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ABSTRACT. We apply the theory of height zeta functions to study the asymp-
totic distribution of rational points of bounded height on projective equivariant
compactifications of semi-direct products.

Introduction

Let X be a smooth projective variety over a number field F' and L a very
ample line bundle on X. An adelic metrization £ = (L, || - ||) on L induces a height
function

He: X(F) — Rso,
let
N(X° L,B) :=#{x € X°(F)|H.(z) <B}, X°cCX,

be the associated counting function for a subvariety X°. Manin’s program, initiated
in [21] and significantly developed over the last 20 years, relates the asymptotic of
the counting function N(X°, £, B), as B — oo, for a suitable Zariski open X° C X,
to global geometric invariants of the underlying variety X. By general principles
of diophantine geometry, such a connection can be expected for varieties with suf-
ficiently positive anticanonical line bundle —Kx, e.g., for Fano varieties. Manin’s
conjecture asserts that

(0.1) N(X°,—Kx,B) = c-Blog(B)"~!,

where r is the rank of the Picard group Pic(X) of X, at least over a finite extension
of the ground field. The constant ¢ admits a conceptual interpretation, its main
ingredient is a Tamagawa-type number introduced by Peyre [25].

For recent surveys highlighting different aspects of this program, see, e.g., [37],
9], [7], [8):

Several approaches to this problem have evolved:
passage to (universal) torsors combined with lattice point counts;
variants of the circle method;
ergodic theory and mixing;
height zeta functions and spectral theory on adelic groups.
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The universal torsor approach has been particularly successful in the treatment
of del Pezzo surfaces, especially the singular ones. This method works best over Q;
applying it to surfaces over more general number fields often presents insurmount-
able difficulties, see, e.g., [14]. Here we will explain the basic principles of the
method of height zeta functions of equivariant compactifications of linear algebraic
groups and apply it to semi-direct products; this method is insensitive to the ground
field. The spectral expansion of the height zeta function involves 1-dimensional as
well as infinite-dimensional representations, see Section 3 for details on the spectral
theory. We show that the main term appearing in the spectral analysis, namely, the
term corresponding to 1-dimensional representations, matches precisely the predic-
tions of Manin’s conjecture, i.e., has the form (0.1). The analogous result for the
universal torsor approach can be found in [26] and for the circle method applied to
universal torsors in [27].

Furthermore, using the tools developed in Section 3, we provide new examples
of rational surfaces satisfying Manin’s conjecture.

Acknowledgments. We are grateful to the referee and to A. Chambert-Loir
for useful suggestions which helped us improve the exposition. The second author
was partially supported by NSF grants DMS-0739380 and 0901777.

1. Geometry

In this section, we collect some general geometric facts concerning equivari-
ant compactifications of solvable linear algebraic groups. Here we work over an
algebraically closed field of characteristic 0.

Let G be a connected linear algebraic group. In dimension 1, the only examples
are the additive group G, and the multiplicative group G,,. Let

X*(G) := Hom(G, G,,)

be the group of algebraic characters of G. For any connected linear algebraic group
G, this is a torsion-free Z-module of finite rank (see [36, Lemma 4]).

Let X be a projective equivariant compactification of G. If X is normal, then
it follows from Hartogs’ theorem that the boundary

D:=X\G,

is a Weil divisor. Moreover, after applying equivariant resolution of singularities, if
necessary, we may assume that X is smooth and that the boundary

D = ULDL7

is a divisor with normal crossings. Here D, are irreducible components of D. Let
Pic“ (X)) be the group of equivalence classes of G-linearized line bundles on X.

Generally, we will identify divisors, associated line bundles, and their classes in
Pic(X), resp. Pic%(X).

PROPOSITION 1.1. Let X be a smooth and proper equivariant compactification
of a connected solvable linear algebraic group G. Then,

(1) we have an exact sequence
0 — X*(G) — Pic%(X) — Pic(X) — 0,
(2) Pic%(X) = @,e7ZD,, and
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(3) the closed cone of pseudo-effective divisors of X is spanned by the boundary
components:

Ae(X) =Y RxoD,.
€T

PROOF. The first claim follows from the proof of [24, Proposition 1.5]. The
crucial point is to show that the Picard group of G is trivial. As an algebraic
variety, a connected solvable group is a product of an algebraic torus and an affine
space. The second assertion holds since every finite-dimensional representation of a
solvable group has a fixed vector. For the last statement, see [22, Theorem 2.5]. O

PROPOSITION 1.2. Let X be a smooth and proper equivariant compactification
for the left action of a connected linear algebraic group. Then the right invariant
top degree differential form w on X° := G C X satisfies

—div(w) = ZdLDL,

LET

where d, > 0. The same result holds for the right action and the left invariant form.

PRrROOF. This fact was proved in [22, Theorem 2.7] or [11, Lemma 2.4]. Suppose
that X has the left action. Let g be the Lie algebra of G. For any 0 € g, the global
vector field 9% on X is defined by

0% (f) (@) = 0y f (g - @)lg=1,
where f € Ox(U) and U is a Zariski open subset of X. Note that this is a right
invariant vector field on X° = G. Let 04, - , 0, be a basis for g. Consider a global
section of det Tx,
§: =05 A---NOX,
which is the dual of w on X°. The proof of [11, Lemma 2.4] implies that ¢ vanishes
along the boundary. Thus our assertion follows. O

PROPOSITION 1.3. Let X be a smooth and proper equivariant compactification
of a connected linear algebraic group. Let f : X — Y be a birational morphism to a
normal projective variety Y. Then Y is an equivariant compactification of G such
that the contraction map f is a G-morphism.

PRrROOF. This fact was proved in [22, Corollary 2.4]. Choose an embedding
Y « PV and let L be the pullback of O(1) on X. Since Y is normal, Zariski’s
main theorem implies that the image of the complete linear series |L| is isomorphic
to Y. According to [24, Corollary 1.6], after replacing L by a multiple of L, if
necessary, we may assume that L carries G-linearizations. Fix one G-linearization
of L. This defines the action of G on H(X, L) and on P(H°(X, L)*). Now note
that the morphism

@ X - PHO(X, L)),

is a G-morphism with respect to this action. Thus our assertion follows. ([l

The simplest solvable groups are G, and G,,, as well as their products. New
examples arise as semi-direct products. For example, let

Pd * Gm — Gp= GLl)

a = ad
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and put
Ga =Gy g, Gy,

where the group law is given by

(z,a) - (y,b) = (z + pala)y, ab).

It is easy to see that Gg ~ G_g.

One of the central themes in birational geometry is the problem of classification
of algebraic varieties. The classification of G-varieties, i.e., varieties with G-actions,
is already a formidable task. The theory of toric varieties, i.e., equivariant com-
pactifications of G = G}, is very rich, and provides a testing ground for many
conjectures in algebraic and arithmetic geometry. See [22] for first steps towards
a classification of equivariant compactifications of G = G?, as well as [33], [2], [1]
for further results in this direction.

Much less is known concerning equivariant compactifications of other solvable
groups; indeed, classifying equivariant compactifications of G4 is already an inter-
esting open question. We now collect several results illustrating specific phenomena
connected with noncommutativity of G4 and with the necessity to distinguish ac-
tions on the left, on the right, or on both sides. These play a role in the analysis of
height zeta functions in following sections. First of all, we have

LEMMA 1.4. Let X be a biequivariant compactification of a semi-direct product
G x H of linear algebraic groups. Then X is a one-sided (left- or right-) equivariant
compactification of G X H.

PrROOF. Fix one section s : H — G x H. Define a left action by
(9.h)-x=g-z-s(h)",
forany g € G, h € H, and z € X. O

In particular, there is no need to invoke noncommutative harmonic analysis in
the treatment of height zeta functions of biequivariant compactifications of general
solvable groups since such groups are semi-direct products of tori with unipotent
groups and the lemma reduces the problem to a one-sided action of the direct prod-
uct. Height zeta functions of direct products of additive groups and tori can be
treated by combining the methods of [4] and [5] with [11], see Theorem 2.1. How-
ever, Manin’s conjectures are still open for one-sided actions of unipotent groups,
even for the Heisenberg group.

The next observation is that the projective plane P? is an equivariant compact-
ification of Gy, for any d. Indeed, the embedding

(r,a) — (z:a:1) € P?

defines a left-sided equivariant compactification, with boundary a union of two lines.
The left action is given by

(z,a) - (zg : 21 : T2) — (a%zo + zx2 ¢ azy : 29).
In contrast, we have

PROPOSITION 1.5. If d # 1,0, or —1, then P? is not a biequivariant compacti-
fication of Gg4.
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PRrROOF. Assume otherwise. Proposition 1.1 implies that the boundary must
consist of two irreducible components. Let D; and Dy be the two irreducible
boundary components. Since O(Kp2) = O(-3), it follows from Proposition 1.2
that either both components D; and Dy are lines or one of them is a line and the
other a conic. Let w be a right invariant top degree differential form. Then w/¢,(a)
is a left invariant differential form. If one of Dy and Ds is a conic, then the divisor

of w takes the form
—div(w) = —=div(w/pa4(a)) = D1 + D,

but this is a contradiction. If Dy and Dy are lines, then without loss of generality,
we can assume that

—div(w) =2D1+ Dy and —div(w/p4(a)) = D1 + 2D,.
However, div(a) is a multiple of D1 — Do, which is also a contradiction. ]

Combining this result with Proposition 1.3, we conclude that a del Pezzo surface
is not a biequivariant compactification of Gy, for d # 1,0,0r, —1. Another sample
result in this direction is:

PROPOSITION 1.6. Let S be the singular quartic del Pezzo surface of type Az +
Ay defined by
x% + 2023 + Toxy = T1X3 — x% =0
Then S is a one-sided equivariant compactification of G1, but not a biequivariant
compactification of Gq if d # 0.

PROOF. For the first assertion, see [20, Section 5|. Assume that S is a biequiv-
ariant compactification of G4. Let 7 : S — S be its minimal desingularization.
Then S is also a biequivariant compactification of Gy because the action of Gy4
must fix the singular locus of S. See [20, Lemma 4]. It has three (—1)-curves Ly,
Lo, and L3, which are the strict transforms of

{ro=21=22=0}, {xo+z3=21=22=0}, and {zg=ux2=u1x5=0},

respectively, and has four (—2)-curves Ry, Ra, R3, and R4. The nonzero intersection
numbers are given by:

Li.Ry =Ly Ry =R;.Ry = Ry.R3 = R3.L3 = L3.Ry = 1.

Since the cone of curves is generated by the components of the boundary, these
negative curves must be in the boundary because each generates an extremal ray.
Since the Picard group of S has rank six, it follows from Proposition 1.1 that the
number of boundary components is seven. Thus, the boundary is equal to the union
of these negative curves.

Let f : S — P2 be the birational morphism which contracts L1, Lo, L3, Ro, and
R3. According to Proposition 1.3, this induces a biequivariant compactification on
P2. The birational map fon~—!:S --s P? is given by

S > (zo:my:wy: w3 ay) — (1o 02 x3) € P

The images of Ry and Ry are {yo = 0} and {y2 = 0} and we denote them by Dy
and Do, respectively. The images of Ly and Lg are (0 : 0: 1) and (0 : 1 : —1),

respectively; so that the induced group action on P? must fix (0: 0:1), (0:1: —1),
and Dy N Dy = (0 :1:0). Thus, the group action must fix the line Dy, and this
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fact implies that all left and right invariant vector fields vanish along Dy. It follows
that

—div(w) = —=div(w/pa(a)) = 2Dy + D,
which contradicts d # 0. O

EXAMPLE 1.7. Let I > d > 0. The Hirzebruch surface F; = Pp: ((O & O(1))*)
is a biequivariant compactification of G4. Indeed, we may take the embedding

Gy — J)
(z,0) = ((a:1),[l @ o)),

where o7 is a section of the line bundle O(1) on P! such that
div(oq) = (1:0).
Let 7 : F; — P! be the P!-fibration. The right action is given by

((zo : 21), [yo ® v101]) — ((amo : 21), [Yo & (y1 + (zo/z1) 2y0)01)),
on 71Uy =P\ {(1:0)}) and

((xo = 1), [yo ® y10g)) = ((azo = 1), [a'yo © (y1 + (21/20)' ™~ yo)ag)),
on Uy = 7~ 1(PY\ {(0:1)}). Similarly, one defines the left action. The boundary
consists of three components: two fibers fo = 7=1((0: 1)), fi = 7~ 1((0 : 1)) and
the special section D characterized by D? = —.

ExampLE 1.8. Consider the right actions in Examples 1.7. When [ > d > 0,
these actions fix the fiber fy and act multiplicatively, i.e., with two fixed points, on
the fiber fi. Let X be the blowup of two points (or more) on fy and of one fixed
point P on f1\ D. Then X is an equivariant compactification of G4 which is neither
a toric variety nor a G2-variety. Indeed, there are no equivariant compactifications
of G2, on F, fixing fy, so X cannot be toric. Also, if X were a G2-variety, we
would obtain an induced G2-action on F; fixing f, and P. However, the boundary
consists of two irreducible components and must contain fy, D, and P because D
is a negative curve. This is a contradiction.

For [ = 2 and d = 1, blowing up two points on fy we obtain a quintic del Pezzo
surface with an Ay singularity. Manin’s conjecture for this surface is proved in [19].

In Section 5, we prove Manin’s conjecture for X with [ > 3.

2. Height zeta functions

Let F' be a number field, op its ring of integers, and Valp the set of equivalence
classes of valuations of F'. For v € Valy let F}, be the completions of F' with respect
to v, for nonarchimedean v, let 0, be the corresponding ring of integers and m,, the
maximal ideal. Let A = A be the adele ring of F.

Let X be a smooth and projective right-sided equivariant compactification of a
split connected solvable linear algebraic group G over F, i.e., the toric part T of G
is isomorphic to G}},. Moreover, we assume that the boundary D = U,c7 D, consists
of geometrically irreducible components meeting transversely. We are interested in
the asymptotic distribution of rational points of bounded height on X° = G C X,
with respect to adelically metrized ample line bundles £ = (L, (|| - [|4)) on X. We
now recall the method of height zeta functions; see [37, Section 6] for more details
and examples.
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Step 1. Define an adelic height pairing

H: Pic(X)c x G(Ap) — C,
whose restriction to

H: Pic”(X) x G(F) — Ry,
descends to a height system on Pic(X) (see [26, Definition 2.5.2]). This means that
the restriction of H to an L € PicG(X ) defines a Weil height corresponding to some
adelic metrization of L € Pic®(X), and that it does not depend on the choice of a
G-linearization on L. Such a pairing appeared in [3] in the context of toric varieties,
the extension to general solvable groups is straightforward.

Concretely, by Proposition 1.1, we know that Pic® (X) is generated by boundary
components D,, for ¢ € Z. The v-adic analytic manifold X (F,) admits a “partition
of unity”, i.e., a decomposition into charts Xy ,, labeled by I C Z, such that in
each chart the local height function takes the form

Hv(57 xv) = ¢<xv) . H |xL7v|f)La
el
where for each ¢« € I, x, is the local coordinate of D, in this chart,
5= Z 5,.D,,
LET
and log(¢) is a bounded function, equal to 1 for almost all v (see [13, Section 2] for
more details). Note that, locally, the height function
HL,'U(x’U) = ‘xL,’U|'U
is simply the v-adic distance to the boundary component D,. To visualize X, (for
almost all v) consider the partition induced by
X(Fy) = X(0,) = Urcz X7 (Fy),
where
X7 = ULe]D[, X}J = X[\U[/;[X]/,
is the stratification of the boundary and p is the reduction map; by convention
Xy = G. Then Xj , is the preimage of X7(F,) in X(F,), and in particular, Xy , =
G(o0y), for almost all v.
Since the action of G lifts to integral models of G, X, and L, the nonar-

chimedean local height pairings are invariant with respect to a compact subgroup
K, C G(F,), which is G(0,), for almost all v.

Step 2. The height zeta function
Z(s,g):== Y H(s,v9)",
YEG(F)

converges absolutely to a holomorphic function, for $(s) sufficiently large, and
defines a continuous function in L}(G(F)\G(Ar)) N L%(G(F)\G(Ar)). Formally,
we have the spectral expansion

(2'1) Z(Sag) :ZZW(S,Q),

where the “sum” is over irreducible unitary representations occurring in the right
regular representation of G(Ar) in L2(G(F)\G(Ar)). The invariance of the global
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height pairing under the action of a compact subgroup K C G(Ar), on the side of
the action, insures that Z, are in L%(G(F)\G(Ar))¥K.

Step 8. Ideally, we would like to obtain a meromorphic continuation of Z to a
tube domain

Ta=0Q +iPiC(X)R C PiC(X)(C,

where ) C Pic(X)g is an open neighborhood of the anticanonical class —Kx. It is
expected that Z is holomorphic for

R(s) € —Kx + Adg(X)

and that the polar set of the shifted height zeta function Z(s — Kx, g) is the same
as that of

(2.2) XAeﬁ.(X)(S) = / 6_<S’y>dy,
Al (X)

the Laplace transform of the set-theoretic characteristic function of the dual cone
Aesr(X)* C Pic(X)g. Here the Lebesgue measure dy is normalized by the dual
lattice Pic(X)* C Pic(X)k. In particular, for

R = _KX = ZK/LDL)

the restriction of the height zeta function Z(s, id) to the one-parameter zeta function
Z(sk,id) should be holomorphic for $(s) > 1, admit a meromorphic continuation
to R(s) > 1—e¢, for some € > 0, with a unique pole at s = 1, of order r = rk Pic(X).
Furthermore, it is desirable to have some growth estimates in vertical strips. In
this case, a Tauberian theorem implies Manin’s conjecture (0.1) for the counting
function; the quality of the error term depends on the growth rate in vertical strips.
Finally, the leading constant at the pole of Z(sk,id) is essentially the Tamagawa-
type number defined by Peyre. We will refer to this by saying that the height zeta
function Z satisfies Manin’s conjecture; a precise definition of this class of functions
can be found in [10, Section 3.1].

This strategy has worked well and lead to a proof of Manin’s conjecture for the
following varieties:

e toric varieties [3], [4], [5];

e equivariant compactifications of additive groups G? [11];

e equivariant compactifications of unipotent groups [32], [31];

e wonderful compactifications of semi-simple groups of adjoint type [30].

Moreover, applications of Langlands’ theory of Eisenstein series allowed to prove
Manin’s conjecture for flag varieties [21], their twisted products [34], and horo-
spherical varieties [35], [10].

The analysis of the spectral expansion (2.1) is easier when every automorphic
representation 7 is 1-dimensional, i.e., when G is abelian: G = G} or G =T, an
algebraic torus. In these cases, (2.1) is simply the Fourier expansion of the height
zeta function and we have, at least formally,

(2.3) Z(s,id) = / H(s, x)dx,
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where

(2.4) s, ) = /G . Hs.9) (0o

is the Fourier transform of the height function, x is a character of G(F)\G(Ar), and
dx an appropriate measure on the space of automorphic characters. For G = GJ,
the space of automorphic characters is G(F) itself, for G an algebraic torus it is
(noncanonically) X(G)g X Ug, where Ug is a discrete group.

The v-adic integration technique developed by Igusa, Denef, Denef and Loeser
(see, e.g., 23], [16], [17], and [18]) allows to compute local Fourier transforms of
height functions, in particular, for the trivial character y = 1 and almost all v we
obtain

H - - #X7(Fy) g—1
H, s, 1) = / H S, 1d =7,(G 1 .I q 7
( ) G(Fy) ( g) g ( ) <Z dim(X) H qsterl 1

IcT q el

where X are strata of the stratification described in Step 1 and 7,(G) is the local
Tamagawa number of G,

G(F
7(G) = ?jding((?))'
Such height integrals are geometric versions of Igusa’s integrals; a comprehensive
theory in the analytic and adelic setting can be found in [13].

The computation of Fourier transforms at nontrivial characters requires a finer
partition of X (F,) which takes into account possible zeroes of the phase of the
character in G(F,); see [11, Section 10] for the the additive case and [3, Section 2]
for the toric case. The result is that in the neighborhood of

k= ZKJLDL € Pic%(X),

the Fourier transform is regularized as follows

A(s.x) = {Hv¢3(><> ez Srolse =+ D lliesiy d0(8:X) G =Gy,
Hv¢s(x) HLGI Lrw(se — ke + 1 +im(X), Xu) HWGS(X) bu(s,x) G=T,
where
e I(x) ¢ I;

e S(x) is a finite set of places, which, in general, depends on Y;

e (ry is a local factor of the Dedekind zeta function of F' and Lg, a local
factor of a Hecke L-function;

e m(y) is the “coordinate” of the automorphic character x of G = T under
the embedding X(G)3 — Pic®(X)g in the exact sequence (1) in Proposi-
tion 1.1 and y, is the “discrete” component of x;

e and ¢,(s, x) is a function which is holomorphic and bounded.

In particular, each ﬁ(s, X) admits a meromorphic continuation as desired and we
can control the poles of each term. Moreover, at archimedean places we may use
integration by parts with respect to vector fields in the universal enveloping algebra
of the corresponding real of complex group to derive bounds in terms of the “phase”
of the occurring oscillatory integrals, i.e., in terms of “coordinates” of y.

So far, we have not used the fact that X is an equivariant compactification of
G. Only at this stage do we see that the K-invariance of the height is an important,
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in fact, crucial, property that allows to establish uniform convergence of the right
side of the expansion (2.1); it insures that

H(s, x) = 0,

for all x which are nontrivial on K. For G = G} this means that the trivial repre-
sentation is isolated and that the integral on the right side of Equation (2.3) is in
fact a sum over a lattice of integral points in G(F'). Note that Manin’s conjecture
fails for nonequivariant compactifications of the affine space, there are counterex-
amples already in dimension three [6]. The analytic method described above fails
precisely because we cannot insure the convergence on the Fourier expansion.

A similar effect occurs in the noncommutative setting; one-sided actions do
not guarantee bi-K-invariance of the height, in contrast with the abelian case.
Analytically, this translates into subtle convergence issues of the spectral expansion,
in particular, for infinite-dimensional representations.

THEOREM 2.1. Let G be an extension of an algebraic torus T by a unipotent
group N such that [G,G] = N over a number field F. Let X be an equivariant
compactification of G over F and

Z(s,9)= > H(s,v9)~,
YEG(F)

the height zeta function with respect to an adelic height pairing as in Step 1. Let

Zo(s, ) = / Z,(s,g) dx,

be the integral over all 1-dimensional automorphic representations of G(Ar) occur-
ring in the spectral expansion (2.1). Then Zy satisfies Manin’s conjecture.

ProoFr. Let
1-N—-G—-T-—1

be the defining extension. One-dimensional automorphic representations of G(Ar)

are precisely those which are trivial on N(Ap), i.e., these are automorphic charac-

ters of T. The K-invariance of the height (on one side) insures that only unramified

characters, i.e., Kp-invariant characters contribute to the spectral expansion of Z.
Let M = X*(G) be the group of algebraic characters. We have

Zo(s,id) = / / Z(s,g)x(g) dgdx
Mg xUr JG(F)\G(AF)

=/ / H(s, g) "' x(g) dgdx
]\/IRXMT G(AF)
:/ F(s + im(x)) dm,

Mg

where
F(s):= Y H(s,xu).
XEUT
Computations of local Fourier transforms explained above show that F can be
regularized as follows:

F(s) = HCF(SL — K, + 1) Fo(s),

LeZ
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where F, is holomorphic for R(s,) — k, > —¢, for some € > 0, with growth control
in vertical strips. Now we have placed ourselves into the situation considered in
[10, Section 3]: Theorem 3.1.14 establishes analytic properties of integrals

1
Mg HLGI(SL — R, + imb)
where the image of ¢: Mr — R#7 intersects the simplicial cone Rfoz only in the

origin. The main result is that the analytic properties of such integrals match those
of the X-function (2.2) of the image cone under the projection

- Foo(s + im) dm,

s

0 M, : R#* RAT—dim(M) — = ()

R A
0 — X*(G)r — Pic%(X)g — Pic(X)g —0;

according to Proposition 1.1, the image of the simplicial cone Rﬁg under 7 is
precisely Aeg(X) C Pic(X)g. O

3. Harmonic analysis

In this section we study the local and adelic representation theory of
G =Gy ¥, Gy,
an extension of T := G,, by N := G, via a homomorphism ¢ : G,, — GL;. The
group law given by
(SL’, CL) : (y7 b) = (Qj + Lp(a)yv ab)
We fix the standard Haar measures

dx:HdZEv and daX:Hda§7

on N(Ap) and T(Ar). Note that G(A ) is not unimodular, unless ¢ is trivial. The
product measure dg := dzda™ is a right invariant measure on G(Ar) and dg/p(a)
is a left invariant measure.
Let o be the right regular unitary representation of G(Ar) on the Hilbert space:
H = L*(G(F)\G(AR),dg).

We now discuss the decomposition of H into irreducible representations. Let
o =]]vv: Ar— S,
v

be the standard automorphic character and 1, the character defined by

x — Y(nz),
for n € F*. Let
W :=ker(p: F* — F*),
and
Ty 1= Ind%((‘ii))xw(wn),
for n € F*. More precisely, the underlying Hilbert space of m, is LZ(W\T(Ar)),
and that the group action is given by

(z,a) - f(b) = ¥n(p(b)x)f(ab),
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where f is a square-integrable function on T'(Ar). The following proposition we
learned from J. Shalika [29].

PROPOSITION 3.1. Irreducible automorphic representations, i.e., irreducible
unitary representations occurring in H = L2(G(F)\G(AFr)), are parametrized as
follows:

= LX(T(F)\T(A D n
H=L(TENTAP) OB, e )™

REMARK 3.2. Up to unitary equivalence, the representation m,, does not depend
on the choice of a representative n € F* /p(F*).

PROOF. Define
Ho:={¢ € H|o((z,1)g) = &(9) },
and let H; be the orthogonal complement of Hy. It is straightforward to prove that
Ho = LX(T(F)\T(AF)).

Lemma 3.4 concludes our assertion. |

LEMMA 3.3. For any ¢ € LY(G(F)\G(Ar)) N'H, the projection of ¢ onto Ho
is given by

bo(9) ;:/ é((z,1)g)dx ae..
N(F)\N(AF)

PROOF. It is easy to check that ¢y € Hg. Also, for any ¢’ € Hg, we have

/ (6 — do)@'dg = 0.
G(F)\G(AF)

LEMMA 3.4. We have

—

=D, ™
PRrROOF. For ¢ € C(G(F)\G(AF)) NHy, define

Frola) = / o, a)dn () do.
N(F)\N(AF)
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Then,

o2 = / / ¢(z,a))|* dzda™
T(F)O\T(Ar) J N(F)\N(Ar)

/ / o(z, a)p(oz)dz
T(F)\T(AF) N(F)\N(AF)

/ $(z, a)p(az)de
T(F\T(hr) S |/ NE\N(AF)

2
da™

acF
2

da*™

2

:/ Z L oz, a)y(np(a)z)dz| da™
T(F\T(Ar) QGFX ners o) TV INENN (Ar)
2

:/ Z L é(x, aa)y(nx)de| da™

T(F\T(Ar) QGFX ners o) TV INENN (Ar)

2
= Z ! / é(x, ), (z)dz| da™
nEFx Jo(FX) # T(Ap) |/ N(F)\N(AF)

= > A as -

neFXx /p(F>*)

The second equality is the Plancherel theorem for N(F)\N(Ag). Third equality
follows from Lemma 3.3. The fifth equality follows from the left G(F')-invariance
of ¢. Thus, we obtain an unitary operator:

I:H — @nGFX/Lp(FX)ﬂ-n'

Compatibility with the group action is straightforward, so I is actually a morphism
of unitary representations. We construct the inverse map of I explicitly. For f €
C(WA\T(AF)), define

bns(2.0) i= = 3" ule(a)a)f(aa).
The orthogonality of characters implies that
Sty G (@,0) - By () da
— AW Ly i (S Un(9(@)2) f(00)) - (Doepr Bnlp(a)a)F(aa)) da
= o Scrn [F(0a)]

Substituting, we obtain

2
| s |I? = / / 6z, 0)|? dda”
T(F)\T(Ar) JN(F)\N(AF)

1
= o= |f(aa)Pda™ =| £ II7 .
#W Jrinrar) JShx
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Lemma 3.3 implies that ¢ € H; and we obtain a morphism

—

O @%FX/@(FX)W” — H;.

Now we only need to check that ©I = id and IO = id. The first follows from the
Poisson formula: For any ¢ € C°(G(F)\G(Ar)) NH1,

o= Y S (el [ &(y, aa)ibu(y) dy

neFX /p(FX) aEFX% N(F)\N(Ar)

1
- Y EY /N e, S 00T ) dy

neFX /p(FX) aeFXx

1
= Y X o, A0 st dy

nEFX [p(FX) aEFX
-> 6((y, 1) (x, @))b(ay) dy = 6(x,a),
acr? NF)N\N(AF)
where we apply Poisson formula for the last equality. The other identity, 10 = id

is checked by a similar computation. O

To simplify notation, we now restrict to F' = Q. For our applications in Sec-
tions 4 and 5, we need to know an explicit orthonormal basis for the unique infinite-
dimensional representation m = LQ(A(E) of G = G1. For any n > 1, define compact
subgroups of G(Zj)

G(p"Zy) :=A{(z,a) |z € p"Zyp, a € 1+ p"Zy}.
Let v, : Q, — Z be the discrete valuation on Q,.
LEMMA 3.5. Let K, = G(p"Zy).

e When n =0, an orthonormal basis for LQ(Q;)KP is given by
{1ij;< |J 2 0}~

e When n > 1, an orthonormal basis for LZ(Q;)KP is given by

{>‘Zl7('/pj)]'pJZ;< |] > —n, )‘p € Mp}a
where My, is the set of characters on Z,; /(1 + p"Zy).

Moreover, let Kg, = Hp K,, where the local compact subgroups are given by K, =
G(p"*Zy), with n, =0 for almost all p. Let S be the set of primes with n, # 0 and
N = Hp p™. Then an orthonormal basis for L2 (Aaﬁn)Kﬁ" is given by the functions

(ap)p — H Ap(ap 'p_vp(ap))l%zg (ap) - H 1,2 (ap), meN, Ap € M,
peES pgS

PROOF. For the first assertion, let f € L?(Q))¥» where K, = G(Z,). Since it
is K,-invariant, we have

f(bp : ap) = f(ap)a

for any b € Z;'. Hence f takes the form of

f: Z Cj].ij;

j=—o0
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where ¢; = f(p’) and 372 |¢j|* < +oo. On the other hand, we have

Vplap - zp)f(ap) = flap)
for any x;, € Z,,. This implies that f(p’) = 0 for any j < 0. Thus the first assertion

follows. The second assertion is treated similarly. The last assertion follows from
the first and the second assertions. (I

We denote these vectors by v, » where m € N and A € M := [[ . M,. Note
that M is a finite set. Also we define

Omai(9) :=O(Vmr @ |- [L)(g)
= Z ¢(0‘x)vm’>\(aaﬁn)|aaoov;
aeQx

The following proposition is a combination of Lemma 3.5 and the standard
Fourier analysis on the real line:

PROPOSITION 3.6. Let f € H¥X. Suppose that
(1) I(f) is integrable, i.e.,
I(f) € L2(A)K nLt(A™),

(2) the Fourier transform of f is also integrable i.e.

“+o0
/ 1(F, Oror)| lE < +0c,

for any m € N and A € M.

Then we have

Z Z / (fs0mat)0mai(g)dt ae.,

AeEM m= 1

where

(o Bmne) = / F(9)mre(g) dg.
G(Q)\G(Ag)

PrOOF. For simplicity, we assume that n, = 0 for all primes p. Let I(f) =
h € L2(AX)K N LY (A*). Tt follows from the proof of Lemma 3.4 that

flg)=0(h)(g) = > v(az)h(aa

acx

Note that this infinite sum exists in both L! and L? sense. It is easy to check that

/A h(@)Vom (@t too| = da® = (f, Oms).

h=> Vi @ hm,

m

where h,, € L2(Rx¢,daX). The first and the second assumptions imply that h,,

Write

and the Fourier transform of ﬁm both are integrable. Hence the inverse formula of
Fourier transformation on the real line implies that

+oo
2471_/ (f,Om.t) Vm(aﬁn)‘aoovt dt a.e..
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Apply O to both sides, and our assertion follows. O

We recall some results regarding Igusa integrals with rapidly oscillating phase,
studied in [12]:

PROPOSITION 3.7. Let p be a finite place of Q and d,e € Z. Let
D : (@22J x C? - C,

be a function such that for each (z,y) € Q2, ®((x,y),s) is holomorphic in s =
(s1,82) € C%. Assume that the function (z,y) — ®(x,y,s) belongs to a bounded
subset of the space of smooth compactly supported functions when R(s) belongs to a
fized compact subset of R2. Let A be the interior of a closed convex cone generated
by

(1,0),(0,1), (d, e).

Then, for any a € Q)
1a(s) = [ laly ol uplaay )0 (o, y.s)doy dug
Q
is holomorphic on Tx. The same argument holds for the infinite place when ® is a

smooth function with compact supports.

PROOF. For the infinite place, use integration by parts and apply the convexity
principle. For finite places, assume that d, e are both negative. Let §(z,y) = 1 if
|z, = |y|p = 1 and 0 else. Then we have

NOESSY /@2 2[5t y| 5240 (Y ) @ (2, y,8)6 (p~ @, p~ ™y) daf dy)f

n,me”Z

_ Z p—(n31+ms2),na7n)m<s)’

n,me”Z

where

ndtme gy o(pha, p™y, s) do ) dy)s.

Nevyn,m(8) = Yp(ap

lzlp=lylp=1
Fix a compact subset of C? and assume that R(s) is in that compact set. The
assumptions in our proposition mean that the support of ®(-,s) is contained in a
fixed compact set in @;277 so there exists an integer Ny such that 1g ., m(s) = 0 if
n < Ny or m < Ny. Moreover, our assumptions imply that there exists a positive
real number § such that ®(-,s) is constant on any ball of radius § in (@12). This

implies that if 1/p™ < §, then for any u € Z;,
Novn,m (8) = / Up(ap™ T wty ut) O (p" wu, p™y, s) d )l dy);
= / Up(ap" M aly ut)D(p"x, Ty, 8) dal dyf
= / » 1/1p(ap”d+me:cdyeud) du™®(p"x,p™y,s) dz, dy,;,
P

and the last integral is zero if n is sufficiently large because of [12, Lemma 2.3.5].
Thus we conclude that there exists an integer Ny such that 1g ., m(s) = 0if n > Ny
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or m > N7. Hence we obtained that

ﬂa(s) = Z pi(nSIersz) 'na,n,m(s)a

No<n,m<N;

and this is holomorphic everywhere.

The case of d < 0 and e = 0 is treated similarly.

Next assume that d < 0 and e > 0. Then again we have a constant ¢ such that
Noeyn,m(8) = 0 if 1/p™ < § and n|d| — me > c. We may assume that c is sufficiently
large so that the first condition is unnecessary. Then we have

_n(eR(s s (nld|—me) g o
1a(s)] < Z Zp 2 (eR(s1)+]d|R(s2)) p e R(s2) Neem.m (8)]

N()Sn m

. cR(s2)
S Z p—;(eéﬁ(sl)+|d|§R(32)) . P

_ R(s2)
No<n IT—p~

Thus 7, (s) is holomorphic on T.

From the proof of Proposition 3.7, we can claim more for finite places:

PROPOSITION 3.8. Let € > 0 be any small positive real number. Fiz a compact
subset K of A, and assume that R(s) is in K. Define:

max {0, _m|(5|1)’_%(32)} ifd<0ande <0,

el
K(K) =
U= e 0, —%l(;lﬂ} if d<0ande>0,

Then we have
70 (8)] < 1/|alFte
as |al, — 0.
PrROOF. Let |af, = p~ %, and assume that both d, e are negative. By changing
variables, if necessary, we may assume that Ny in the proof of Proposition 3.7 is

zero. If k is sufficiently large, then one can prove that there exists a constant ¢ such
that 1gn,m(s) =0 if n|d| + m|e] > k + c. Also it is easy to see that

|p7(n51+m52)| S p(n\d|+m\€|)H(K).

Hence we can conclude that
0 (s)] < K21/[alf0) < 1/|a|sE)+e,

The case of d < 0 and e = 0 is treated similarly.
Assume that d < 0 and e > 0. Then we have a constant ¢ such that 74 5, m(s) =
0 if n|d| — me > k + ¢. Thus we can conclude that

ma(s)] < Y Y pm REIRED |, L (s)]

m>0n>0

< Z p—m%(SQ)(me + k)p(me-‘rk:)ﬁ(K,sQ)

m>0
< k1/|a|g(K,sz) Z (m + 1)p7m(m(52)7en(1<,52))
m>0
< 1/|afis2)te,
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where

R(s1)
|d]

k(K s5) = max {0, - L (R(s1), R(s2)) € K} .

Thus we can conclude that
[Na(s)] < 1/]alfOs24e < 1/]alsOTe,

4. The projective plane

In this section, we implement the program described in Section 2 for the sim-
plest equivariant compactifications of G = G; = G, % G,,, namely, the projective
plane P2, for a one-sided, right, action of G given by

G 3 (x,a)— [xo: 21 :20) = (a:a 1) € P2

The boundary consists of two lines, Dy and Ds given by the vanishing of zy and
9. We will use the following identities:

div(a) = Dy — Do,

div(l‘) = Do+ D1 — 2D,

div(w) = —3Ds,
where D; is given by the vanishing of 1 and w is the right invariant top degree
form. The height functions are given by

max{alp, |a~ x|, 1}

HDU,P(avm) = |a| ’ HDz,p(a’x) = max{|a’|pv |a_1x|p7 1}’
p
la[* +[a" a|* +1 -
Hpyon(av) = VLB o) = Vi F a4 1
Hp, = HHDo,p X Hpy 00, Hp, = HHDZ;P X Hp, 00,
p p

and the height pairing by
H(s, g) = Hp, (9)HE, (9);
for s = s Dy + s2D2 and g € G(A). The height zeta function takes the form
Z(s,9)= Y H(s,vg) ™"
7€G(Q)

The proof of Northcott’s theorem shows that the number of points of height < B
grows at most polynomially in B, Consequently, the Dirichlet series Z(s, g) converges
absolutely and normally to a holomorphic function, for R(s) is sufficiently large,
which is continuous in g € G(A). Moreover, if R(s) is sufficiently large, then

Z(s,g) € L(G(Q\G(4)) N LY (G(Q\G(A)),

(see Lemma 5.2 for a proof). According to Proposition 3.1, we have the following
decomposition:

L2(G(Q\G(A)) = L2(Gn(Q\Gw(A)) @,
and we can write

Z(Svg) = ZO(Sag) + Zl(s7g)'
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The analysis of Zg(s,id) is a special case of our considerations in Section 2, in
particular Theorem 2.1 (for further details, see [4] and [13]). The conclusion here
is that there exist a 6 > 0 and a function h which is holomorphic on the tube
domain Ts3_4 such that

h(SO +-82)

VA id) = ————m———.
o(s,1d) (sg + 82— 3)

The analysis of Z; (s, id), i.e., of the contribution from the unique infinite-dimensional
representation occurring in L?(G(Q)\G(A)), is the main part of this section. Define

K=][X, K« =]][Gz,)- {0, £1)}.

Since the height functions are K-invariant,
Zy(s,g) € 7€ = L2(A%)K,

Lemma 3.5 provides a choice of an orthonormal basis for L%(A ). Combining with
the Fourier expansion at the archimedean place, we obtain the following spectral
expansion of Zy:

LEMMA 4.1. Assume that R(s) is sufficiently large. Then
1 oo
260 = 3 g0 [ 260 0nio)nito)ar

where Oim,1(9) = O(Vin @ | - [")(g).-
PrOOF. We use Proposition 3.6. To check the validity of assumptions of that

proposition, in particular, the integrability in ¢, we invoke Lemma 5.3. d

It is easy to see that

(Z(5,9), Oma(g)) = / Z(s,9)0ms(g) dg

G(Q\G(A)
- / H(s,9) " 0m.(g) dg
G(A)

Z /G(A) H(s, ¢) ' (ax) v (aasn ) |cas |~ dg

aeQx

Z H H (s, m, ) - H (s, t, ),

aceQx p

where

Hys.m,a) = [ Hy(s.0,) (a1, (aay) d.
G(Qp)

HL (5., 0) = / Hoo (5, go0) ™ s ()| atog | dgc.
G(R)
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Note that 6,, .(id) = 2|m|". Hence we can conclude that

1(s,id) Z 2277/ HH s,m,a)-H (s, t,a)|m|" dt

acQx m=1

Z Z / H/ (s, 9p) &p(axp)lng (aap)|aal;dg, - HL (s, t, o) dt

acQxm= 1 (Qp

1 .
Z 2—/ (s,a,t) - Hoo(s, i, t) dt,

aeQX

where

o~

Hp(sv Q, t) = / Hp(S, gp)_lz/;p(axp)llp (O‘ap)|ap|;it dgp,
G(Qp)

~

Ao (5,00 t) = / Hoo (5, 9o0) ™ oo (000 oo |~ dgoe.
G(R)

Note that the summation over m absorbed into the Euler product, see Proposi-
tion 5.4. It is clear that

o~

HP(Saa7t) = Hp((so - it; S2 +’it)7aao)a

so we only need to study ﬁp(s,a) = ﬁp(s,a,()). To do this, we introduce some
notation. We have the canonical integral model of P? over Spec(Z), and for any
prime p, we have the reduction map modulo p:

p:G(Qp) C PQ(Qp) = ]P2(Z;D) - ]P)Q(Fp)
This is a continuous map from G(Q,) to P?(F,). Consider the following open sets:
p P2\ (Do U D)) = {lal, = 1,]al, <1}
=p" (Do \ (Do N D2)) = {lal, < 1,]a""al, <1}
=p~'(D2\ (Do N D)) = {lal, > 1, |a"2z], < 1}
UD(LD2 p~(DoN Dy) = {latz|, > 1,|a 2|, > 1}.

The height functions have a partial left invariance, i.e., they are invariant under
the left action of the compact subgroup {(0,b) | b € ZS}. This implies that

o~

H,(s, @) :/ Hp(s,g)71/ Up(abz)db 1z, (aa)dg.
G(Qp) Zy

We record the following useful lemma (see, e.g., [11, Lemma 10.3] for a similar
integral with respect to the additive measure):

LEMMA 4.2.
1 if |z|, <1,
Up(bw) db* = ¢ ——Loif [af, = p,

A .
v 0 otherwise.
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LEMMA 4.3. Assume that |a|, = 1. Then

Cp(s0 + 1)¢p(250 + 52)
Cp(so + 52)

Proor. We apply Lemma 4.2 and obtain

ﬁp(&a):/ +/ +/
Uy Up, Uby.D,

p*(50+1) N p*(250+52) _ p*(50+52)
1— p—(so+1) (1 _ p—(so+1))(1 _p—(2$0+52)>

Hy(s,a) =

_ Gp(s0 + 1)Gp(250 + s2)

Cp(SO + 32)
O
LEMMA 4.4. Assume that |a|, > 1. Let |a|, = p*. Then
Hy(s, a) = p~F 0T DR, (5,1).
Proor. Using Lemma 4.3 we obtain that
ﬁp(s, ) = / /
UDO Upqy,Ds
_ k(so+1) +p—k(so+1) p—(280+52) _ p—(So+82)
1 _ p (50+1) (1 _ p—(50+1))(1 _ p—(280+82))
_ p—k(swl)ﬁp(& 1).
O

LEMMA 4.5. Assume that |al, < 1. Let |al, = p~*. Then ﬁp(s, «) is holomor-
phic on the tube domain Ty = A + iR? over the cone

A={so>—1,80+ s2 > 0,259 + s2 > 0}.
Moreover, for any compact subset of N, there exists a constant C > 0 such that
A, (s, )| < Ckmax{1,p~ 3 R(2-2)}
for any s with real part in this compact set.

PROOF. It is easy to see that

= | [
Uy Up, Up, Upg, Dy

—(so+1)
=1+ £ (s +1) / /
1- 0 Up, Upg,Dy
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On Up,, we choose (1 : x; : x2) as coordinates, then we have

/ / B2 2/ Vp(ab=5)db*1z, (azy ' )dzy da)
Up, |z1]p<1,|z2lp<l

_ 8272 X
_ /J a2z~ 2du}
p 2 <|xalp<l

Hence this integral is holomorphic everywhere, and we have

/UD2

On Up,.p,, we choose (xg : 1: x2) as coordinates and obtain

1 _
— / = / |LE0‘80+1 |m2|52 2 / wp(abxfg)dbxdwo dx;<
l-p Upg, Dy [zolp:lz2]p<1 b T2

-(-[- ])(2so+52

-1
___ b (k+1)(so+1) P +1 21 x
o1 - pflp " 1 — p—(2s0ts2) o7 a2 dag day

<k max{l,p*%m(”ﬁ)}.

where the last integral is over
{lzolp < 1, |z2lp < 1, |amol, < 222},

and is equal to

Z p—l(So+1)—j(Sz—2)

gl=1
2j—1<k
so+1 27—k)(sp+1
Z pfj(sz 2) (O ) 4 Z P —j(s2— 2) ~EerD
—p~ 1 — p—(s0+1) 1 p—(sDD+1)
]S[Q] j>[ ]
_([x s
= Z N + P ([3]+D@s0+s2)  ph(so+D)
- 1— —(So+1) 1— —(280+82) 1— —(So-‘rl) '
i<¥) g g 3
From this we can see that fU is holomorphic on T and that for any compact

subset of A, we can find a constant C > 0 such that

/UDOsz

for R(s) in this compact. O

< Ckmax{1l,p~ 5 R(s2— 21,

Next, we study the local integral at the real place. Again,

~ o~

Hoo(s, o, t) = Hoo((s0 — it, 82 + it), v, 0),

and we start with

~

Hoo (s, @) = Hoo (s, @, 0).
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LEMMA 4.6. The function
s — Hoo(s, @),
is holomorphic on the tube domain T/ over
N = {so > —1,s9 > 0,250 + s2 > 0}
Moreover, for any r € N and any compact subset of
A ={sp > —1+r,s5 >0},
there exists a constant C' > 0 such that

|HOO(S,O[)| < m7

for any s in the tube domain over this compact.

PrOOF. Let Uy = X(R) \ (Do U Ds), Up, be a small tubular neighborhood
of D; minus Dy N Dy, and Up,,p, be a small neighborhood of Dy N Dy. Then
{Up,Upy,Up,,Upy,p,} is an open covering of X (R), and consider the partition of
unity for this covering; 8y, 0p,,0p,,0p,,p,.- Then we have

/H\OO(s,oz) :/ H;ollﬁoo(axoo)ﬂgdgoo—k/ +/ —I—/ .
Uo Ub, Up, Uby.Dy

On Up,.p,, we choose (xg : 1: x2) as analytic coordinates and obtain

_9 -, Xg
/ _ / ol 2] =200 22 ) (s, 2o, o) dar
Uby.Ds R? L3

where ¢ is a smooth bounded function with compact support. Such oscillatory
integrals have been studied in [12], in our case the integral is holomorphic if R(sg) >
—1 and R(2s¢9+s2) > 0. Assume that R(s) is sufficiently large. Integration by parts
implies that

1 B _ - T
/ = L[ oot 242 (00 (s, o, o) daf
Uby,Ds (0% R2 x5

and this integral is holomorphic if R(sg) > —1 + r and R(s2) > 2 — 2r. Thus, our
second assertion follows. The other integrals are studied similarly. O

LEMMA 4.7. For any compact set K C A}, there exists a constant C > 0 such

that
C

AIIOO S,Oé7t < 2 2\
’07 a’I’Ly s € I K -

PRrROOF. Consider a left invariant differential operator 9, = ad/0a. Integrating
by parts we obtain that

N 1 L »
Hoo(s, a,t) = 2 /G(R) agHOO(Sagoo) 1¢00(a$00)|a00| tdgocn

According to [11],
O02Hoo (8, goo) ™F = Hoo (8, goo) ™+ x (a bounded smooth function),

so we can apply the discussion of the previous proposition. (I



24 SHO TANIMOTO AND YURI TSCHINKEL
LEMMA 4.8. The Euler product

H /H\P(S7 Oé,t) ' /HOO(S, a, t)v
p

is holomorphic on the tube domain Tq over
Q={sp>0,s9>0,250+ 52 > 1}.

Moreover, let o = %, where ged(B,v) = 1. Then for any ¢ > 0 and any compact
set

KcQ = {SO > 1,89 > 0,250 + S2 > 1},
there exists a constant C' > 0 such that

—R(s2—2)
max{L,/[3] " 7}
B[ €ly|Rlso=t)

T Ho(s.0nt) - Huo(s, 0, t)| < C-
p

foralls e Tk.

THEOREM 4.9. There exists § > 0 such that Z1(so + s2,id) is holomorphic on
T35

PROOF. Let § > 0 be a sufficiently small real number, and define
A:{So > 244,80 > 1—25}.

It follows from the previous proposition that for any ¢ > 0 and any compact set
K C A, there exists a constant C' > 0 such that

C
L+ @IBE T+

[TTHs(s 000) - Hoc(s,0,0)] <
P
From this inequality, we can conclude that the integral

/ H ﬁp(sa «, t) ' H\OO(S7 @, t)dt7
—o0 Ty

converges uniformly and absolutely to a holomorphic function on T g. Furthermore,
we have

/

<

/ H Hy(s, a,t) - Hoos, a, t)dt
—

|b|g—e—5|c|1+5'
For sufficiently small € > 0 and § > 0, the sum

1 [ ~
Z %[ HHP(Svavt)'Hoo(S,a,t)dt,
> p

acQX

converges absolutely and uniformly to a function in sg 4+ s3. This concludes the
proof of our theorem. O
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5. Geometrization

In this section we geometrize the method described in Section 4. Our main
theorem is:

THEOREM 5.1. Let X be a smooth projective equivariant compactification of
G = Gy over Q, under the right action. Assume that the boundary divisor has
strict normal crossings. Let a,x € Q(X) be rational functions, where (x,a) are the
standard coordinates on G C X. Let E be the Zariski closure of {x = 0} C G.
Assume that:

e the union of the boundary and E is a divisor with strict normal crossings,
e div(a) is a reduced divisor, and
e for any pole D, of a, one has

—ordp, (x) > 1.
Then Manin’s conjecture holds for X.

The remainder of this section is devoted to a proof of this fact. Blowing up the
zero-dimensional subscheme

Supp(divg(a)) N Supp(dive (a)),
if necessary, we may assume that
Supp(divg(a)) N Supp(dive(a)) = 0.

Here divy and div, stand for the divisor of zeroes, respectively poles, of the rational
function a on X. The local height functions are invariant under the right action
of some compact subgroup K, C G(Z,). Moreover, we can assume that K, =
G(p"*Zp), for some n, € Z>o. Let S be the set of bad places for X; a priori,
this set depends on a choice of an integral model for X and for the action of G.
Specifically, we insist that for p ¢ S, the reduction of X at p is smooth, the reduction
of the boundary is a union of smooth geometrically irreducible divisors with normal
crossings, and the action of G lifts to the integral models. In particular, we insist
that n, = 0, for all p ¢ S. The proof works with S being any, sufficiently large,
finite set. For simplicity, we assume that the height function at the infinite place
is invariant under the action of Ko, = {(0,£1)}.

LEMMA 5.2. We have
Z(s,9) € L*(GQ\G(A)¥ NLY(G(Q\G(A)).
PROOF. First it is easy to see that

/ 2.9y < | S [H(s.19) ! dg
G(Q\G(A)

G\GA) eca ()

- / H(R(s),9) " dg.
G(a)

and the last integral is bounded when R(s) is sufficiently large. (See [13, Proposition
4.3.4].) Hence it follows that Z(s,g) is integrable. To conclude that Z(s,g) is
square-integrable, we prove that Z(s,g) € L*> for R(s) sufficiently large. Let u,v
be sufficiently large positive real numbers. Assume that R(s) is in a fixed compact
subset of Pic(X) ® R and sufficiently large. Then we have

H(R(s),9) " < Hi(a)™" - Ha(2)™"
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where

Hi(a) = [ [ max{laylp. lapl, '} - \/lace % + lase|s
p

Ha(x) = [ [max{1, |z,[,} - 1+ [z [%.
P

Since Z(s, g) is G(Q)-periodic, we may assume that |a,|, = 1 where g, = (zp, ap).
Then we obtain that

> H®R()v9) < Y. > Hi(aa) ™ Hy(aw + 8)7"

YEG(Q) aeQx feQ

where

Zo(x) = 3 Hala+B)".

BeQ

It is known that Z3 is a bounded function for sufficiently large v, (see [11]) so we
can conclude that Z(s, g) is also a bounded function because

Z Hi fin (@) ™ < +o0,

acXx

for sufficiently large wu. U

By Proposition 3.1, the height zeta function decomposes as
Z(s,id) = Zo(s,id) + Z; (s, id).

Analytic properties of Zy(s,id) were established in Section 2. It remains to show
that Z;(s,id) is holomorphic on a tube domain over an open neighborhood of the
shifted effective cone —Kx + Aq(X). To conclude this, we use the spectral decom-
position of Z4:

LEMMA 5.3. We have
[e%s} 1 400
Zy(s,id) = g;amzl‘“/—oo (Z(s,9), Omrt)0m.c(id) dt.

ProoF. To apply Proposition 3.6, we need to check that Z; satisfies the as-
sumptions of Proposition 3.6. The proof of Lemma 3.4 implies that

1(2,) = / Z(s, gyi(x) da.
N(Q)\N(A)
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Thus we have

/ [1(Zy)] da™ :/ / Z(s, 9)¢(z) dz| da*
T(A) T(A) |/ N(Q\N(4)
< Z / / H(s,9) ' (ax)dz| da*
acqx Y TA) [/N(A)
- Z H/ / Hp(s’gp)ilq,/}p(axp) d(Ep da;<
aEQX P T(Qp) N(Qp)

X
dal,.

<)
T(R)

Assume that p ¢ S. Since the height function is right K,-invariant, we obtain that
for any vy, € Zy,

/ Hoo (8, go0) ™ oo (@) g
N(R)

/ Hp (s, gp)ilwp(axp) dzy = / Hy (s, (zp + apyp, ap))ﬂT/)p(O‘xp) dzy
N(Qp) N(Qp)

/ Hp(s,gp)71¢p(amp)/ ip(aapyp) dyp dzy
N(Qp) Zy

=0 if |aap|p, > 1.

Hence we can conclude that

/T(Qp)

Similarly, for p € S, we can conclude that

/T(Qp)

Then the convergence of the following sum

[ i) Mlan) dey | dar < [ Hy(R(s).0,) 11, (0,) dg.
N(Qp) G(Qp)

/ Hy (s, 9p) ™y () dayy da,; S/ Hp(%(s)agp)illﬁzp(a%)dgp'
N(Qp) G(Qyp)

H'11, (aa,)dg /
S, s |

aeQx p

/ H;}Q/Joo (ar)dzs| dal,
N(®)

can be verified from the detailed study of the local integrals which we will conduct
later. See proofs of Lemmas 5.6, 5.9, and 5.10.
Next we need to check that

400
/ [(Z(s,9), Om¢e)| dt < 4-o00.

— 00
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It is easy to see that

(Z(Svg)7em,/\,t) = Z(Smg)ém,)\,t dg

/G(@)\G(A@)

= / H(s, ) '0m,x+ dg
G(Ag)

3 / H(s, 9) () (@tsn) [aaoc | dg
aEQX (A@)

= Z H H;(S’ m’ A? a) : H:)O(s’ t? a)’

aeQx p

where Hj,(s,m, A, @) is given by

[ Hulsi) a1, o (aay) dgi, P S
G(Qp)

L Hol®90) nlomhy(aay /o)y oy Aoy p S
and
e (s.ta) = | o o (5.050) s s 2 e

G(R

The integrability follows from the proof of Lemma 5.9. Thus we can apply Proposi-
tion 3.6, and the identity in our statement follows from the continuity of Z(s,g). O

‘We obtained that

o +oo
Z,(s,id) = Z Z ﬁ/ (Z(5,9), O ) Omr 2 (id) dt
AeEM m=1 —00
= Z Z / S g)»em,)\,t) H )\p (% -p_vp(m/N)) ’%‘zt q
AEM, A\(—1)=1m= 1 1l ’

We will use the following notation:

As(aap) H Ag(pUr(ean)y, pgs
q€eS
Y aq vp(a
Asplaay) == A, ( Up(af;p)) [T 2t peS.
g€S\p

PROPOSITION 5.4. If R(s) is sufficiently large, then

Zi(s, id) = Z > 277/ HH (s, A\, @) - Hoo (s, £, @) dt,

AEM, A (—1)=1 a€QX

where H »(8, A\, t, ) is given by

/G Hy5.00) ol stz (0ol d S
P

N

\

Hy (s, 9p) d_’p(axp)AS,p(O‘ap)l%Zp(aap)|ap‘;it dgp, peS
G( Qp
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and

~

Hoo(s,t, o) = / Hoo(S,goo)_lﬁoo(Oéxoo)Moo&it dgeo
G(R)

PROOF. For simplicity, we assume that S = (). We have seen that

1(s,id) Z Z 27T/ HH (s,m,a)-H (s, t,a)|m|? dt.

m=1 acQx

On the other hand, it is easy to see that

(s,t, @) Z/ (s,9p) J’p(axp)lpjzg (aay)

X lp

Hence we have the formal identity:

Hﬁp(s,t,a)- (s,t, ) ZHH’ s,m,a)-H (s, t,a)|m|L
P

m=1 p

and our assertion follows from this. To justify the above identity, we need to address
convergence issues; this will be discussed below (see the proof of Lemma 5.6). O

Thus we need to study the local integrals in Proposition 5.4. We introduce
some notation:

I, = {1t € | D, C Supp(divo(a))}
Iy ={ € Z| D, C Supp(dives(a))}
I3 = {t € I| D, ¢ Supp(div(a))}.

Note that Z =73 UZy, UZ3 and Z; # (). Also D, C Supp(dive,(z)) for any ¢ € Z3
because

D = U,ezD, = Supp(div(a)) U Supp(dive (z)).

—div(w Z d,D,,

LET

Let

where w = dada/a is the top degree right invariant form on G. Note that w defines
a measure |w| on an analytic manifold G(Q,), and for any finite place p,

wl=11-—-) dgy,
o] ( p>gp

where dg, is the standard Haar measure defined in Section 3.

LEMMA 5.5. Consider an open convex cone ) in PiCG(X)]R, defined by the
following relations:

s, —d,+1>0 ifoey
s,—d,+14+e >0 ifel,
s, —d,+1>0 ifveZs

where e, = |ordp, (z)|. Then /H\p(s,)\,t,oz) and ﬁoo(s,t,a) are holomorphic on Tg.
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PROOF. First we prove our assertion for ﬁoo. We can assume that
ﬁv(s, t) = ﬁv(s —itm(a), 0),

where m(a) € X*(G) C Pic®(X) is the character associated to the rational function
a (by choosing an appropriate height function). It suffices to discuss the case when
t = 0. Choose a finite covering {U,} of X (R) by open subsets and local coordinates
Yn, 2y on U, such that the union of the boundary divisor D and E is locally defined
by y, = 0 or y, - z;, = 0. Choose a partition of unity {6,}; the local integral takes
the form

/Hoo(sya) = Z/ HOO(Sagoo)_lz/;m(a‘rOO)eﬂ dgoo-
n JGR)

Each integral is a oscillatory integral in the variables y,, z,. For example, assume
that U, meets D,, D,,, where ¢,¢/ € Zy. Then

/ Hoo (8, 9o0) e (00 )0y g
G(R)

= [ b1z,

where ¢ is a smooth function with compact support and f is a nonvanishing analytic
function. Shrinking U,, and changing variables, if necessary, we may assume that f
is a constant. Proposition 3.7 implies that this integral is holomorphic everywhere.
The other integrals can be studied similarly.

Next we consider finite places. Let p be a prime of good reduction. Since

Supp(divo(a)) N Supp(dives (a)) = 0,
the smooth function 1z, (aa,) extends to a smooth function h on X(Q,). Let

U={h=1}.

r—d 7, af
su =yt gy (yeze') (S, Yn, 2y) Ay, dzy,

n ~n

Then
ﬁp(s7)\,a) :/UHp(s,gp)_lﬁp(axp))\s(aap)dgp.

Now the proof of [13, Lemma 4.4.1] implies that this is holomorphic on Tq because
UnN (Uez,D,(Qp)) = 0. Places of bad reduction are treated similarly. O

LEMMA 5.6. Let |a|, = p* > 1. Then, for any compact set in Q and for any
6 > 0, there exists a constant C > 0 such that

Ap(s, \,t,0)| < Clal, mmen REI=dr1=on

for R(s) in that compact set.

PRrROOF. First assume that p is a good reduction place. Let p : X(Z,) — X (F))
be the reduction map modulo p where X is a smooth integral model of X over
Spec(Z,). Note that

p({lalp <1}) C Uez, D.(Fp),

~

where D, is the Zariski closure of D, in X. Thus H,(s, A, ) is given by

s he = 3 [ Huls0) (o (a1, (a0, s,
p~ Yz

z€U,ez, D.(Fp)
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Let £ € D,(F,) for some ¢ € Z7, but ¢ D, (F,) for any «/ € Z\ {¢}. Since pis a
good reduction place, we can find analytic coordinates y, z such that

/p—lm

< [, P01, g,
p=H(E

1 —1
- (1 - ) [ M)~ d.g) 1z, (g
p) S

1
1 .

= (1 — ) / y[FCe0=d 1, (ay)dy,dz,
p m2

1 pfk(%(sL)fdA»l)
T 1= p-(Rs)—d,+1)’

where d7x , is the local Tamagawa measure (see [13, Section 2] for the definition).
For the construction of such local analytic coordinates, see [38], [15], or [28]. If
z € D,(F,)ND,(F,) for v € I;, ' € I3, then we can find local analytic coordinates
Y, z such that

1 - ’)— !
=2} [ e oy gz
mP

( 1) pRR(s)=ditD)  =(R(s,r)—d,+1)

1- 5 1 —p~(RG)—dt1) | — p=(R(s,1)~dys+1)

If z € D,(F,) ND.(F,) for ¢,/ € Iy, v # ¢/, then we can find analytic coordinates
x,y such that

R(s.)—d, R(s,)—d,/
lylp GOm0 (ayz) dyydey)
P

|yz‘glin{%(sb)—dt+l, R(s,/)—d, +1} 1Zp (ayz) dy; dz;
2

1 pfkr pf(k%»l)r >
1—= k—1 + ,
) <( 1 -pm (1-pr)?

IN
/\/}:\/‘\
|
SRR
S~

a\a\

where
r=min{R(s,) —d, + 1, R(s,,) —d, + 1}.

It follows from these inequalities and Lemma 9.4 in [11] that there exists a constant
C > 0, independent of p, satisfying the inequality in the statement.

Next assume that p is a bad reduction place. Choose an open covering {U,} of
U,ez, D, (Q,) such that

(UnUﬁ) N (UbeszL(Qp)) = (Z)a

and each U, has analytic coordinates ¥,, z,. Moreover, we can assume that the
boundary divisor is defined by y,, = 0 or y,,-2, = 0 on U,;. Let V' be the complement
of U,ez, D,(Qp), and consider the partition of unity for {U,,V'} which we denote
by {6,,0v}. If k is sufficiently large, then

{1.,(aa) =1} NSupp(fy) = 0.
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Hence if £ is sufficiently large, then
s h o) <3 [ HR6).0) 7142, (00,) -0, dg
n JUn
When U,, meets only one component D,(Q,) for ¢ € Z;, then
/U ) /@ [yl "= Lz, () 9(8, s 20) dyplzg p < p~HHEITAED,

as k — oo, where ¢ is some rational number and ¢ is a smooth function with
compact support. Other integrals are treated similarly. (I

We record the following useful lemma (see, e.g., [12, Lemma 2.3.1]):

LEMMA 5.7. Let d be a positive integer and a € Qp. If |al, > p and p{d, then

Yp(az?)da = 0.

p
x
Zp

Moreover, if |al, = p and d = 2, then

-1 i/P—1 . . . .
. a1 x \{il or \1{131 if pa is a quadratic residue,
Yplaz®)dz, = —/p-1 —iy/p—1 . . . .
7X or if pa is a quadratic non-residue.
P p—1 p—1

LEMMA 5.8. Let |al, = p~% < 1. Consider an open convez cone Qe in Pic(X)g,
defined by the following relations:

$,—d,+1>0 ifoey
s,—d,+2+e>0 ifrteTy
s,—d,+1>0 if L €13

where 0 < € < 1/3. Then, for any compact set in )., there exists a constant C > 0
such that

—~ 2 6
[Fy(s. A t.@)] < Clafy 77,
for R(s) in that compact set.

PRrOOF. First assume that p is a good reduction place and that p 1 e,, for any
t € I5. We have

l/-l\p(s,/\,a) = Z / } Hp(s,gp)flﬁp(aajp)/\g(aap)lzp(aap) dgp-
zex(F,) P (@)

A formula of J. Denef (see [15, Theorem 3.1] or [13, Proposition 4.1.7]) and Lemma
9.4 in [11] give us a uniform bound:

D DU ED SR NG O R
igUL€IQ’DL(Fp) iQULeIZ'DL(Fp) p~1(2)
Hence we need to study

Z / ( )Hp(s,gp)_lz/;p(axp))\s(aap)lzp(aap) dgp.
p~1(Z

Z€U,ez,D.(Fp)
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Let Z € D,(F,) for some ¢ € Iy, but & ¢ D, (F,) UE(F,) for any ¢/ € 7\ {¢}, where

£ is the Zariski closure of E in X. Then we can find local analytic coordinates y, z
such that

1\ ! . . _ _
[oo=(0=3) L bl auaronstay e, or) duys,
p—1(&) p m2
where f € Z,[[y, 2]] such that f(0) € Z,’. Since p does not divide e,, there exists

g € Zy[[y, z]] such that f = f(0)g*. After a change of variables, we can assume
that f =u € Z;. Lemma 5.7 implies that

1 _ _ - _
/ . / s s (ay ) / Ty (onb Jy* )b 1z, (o~ ")y
p~1@ PJm, Zx

1
= - ly
P Jp-tetnglyet,

Thus it follows from the second assertion of Lemma 5.7 that

;L*d‘ﬂ/\s(ay*l)/ 1/_)1,(04ubeb/yeb)db;dypX
Zy

1 " _
< Z (s.)—d.+1 / be /e )dbX | duX
/ﬁl(rl) P /p<k+1>gya vl A Vplaub™ /y™)dby | dy,
< lkpé(hre) + lpkjf(ue) % ! ) ?f e > 2
o p p ﬁ if e, = 2
1

< *]{p%k(1+€) )
p

If € D,(F,)NE(F,), for some ¢ € Ty, then we have

-1
1 N _ _
/ — (1—) / \y|;L d"l/Jp(az/yeL))\s(ay 1)1ZP(ozy 1)dypdzp
p=1 (@) m2

p

- / s s (ay 1z, (ay ) [ Bplaz/yt)dzdy
m mp

P

1
= - ly
P Jp-tD<ylsr<a

Hence we obtain that

/pl@)

If z € D,(F,)ND,(F,) for some ¢ € Iy and ' € T3, then it follows from Lemma 5.7

-1
1 o —
/ _ (1 - ) / lyls
p—1(Z) p m2
1 - s, r—d, s —1 7 a,lI’beL X
=|1- 5 |y le[' ¢ )‘S(ay ) 7 ¢P dbp dypdzpy

yeL zeL/
where the last integral is over the domain

{(y,2) € m2 o p~ (B < [y |},

S g oy ™) dyy

1 -
< f/ ‘ygt(s,,)—dﬁl dypX < k;pﬁ(ue) < k‘p%k(l"‘s).
P Jp-tktn<y|5e <1

o — au _ —
25y () As(ay™ 1z, (ay™") dypdz,

ye‘, 2l

d,

S,—
P
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We conclude that

—1
1 / R(s,)—d, || R(s,)—d
<[(1-2 ly| (s0) ‘e (s)=dr qy dz
/pl(@ ( P) S P ] ? e

1 —1
< <1 — ) / |y‘15})?(sL)—dL dyp/ |Z‘Zﬁ§(8u)—du dz,
p pE<|yer]p<1 m

p
pf(‘SR(SL/)de/ +1)
1= p G4

S kpe%(l-i-e)

D, (F,) for some ¢,." € T, then the local integral on p~! (%) is:

N
-1
1 / —d
1_7 |y S av
( p) m b

— 1 s, —d, s 1—d, s 1 -1 _ aube“ “ Y y
- <1_p> /m wlp ™ el Aslay ™2 | v | perer ) Ay dup dzp

P P

- au o o
sy (Y Aslay s, oy dudy

We can assume that e, < e,,. Then we can conclude that

e, e |
/ S‘/ [y 2 |p
p=H(2) pR< |y |,

C%(1—}-5)

dy,dz)

—_ 11 _ beL
+ / |y6LZe"/ |p e, ( +€) / ’ll)p au de ddeZX
p— (D =|ye 280 |, s (A p=p
<kj2pe%(1+6)+k'pketl(l+e)x 1 ife, > 2
- ﬁ if e, = 2

< k2p%k(1+e).

Thus our assertion follows from these estimates and Lemma 9.4 in [11].

Next assume that p is a place of bad reduction or that p divides e,, for some
t € Zy. Fix a compact subset of {2, and assume that R(s) is in that compact set.
Choose a finite open covering {Uy} of U,ez, D,(Q,) with analytic coordinates yy,, 2,
such that the union of the boundary D(Q,) and E(Q,) is defined by y, = 0 or
Yy - 2y = 0. Let V be the complement of U,cz,D,(Q,), and consider a partition of
unity {6,,0v} for {U,,V}. Then it is clear that

/ Hy (s, gp)ilﬁp(axp)AS,p(aap)1%2,, (aap)fydgy,
1%

is bounded, so we need to study

[ Hals.gn) (e, s 001z, (00,00, dg

Un
Assume that U,, meets only one D,(Q,) for some ¢ € Z,. Then, the above integral
looks like

[ = L et i DAs g )1 g, (09305 i )

where f and g are nonvanishing analytic functions, and ® is a smooth function
with compact support. By shrinking U, and changing variables, if necessary, we
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can assume that f and g are constant. The proof of Proposition 3.8 implies our
assertion for this integral. Other integrals are treated similarly. (|

LEMMA 5.9. For any compact set in an open convex cone ', defined by
s,—d,—1>0 ifcel;
s,—d,+3>0 ifctel,
s,—d,+1>0 ifctel;
there exists a constant C > 0 such that

C

I/-I\OO 7t7 T 0971 1 22\
[Hoo (s O‘)|<\a|2(1+t2)

for R(s) in that compact set.

ProOF. Consider the left invariant differential operators 9, = ad/0a and 9, =
ad/0x. Assume that R(s) > 0. Integrating by parts, we have

~

1 1.7 —i
Ao(sitia) = — 4 /G R INCPRR NSNS

1 0? g i
= (27T)2|04|2t2/G(R) @(%Hw(&gm) Nthoo (o0 ) aos | dgoo-

According to Proposition 2.2. in [11],
82

(0 (5,90) ) = [a] 20202 o (5, 9)

= Hoo(s — 2m(a), goo) ~' % (a bounded smooth function).

Moreover, Lemma 4.4.1. of [13] tells us that

[ Hacls — 2m(a),go) g
G(R)
is holomorphic on Tg/. Thus we can conclude our lemma. O

LEMMA 5.10. The FEuler product
H ﬁp(sa /\7 ta Oc) : ﬁoo(sa t, Ol)
P

is holomorphic on Tq.

Proor. First we prove that the Euler product is holomorphic on Tgq:.. To
conclude this, we only need to discuss:

H Hy(s, M\t ),
pQSUS31 |0“p:17
where S5 = {p : p | e, for some ¢ € Z3}. Let p be a prime such that p ¢ S U S3
and |a|, = 1. Fix a compact subset of €', and assume that R(s) is sitting in that
compact set. From the definition of ', there exists € > 0 such that
s,—d,+1>2+¢€¢ forany.ecl
s,—d,+1>¢€ for any ¢ € Z3.

Since we have
{lal, <1} = X(Qp) \ p~ " (Uiez, Du(Fy)),
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we can conclude that
ﬁp(s,)\,a) = Z / ) Hp(svgp)_ll/;p(awp))‘s(aﬁdgp'
ngL€I2’DL(F:D) pfl(x)
It is easy to see that
> / = / ldg, = 1.
#¢U,ezD, (Fy) P~ (@) GZp)

Also it follows from a formula of J. Denef (see [15, Theorem 3.1] or [13, Proposition
4.1.7]) and Lemma 9.4 in [11] that there exists an uniform bound C' > 0 such that
for any T € U,e7, D, (F,),

c
</ Hy (R(s), g)~1dg, < ——.
p1() i@ R

Hence we need to obtain uniform bounds of fp*l(fi) for

HAS ULEISDL(FP) \ ULELUIQDL(F;:?)-

Let £ € D,(F,) for some ¢ € I3, but T ¢ U,ez,ur, D, (Fp) U E(F,). Then it follows
from Lemmas 4.2 and 5.7 that

A d .
/ =(1—) ol dupz,
p—1(&) p m2

1

= 71 |y|ZL—db/ zZ}p(ubeL/yeL)db;;dyp
p— my Z;f

0 ife, > 1
= —(su—dy+2)

_pr - - 3 —
P ife, =1.

If £ € D(F,)NE(F,) for some ¢ € T3, then we have

1\t
[ (=3) L
p—1(&) p m2
1 - s, —d o e
=({1--= ‘ylpb ‘ VYp(2/y*) dzpdy,
p mp my,
0 ife, >1
- p_(sl,_db+2) if eL — 1
If z € D,(F,) N D, (F,) for some ¢,." € T3, then it follows from Lemma 5.7 that

W(W W
(1- ) 5"

0.

;ﬁdﬁz’p(z/y& )dypdzp

s,—d,

p

r—d, T U
Z|‘;L v wp <yeLZ6L/) dydep

s,r—d,s 7 ub®
s =d, /ZX Uy (yﬁz%’) db; dypdzp
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Thus we can conclude from these estimates and Lemma 9.4 in [11] that there exists
an uniform bound C” > 0 such that

. C’
Hp(S,A,t7OZ)—1 < F
Our assertion follows from this. O
LEMMA 5.11. Let 2. be an open convex cone, defined by
s,—d,—2—€>0 if o ey
s,—d,+2+2e>0 ifrely
s,—d,+1>0 if L €73

where € > 0 is sufficiently small. Fiz a compact subset of Q. and € > 6 > 0. Then
there exists a constant C > 0 such that

T Ho(s. 2t 0) - Hoo (s, 0, 1)] < ¢
p

(1) Tt

for R(s) in that compact set, where o = g with ged(8,v) = 1.

PRrROOF. This lemma follows from Lemmas 5.6, 5.8, and 5.9, and from the proof
of Lemma 5.10. (]

THEOREM 5.12. The zeta function Zy(s,id) is holomorphic on the tube domain
over an open neighborhood of the shifted effective cone —Kx + Aeg(X).

PrROOF. Let 1> ¢ > § > 0. Lemma 5.11 implies that

1 (T~ ~
Zi(s,id) = > > %/ [IHo(s: A\t ) - Hoo(s, t, ) dt,
oo

AEM, A(—1)=1 a€QX*

is absolutely and uniformly convergent on €[, so Z;(s,id) is holomorphic on Tg:.

Now note that the image of Q. by Pic(X) — Pic(X) contains an open neighbor-
hood of —Kx + Aeg(X). This concludes the proof of our theorem. O
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