian discrete valuation ring
over k with ̟ ∈ R a uniformizer, and let

D ⊂ P1
R

be a divisor, with D isomorphic over Spec(R) to

Spec(R(
√
̟)) ∐

3∐

i=1

Spec(R).

Let
ι : P1

R → P2
R,

denote the Veronese embedding, and define

X0 = Blι(D)(P
2
R), X = Spec(R(

√
̟)) ×Spec(R) X0.

Define X̃ as in Proposition 33, i.e., as the blow-up along four lines of

the blow-up of the singular point of X . Notice that X̃ has a unique
exceptional divisors isomorphic to the minimal resolution of an A1-
singular Del Pezzo surface of degree 4; we call this the Del Pezzo ex-
ceptional divisor. Let τ : R(

√
̟) → R(

√
̟) be the nontrivial Galois

automorphism. Then the automorphism Spec(τ) × idX0
of X induces

an automorphism of X̃ which maps the Del Pezzo exceptional divisor
nontrivially to itself.

Proof. Since the blow-ups have Galos-invariant centers, the automor-

phism of X induces an automorphism of X̃ mapping exceptional di-
visors to exceptional divisors, hence the Del Pezzo exceptional divisor
to itself. The Del Pezzo exceptional divisor is birational to the projec-
tivized normal cone to X sing. A computation in formal local coordinates
establishes the result. �

10. Maps to M from covers of spectral curves

Theorem 35. Let k be a field of characteristic different from 2. There
is an equivalence of fibered categories over k-schemes between

• families X → T×P1 of degree 4 Del Pezzo surfaces (flat, proper,
finitely presentated, with fibers having ADE-singularities) satis-
fying (G1) and (G2)′ over all geometric points of T , and

• the fibered category whose fiber over T consists of D ⊂ F →
T × P1 with F → T × P1 a P1-bundle, D → T smooth with
D → T × P1 finite flat of degree 5 and satisfying (G1)′ and
(G2)′ over all geometric points of T , together with a section of
the 2-torsion of the relative Jacobian J(D/T )[2] → T ,
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given by the spectral cover construction together with the fiberwise dou-
ble cover of families of planes in the singular quadric hypersurfaces.

Proof. The functor in the forward direction is given as follows. To a
family π : X → T × P1 we associate the spectral cover

D ⊂ P(π∗(IX (2))) → T × P1

which parametrizes singular members of the pencils of quadric hyper-
surfaces of the fibers of π, together with the section of J(D/T )[2] → T
corresponding to the double cover D̃ → D of families of planes in the
singular quadrics. Compatiblity of the construction with base change
is obvious, so we have a functor between the fibered categories.

This functor is a morphism between algebraic stacks that are étale
over Hom(G1)′(P

1, [U/PGL2]). So the morphism is étale, and to verify
that it is an isomorphism it suffices to show that each geometric fiber
consist of a single point, with trivial stabilizer. For this we may assume
that k is algebraically closed and that we are given D ⊂ F → P1 with
F a Hirzebruch surface, D a nonsingular irreducible curve and D → P1

finite of degree 5 and simply ramified over a divisor ∆ ⊂ P1, together
with a 2-torsion element of the Jacobian J(D). Let P1 → [U/PGL2]
and D̃ → D be the corresponding morphism, respectively, cover. Let

C = [M 0,5/S5] ×[U/PGL2] P1,

so we have the solid arrows of a diagram which extends the diagram
(9.1):

C //

%%LLLLLLLLLLLLLLLLLLLLLLLLLLLLL

��
*

*
*

*
*

*
*

*
*

*
*

*
*

��
/

/
/

/
/

/
/

/

**VVVVVVVVVVV P1

��


























[M 0,5/S5] ×[U/PGL2] M //

mmmm

vvmmmmmmmmm
��

M

��

M̃ //

��

[M 0,5/S5] //

��

[U/PGL2]

BW (D5) // BS5

(10.1)

In the diagram, the lower square is a fiber square, as mentioned just
after Definition 29.

By the discussion in the proof of Lemma 8, C is a root stack over P1

along ∆. So if we let D be the normalization of C ×P1 D, then D is
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étale cover C. Setting D̃ = D̃ ×D D, we have a tower

(10.2) D̃ → D → C
The dashed arrows in the diagram are obtained by examining the tower
(10.2) near an orbifold point of C. If we pass to the henselization of
the local ring of P1 at a point of ∆ then we obtain, by base change,
[Spec(k[t]h(t))/µ2] → C. The base change of D is

(10.3) Spec(k[t]h(t)) ∐
3∐

i=1

[Spec(k[t]h(t))/µ2],

corresponding to the morphism [Spec(k[t]h(t))/µ2] → BS5 given by a

transposition in S5. Since D̃ → D is obtained by base change from
D̃ → D, the only possibility is that D̃ → D base-changes to a trivial
cover of (10.3). In particular, if we let E be the open substack of D̃×n as
in the description in Section 9, then the base change of E/W (D5) → C is
also a trivial cover, so since C is an orbifold P1, the cover E/W (D5) → C
must be globally trivial. So there is a canonical W (D5)-torsor over C
corresponding to the tower (10.2), and hence a bottom dashed arrow
in the diagram, determined up to unique 2-isomorphism. (Recall, the
involution of D̃ over D switches the two sections of E/W (D5) → C,
so the W (D5)-torsor structure is canonical.) The next dashed arrow is
obtained using the universal property of a fiber diagram, i.e., we have
a canonically defined family of log general type surfaces ǫ : Y → C. To
give the final dashed arrow is equivalent to giving a section of

(10.4) C ×fM ([M 0,5/S5] ×[U/PGL2] M) → C.
This is an étale morphism, an isomorphism away from the orbifold
points of C, and of degree 2 over the orbifold points of C. By Proposition
33, the fiber of (10.4) over an orbifold point of C is identified with the
2-element set of components of the fiber of ǫ, isomorphic to a resolution
of a singular Del Pezzo surface of degree 4; we call these the Del Pezzo
components. Combining Propositions 32(ii) and 34, we see that µ2

acts trivially on the set of Del Pezzo components, and the µ2-action
on one of the Del Pezzo components is trivial and on the other is
nontrivial. So the morphism (10.4) admits sections, and a section is
specified uniquely by dictating the choice of Del Pezzo component that
is acted upon trivially by µ2 at each orbifold point. With this uniquely
specified section we have, canonically determined, a family π′ : X ′ → C
of Del Pezzo surfaces and an isomorphism of the associated family of
log general type surfaces with Y . Since the µ2-action on the fiber of
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π′ at any orbifold point of C is trivial, π′ is obtained by base change
from a family π : X → P1 of Del Pezzo surfaces, defined up to a unique
isomorphism. The spectral curve is D ⊂ F → P1, and the double cover
associated to the families of planes in singular quadric hypersurfaces
is D̃ → D. So we have shown that morphism of algebraic stacks,
described in the statement of the theorem, is surjective. Noting the
uniqueness (up to canonical 2-isomorphisms) of the dashed arrows in
(10.1) and the uniqueness of the family π in the last step, we obtain
that the morphism is an isomorphism. �

We apply this description to enumerate the components of general
families of given height.

Theorem 36. Fix a height h, even and positive. The space of families
of height h satisfying Conditions (G1) and (G2) is empty when h ≤ 6
and for h ≥ 8 consists of:

(i) two components when h = 8 or h = 10;
(ii) one component when h ≥ 12.

When h = 8, the spectral curve is hyperelliptic, hence the 2-torsion of
the Jacobian is partitioned according to the minimal number of Weier-
strass points (minus the appropriate multiple of the g1

2) in the canon-
ical represenation. The two components with monodromy W (D5) cor-
respond to sums of two, respectively four Weierstrass points. When
h = 10, the spectral curve is a plane quintic curve, hence comes with
a natural theta characteristic and an associated quadratic form on the
2-torsion of the Jacobian. In this case the two components with mon-
odromy W (D5) correspond to the two values of the quadratic form on
the nonzero points of the 2-torsion of the Jacobian of D.

Proof. By Theorem 35, we may consider spectral curves in Hirzebruch
surfaces with choice of 2-torsion in the Jacobian. By the relative
smoothness assertion of Lemma 24, we may restrict to case of the
Hirzebruch surfaces F0 = P1 × P1 and F1.

Assume h ≥ 12. By the formula (6.9), for h divisible by 4 we have
D ⊂ P1 × P1 of bidegree (h/4, 5), and for h congruent to 2 modulo 4
we have D ⊂ F1 with [D] = ((h + 10)/4)f + 5ξ. In each case Lemma
1 implies that the monodromy action on the 2-torsion in the Jacobian
of the spectral curve is the full symplectic group. So the space of pairs
(D, D̃ → D) with D as above and D̃ → D a nontrivial unramified
degree 2 cover consists of a single component.
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When h = 10 we have D ⊂ F1 with [D] = 5f +5ξ, i.e., if we identify
F1 with the blow-up of a point in the projective plane then D is the pre-
image of a smooth quintic curve not passing through the point that is
blown up. In this case the restriction of OP2(1) is a theta characteristic,
so the monodromy group is cut down to O(H2(D,Z/2Z), q) where q
is the corresponding quadratic form. When h = 8, the spectral curve
is of bidegree (2, 5) in P1 × P1, and Example 2 furnishes the complete
description. �

11. Examples of families of low height

In this section, we provide examples, in height 8 and 10, of distinct
families of quartic Del Pezzo surface fibrations π : X → P1, of expected
dimension and maximal monodromy.

Height 8: We recall the construction from [18, Remark 15]. Let

X ⊂ P1 × P5

be a complete intersection of a form of bidegree (1, 1) and two forms of
bidegree (0, 2). The projection to the second factor X → Y ⊂ P5 gives a
complete intersection of two quadrics, and the quartic Del Pezzo surface
fibration π : X → P1 corresponds to a pencil of hyperplane sections,
with base locus a smooth curve E of genus 1. In turn, projection from
a line ℓ in Y is the blowup of P3 in a quintic curve of genus 2, so that

IJ(X ) ≃ J(C) × E.

Height 8: Consider the vector bundle

E = O2
P1×P1 ⊕OP1×P1(−1,−1)

and its projectivization φ : P(E) → P1 × P1. Let φi : P(E) → P1

denote the resulting projections. Let W ⊂ P(E) be a conic fibration
corresponding to OP(E)(2) ⊗ φ∗

2OP1(1), given by a section of

Sym2(E∨) ⊗OP1×P1(0, 1).

Such a section corresponds to a symmetric matrix of forms

A :=



A11 A12 A13

A12 A22 A23

A13 A23 A33



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where A11, A12, A22 have bidegree (0, 1), A13 and A23 have bidegree
(1, 2), and A33 has bidegree (2, 3). Note that

h0(Sym2(E∨) ⊗OP1×P1(0, 1)) = 30

and h0(End(E)) = 13, so dim Aut(P(E)) = 18 and hence W depends
on 11 parameters.

The discriminant curve D ⊂ P1 × P1 has bidegree (2, 5), thus is
hyperelliptic of genus four. Thus the projection φ1 : W → P1 has
fibers isomorphic to conic bundles with five degenerate fibers, whence
cubic surfaces. Consider the subvariety

W ′ = P(O2
P1×P1) ∩W ⊂ P1

1 × P1
2 × P1

3;

we order so that φ1 and φ2 map to P1
1 and P1

2 and P1
3 is the fiber of

P(O2
P1×P1) → P1

1 × P1
2. We regard W ′ as a bisection of W → P1

1 × P1
2.

A degree computation shows that W ′ is the preimage of a curve B ⊂
P1

2 × P1
3 of bidegree (1, 2).

Now fD : D → P1
2 and fB : B → P1

2 both have degree two with ten
and two branch points respectively.

Lemma 37. The branch locus of fB is contained in the branch locus
of fD.

Proof. Recall that D = {det(A) = 0}. The branch locus of fB is given
by {A11A22 −A2

12 = 0}. Note that

det(A) ≡ −A11A
2
23 − A22A

2
13 + 2A12A23A13 (mod A11A22 −A2

12).

Let u and v be homogeneous coordinates of P1
1; write

A13 = A′
13u+ A′′

13v, A23 = A′
23u+ A′′

23

and expand

−A11A
2
23−A22A

2
13+2A12A23A13 = au2+2buv+cv2, a, b, c ∈ Γ(OP1

2
(5)).

The branch locus of fD equals {ac− b2 = 0} modulo A11A22 − A2
12. A

direct computation shows

ac− b2 = (A11A22 −A2
12)(A

′
13A

′′
23 − A′′

13A
′
23)

2

= det

(
A11 A12

A12 A22

)
det

(
A′

13 A′′
13

A′
23 A′′

23

)2

.

�
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This covering data determines the intermediate Jacobian IJ(W ):
The general theory of conic bundles over rational surfaces [5] implies
IJ(W ) = Prym(D̃ → D) for the étale double cover arising from the
irreducible components of the singular conics over the discriminant D.
In our situation, D̃ is the normalization of the fiber product D ×P1

2
B.

It follows that
Prym(D̃ → D) = J(C),

where C is a double curve of P1
2 branched over the complement of the

branch locus of fB in the branch locus of fD [4, p. 303]. In particular,
C is hyperelliptic of genus three.

Fixing p ∈ P1
1, we find that

P(E)|{p}×P1
2
≃ P(O2

P1 ⊕OP1(−1)) ⊂ P3 × P1
2,

i.e., the planes containing a fixed line ℓ ⊂ P3. Morever W |{p}×P1
2

may
be interpreted as one of the cubic surfaces containing this line, and
W ′|{p}×P1

2
as the bisection induced by ℓ. Blowing down ℓ in the generic

fiber of φ1, we obtain a fibration in quartic Del Pezzo surfaces

π : X → P1
1.

Height 10: Consider
X ⊂ P1 × P4,

given as a complete intersection of forms of bidegree (0, 2) and (1, 2).
Then X = BlC(Q), the blowup of a smooth quadric Q ⊂ P4 in a smooth
canonical curve C of genus 5, the base locus of a pencil of quadrics on
Q defining π : X → P1. Thus

IJ(X ) ≃ J(C).

Height 10: Fix a smooth cubic threefold W ⊂ P4 and a conic curve
Q ⊂ W; this data depends on 14 parameters. Let ℓ ⊂ W denote the
line residual to Q in P = span(Q) and set ℓ ∩Q = {w1, w2}. Consider
the pencil of hyperplane sections of W associated with P , which induces
a cubic surface fibration

Blℓ∪Q(W) 99K P1.

The total space has two ordinary threefold singularities over w1 and
w2; these are in the fibers associated with the tangent hyperplanes to

W at w1 and w2. A small resolution W̃ → Blℓ∪Q may be obtained by

blowing up Q and then ℓ. Each fiber contains of ̟ : W̃ → P1 contains
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ℓ as well as Q. Blowing down the exceptional divisor ℓ×P1 ⊂ W̃ yields
a fibration

π : X → P1

in quartic Del Pezzo surfaces.
The intermediate Jacobian IJ(X ) ≃ IJ(W) has numerous Prym in-

terpretations: For each line ℓ ⊂ W projecting from ℓ induces a conic
bundle structure

Blℓ(W) → P2

with discriminant curve a plane quintic D;

IJ(W) ≃ Prym(D̃ → D).

The conic Q corresponds to fixing a point q ∈ P2, and the spectral
cover D → P1 arises from projective from q.

To get explicit equations for X , consider the vector bundle

V = OP1(−2) ⊕OP1(−1)3 + OP1

and the associated projective bundle P(V ) with relative hyperplane
class η. Let h be the pull back of the hyperplane class from P1. Let
X be a complete intersection of divisors in P(V ) of degree 2η− 2h and
2η− h. The canonical class of P(V ) is −5η + 3h so the canonical class
of X is −η.

We have a natural inclusion of V ⊂ O10
P1 inducing a morphism

X → P9

with image Y singular at the image of the summand OP1 ⊂ V . This
is a singular Fano threefold of genus eight; the smooth varieties in this
class arise as codimension-five linear sections of Gr(2, 6).

Appendix A. Alternative characterization of height

Working over C, we consider a flat family π : X → P1 of degree 4
Del Pezzo surfaces with ADE-singularities. In Definition 15 we defined
the height h(X ) as the degree of a vector bundle on P1. If we assume
that family is generically smooth with square-free discriminant, then
X is a smooth projective threefold. In this case in [18] the height is
defined as a triple intersection number on X . Here we show that these
two definitions agree.
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Proposition 38. Let π : X → P1
C be a generically smooth family of

degree 4 Del Pezzo surfaces with square-free discriminant. Then
∫

X

c1(ωπ)3 = −2 deg(π∗ω
−1
π ).

Proof. Applying Lemma 17, we have

[X ] = c2(OP((π∗ω−1
π )∨)(2) ⊗ π∗π∗(IX (2)))

= 4c1(OP((π∗ω−1
π )∨)(1))2 − 2π∗c1(π∗(IX (2)))c1(OP((π∗ω−1

π )∨)(1)).

Therefore,
∫

X

c1(ω
−1
π )3 =

∫

P((π∗ω−1
π )∨)

[X ] · c1(OP((π∗ω−1
π )∨)(1))3

= 4

∫

P((π∗ω−1
π )∨)

c1(OP((π∗ω−1
π )∨)(1))5

− 2

∫

P((π∗ω−1
π )∨)

π∗c1(π∗(IX (2)))c1(OP((π∗ω−1
π )∨)(1))4

= 4

∫

P1

c1(π∗ω
−1
π ) − 2

∫

P1

c1(π∗(IX (2)))

= 2

∫

P1

c1(π∗ω
−1
π ).

where at the last step we have used (6.8). �
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