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Abstract. We study the asymptotic distribution of integral points
of bounded height on partial bi-equivariant compactifications of semi-
simple groups of adjoint type.
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1. Introduction

In this paper, we study the asymptotic distribution of S-integral points
of bounded height on partial bi-equivariant compactifications of semi-simple
groups of adjoint type. Our approach combines the spectral techniques
developed in [19] in the context of integral points with more recent results
in [5], [4], and [6].

Throughout, G is a split semi-simple group of adjoint type of rank larger
than one over a number field F and X the wonderful compactification of
G. The boundary X \ G is a strict normal crossings divisor ∪α∈ADα whose
set of irreducible components A is in bijection with the set ∆ = ∆(G,T) of
simple roots of G, with respect to a fixed maximal split torus T of G. Each
A ⊆ ∆ corresponds to the boundary stratum DA := ∩α∈ADα. A rational
character λ ∈ X∗(T) gives rise to a line bundle Lλ on X, the classes of such
line bundles span the Picard group Pic(X) of X, after tensoring with Q (see
[19, Section 5]). In [19] we defined a height pairing

H : X∗(T)C × G(A) → C
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whose restriction to λ×G(F ) is a a standard Weil height function on X with
respect to Lλ. The height function is left- and right invariant with respect
to the action of a maximal compact subgroup K =

∏
v Kv ⊂ G(A) of the

adelic points of G. We established an asymptotic formula for the number

N(B, λ) := #{γ ∈ G(F ) | H(λ, γ) ≤ B}, B →∞,

for all λ corresponding to big line bundles on X, i.e., all classes in the interior
of the effective cone in Pic(X)R.

From now on we fix a divisor D ⊂ X \G and let AD be the set of α such
that D = ∪α∈AD

Dα. Let S be a finite set of places of F containing the
archimedean places. We introduce the set-theoretic characteristic function
δ = δD,S of the set of (D,S)-integral points on X as follows: For v /∈ S, let

δv : G(Fv) → {0, 1}
be given by

δv(gv) =

{
1 α(tv) = 1,∀α ∈ AD;
0 otherwise,

where
gv = kvtvk

′
v, with tv ∈ T(Fv), kv, k

′
v ∈ Kv.

For v ∈ S, we put δv ≡ 1 and write

δ :=
∏
v

δv.

A point γ ∈ G(F ) ⊂ G(A) is called (D,S)-integral if δ(γ) is equal to 1. This
definition agrees with the usual definition of S-integral points on a model of
X \D over the integers. The corresponding counting functions are given by

NS,D(B, λ) = #{(D,S)− integral γ ∈ G(F ) | H(λ, γ) ≤ B}.
Our main result is Theorem 6.4 which shows that

NS,D(λ, B) = c ·Ba log(B)b−1(1 + o(1)), B →∞,

with an explicit bound on the error term. The constants a, b, and c involve
arithmetic, geometric, and combinatorial information about the data X, D,
λ, and S. Our Theorem 6.4 can be considered as an interpolation between
results on rational points in [19] and [11] and on integral points on G in
[13], [12]. It is consistent with a generalization of the conjecture of Batyrev-
Manin and Peyre to the framework of integral points proposed in [5], [4],
and [6].

As in [19] our method is based on the spectral analysis of the height zeta
function, modified to count (D,S)-integral points. We prove that the main
poles of the height zeta function arise from the contribution of unramified
one-dimensional automorphic representations of G(A), the set of which is
denoted by X (G).
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In rank one, i.e., for G = PGL(2), the spectral theory and the height
integrals have been completely worked out in [18]. The wonderful compact-
ification of PGL(2) is the projective space P3, with a unique irreducible
boundary component which is a smooth split quadric, and the distribution
of (D,S)-integral points is an interesting classical problem.

The study of S-integral points on algebraic varieties has a rich history,
going back at least as far as Siegel’s work on algebraic curves. More recently
the distribution of integral points on affine homogeneous varieties has been
studied in several papers, e.g., in [9, 3, 15], as well as in [10] where ergodic-
theoretic methods are employed. Ergodic-theoretic methods are also used in
[2] to treat fairly general homogeneous varieties. Our method, in technique
and spirit, is quite close to [4, 6]. An introduction to integral points for
pairs (X, D) can be found [14]. For background concerning the geometry
of wonderful compactifications, see [7]. Arithmetic properties of these vari-
eties, in connection with counting of rational points of bounded height, are
discussed in [19].

The paper is organized as follows. In Section 3 we review the theory of
height functions from the group-theoretic perspective and study local and
global height integrals. Section 4 is devoted to the regularization of adelic
height integrals. Section 5 contains our main theorem and its proof.

Acknowledgments. We are grateful to Wee-Teck Gan for helpful re-
marks. The first author was partially supported by NSF grant DMS-0701753.
The second author was partially supported by NSF grants DMS-0739380 and
0901777.

2. Basic notation

For X an algebraic variety over a field F we write X(F ) for the set of
F -rational points of X. We denote by Pic(X) the Picard group of X and
by Λeff(X) ⊂ Pic(X)R the (closed) cone of effective divisors on X. We often
identify line bundles, divisors and their classes in Pic(X).

From now on, we let F be a number field, Val(F ) the set its places, and
S∞ the set of archimedean places. For v ∈ Val(F ), let Fv be the completion
of F with respect to v, $v a uniformizer at v, and q = qv the order of
the residue field. For any finite set of places S (containing S∞) we denote
by oS the ring of S-integers of F . We denote by A the ring of adeles, by
AS =

∏′
v/∈S Fv and by Af = AS∞ . All Haar measures dgv will be normalized

as in [1]; we put dgS =
∏

v/∈S dgv and dg =
∏

v dgv.

We fix a connected split semi-simple group G of adjoint type over F or
rank r ≥ 2. Let T be a maximal split torus of G and B ⊂ G a Borel subgroup
containing T. We also let ∆ = ∆(G, T ) be the set of simple roots for (G,T),



4 RAMIN TAKLOO-BIGHASH AND YURI TSCHINKEL

with respect to B, and ρ half the sum of positive roots. We have

2ρ =
∑
α∈∆

καα,

for some constants κα ≥ 1. We set

F̂v :=

{
{x ∈ R |x ≥ 1} if v | ∞,

{$−n
v |n ∈ N} if v - ∞,

and

(1) T(Fv)+ = {a ∈ T(Fv) |α(a) ∈ F̂v for each α ∈ Φ+}.
We have the following Cartan decomposition:

(2) G(Fv) = KvT(Fv)+Kv.

3. Heights and height integrals

We identify the setA = {Dα} of boundary components with ∆ = ∆(G,T).
The height pairing

Pic(X)C × G(A) → C
is given by

H(s, g) =
∏
v

Hv(s, gv), where Hv(s, gv) =
∏
α∈A

|α(tv)|sα
v ,

for s = (sα)α∈A, and

g = (gv)v ∈ G(A) with gv = kvtvk
′
v, kv, k

′
v ∈ Kv, tv ∈ T(Fv)+,

(see Section 6 of [19]). We will also use

HS(s, g) :=
∏
v/∈S

Hv(s, gv).

We have
−KX =

∑
α∈A

(κα + 1)Dα,

see [19, Proposition 5.2]. For ε ∈ R, let

Tε = { s | <(sα) > κα + 1 + ε, for all α}
and

T D
ε = { s | <(sα) > κα + 1 + ε, for all α 6∈ AD}.

The following theorem has been proved in [19, Sections 6.6 and 6.7].

Theorem 3.1. Let

Jv(s) :=
∫

G(Fv)
Hv(s, gv)−1 dgv.

(1) For v /∈ S∞ the integral Jv(s) is a holomorphic function for s ∈ T−1.
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(2) For v ∈ S∞ and ∂ in the universal enveloping algebra the integral

Jv,∂(s) :=
∫

G(Fv)
∂(Hv(s, gv)−1) dgv

is holomorphic for s ∈ T−1.
Moreover, for all ε > 0 and ∂, there exist constants Cv(ε) and Cv(∂, ε) such
that

|Jv(s)| ≤ Cv(ε) and |Jv,∂(s)| ≤ Cv(∂, ε), for all s ∈ T−1+ε.

The following result generalizes the computations in [19, Sections 6 and
7] to the (D,S)-integral context.

Theorem 3.2. Let χ = ⊗′vχv be a one-dimensional unramified automorphic
representation of G(A), and S and D as in Section 1. For each v ∈ S here
exists a function fv, holomorphic and uniformly bounded in T−1−δ, for some
δ > 0, such that∫

G(Fv)
Hv(s, gv)−1χv dgv =

∏
α∈A

Lv(sα − κα, χv ◦ α̌) · fv(s),

where Lv is the local factor of the Hecke L-function.
Moreover, there exists a function fS,χ, which depends only on (sα)α/∈AD

,
is holomorphic in T D

−1/2, uniformly bounded in T D
−1/2+ε, for any ε > 0, and

such that

JS,D(s, χ) :=
∫

G(AS)
δS(g)HS(s, g)−1χ(g) dg =

∏
α 6∈AD

L(sα−κα, χ◦α̌)·fS,χ(s).

Proof. The first claim follows from [5, Proposition 4.1.2], see also [19, The-
orem 6.9].

To prove the second claim, let

(3) JS,D(s, χ) =
∏
v/∈S

Jv(s, χv),

where

(4) Jv(s, χv) =
∫

G(Fv)
δv(gv)Hv(s, gv)−1χv(gv) dgv.

Since G is of adjoint type, the collection of elements {α̌($v)}α∈∆ forms a
basis for the semi-group Tv(Fv)+. For a = (aα)α∈∆ we set

(5) tv(a) =
∏
α∈A

α̌($v)aα ∈ T(Fv)+.

Using the bi-K-invariance we may write the local integrals as

(6) Jv(s, χv) =
∑
a∈Nr

δv(tv(a))q−〈s,a〉v χv(tv(a))vol (Kvtv(a)Kv),
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where

〈s,a〉 =
∑
α∈A

sαaα.

By [19, Lemma 6.11], there exists a constant C, independent of v, such that
for all tv(a) ∈ T(Fv)+, one has

(7) vol(Kvtv(a)Kv) ≤ δB(tv(a))
(

1 +
C

qv

)
,

where

δB(tv(a)) := |ρ(tv(a))|2v = q〈2ρ,a〉
v .

We may rewrite Equation (6) as

Jv(s, χv) =
∑
a∈Nr

δv(tv(a))q−〈s−2ρ,a〉
v χv(tv(a)) + bv(s),

where

bv(s) =
∑
a∈Nr

δv(tv(a))q−〈s,a〉v χv(tv(a))(vol (Kvtv(a)Kv)− δB(tv(a))).

Observe that

∑
a∈Nr

δv(tv(a))q−〈s−2ρ,a〉
v χv(tv(a)) =

∏
α 6∈AD

( ∞∑
aα=0

χv(α̌($v))aαq−(sα−κα)aα
v

)
=

∏
α 6∈AD

1

1− χv(α̌($v))q
−(sα−κα)
v

.

(8)

The corresponding Euler product, over v /∈ S, is a product of partial L-
functions, as in the statement of the theorem.

Let σ = (<(sα))α. In the definition bv, we may assume a 6= 0. Since for
each v /∈ S, {

a | a 6= 0
}

=
⋃

α∈A

{
a; aα 6= 0

}
,
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we have∑
v/∈S

∣∣bv(s)
∣∣ ≤ ∑

v/∈S

∑
α

∑
aα 6=0

δv(tv(a))q−〈σ,a〉
v

∣∣∣∣(vol (Kvtv(a)Kv)− δB(tv(a)))
∣∣∣∣

�
∑
v/∈S

q−1
v

∑
α 6∈AD

∑
aα 6=0

q−〈σ,a〉
v δB(tv(a))

=
∑
v/∈S

q−1
v

∑
α 6∈AD

( ∞∑
aα=1

q−(σα−κα)aα
v

) ∏
β 6=α

β 6∈AD

( ∞∑
aβ=0

q
−(σβ−κβ)aβ
v

)

=
∑
v/∈S

q−1
v

∑
α 6∈AD

q
−(σα−κα)
v∏

β 6∈AD
(1− q

−(σβ−κβ)
v )

�
∑

α 6∈AD

∑
v/∈S

q
− 3

2
v < ∞.

Note that for s ∈ T D
−1/2+ε the estimates are uniform and the corresponding

function fS,χ is holomorphic in T D
−1/2+ε. �

4. Infinite-dimensional representations

Let π = ⊗′vπv be an infinite-dimensional automorphic representation of
G(A) and ϕπv the normalized spherical function associated to πv. Since
G is split, the representation πv is infinite-dimensional, for all v (see [19,
Proposition 4.4]). We need uniform upper bounds for ϕπv . We will use the
following special case of a result of Hee Oh [16, Theorem 1.1].

Proposition 4.1. Assume that the rank r of G is at least two. Then for
each α ∈ ∆ and gv = kvtvk

′
v we have

(9) |ϕv(gv)| ≤ |α(tv)|−1/2

(
(logqv

|α(tv)|)(qv − 1) + (qv + 1)
qv + 1

)
.

Corollary 4.2. Assume that the rank r of G is at least two. Then for each
α ∈ ∆ we have

|ϕπv(α̌($v))| < 2q
− 1

2
v .

Moreover, for all ε > 0 there is a constant Cε > 0 such that for gv = kvtvk
′
v

we have
|ϕπv(gv)| ≤ Cε

∏
α∈∆

|α(tv)|−
1
2r

+ε.

Proof. Equation (9) implies that for all ε > 0,

|ϕπv(gv)| ≤ Cε(α)|α(tv)|−
1
2
+rε,

for some constant Cε(α). Multiplying these inequalities over all α ∈ ∆ and
taking rth root gives the result. �
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Set

(10) Jv(s, πv) =
∫

G(Fv)
δv(gv)Hv(s, gv)−1ϕπv(gv) dgv.

Note that for v /∈ S this integral depends only on (sα)α/∈AD
.

Theorem 4.3. The infinite product

(11) JS,D(s, π) :=
∏
v/∈S

Jv(s, πv)

is holomorphic for s ∈ T D
−1/2r. Moreover, for all ε > 0 and all compacts

K ⊂ T D
−1/2r+ε there exists a constant C(ε,K), independent of π, such that

|JS,D(s, π)| ≤ C(ε,K).

for all s ∈ K.

Proof. Using bi-K-invariance, as in the proof of Theorem 3.2, we obtain

Jv(s, πv) =
∑
a∈Nr

δv(tv(a))q−〈s,a〉v ϕπv(tv(a))vol(Kvtv(a)Kv).

Again, Jv(s, πv) only depends on sα with α /∈ AD. Using the estimates from
Corollary 4.2 and Equation (7) we conclude that to establish the convergence
of the Euler product it suffices to bound∑

v/∈S

∑
(aα)

q
−(

P
α/∈AD

(sα−κα+1/2r−ε)aα)
v ,

where the inner sum is over nonzero vectors (aα) ∈ NA\AD . �

Now we consider integrals of the form

Jv(s, ϕπv) :=
∫

G(Fv)
Hv(s, gv)−1ϕπv(gv) dgv,

for v ∈ S.

Theorem 4.4. (1) For all v /∈ S∞ the integral Jv(s, ϕv) is holomorphic
for s ∈ T−1−1/2r.

(2) For v ∈ S∞ and ∂ in the universal enveloping algebra the integral

Jv,∂(s, ϕπv) :=
∫

G(Fv)
∂(Hv(s, gv)−1)ϕπv(g) dgv

is holomorphic for s ∈ T−1−1/2r.
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Proof. We verify the non-archimedean statement; the other argument is
similar. Let σ be the vector consisting of the real parts of the components
of s. Fix ε > 0. The local height integral is majorized by∑

t∈T(Fv)+

Hv(σ, t)−1|ϕv(t)|δB(t)

�
∏
α∈A

∞∑
l=0

Hv(σ, α̌($l
v))

−1q−(1/2r−ε)l
v δB(α̌($l

v))

=
∏
α∈A

∞∑
l=0

q−(σα−κα+1/2r−ε)l
v .

The result is now immediate. �

Corollary 4.5. In the non-archimedean situation, for each ε > 0 there is a
constant Cv(ε), such that |Jv(s, ϕπv)| ≤ Cv(ε) for all s ∈ T−1−1/2r+ε. In the
archimedean situation, for all ε > 0 and all ∂ as above, there is a constant
Cv(∂, ε) such that |Jv,∂(s, ϕπv)| ≤ Cv(∂, ε) for all s ∈ T−1−1/2r+ε.

Corollary 4.6. Let ϕ be an automorphic form in the space of an automor-
phic representation π which is right invariant under the maximal compact
subgroup K. Set for s ∈ T�0

(12) JS,D(s, ϕ) :=
∫

G(A)
δS,D(g)H(s, g)−1ϕ(g)dg.

Then JS,D(s, ϕ) has an analytic continuation to a function which is holo-
morphic on T D

−1/2 ∩ T−1−1/2r. Let ∆ be the Laplacian as in the proof of
[1, Lemma 4.1], and suppose ϕ is an eigenfunction for ∆. Define Λ(φ) by
∆ ·ϕ = Λ(ϕ) · φ. Then for each integer k > 0, all ε > 0, and every compact
subset K ⊂ T D

−1/2r+ε ∩ T−1−1/2r+ε, there exists a constant C = C(ε,K, k),
independent of ϕ, such that

(13) |JS,D(s, ϕ)| ≤ CΛ(ϕ)−k|ϕ(e)|,

for all s ∈ K.

5. Height zeta function

The main tool in the study of distribution properties of (S, D)-integral
points is the height zeta function, defined by

ZS,D(s, g) :=
∑

γ∈G(F )

δS,D(γg)H(s, γg)−1.

Proposition 5.1. The series defining ZS,D(s, g) converges absolutely to a
holomorphic function for s ∈ T�0. In its region of convergence

ZS,D(s, g) ∈ C∞(G(F )\G(A)).
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and all of its group derivatives are in L2. Moreover, in this domain, we have
a spectral expansion
(14)∑
χ∈X,P

1
n(A)

∫
Π(M)

∫
G(A)

δS,D(g′)H(s, g′)−1

 ∑
φ∈BP(π)χ

E(g, φ)E(g′, φ)

 dg′ dπ,

in the notations of [19, Section 3].

Proof. Identical to the proof of [19, Proposition 8.2]; it suffices to observe
that ZS,D is a subsum of the series defining the height zeta function for
rational points considered in [19]. �

Let X = X (G) be the set of unramified automorphic characters of G, i.e.,
continuous homomorphisms G(A) → S1, invariant under G(F ) and K on
both sides. We specialize to g = e, the identity in G(A), and obtain

ZS,D(s) := ZS,D(s, e) =
∑

χ∈X (G)

∫
G(A)

δS,D(g)H(s, g)−1χ(g)dg + S[(s),

and S[(s) is the subsum in Equation 14 corresponding to infinite dimensional
representations (restricted to g = e).

We use this expansion to determine the analytic behavior of the height
zeta function. The innermost sum in the definition of S[(s) is uniformly
convergent for g′ in compact sets, see the first half of the proof of Lemma
4.4 of [1]. Therefore, we may interchange the innermost summation with
the integral over G(A) and find that S[(s) equals

∑
χ∈X,P

[ 1
n(A)

∫
Π(M)

 ∑
φ∈BP(π)χ

E(e, φ)
∫

G(A)
δS,D(g′)H(s, g′)−1E(g′, φ) dg′

 dπ.

Theorem 5.2. The function S[ admits an analytic continuation to a func-
tion which is holomorphic on T D

−1/2r ∩ T−1−1/2r, where r is the rank of G.

Proof. By assumption, the height function is invariant under right and left
translation by the maximal compact subgroup K. By [19, Corollary 4.1], we
have

(15) S[(s) =
∑

χ∈X,P

[ 1
n(A)

∫
Π(M)

 ∑
φ∈BP(π)χ

E(e, φ)JS,D(s, E(φ, ·))

 dπ,

where JS,D(s, E(φ, ·)) is as in Corollary 4.6. Let K ⊂ T D
−1/2r+ε∩T−1−1/2r+ε,

with ε > 0, be a compact subset. By Corollary 4.6, for s ∈ K and all k the
expression

∑
χ∈X,P

[ 1
n(A)

∫
Π(M)

 ∑
φ∈BP(π)χ

|E(e, φ)| · |JS,D(s, E(φ, ·))|

 dπ
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is bounded by

C(ε,K, k)
∑

χ∈X,P

[ 1
n(A)

∫
Π(M)

 ∑
φ∈BP(π)χ

Λ(φ)−k|E(e, φ)|2
 dπ,

where Λ(φ) is eigenvalue of the Laplacian ∆ as in Corollary 4.6. The con-
vergence of the last expression follows from [19, Proposition 3.5]. �

Corollary 5.3. The height zeta function ZS,D(s) = ZS,D(s, e) is holomor-
phic for <(s) ∈ −(KX + D) + Λeff(X)◦.

6. The leading pole

We now establish the analog of Manin’s conjecture in the context of in-
tegral points, proposed and proved in special cases in [5], [4], [6]. For

λ =
∑
α∈A

λαα ∈ Λeff(X)◦,

the interior of the effective cone of X, set

(16) a(λ) = max
(

max
α∈AD

κα

λα
, max
α 6∈AD

κα + 1
λα

)
.

Let
A(λ) = A(λ, D)

be the set of α, for which the maximum is achieved and r(λ) = #A(λ) its
cardinality. Put

AD(λ) = A(λ) ∩ AD, d(λ) = #AD(λ).

Theorem 5.2 implies that ZS,D(sλ) has no pole for <(s) > a(λ) and that
possible contributions to the right most poles come from one-dimensional
automorphic characters.

Recall that given an automorphic character χ of G(A) and an α ∈ ∆(G,T)
we can define a Hecke character ξα(χ) of Gm(A) by

ξα(χ) = χ ◦ α̌.

Then if χ = ⊗′vχv, we have ξα(χ) = ⊗′vξα,v(χv) with

ξα,v(χv) = χv ◦ α̌.

We are only interested in those automorphic χ which satisfy

(17)
∫

G(A)
δS,D(g)H(sλ, g)−1χ(g) dg 6= 0

for some s in the domain of absolute convergence. This implies that χ
is right, and in this case also left, invariant under the maximal compact
subgroup K of G(A), i.e., χ ∈ X (G).

Definition 6.1. Let XS,D,λ(G) ⊂ X (G) be the collection of all characters
χ = ⊗′vχv such that
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• for all α ∈ A(λ) \ AD(λ) and all v /∈ S, we have ξα,v(χv) ≡ 1;
• for all α ∈ AD(λ), and v ∈ S, we have ξα,v(χv) ≡ 1.

Remark 6.2. If D = ∅ and λ = −KX then XS,D,λ(G) = 1, the trivial char-
acter, for any S [19, Proposition 8.6]. If D = ∪α∈A is the whole boundary
and S = S∞ then XS,D,λ(G) is dual to the class group of G, i.e., the quotient

cl(G) := G(A)/G(F )K
∏
v|∞

G(Fv).

This class group is trivial for groups of type E8, F4, and G2, as the adjoint
groups are also simply-connected, and these have class number 1.

Example 6.3. If χ is an unramified character of a split semi-simple group
over a number field of class number one, then χ = 1; this follows from [11,
Lemma 4.7], and Corollary 2 on page 486 of [17].

This may fail when the class number of F is not equal to one. E.g., let F be
a field with class number two, and let E be the Hilbert class field of F . Then
E/F is an unramified quadratic extension. Let ωE/F be the corresponding
quadratic character of A×

F . Consider the automorphic character of PGL(2)
given by ωE/F ◦ det. Then this automorphic character is unramified and
trivial at the archimedean places. Such characters will contribute to the
leading pole of ZS,D.

We have shown that

(18) ZS,D(sλ) =
∑

χ∈X (G)

∫
G(A)

δS,D(g)H(sλ, g)−1χ(g) dg + f(s),

with f holomorphic for <(s) > a(λ) − δ, for some δ > 0. Theorem 3.2
combined with basic properties of Hecke L-functions shows that for χ ∈
X (G) the integral ∫

G(A)
δS,D(g)HS(sλ, g)−1χ(g) dg

admits a regularization of the shape∏
α∈A(λ)\AD(λ)

LS(sλα−κα, ξα(χ))·hχ(s)·
∏
v∈S

∏
α∈AD(λ)

Lv(sλα−κα, ξα,v(χv))·hχ,v(s),

with hχ and hχ,v holomorphic for <(s) > a(λ)−δ, for some δ > 0. It follows
that only χ ∈ XS,D,λ(G) contribute to the leading term at s = a(λ). By
Poisson summation formula, we can rewrite this contribution as

|XS,D,λ(G)| ·
∫

G(A)Kerλ

δS,D(g)H(sλ, g)−1 dg,

where
G(A)Kerλ := ∩χ∈XS,D,λ(G)Ker(χ)
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is the intersection of the kernels of automorphic characters.

Theorem 6.4. The number of (S, D)-integral point of bounded height with
respect to λ is asymptotic to

c ·Ba(λ) log(B)b(λ)−1(1 + o(1)), B →∞,

where
b(λ) = r(λ)− d(λ) +

∑
v∈S

d(λ),

and

(19) c =
1

a(λ)(b(λ)− 1)!
· |XS,D,λ(G)| ·

∫
G(A)Kerλ

δS,D(g)H(sλ, g)−1 dg > 0.

Proof. We adopt the proof in [19, Theorem 9.2], combining it with a Taube-
rian theorem as in [5, Theorem A.15]. It suffices to establish that the limit

lim
s→a(λ)

(s− a(λ))b(λ)

∫
G(A)Kerλ

δS,D(g)H(sλ, g)−1 dg > 0.

Note that there exists a finite set of γj ∈ G(F ) such that

G(A) = t γjG(A)Kerλ

and that the local and global integrals over each of these cosets are compa-
rable, upto a constant. In particular, it suffices to establish that

lim
s→a(λ)

(s− a(λ))b(λ)

∫
G(A)

δS,D(g)H(sλ, g)−1 dg > 0,

which follows from Theorem 3.2 and the definitions. �

We now specialize to the case when λ = −(KX +D), the log-anticanonical
line bundle. The first condition in Definition 6.1 implies that if χ ∈ XS,D,λ(G)
and α /∈ AD then ξα,v(χv) ≡ 1 for all v. Combining with the second condi-
tion, we see that ξα,v(χv) ≡ 1 for all α ∈ A and all v ∈ S. In particular, for
χ ∈ XS,D,λ(G) the integrals∫

G(A)
δS,D(g)H(sλ, g)−1χ(g) dg

do not depend on χ and equal∫
G(AS)

δS,D(g)H(sλ, g)−1 dg ·
∏
v∈S

∫
G(Fv)

Hv(sλ, gv)−1 dgv

We can now describe the constant c appearing in (19) in terms of Tamagawa-
type constants. First, we recall some notation. By [8], the boundary strata
of X \G are in bijection with subsets A ⊂ A, i.e., there is a unique stratum

ZA := ∩α∈ADα.

For split G, each such stratum ZA contains Fv-adic points.
In the terminology of [5, Section 3], at each place v, the analytic Clemens

polytope Can
v (D) of D has a unique face of maximal dimension, it corresponds



14 RAMIN TAKLOO-BIGHASH AND YURI TSCHINKEL

to ZAD
(Fv). Put d := dim(Can

v (D))+1; we have d = #AD, the codimension
of the stratum ZAD

(see also [5, Section 5.3.2]). In this situation, for each
v ∈ S, there is a distinguished v-adic measure τmax

v on D(Fv) considered in
[5, Section 4]. It is supported on ZAD

(Fv) and the corresponding volumes
are given by

τmax
v (D(Fv)) =

∏
α∈AD

1
κα

· lim
s→1

(s− 1)d

∫
G(Fv)

Hv(sλ, gv)−1 dgv.

Furthermore, there is an adelic measure on the integral adeles on U := X\D,
which in our case takes the form:

τS
(X,D)(U(AS)int) =

∏
α/∈AD

1
κα + 1

· lim
s→1

(s−1)r−d

∫
G(AS)

δS(g)HS(sλ, gv)−1 dg.

It follows that

(20) c =
1

(b− 1)!
· |XS,D,λ(G)| · τS

(X,D)(U(AS)int) ·
∏
v∈S

τmax
v (D(Fv)),

where
b := (r − d) +

∑
v∈S

d.

Formula (20) interpolates between Peyre’s Tamagawa-type constant for lead-
ing terms in asymptotics of rational points and the “concentration of count-
ing measures to the Satake boundary” for asymptotics for integral points on
G, established in [13].
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