TAMAGAWA NUMBERS OF DIAGONAL CUBIC SURFACES
OF HIGHER RANK

EMMANUEL PEYRE AND YURI TSCHINKEL

ABSTRACT. We consider diagonal cubic surfaces defined by an equatitie dorm
az® + by3 +e2® +dt* =0.

Numerically, one can find all rational points of heigfit B for B in the range of up to

10, thanks to a program due to D. J. Bernstein. On the other lthark are precise con-
jectures concerning the constants in the asymptotics wimatpoints of bounded height
due to Manin, Batyrev and the authors. Changing the coeffigiene can obtain cubic
surfaces with rank of the Picard group varying between 1 anivé check that numer-
ical data are compatible with the above conjectures. In gigus paper we considered
cubic surfaces with Picard groups of rank one with or withBrauer-Manin obstruction

to weak approximation. In this paper, we test the conjesttoediagonal cubic surfaces
with Picard groups of higher rank.
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1. INTRODUCTION

This paper is devoted to numerical tests of a refined versi@aamnjecture of Manin
about the number of points of bounded height on Fano vasiésiee [BM], [FMT], [Pe],
or [BT] for a description of the conjectures). The choice @afgbnal cubic surfaces to test
these conjectures was motivated by the work of Heath-BrdwB] in which he treated
the cases

XP+Y3+Z°+aT? =0
for a = 2 or 3. The results he obtained were used as a benchmark for thecgudrs

attempts to interpret the asymptotic constants (see, ticpéar, [S-D], [Pe] and [PT]).
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" I\;Iore precisely, we consider a diagonal cubic surfece P?({Q given by an equation of
e form

aX®4+bY3 +cZ3 +dT% =0.

Let H be the height function oR3(Q) defined by the formula: forang@ = (z : y : 2 : t)
in P3(Q), one has

(x’ y’ Z’ t) 6 Z4’

H(Q) = max{|z[, [y, |z, [t[} if {gcd(x,y, zt)=1.

Let U be the complement if to the 27 lines. We are interested in the asymptotic behavior
of the cardinal

Nya(B)=#{QeU(Q)|H(Q) < B}

as B goes to infinity.
Assume thal/(Q) is Zariski dense, which by a result of Segre (see [M&28,530])
is equivalent td’(Q) # 0. Itis expected that

Ny, (B) = BP(log(B)) + o(B)

as B goes to+oo, whereP is a polynomial of degreek Pic(V') — 1, with leading coeffi-
cient@, (V). This constant has a conjectural description. The goal é®toputed (V')
explicitly in the examples at hand and to compare it with tbestant obtained from nu-
merical data. Our previous paper [PT] was devoted to surfaitbsPicard groups of rank
one with or without Brauer-Manin obstruction to weak appnoation. In this paper, we
consider examples with Picard groups of higher rank.

Note that in these examples the relative error term

(Ny. g (B) — 04 (V)B(log B)k PiC(V)*l)/B(log B)* Pic(V)—1

is expected to decrease more slowly. Indeedk iPic(V') = 1 this error term is expected
to decrease ak/ B¢ for somee > 0, whereas for higher ranks it should be comparable to
1/log B. Thus we decided not only to compare the conjectural cohétaV’) with the
guotient

NU,H(B)/B(log B)rk Pic(V)—1

with B = 10°, but also to take into account that a polynonitabf degreerk Pic(V) — 1
should appear in the asymptotics and use a naive stati&iroalila to estimate its leading
coefficientd5** (V') from the data. We observe a quite good accordance: the efiffer
betweend (V) and 83*(V) is less thar6% in the examples. Moreover the fact that
077" (V) is nearer tof,, (V) than the above quotient is in itself a point in favor of the
conjecture: indeed there is no obvious purely statistieason for which this should be
true in general.

The paper is organized as follows: in section 2 we defipgV’). Section 3 contains
the description of the Galois action on the geometric PicaodigPic(V). In section 4
we compute the Euler product corresponding to good redugilaces. In section 5 we
explain how to compute the local densities at the places @féduction. In section 6 we
determine in each case the value of the geometric constant defined in§2. Section 7
is devoted to the description of statistical tools we usednalyze the numerical data. In
section 8 we present the results.

We would like to thank the referee for the improvements heyssted.
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2. DESCRIPTION OF THE CONJECTURAL CONSTANT

In this section we give a short description of the conjedtasymptotic constant for
heights defined by an adelic metrization of the anticandfilcabundle (see [Pe] for more
details and [BT] for a discussion in a more general setting).

Notations2.1. For any field £, we denote byE an algebraic closure ob. If X is a
variety overE, then X(E) denotes the set of rational points &f and X the product
X Xgpec(E) SPEC E. The cohomological Brauer groupr(X) is defined as the étale co-

homology groupHZ(X, G,,). For anyA in Br(X), any extensior®’ of E and anyP in
V(E'), we denote byd(P) the evaluation of4 at P.

For a number field” we denote byal(F) the set of places of* and byVal .(F) the
set of finite places. The absolute discriminanttofs denoted byl .. For any places of
F, let F, be thev-adic completion of. If v is finite, theng , is the ring ofv-adic integers
andF, the residue field. By global class field theory we have an esegtience

(2.1) 0—Bi(F) — @ Br(F,) =™ Q/z —0.
veVal(F)
In the following,V is a smooth projective geometrically integral variety oaerumber
field F' satisfying the conditions:
() H(V,0,)=0fori=1o0r2,
(i) Pic(V) has no torsion,
(i) the anticanonical line bundlez‘j1 belongs to the interior of the cone of classes of
effective divisorsA44(V) C Pic(V) @4 R.
The adelic spac& (A ) of V' is the produc [, ¢y V (£,). By [CT, lemma 1], for
any class4 in Br(V'), one has a map, defined as the composition

V(Ag) — @veVal(F) Br(F,) i, Q/Z
(Pv)veVal(F) = (A(Pv))veVal(F)'
Then one defines
V(AR = [ ker(py) CV(AR).
A€Br(V)
By the exact sequence (2.1), one has the inclusion

V(F) cV(Ap™

whereV (F') denotes the topological closure of the set of rational goif@onjecturally
both sets coincide for cubic surfaces. (See also the texvofiirton-Dyer in this volume).
There is aBrauer-Manin obstruction to weak approximaticas described by Manin in
[Man1] and by Colliot-Théléne and Sansuc in [CTS], if oras h

V(AR #V(Ap).

Let us assume that the heighiton V' is defined by an adelic metri¢} - |[,,), cvai(r) ON
w;,'. By definition, this means that we considef' as a line bundle, that the functions
|| - ||, arev-adically continuous metrics an,;' (F, ) which for almost all places are given
by a smooth model o¥/, and that the height of a rational pointof V' is given by the
formula

vy ewyt(@) {0}, H@)= T[ Iyl
veVal(F)
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wherew;, ! () is the fiber ofv;, at .

If v € Val(F') the Haar measurexq on F, is normalized as follows:

- [, dz, =1if visfinite,

- dz, is the usual Lebesgue measuré’jf — R,

- dr, =dzdz =2dzedy if F, = C.
The metric|| - ||, defines a measuneHv on the locally compact spadé(F,). In local
v-adic analytic coordinates, ,, . . », ONV(F,) this measure is given by the formula

o /\.../\L
Oxq , Oz

n,v

dxlvv .. .dxn,v .

wH,v = ‘

v

If M is a discrete representation@hl(E'/F) over Q, then for any finite place of F,
the local term of the corresponding Artinfunction is defined as follows: we choose an
algebraic closure”, of I, containingl’. We get an exact sequence

1—1,—D, — Gal(Fp/Fp) —1
whereD, is the decomposition group adg the inertia. We denote bEf)vrp a lifting of the
Frobenius map td, C Gal(F/F) (which up to conjugation depends only p); and put

1

L (s,M)= _ .
p(s: ) Det(1 — (#F,)~Fr, | M)

We fix a finite setS of bad places containing the archimedean ones solthatimits a
smooth projective model” over the ring ofS-integersd . For anyp in Val(F') — S we
consider

L, (5. Pic(V)) = L (s, Pic(V) @, Q).
The corresponding globdl-function is given by the Euler product
Lg(s,Pic(V))= []  L,(s.Pic(V))
pEVal(F)—S

which converges foRe s > 1 and has a meromorphic continuation@with a pole of
ordert = rk Pic(V') at1. One introduces local convergence factdfgiven by

\ L,(1,Pic(V)) if v € Val(F) — S,
~ ] 1 otherwise.

The Weil conjectures (proved by Deligne) imply that the Tgan@a measure
H )\gle,v
veVal(F)

converges oV (A ) (see [Pe, proposition 2.2.2]).

Definition 2.2. The Tamagawa measuren /(A ) corresponding to the adelic metric
(Il ) vevarey is defined by

wH:Whm(sfl) LSSPIC H )\ va
Ve veVal(F)
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From the arithmetic standpoint, it seems more natural tegirstew ;; over the clo-

sureV(F) C V(Apg) (as in the original approach to the Tamagawa number). Haweve
computationally, it is easier to work withi (A .)B*. Therefore, following a suggestion of
Salberger, we define here

Definition 2.3.
(2.2) (V) = wy(V(A)P).

Let Pic(V)Y be the dual lattice t®ic(V'). We denote by g the corresponding Lebes-
gue measure oRic(V)Y ®, R and by

Aei(V)" = {x € Pic(V)" @z R | Vy € Agg(V), (w,y) >0}
the dual cone oA (V).

Definition 2.4. We define

1 -1
= 7<Wv -,y>
a(V) ] /Aeﬁ(v)v e dy

and

B(V) = #H"'(k,Pic(V)).
The theoretical constant attachediiand H is defined as
(2.3) 0,(V)=a(V)B(V)ry (V).

In the following sections we compu#g, (V') for various diagonal cubic surfaces.

3. THE GALOIS MODULE Pic(V)

The description of this Galois module is based upon the stidiie 27 lines of the
cubic. We fix notations for these lines which are slightlyfetiént from those given by
Colliot-Thélene, Kanevsky and Sansuc in [CTKS, p. 9].

Notations3.1. From now onV is a diagonal cubic surfadé given by an equation of the
form

(3.1) aX® +0Y? 23 +dT3 =0
wherea, b, c andd are strictly positive integers witgcd(a, b, ¢, d) = 1. Let
S ={o0,3}U{p| plabed}

We fix a cubic rootx (resp.o’, «”) of b/a (resp.c/a, d/a) (which is assumed to be in
Qif b/a (resp.c/a, d/a) is a cube iNQ) and we put

Bza_//zgé, 6/:%:%9 and 6”:0[—/:3

% c «
We also consider

_a  3lab , a  slac and y o’ slad
" war ~ Nea T e T T Ve
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We denote by a primitive third root of one. The 27 lines of the cubic sudg8.1) are
given by the following equations, whetédelongs tdZ /3Z:

X+0aY = X+0taY = X10iaY =
(i) ST =0, JXHRO QY =0,y g J XY =0,
Z+0'3T = 0. Z+013T = 0. Z+0"T28T = 0.
X+0'a/Z = X+0'a'Z = X+0'a'Z =
@2 O () d ATOCZ =00 gy J A0 Z =0,
T+0'3Y = 0. T+ 13"y = 0. T+ 23"y = 0.
X 91 //T_ X 91 //T: X 91 //T:
DR O Nr) d KT =0, gy, J X7 =0,
Y+0i3"Z = 0. Y+0H13"'Z =0 Y+0123"'7Z =0
Let K be the fieldQ(6, a, o/, o). It is a Galois extension di. In the generic casdy is
an extension of degree 54 with a Galois group isomorphic to
(Z/3Z)° x Z.)2Z.

Itis generated by the elementsr, 7’ andr” characterized by their action #h«, o’ and

o,

0 a| o | o

c || a| d | o

T 0 |0a]| o | &

71 0| a|bd | o
™' 0| o | o |0

Their action on the 27 lines is given as follows: fowe have

L) —L"(i+1)  M(i) — M'(i) N (i) — N"(i)
(3.2) NS NS and NS
L'(i+2) M"(3) N'(7)
for 7'
L(i) — L"(i) M(i) — M"(i+1) N (i) — N'(i)
B3 N 7 NS and NS
L' (7) M'(i +2) N" (%)
for r'':
L(i) — L'(i) M) — M"(3) N(i) — N"(i+1)
(3.4) NS NS and NS
L"(3) '(3) N'(i +2)
for c:

L(0) L'(0) <= L"(0)  M(0) M'(0) = M"(0) N(0) N'(0) < N"(0)

35) L(1) L'(1) L'(1) M(1) M'(Q1) M'(1) N(1) N'(1) N"(1)

! < ! < ! <

L(2) L'(2) L'(2) M(@2) M'(2) M"(2) N(@2) N'(©2) N'2).

To describe the relations between the classes of thesedivisPic(1), which shall be
useful for the computation af(V'), we considell” as the blow-up of a planB% in six
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pointsP,, P,, P;, P,, P; andF;. The 27 lines may then be described as@lexceptional
divisorsE,, ..., Eg, the 15 strict transforms, ; of the projective line¢P, ;) for 1 <i <
j<6 and the 6 stnct transforms of the com@@ going through all pomts excefr,. Let
A be the preimage of a line (Iﬂl’2 which does not contain any of the poirs, .. ., F.

Then
([A] [ [, (B, (B4 (Bl [E])
is a basis OPic(V) and we have the following relations Ric(V):
[A] - [E] —[E;]  forl<i<j<6,
(3.6) [Q | =2A]- > [B;)

)

Ey=M(1), 5:M’(2), EGZMN(O)a

Q=L'(1), Qy=L'(Q2), @Q3=LY0),
Qy=M(0), Q5=M(1), Qs=M"(2),

(3.7) L1,2 = L”(l), L2,3 = L”(2), L3,1 = LH(O),
L45 :Mﬁ(l)a L5,6:M(2)a L6,4 = M'(0),

L1,4 = N(0), L1,5 = N(1), L1,6 =N(2),

L2,4 = N’(l), L2,5 = N’(2), L2,6 = N/(O)a

Ly, =N"(2), Ly5s=N"(0), Lyz=N"(1).

Notations3.2. We consider the étale algebi over Q defined a€Q() if ab/cd is not
a cube inQ and asQ(#) x Q otherwise. Similarly, we define the algebkg (resp. E,)
corresponding ta’ (resp.+'’) and we put

E=FE x Eyx Ej.

We also consider the following elementsRit:(1)

eo = [M(0)] + [M(1)] + [M(2)], er = [M'(0)] + [M'(1)] + [M'(2)],
ey = [M"(0)] + [M"(1)] + [M"(2)],  ef = [N(0)] + [N(1)] + [N(2)],
ei = [N'(0)] + [N'(1)] + [N'(2)], e5 = [N"(0)] + [N"(1)] + [N"(2)],
¢o = [L(0)] + [L(1)] + [L(2)], ei = [L'(0)] + [L'(V)] + [L'(2)],
e5 = [L"(0)] + [L"(1)] + [L"(2)]

and the sets
1 1 .1 2 2 2 3 3 3
‘551:{60&1,62}, 52:{60&1,62}, ‘553:{60&1,62},
andg =&, U &, U& ;.

Lemma 3.3. The sets’,, &, and&’, are globally invariant under the action dkal(//Q)
and the étale algebra corresponding to the &etis isomorphic taz, .
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Proof. The fact that the set§,, &, and&’; are globally invariant follows immediately
fromthe descriptions (3.2)—(3.5). The étale algelieorresponding to a finit€al(K/Q)-
set.Z may be defined as the algebra

(K[ Z]) 1/

whereK [.Z] is the algebra” and whereGal(K/Q) acts simultaneously o and.Z.
In the generic case, let us consider

1.1

/ 1 1 /
c=7171" o =7"r and ¢’ =77

Theno sendsy on 6+ and acts trivially om/, 4/ andf. We may describe similarly the
actions of¢’ ando”’. The action ofGal(K/Q) on &', in the generic case is given by the
table

This implies that ifub/cd is not a cube iQ, thené’, is isomorphic to
Gal(K/Q)/ Gal(K/Q(7))
as aGal(K/Q)-set. Then the corresponding étale algebra is
(K[Gal(K/Q)/ Gal(K/Q(y))) (/Y = gGR/Q0) = () = E,.

Similarly if ab/cd is a cube inQ, then we may decompog®, into two orbits and we see
that the corresponding étale algebrads$f) x Q = E,. The proofs foré, and&’, are
similar. O

Lemma 3.4. There exists an exact sequencé&ei (K /Q) modules
0— Q> — Q[é] — Pic(V) ©, Q — 0.
Proof. By (3.6) and (3.7), we have iRic(V/) the relations

e = 3[A] = [By] — [By] — [Bs] + [Ey] - 2[E;] - 2[Eg],

er = 3[A] = [B)] — [By] — [Bs] — 2[E,] + [E5] — 2[E],

ez = 3[A] = [By] — [By] — [B5] — 2[E,] - 2[E5] + [Eg],

63 = 3[A] = 3[Ey] — [Ey] — [E5] — [Eg),

ef = 3[A] = 3[Ey] — [By] - [Bs] - [Ej),

e% = 3[A] = 3[E5] — [Ey] — [E5] — [Egl,

68 = [Ey] + [Ey] + [E],

ei’ = 6[A] — 2[E}] - 2[E,] — 2[Es] — 3[E,] — 3[E;] — 3[Eg],
e3 = 3[A] = 2[Ey] — 2[E,] - 2[E;]
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which proves that the natural projection fra@j&’| to Pic(V) ®, Q is surjective. Moreover

one has the relations
3(.«)‘;1: Zx: ZI: Zx,

TEE, TEE TEE S

which gives a homomorphism 6fal(K/Q)-modules
Q* — Q[¢]
and the exact sequence of the lemma. O

Notations3.5. For any primep and any finite field extensioh of Q, we consider the local
factor(j, , of the function( . atp which is defined by

Crps)= J[ (O —#F;)n
{veVal(F)|vp }

Let F' be an étale algebra ov€y andF' = [],; F; its decomposition in fields. Put

icl
Cp(s) = H Cp (s) and (p(s) = H Cr p(8)-
i€l icl

For any primep, we denote by (p) the number of components &f ®q Q, of degree
one oveer.

Proposition 3.6. With notation as above, for any primpenotin S, one has

() LP(S’PiC(V)) = Ct’p((;))Qa

(i) Tr(Fr, | Pic(V)) = vy(p) — 2.

Proof. By lemma 3.4, we have

L,(s,Q[¢])
L,(s,Q)?

Thus itis enough to prove that B is an arbitrary étale algebra ovéy corresponding to a
Gal(Q/Q)-set& and ifp is a prime such thab'/Q is not ramified ap, then

Cop(s) = Ly(s, Q[E]).

This well-known assertion follows from the fact that the gmnents oft' ® Q,, are in

bijection with the orbits oﬁrp in &, and the degree of each component is the length of the
corresponding orbit. This proves (i).
But this also shows that

L, (s, Pic(V)) =

Tr(Fr, | Q[€]) = vi(p)

which implies (ii). O

Remark3.7. Thus the factor\;, which was defined in proposition 5.1 in [PT] coincides

with L, (1, Pic(V)) at the good places (as suggested by the referee of that paper)
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4. EULER PRODUCT FOR THE GOOD PLACES
We need to compute the number of solutions of (3.1) mogutw all primes notinS.
Proposition 4.1. For any primep notin S, one has
#V(F,)
p2
whereF is the étale algebra defined §3.

I/E(p)*2+i

P p?

Proof. By a result of Weil (see [Man2, theorem 23.1]),
#V(F,) = 14 Tr(Fr, | Pic(V))p + p*.
Proposition 3.6 implies that

Tr(Fr, | Pic(V)) =vg(p) —2. O

Remark4.2. We could have proved this result directly as in [PT]. Détp) be the number
of solutions of (3.1) irF,. We have

N(p)*l_

By [IR, §8.7 theorem 5], one has

N(p) =p*+ Y X1 (@)X (0)X3 ()X (d) Ty (X1 Xa» X Xa):

where the sum is taken over all quadruplgs, . . ., x,,) of nontrivial cubic characters from
F, to C* such thaty, x,x3x, = 1 and where

4
Jo(X1> Xas X3 Xa) = Z Hxi(ti)’

ty et =0 =1

the characters being extendedypy0) = 0. Forp = 2 mod3 there are no nontrivial char-
acters and the formula is obvious. Otherwise there are lgxtwed nontrivial conjugated
charactersy andy. By [PT, proof of prop. 4.1], we have

Jo(X15 Xas X35 X4) = D(p — 1)
and

#V(F,) =1+p(1+ > x1(a)xa(b)xs(c)xy(d) + p*

where the sum is taken over the same quadruples as aboveoriidd

D xa(@xa(0)xs()x,(d) =

(5 + () () +x(5g) +
Notations4.3. For any place of Q, we put

= {Cf’vfj))z if v is finite,

(o) +x(50)

implies the result.

1 otherwise.
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Remark4.4. By proposition 3.6,\, = L,(1,Pic(V)) if p € Val(Q) — S. Thus the
Tamagawa measutey, is given by the formula

wpy = lim(s — l)rkpic(v)(CE—(S)) X H A lwy

ot CQ (5)2 vEVal(Q)
By lemmata 3.2 and 3.4 in [PT] and lemma 5.4.6 in [Pe], for pny Val(Q) — S one has
#V(F,)
wp,(V(Q,)) = Tp

(see also [Pe, lemma 2.2.1] and [PT, remark 5.2]). Therefbee|dcal factor at a good
placep is given by

(17%)7(1+%+%) if p = 1 mod3 andv,(p) = 9
(1f%) (17%)2(1+%+%) if p=1mod3andvy(p) =6
(1f%)(17% (1+%+#) if p=1mod3andvg(p) =3
(1,1)*2(1fL)3(172+L) if p=1mod3andv,(p) =0

P 3 p | p? 2
(1-)(1-% 3(1+%+#) if p = 2 mod3.

ar T (R0

a= 1] (1f1)7(1+z+i2),

pf3abed,
p=1 mod3,
vg(p)=9.

4

C, = Il 17i 1fl 1+%+i

2 P’ p p p*/
p[3abed,

p=1 mod3,
v (p)=6.

=] (1,L)3,

p[3abed,
p=1 mod3,
vg(p)=0or3.

These products converge rapidly and are easily approxianate

5. DENSITY AT THE BAD PLACES
In this section we restrict to cubic surfaces with equatiofithe form
(5.1) X34+Y34¢Z3+ 4T3 =0
with ¢ prime and
(5.2) aX® +aY? +qZ° +qT? =0

with ¢ prime anda an integer coprime tg.
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Notationss.1. If V' is defined by the equation (3.1), apds a prime, then we consider
N*(p") = #{(z,y, 2,1) € (Z/p"2) = (WZ/p"Z)" | az’+by’+cz°+dt*=0in Z/p" Z}
Remark5.2. By [PT, lemmata 3.2 and 3.4], there is an explicit integgsuch that
1 N*(p™)
wH,p(V(Qp)) = 1—p! X p3ro

If p = 3 and3 | abcd, then a direct computation if%/9Z)* gives the value ofV*(9)
and thus otv; ,(V(Q,,)). Thus, in the following lemma we restrict to the case wheis
given by (5.1) or (5.2) ang = q.

Lemma5.3. If V' is given by the equation
X34+Y34pZ3+p*T3 =0
then forr > 2,

1f% if p =2 mod3,
N* ‘s
gp): 3 17l) if p =1 mod3,
pr O
% if p=3.

If V' is given by the equation
aX? +aY? +pZ +pI® =0,
withp [ a, then forr > 3,

V- 17% if p =2 mod3,
§p>: 3%%) if p = 1 mods3,
T P

% if p=3.

Remark5.4. Thislemma implies that iV is given by the first equation then the local factor
atp is given by

(11%)(1*}0) if p = 2 mod3,

Awr,(V(Q,)) = 3(1 _ }0)3 if p = 1 mod3,
2 if p=3,
and if V' is given by the second equation then this factor is
(11%)3 if p =2 mod 3
)‘pwH,p(V(Qp)) - 3(1 - %)4(1 - %) if p=1mod3,
32 if p=3.

Proof. Let us consider the set of quadruplesy, z,t) in (Z/p"Z)* — (pZ/p"Z)* such
that

(5.3) Bt rpl =0 inZ/pZ.

If p|x thenp|y, p|z andp|t. Therefore, for anyx,y, z,t) as abovep | = andp [ y.
But for any triple(y, z,t) in (Z/p"Z — pZ/p"Z) x (Z/p"Z)?, there exists exactly one
verifying (5.3) if p = 2 mod 3 and exactly three of them #f = 1 mod3. If p = 3 and
y belongs tdZ/3"Z — 3Z/3"Z then (5.3) implies that | z. For any triple(y, z,t) with y
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in (Z/3"Z) — (3Z/3"Z), z in (3Z/3"Z) andt in (Z/3"Z) there exist exactly three in
Z/3"Z which satisfy (5.3). We get that

- Mflf% if p=2mod3,
pgf ) —{ 3= 1)pprxp xp” _3(17 %) if p=1mod3,
3%:% if p=3.

Let us now turn to the set dfr, y, 2, t) in (Z/p"Z)* — (pZ/p"Z)* such that
az® +ay® + p2® + pt® = 0.

p/,
ar® + ay® + pz3 + pt3 = 0.

plz, p/ 2
ax® + ay® + p2® + pt3 = 0.

We decompose this set as follows

N{‘(pT)—#{(x,y,z,t) (Z/p"2)~(pZ/p"Z)*

Ny (p") —#{(x,y,z, t) € (Z/p"Z)*~(pZ/p"Z)*

As above we have the formula

s wzlfé if p=2mod3,
1gp): 3wa3( l) if p=1mod3
pr R TP‘ p ’

SEESIREE L if p=3,

where forp = 3 we use the equality
37 x 3" = #{(2,t) € (Z/3"Z)* | 2* = > mod3 }.

On the other hand,
NX(p") = 2 .Y, ,t c(Z rflz 4 p/r z
2" =p {(xyz )€ (Z/p ) ap?a® + ap®yP + 23 + 13 = 0.

and
(p=D)p" *xp" 'xpT ' 1 if » = 2 mod3
N*(pT) p2 pfs(r 1) ) ~ 7 ITp=2modo,
e e (1 L) it p=2mod3,
328 Z?ﬁf S if p= 3.
We conclude:
N l-14+1-L=1-2% ifp=2mod3
gf): 3 *#) if p=1mod 3
! 3+3=3 ifp=3 0
3 3 3 p =29

6. THE CONSTANT (V)

Since the cubic surfaces we consider in this paperum@tional (which implies that
B(V) = 1), itremains to compute the ranlof the Picard group and the value@fV).

Proposition 6.1. If V' is given by the equation
(6.1) X34+ Y3 +aZ? +ad’T3 =0,
whereq is not a cube ifQ, thenrk Pic(V) =2 anda(V) = 2.
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If V' is given by the equation
(6.2) aX? +aY? +023 4+ T3 =0,

wherea andb are strictly positive integers arigf « is not a cube irQ, thenrk Pic(V) = 3
anda(V) = 1.
If V' is given by the equation

(6.3) X34 Y34+ 224+ 1% =0
thenrk Pic(V) = 4 anda(V) = 7/18.
Proof. To computex(V') we shall use its original definition [P§2]:
a(V) = Vol{z € Ag(V)" | (wy' ) =1}

where the Lebesgue measure on the affine hyperplane

H(N) ={z€Pic(V)" @z R | (wy,', ) = A}
is defined by thét — 1)-form dx which is characterized by the relation

dx A dw‘jl =dy

(where d)‘jl is the linear form defined bfy‘jl onPic(V)Y and dy is the form correspond-
ing to the natural Lebesgue measureiin(V)Y @, R). More explicitely, let(e,, . . ., ;)
be a basis oPic(V) and(eY, ..., e;) be the dual basis. Write

t

-1

wy = E A€,
i=1

with \, # 0. Let f,, ..., f,_, be the projection oy, ..., e,/ , on.#(0) alonge;’. Then
i
)\t
By [SK, pages 14 and 55], @, . . ., O,,, are the orbits of the action @kal(X/Q) on
the27 lines, thenA (V') is generated by the classgs,] = eroi [x].
WhenV is given by the equation (6.1) the Galois grdipl(K/Q) is
Z/3Z x7/2Z
and the orbits of its action on the 27 lines are
0, = {L(0), L'(0), L"(0)},
O, = {L(1), L(2), L'(1), L' (2), L"(1), L"(2)},
Og = {M(0), M(1), M(2)},
O, = {M'(0), M'(1), M'(2), M"(0), M" (1), M"(2)},
O5 = {N(0), N'(1), N"(2)},
O = {N(1), N(2), N'(0), N'(2), N"(0), N" (1)}
In the basig[A], [E,], ..., [Ey]), abasis oPic(V) = (Pic V)G(K:Q) is given by
er =wy', ey = —2[E] + [E5] + [Ey).
In the basige,, e,), the effective coné (V') is generated by the classes
[04] =¢y, [0,] = 2¢4, (O] =€, — e,
[O4] = 2e; + e, [05] = €1 + e, [Og] = 261 — €.

dr = —dfy A---Adf,.
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Therefore, this cone is generated by the elemenpts e, ande; + e, anda(V) is given

as the volume of the domain
z=1, z+y>0 and z—y >0,

that is, as the volume of the segméntl, 1] anda (V) = 2.
If V' is given by the equation (6.2) théml(K/Q) is isomorphic to

Z/3Z x7/2Z
and the orbits of the Galois action on thelines are

0, = {L(0)},
0, = {L(1), L(2)},

05 ={L/(0), L"(0)},

0, ={L'(1),L"(2)},

05 ={L'(2), L"(1)},

Og = {M(0), M'(1), M"(2)},

O = {M(1), M(2), M'(0), M'(2), M"(0), M" (1)},

A basis ofPic(V) is given by
€ = W\;la ey = [Ey], e3=[Ey| + [E3],
and the cone\ 4(V') is generated by

[0,] = ey, [0,] = e5, O3] =€y — ey,

(O] = e, + €5 —e3, [O5] = e; — ey, [Og] = 2€; — ey —

[O7] =e; + ey +eg, [Og] = e — 2e45 + €5, [Og] = 2¢; + 25 — €5,
thatis, by

€y, €3, € +ey—e3, 2e —ey—e5, € —2e +eg

(since3[04] = [Og] + [Og)). Thusa(V) is the volume of the domain given by

r=1,y>0,z>0,
r+y—2>0,
20—y —2 >0,
z—2y+z2>0.

Using the description abovey(1/) is the volume of

0<y, 0<z, z ,
z—y<l1,
y+z <2,
2y —z < 1.

Thereforea(V) = 1.
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If V is given by the equation (6.3), théhal(K/Q) = Z/2Z and the orbits of the
Galois action on the7 lines are given by

0, ={L(0)}, O, ={L(1),L(2)}, Oy ={L(0),L"(0)},
O, ={L'(1),L"(2)}, 05 ={L'(2),L"(1)},

Op = {M(0)}, O, ={M(1),M(2)}, Oy ={M'(0), M"(0)},
O = {M’'(1), M"(2)}, Oy ={M'(2), M"(1)},

O ={N(0)}, Oy, = {N(1),N(2)},  Oy3={N'(0), N"(0)},

O, ={N'(1),N"(2)}, Oy ={N'(2),N"(1)}.
A basis of the Picard group is given by
ey =[A = [Ey, ey=I[E], e3=I[E)]+[E;], e4=-2[E]+[E;]+ [Ey

The effective coné\ (1) is generated by

[04] = e, [0,] = €3,

(O3] =3e; —2e, —e5 — ey, [0,] = 3e; —2e5 — ey,
[O5] = 3e; — 2e5 — €5 — ey, [Og] =2e; — ey —e5 — ey,
[O7] = €1 — ey, [Os] = ¢4,

[Og] = 4e; —2e, — 2e4 — ey, [010] = €4,

[011] =€, — e, [O10] = 26, —2¢5 — ¢y,
(O3] =26, —e5 — ey, [014] = 2e; —es,

[O15] =2e; —e5 — ey

€y, €3, 36 —2eg3—ey, 2e —ey—e3—ey, € — &
de; —2ey —2e5 — €y, € —€y, 2e —2ey—¢,, 2 —e;.

The anticanonical class is given by
w‘;l =3¢, —ey, —e3 —ey.
Thusa(V) is the volume of the domain

3r—y—z—t=1,
y>0, z>0,

x—1y>0,
2 — 2 >0,
z—1t>0,

3r —2z—1t>0,

20 —y—z—1t>0,
de —2y—2z—1t >0,
20 — 2y —t >0,
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that is, of the domai® in R? given by

y>0, z>0,
x—1y>0,

2 — z > 0,
1-22+y+2>0,
1+y—2>0,
1—2>0,
l1+z—-—y—2>0,
l—z—y+2>0.

17

We compute its volume as follows: decompd3énto cones with apex0, 0, 0) and sup-
ported by the faces not containing this point. Thus we carside following faces of

P:

F: 1-2=0,
Fy: 1+y—2=0,
Fo: 1—-xz—y+2=0.

One has

Fy: 1-2z4+y+2=0,
Fio: 1+x—-y—2=0,

5
(V) = Vol(P) = % ZArea(Fi).

The area off'] is the volume of the domain

and we getArea(F))

y>0, =z
1—y>0,
2—2>0,

—-1+y+2>0, |
1+y—2>0,
2—y—2>0,

z—1y >0,

>0,

= 3. For F, we have the equations

y >0,

—142x—-y>0,

x—y >0,
1+y>0,

2—2x+2y >0,

1—2>0,
2—x >0,
xz—2y > 0.
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We getArea(F,) = . For F; we have the same equations and the same aredoe
have the equations
y >0,
1+z—y>0,
x—y>0, Yy
—14+z+y>0,
2—x>0,
—x+ 2y >0,
1—2>0, x
2—-2y>0.
We find Area(F,) = 1/8 4+ 1/24 = 1/6. The faceF} is given by the same equations and
Area(Fy) = 1/6. Finally
1,1 4 7
a(V)=(5+7)

26/ 18
7. SOME STATISTICAL FORMULAE

The most naive way to test the conjecture is to compute théeqio
(7.1) Ny,1(B)/0(V)B(log B)'™!
for large values ofB. However, as explained in the introduction, the relativ@reterm

is expected to decrease slowly. Therefore it is natural ®the fact that we expect an
asymptotic of the form

Ny g(B) = BP(log(B)) + o(B),

whereP is a polynomial of degree— 1 with a dominant coefficient equal &, (V'). With
the program of D. J. Bernstein [Be], we can get a family of @ais;, Ni; ;(B;))1 ;< n-
In the examples below we took f@t; successive powers 65 betweer200 and10°. For
anyi betweenl and N, let

z; =log(B;,) and y, = NU,H(Bi)/Bi'

The simplest statistical tool in this setting is to look fopalynomial @ of degreet — 1
such that

N

> Q) — v

1=1
is minimal and to compute its leading coefficiefit_,. We then test the conjecture using
the quotient

(7.2) A /05 (V)
The advantage of this method is that, if the expected forrsutarrect, and if we take
for B, successive powers of a fixed real numbaretweenB3; and B, then the relative
error term (7.2) should at least decreas&d$log(B, ) — log(B,))!~! for By /B, large
enough with a constardt going to0 asB; goes to infinity.

Of course, due to the arithmetic nature/§f; ,,(B), the errors are not as independent
as one would need for a true statistical treatment of the ddsm, since we do not have a
good understanding of the difference

Ny, (B) — BP(log(B))
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and in order to limit the number of arbitrary parameters Imed in the statistical compu-
tation we prefered not to weight the points.

Notations7.1 Let R(X,Y) be a polynomial inQ[X, Y] and denote byR(X,Y)) the
mean value of R(z;, v;));<;<n» thatis,

N

(ROXY)) = 12 3 Rl ).

1=1
If t = 2 the leading coefficient af) (if it is uniquely defined) is given by
L XY - )X
o) -0

If ¢ = 3 the leading coefficient is

A, = —(X)?
3y __ 2 2
(X1) — (X2)2 — (<X<))(2><i(<))<()>(2 )

A, = )= (X)2 Y
- 4y _ 3V)2 2 ’
(X8) — (x3)2 — G0 _ &

with

X%) — (X)(X?)

5= (x5 — (x%)(x?) ! (X1 — (X)(X)),

X% — (X)?
Coxdy oy (X)) - (XN)(X?)?
Y X2 2y _ (XF) — (X)(X?)

0= (VX7) = (Y)(X >*W(<YX>*<Y><X>)-

In the next section, we denote BY#(1/) the leading coefficient, ;.

8. PRESENTATION OF THE RESULTS

We consider only cubic surfaces of the form (6.1), (6.2),68). By [CTKS, Lemme
1], the corresponding surfadé is Q-rational and, in particulaBr(V) = 0. Thus the
Brauer-Manin obstruction to weak approximation is void and

V(AQ)" =V(4q) = [I V).
vEVal(Q)
Moreover,
B(V) = #H'(Q,Pic(V)) = 1.
By (2.2) and (2.3), the constaft, (V') may be written as
0, (V) =a(V)wy(V(Ag))
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Using remark 4.4 we get

0,(V) = (V) lim(s — 1)"*2p(s) x @y o (V(R))

3

< TI nww, (V@) <[]

pl3abed =0

whereFE is the étale algebra defined in 3.2. The residue of the zetetibn could have
been computed directly (see, for example, [Co, chaptebd})instead we used PARI. The
volume at the real place is given by the formula

3|
2 @z

wherew, is the Leray form

} wi(z,y, 2, 1),

{am3+by3+czs+dt320
sup(|z|,|yl,|2|,[t])<1

\3/871

3(az3 + by3 + c23)2/3

wp(z,y, 2,t) = drdydz.

Decomposing the domain of integration (and using the varexpressions of the Leray
form) itis possible to remove the singularities of this gri@ which is then easily estimated
on a computer. The factors corresponding to the bad placestie®en described in section
5 and the constants, C,, C,, andC; may be computed directly as in section 4.

We considered the following examples: for the cubic sugaséh a Picard group of
rank2 we used

(S,) X3 4+Y3 42234473 =0,
(S,) X34+ Y3 452342573 =0,
(S3) X3 4Y3 43234973 = 0.
For the rani3 case:

(S, X3 4+Y3 42234273 =0,
(Ss) X3 4+Y3 45234573 =0,
(Se) X34 Y3 4723 4773 =0,
(S;) 2X3 4+2Y3 +32% +3T% =0,
and for rank4:

(Sg) X34+ Y34+ 22+ T3 =0.

We draw below the corresponding experimental curves in whie compare the value of
Ny 1 (B)/(B(log B)'~1) with 8, (V). On each drawing, only the points on the right of
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the vertical line have been used for the computatio@3§¥ (V).

_|_
_|_
o+
B i
+ 4 O
s T s
0, (V) 0y (V) :
OIIIIIIIIIII OIIIIIIIIIII
012345678091011 012345678091011
log(B) log(B)
S, Sy
=H=
+
%’E +
+ 5
0y (V)
0y (V)
OIIIIIIIIIII OIIIIIIIIIII
012345678091011 012345678091011
log(B) log(B)

Ss Sy
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e

O I I A I I S A A |
012345678091011
log(B)

S5

O I I A I I S A A |
012345678091011
log(B)

Sy

",

O I A Y I I I I |
0123456 78091011
log(B)

S6

_|_
%
%

O I A Y I I I I |
0123456 78091011
log(B)

Sy
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We finish with tables of numerical results. The valuedgf'(V') is obtained from the
pairs(B;, Ny ;(B;)) as described in section 7. We denoteiy(1) the limit

G, (1) = lim (s — 1)" G, (5),

wheret, is the number of components &f;. Note that for the examples with a Picard

group of rank2, C,, is equal tal.

Surface S, S, Ss

B 100000 100000 100000

Ny 4(B) 433526 286040 455164

(V) 2 2 2

ab/cd 1/8 1/125 1/27

(i, (1) 6.045998 x 10~1 | 6.045998 x 10~" | 6.045998 x 10"
ac/bd 1/2 1/5 1/3

(i, (1) 8.146241 x 10! | 1.163730 1.017615

ad/be 2 5 3

(r, (1) 8.146241 x 10! | 1.163730 1.017615

Nw (V(Qj3)) 4/9 4/9 4/9

o 2 5

Xwr(V(Q,,)) 3/8 96,125

C, 8.306815 x 1071 | 3.493824 x 10" | 3.066383 x 10"
c, 9.540383 x 10~1 | 8.704106 x 10~* | 9.762028 x 10"
C, 9.893865 x 10~1 | 9.906098 x 10~* | 9.892790 x 10"
wy (V(R)) 3.255161 1.360417 2.221359

0,(V) 3.413500 x 1071 | 2.290769 x 10~" | 3.660885 x 10"
Ny y(B)/6y(V)Blog(B) | 1.103137 1.084575 1.079931

05 (V)/0,(V) 0.988687 1.067208 1.051041




24

EMMANUEL PEYRE AND YURI TSCHINKEL

For the examples with a Picard group of re®ilC is equal tol.

Surface S, Sy S Sy

B 100000 100000 100000 100000

Ny g(B) 3051198 1976482 3420784 1966160

a(V) 1 1 1 1

ab/cd 1/4 1/25 1/49 4/9

g, (1) 8.146241 x 1071 | 1.163730 1.265025 1.028996

ac/bd 1 1 1 1

(g, (1) 6.045998 x 1071 | 6.045998 x 10~ | 6.045998 x 10" | 6.045998 x 10!
ad/bc 1 1 1 1

(g, (1) 6.045998 x 1071 | 6.045998 x 10~ | 6.045998 x 10" | 6.045998 x 10!
Nw 5 (V(Qy)) 16/27 16/27 16/27 16/27

Do 2 5 7 2

A, @ (V(Q,,)) 27/64 13824/15625 186624/117649 | 27/64

C, 8.306815 x 107" | 3.493824 x 10~ | 3.066383 x 10" | 8.306815 x 10!
oh 9.540383 x 1071 | 8.704106 x 10~ | 9.297617 x 10" | 8.196347 x 10!
c, 7.827314 x 1071 | 8.112747 x 107! | 9.228033 x 10~! | 8.294515 x 10~!
wy(V(R)) 4.105301 2.347970 1.910125 2.430506

05 (V) 1.895795 x 10! | 1.291945 x 10~ | 2.184437 x 107! | 1.290720 x 10~*
Ny 1(B)/60 5 (V)Blog(B)? | 1.214249 1.154191 1.181448 1.149252

05 (V)0 (V) 0.981952 1.035070 0.999247 1.063376
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For the last example we hatg, = C; = 1 andE, = E, = E; and we get

Surface Sg

B 100000

Ny u(B) 12137664

(V) 7/18

(g, (1) 6.045998 x 107+
5wr(V(Qy)) 16/27

Cy 3.066383 x 10"

c, 5.129319 x 101

wy(V(R)) 6.121864

0,(V) 4.904057 x 102

Ny ;4(B)/0,(V)Blog(B)* | 1.621894

052 (V) /0, (V) 1.012304
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