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1. INTRODUCTION

Decay estimates for solutions to hyperbolic initial value problems play a central
role in the perturbative existence theory for nonlinear equations. Traditionally,
such estimates are proved either by considering the representation formula for the
solution or by using the Fourier transform. The generalized energy method offers
an alternative approach in problems which possess enough symmetry. The first
examples required Lorentz invariance [4], and more recently Galilean invariant ex-
amples from continuum mechanics have been successfully treated using this method
[5, 8, 9, 10]. The nonlinear analysis in these works relied on key linear estimates
which establish, in an ad hoc manner, local energy decay.

This paper attempts to provide a unified view of these local energy decay esti-
mates. The general framework is based on symmetric hyperbolic systems. Many
problems can be reduced to this form in combination with a system of constraint
equations. The constraints are essential because they rule out time-independent
solutions for which decay cannot hold. The other key ingredient is an isotropy
assumption on the symbol associated to the problem, guaranteeing the existence of
commuting vector fields. An additional artificial dissipation term can be included
at no extra cost.

The main result, appearing in section 4, shows that solutions decompose into
individual wave families, corresponding to the eigenstates of the symbol. Thanks
to the isotropy assumption, the characteristic cones are standard, and the com-
ponents related to the positive eigenvalues concentrate along these cones. This is
reminiscent of the one-dimensional picture where wave families propagate along
characteristics. The remaining components, associated to the nonpositive eigenval-
ues, actually decay uniformly in L2. In the anisotropic case, solutions still decay
uniformly in L? in a region which is strictly interior to all characteristic cones, but
detailed information along the cones is lost.

Several examples appear in section 5. The prototypical example is the wave
equation. Maxwell’s equation offers a bit more complexity, and we also briefly
discuss the anisotropic case, for which only the weaker decay result holds. The main
examples come from continuum mechanics. We consider in detail the constrained
first order system that was derived in [10] in the study of the incompressible limit
in elastic solids. We obtain a sharp result which we then use to systematically
re-derive our previous estimates. The results obtained here will also be applied in
a forthcoming paper on nonlinear incompressible elastodynamics [11].
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2. PRELIMINARIES

Let ¥V and W be finite dimensional inner product spaces over R. We will be
concerned with V-valued strong solutions w : [0,7) x R™ — V of the linear system

(1a) L(O)u—vAu=f with L(0) =0+ A(V), A(V)= ALk
together a system of constraints
(1b) B(V)u=g with B(V) = By0k.
Here, we suppose that the coefficients are constant linear maps
A, e LOV,V), BreL(V,W), k=1,...,n

and
f:0,T)xR* =V, g¢:[0,T)xR*"—>W

are functions whose required regularity will become clear below. The viscosity
parameter v is nonnegative and constant.
The first assumption is the symmetry of the coefficients of (1a) as elements of

LWV, V)
(2) A, =4;, k=1,...,n.
Associated to the differential operators A(V) and B(V), define the symbols
A(6) = Apg® and B(€) = Brek, ¢ eR™
The second assumption is that
(3) ker B(§) Nker A(§) = {0}, for every 0# &€ R"

The third assumption is that there exist smooth maps taking the identity to the
identity! such that

V:SOR") — SO(V) and W :SOR")— LW, W)
such that for every £ € R” and R € SO(R")

(4a) A(RE) = V(R)AQV(R)"
and
(4b) B(RE) = W(R)B(§)V(R)".

We will see momentarily that these assumptions imply that, in a certain sense, the
system is isotropic and that there exists a useful collection of commuting vector
fields. Examples will be given in Section 5.

3. CONSEQUENCES OF THE ASSUMPTIONS

Isospectral property.

Lemma 1. The spectrum of A(w) is real and independent of w € S™~ 1.

n the applications they will be homomorphisms.
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Proof. The symmetry of the map A(w), from (2), implies that its eigenvalues are
real.

Suppose that w and w’ are distinct points in S”~!. Select v € S"~! orthogonal to
w (in the standard inner product on R™) so that w, w’, and v are linearly dependent.
Define the anti-symmetric map S = w® v — v @ w. Then R(t) = exptS determines
a 2m-periodic one-parameter family in SO(R™) such that R(f)w = w’, for some
6 € (0,27). It follows from (4a) that

A(R(t)w) = V(R(t)) A(w)V (R(t))".

Setting ¢ = 6, we find that A(w) and A(w’) are similar, and so they have the same
spectrum. O

Let us denote the spectrum of an operator A by o(A).
Corollary 1. The nonzero eigenvalues of A(w) occur in plus/minus pairs.

Proof. Lemma 1 shows that o(A(w)) = (A(—w)) = o(—A(w)). On the other
hand, we have in general that o(—A(w)) = —c(A(w)). d

Invariance property.

Lemma 2. For any smooth function v : R® — V and any R € SO(R"™), the
following hold

(ba) AV)[V(R)u(R*z)] = V(R)[A(V)u](R"z),

(5b) B(V)[V(R)u(R*z)] = W(R)[B(V)u](R"z),

(5¢) AV(R)u(R*z)] = V(R)[Au](R*z).

Proof. These equations follow immediately from the chain rule and, in the first two
cases, the assumptions (4a),(4b). O

Vector fields. Let {e;}? ; be the standard basis on R™, and define the anti-

symmetric maps

(6) Sij:ei®ej_ej®ei 1§Z<]§TL

Then R;;(7) = exp(7S,;) is a smooth one-parameter family in SO(R™). It is natural

to consider the vector fields arising as the infinitesimal generators of the invariants
@
dr

where Q;; = 2'0; — 270; are the standard angular momentum operators (note that

we have used the fact that V(I) = I) and

V(R (1)) u(Rij (1)) | =0 = Qiju(z) + Ziju(z) = Qiju(x),

Zij = - V(Rij(7))lr=0 € LV, V).
Further, we define
d
Yij = - W(Ri;(7))l-=0 € LV, W).

We shall also make use of the scaling vector field

S = t@t + 7’8,,.
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Commutation properties.

Lemma 3. If u is a sufficiently regular solution to (1a),(1b), then

(7&) [L(@) — I/A]Qiju = ﬁijf

and

(7h) B(V)Qiju = (i +Yiy)g.

In addition, for any positive integer p,
p—1

(8a) [L(0) — vA]SPu = (S + 1)Pf — Z(—l)p*j <’;) vASTu,
§=0

and

(8b) B(V)SPu=(S+1)Pg

Proof. Tt follows from (5a), (5¢) that
[L(9) = vAJ[V (R (1))u(t, Rij(r) )] = V(Ri; (1)) f (£, Rij (7))
and from (5b) that
B[V (Rij(7))ul(t, Rij(T)"2)] = W(Ri;(1))g(t, Rij (1) ).

The relations (7a), (7b) follow from these by taking the derivative in 7 and evalu-
ating at 7 =0 (and using V(I) =1, W(I) = I).
It is easily seen that

L(0)S=(S+1)L(0) and AS=(S+2)A,
and so by induction
L(0)SP = (S+1)PL(0) and ASP =(S+2)PA
Therefore, using the binomial theorem, we have
[L(9) — vA]SPu = [(S + 1)PL(9) — (S + 2)’vA]u
=S+ 1)Pf - [(S’+ 2)P — (S+1)PlvAu

=(S+1)Pf - Z ()S+2)mu
=(S+1)Pf— Z ()VASJ

This proves (8a).
The statement (8b) follows easily from the fact that B(V)S = (S+1)B(V). O

Spectral projections. For each w € S"~!, let P3(w) be the orthogonal projection
of V onto the eigenspace of A(w) corresponding to the eigenvalue Ag.

Lemma 4. The orthogonal projections Pz(w) are smooth functions of w = x/|z|
on S"~1 which satisfy the commutation property [Q;;, Pg(w)] = 0.
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Proof. The smoothness of Pg(w) follows from the formula

© Pow) =5 [ (=AW,
IC=2sl=p

where p is chosen so that |Ag — Ag/| > p for 3 # 3.
We have from (4a) and (9) that

V(R)Ps(R'w) = Ps(w)V(R),
for every R € SO(R™). Therefore, we obtain

4,
T dr

= L [Py()V (Riy(r))u(Biy(r)* o)l |0
= Pa(w)Qiju().

25 [Pp(w)u()] V(Rij (7)) Ps(Rij (1) w)u(Rij (1) 2)] =0

Plane waves. Consider a plane wave solution of the operator L(9):

u<t’x) = ¢()‘ﬁt - <w>$>)'¢ﬁ(w)a

in which ¥g(w) is an eigenvector of A(w) for Ag. Our assumptions imply that the
propagation speed Ag is independent of the direction of propagation w and that a
rotation R of the propagation direction produces a corresponding rotation V(R)
of the eigenspace of the polarization vector ¥g(w). In this sense, the system is
isotropic.

4. MAIN RESULT

Throughout the remainder of the paper, we regard the projections {Pg(w)} onto
the eigenspaces of A(w) as homogeneous functions of degree zero on R™, by setting
w=z/|z|

Theorem 1. Let n > 2 and j = 1,...,n. Assume that conditions (2) and (3)
hold. There are positive constants o and C, depending on the coefficients Ay and
By, such that all sufficiently regular solutions of (1la), (1b) satisfy the estimate

(10) at||8ju||Lz({T§at}’v) + (Vt)l/QHVUHLz(Rn’V) + yt||Au||L2(Rn7v)
< Ollullpz@n,vy + 1SullLz@n,vy + HI fllz2@e vy + gl z2@ew)-
If, in addition, conditions (4a), (4b) hold, then
(1) (At = r)Psjull L2 (r>aty,v)
< C [I0ull2qan vy + [ullan vy + ISullan vy + 1 lz2an, vy,
and
(12) rB@)djullz2(rzanm) < C [1Qullza@n v + lullpagn )| + Irgllae ).

The proof will be given below, but first we isolate the key step.
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Lemma 5. Let n > 2. Suppose that conditions (2) and (3) hold. All sufficiently
regqular solutions of (1a) satisfy the estimate
IEA(V) = 10 ullf2@n vy + (0 = 2t Vul Lo ge vy + @) [ Aull 2o @ v
< [1Su — tflZ2@n v)-

Proof of Lemma 5. Here and later on we may assume that solutions are smooth
and that they decay rapidly at infinity. A density argument can then be used to
pass to solutions for which the norms appearing are finite.

Using the definition of S, we may rewrite (1a) as

tA(V)u — ropu — vtAu = —Su + tf.
Taking the L?-norm of both sides, this immediately gives
ltA(V)u — r@ruHZLz(Rn’V) + 2(ropu — tA(V)u, vtAu) r2(gn vy + ||I/tAU||%2(]Rn’V)

< [1Su — tflZ2@n v)-
Thanks to the symmetry of the coefficient matrices, we find using integration by
parts that
(A(V)u, Au) 2 (mn vy = (AROku, Au) p2@n vy = 0.
Again using integration by parts, we can rewrite the remaining cross term as follows:
2(rOpu, vEAU) 20 v) =2vt(z’ O;u, Au) 2w )
= — 2vt(27 0;01u, Opu) 2(re vy — 2vE(Ou, Opu) 12 (rn V)
=nvt(Opu, Opu) 2(rn vy — 20Ok, Opu) L2 (R V)
=(n — 2)vt(Opu, Opu) 2 (rn 1)
—(n — 2t Va2 gy

We now continue with the proof of Theorem 1.

Proof of (10). Let n > 2, and suppose that (2) and (3) hold.

By (3), the expression |A(w)u|}+|B(w)ul3, vanishes if and only if u = 0. In other
words, the map A(w)? + B(w)*B(w) in £(V,V) is positive definite and symmetric,
by (2). If we let

(3a)? = min{\ : A € 0(A(w)? + B(w)*B(w)) for some w € "'},
then
(3a)?[ul}y < [A(w)ul} + [B(w)uliy,
for all w € V and w € S"~!. Therefore, using the Fourier transform, we obtain
(13) 3a|Vull gz @mn,vy < [[AV)ull2@n vy + [1B(V)ullL2@n ),

for all sufficiently regular functions u : R® — V.
Introduce a cut-off function ¢ € C*°(R) with 0 < ¢ <1 and

1 ifs<1
Cls) = {0, if s> 2.

Fixing o as in (13), define 1, (¢, 1) = ((r/(at)).
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Let u solve (1a), (1b), and set v = n,u, so that v is supported in {r < 2at}. By
(13), we obtain
3at||[ Vol p2en vy < AVl L2@n,v) + HIB(V)vllL2@n,v)
< JEA(V) = rOr)vllL2®n,v) + 20| V|| L2@n v) + HIB(V)0] 20 v)-
This yields the bound
(14) Oét”V’l}”Lz’(]Rn’v) S ||(tA(V) — Tar)v“Lz(Rn’v) + tHB(v)vHLZ(R",V)-
Since (at + 1)|0;na| < C, we have from (14)
atl|0jull L2 (r<aty,v)
< at|[nadjull L2 &n v)
< at||0;v][ L2 ®n,v) + CllullL2®n,v)
< I(EA(V) = r0n)vllL2@e vy + HIB(V)oll 2@ vy + Cllull L2 @)
< ||(tA(V) — raT)UHLQ(]R",V) + t||B(v)U||L2(Rn’V) + CHU||L2(R”,V)-
The dependence of the constant C' on the coefficients occurs upon differentiation of

the cut-off function in the last inequality.
The estimate (10) now follows by an application of Lemma 5 and (1b). ]

Proof of (11). Let n > 2 and suppose that (2), (3), and (4a), (4b) hold.
Using the orthogonal projections and the vector fields §2;; defined in Section 3,
we have the pointwise estimate

|(Ast = r)Pp(w)dju(t, z)|v
= [Pp(w)(tA(w) — r1)djult, )|y
< |(tA(w) = rDdjult, x)lv
= |(tAg — rw" DwFOju(t, )|y

. 1
= |(tAr — rwkI)(w](‘?k + ;ij)u(t, x)|y

_ ‘ [wj(tA(V) —r0,) + (LA — kaf)iﬂkj} u(t,z)

1%

t
<|(tA(V) —ro)ult,x)ly + C ‘r + 1] |Qu(t, z)]y.

The inequality (11) follows from this after an integration over the region {r > at}

and an application of Lemma 5.
|

Note that away from the origin, the symbol is used with the physical variables
in proving this last result.

Proof of (12). Let u solve (1b). As above, we have
rB(w)dju(t,z) = Bra*oju(t, z)
= B[ + 27 0ku(t, x)
= B Qyju(t, ) + 2 B(V)u(t, z),
from which (12) follows immediately. O
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Time derivatives. Time derivatives can also be estimated using the pde, however
the quantity t+r appears as a weight with the inhomogeneity in the exterior region.

Corollary 2. Letn > 2 and j = 1,...,n. Assume that conditions (2) and (3)
hold. There are positive constants a and C, depending on the coefficients Ay and
By, such that all sufficiently regular solutions of (1a), (1b) satisfy the estimate

(15) at||8tu||L2({r§at}7v)
< Cllullzz@e vy + [1Sull 2@ vy + 2 @e v) + HlgllL2 @ w)-
If, in addition, conditions (4a), (4b) hold and also v =0, then

(16) (Mgt — 1) Pg0rullL2({r>at},v)
<C {HQUHH(RTL,\)) + ”u”L?(R",V)} +[[SullL2@n vy + 1(E+ 1) fllL2 @R, V),

Proof. The inequality (15) is easily shown by rewriting (1a) as
Ou = —A(V)u+vAu+ f,

and then applying (10).
Now let v = 0. Noticing that

1
ou=—-ANV)u+ f = A(w)0yu + O(;|Qu|) + 7,
we now get (16) from (11). O

Higher-order estimates. Let I' = (I'y,..., ;) denote our list of ¢ = n+1+n(n—
1)/2 vector fields 9;, S, KNZU Let a = (a1, ...,am) be an m-tuple in {1,...,q}. We
denote by I'* the m‘"-order operator I'y, --- Ty, . From Lemma 3, it follows that
if u is a sufficiently regular solution of (1la), (1b), then I'*wu satisfies a system of
the same type. Although we will not write the estimates down explicitly, it is clear
that Theorem 1 can be applied to obtain weighted estimates for the higher-order
derivatives 0;I*w.

The utility of the estimates resulting from Theorem 1 (and its higher-order ver-
sion) depends on being able to control norms of form »_, o, [[T%u(t, )| z2®n v)-
This can be accomplished using the standard energy method thanks to the symme-
try of the coefficients (2) and the commutation properties from Lemma 3.

5. EXAMPLES

In the following examples, the artificial viscosity term has been dropped, since
the physically interesting cases include more complicated dissipative mechanisms
that do not fall within the framework of our result.

Wave equation. Let’s look a simple test case, namely the wave equation for ¢ :
R xR"® — R:
D2¢p — *A¢p = h.

The first step is to rewrite the problem in the form (1a), (1b). The setup uses
V = R"*! with the inner product diag(c=2,1,...,1). Also, let {e,}"_, be the
standard basis on V.

The wave equation can be written in first order form (1a) (with v = 0) in the
standard way:

u = uaea = at¢60 + ak(beka f = heOv
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and
Ay =g Qe +epQey, k=1,...,n.
Notice that the symmetry condition (2) holds in the chosen inner product.
Let w = (w*) € S"~1 and set & = wFey € R™L. Then

Alw) = —(cPep @ W+ & ® ep).

Given R € SO(R"), we define V(R) € SO(V) by V(R)eg = eg and V(R)e; = Re;,
i # 0. Then

A(Rw) = —(c*eo @ V(R)& + V(R)O ® eg) = V(R)A(w)V(R)*,

and we have verified (4a).
In coordinates, the constraints are simply

Au™ —dput =0, 1<l<m<n.
In order to express this in the form (1b), with g = 0, we use (6) in defining
W =span{S;; : 1 <i,j <n} C LWV,V).
and then define B, € L(V,W), k=1,...,n, by
u— Byu = %Z(% Stmer)vSem.-

Lm
In particular, we have
(17) B(w)u= 3> (tt, Stm@)ySem,
Lm

and therefore,

B(Rw)V(R)u =3 > (V(R)t, SmV (R)@) v Sem
Lm

—3 37w, V(R) SemV (R)) Stmn-
£,m

Since V(R)*Se,, V(R) is antisymmetric, it lies in the span of the S;;, and so we
see that the last expression has the form W (R)B(w)u, for some W(R) € LONV, W).
This verifies (4b).
Clearly ¥y(w) = (ceg F ©)/Vc? +1 serve as unit eigenvectors of A(w) with
eigenvalues A\ = +c¢. The remaining eigenvalues are all zero, and
ker A(w) = {eg, 0},

On the other hand, we have from (17) that ker B(w) = span{eg, ®} = ker A(w)> .
Having thus verified the hypotheses of Theorem 1, using (11), we get bounds for

(18a) [(r F ct)(+ (W), Qu) vl L2 (fr>aty)s
and from (10) we have
(18b) at||Vullpz(r<aty)-

In terms of the original variable, we get from (18a) an estimate for
H(’/‘ + Ct) (C_laj8t¢ + 8j6T¢)|\L2({T>at}),

but since

) 1<
0 =w'0r — = E T4,
w ’/‘j_lw j
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this implies a bound for
[(r £ et)(wic™ 0 £ 3:)0;0) | 2({r>at))-
Using (18b), this, in turn, implies bounds for
II(r + ct)(wicflat +0;)0;0)| L2(mn)-

Bounds of this type were implicitly given in [12] (see Lemma 5.1). From here, we
easily recover the weaker estimates for

[(r = ct)0:0; ¢ L2wny and |[(r — ct)0;0;8| L2®n)

orginally derived in [5]. Weighted space-time estimates for the special derivatives
(wic™10; + 0;)¢ have been derived by Alinhac (even for the curved wave equation)
using what he calls the ghost weighted energy method, [1].

Maxwell’s equation. Maxwell’s system for an electromagnetic field (E, H) €
R? x R? takes the form

eOE—cVANH=J]
wotH +cVAE=0
with the constraints
V-eE=p
V.-uH =0.

The current density J and the charge density p are regarded as known inhomo-
geneities. The (scalar) parameters are the light speed ¢, the permittivity e, and the
magnetic permeability .

Taking V = R3 x R? with the inner product

(19) <(E7H)’ (ElvH/)>V = <€E7 EI>R3 + <:UH7 H/>]R3a

the system verifies the assumptions of Theorem 1, however we shall not go through
the details of the formalism in this case.
In this case, the symbol is given by

Alw)u = (=(¢/e) wAH, (¢/p) w A E).

The nonzero eigenvalues coincide with the propagation speeds Ay = £\ = +(¢/\/epn).
Here and later on, it will be convenient to use the notation

(20) Pw=ww, Qw) =I-wlw.
The orthogonal projections onto the eigenspaces for A\ are then

Pu (@) = (1/223) (A(w)? £ AA(w))u

= (1/2)(QW)E F V/u/e w NH,Q)H £ \/e/pw A E),
and the projection onto the zero eigenspace is
Po(w)(E, H) = (P(w)E, P(w)H).

Application of Theorem 1 gives a bound for
I M= 1)[VE Q); E— it w0 H] |2+ il (A —1) [ Q)O3 H+VE whd, Bl 2.

The remaining components decay uniformly in L2, see also [1, 2, 3, 7].
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Anisotropic Maxwell Equation. In the anisotropic case, where the permittivity
has the form ¢ = diag(e1, €2, €3), the conditions (2) and (3) hold with the obvious
modification of the inner product (19). However, the conditions (4a) and (4b) fail.
Still, the interior estimate (10) of Theorem 1 holds giving a uniform bound for

t (Ve Q5 Ell L2 (rectyay + VI O H | L2 (r<ct/2)) »
as well as for higher derivatives. Thus, via the Sobolev lemma, we obtain decay in
L (r < t/2) at a rate of t=!. This improves slightly upon the result [6] where it
was shown that solutions decay uniformly in L>°(R3) at a rate of ¢t~1/2.

Linearized elasticity. The motion of an elastic body is typically described by a
one-parameter family of orientation preserving deformations z(¢, X) taking a point
X in the reference configuration to its position = at time ¢. The reference map is
the inverse X (¢,x). For the case of homogeneous isotropic materials, a first order
system was derived in [10] for the couple (H(t,x),v(t, x), p(t,x)) where

Hi(t,r) = 0, X' (t,x), wv(t,x)= Dix(t, X)|x=x(t,0), p(t,x)=det H(t,x).

Here H is the inverse of the deformation gradient, v is the velocity, and p is (pro-
portional to) the density. The natural vector space to describe the motion in these
variables is
V=R®R?} xR3 xR,
The linearized equations of motion take the form

(21a) O:H +Vv=fg

(21b) Ow+V -TH + i*Vp = f,
(21c) Op+V-v=f,

in which T € L(R?® @ R? R? @ R?) is defined by

(21d) TH=c3H+ (¢} —c3)tr HI,
and

(V-TH)" = 0,(TH)S.
The material parameters are assumed to satisfy ¢; > ¢ > 0 and 4 > 0. As a
consequence, the mapping T is positive definite and symmetric on R? @ R3, with
the standard inner product, and T induces a new inner product on R3®R3 through

(H,H)r = (TH, H)gsgrs = tr [(TH)H"].
The inner product on V is defined by
(w, @)y = ((H,v,p), (H,7,p))v
= (H,H)7 + (v,0)ps + 11 pp.

The equations (21a)-(21c) are equivalent to (1a) with the symbol A(w) € L(V,V)
defined by

(22) Alw)u = A(w)(H,v,p) = (v®@w, THw + ppw, (v, w)gs).

The inhomogeneity is f = (f#, fuv, fp). Thus defined, the symbol A(w) (and hence
also each Ay) satisfies the symmetry condition (2).
The constraint equations are

(23) OmH, —0,H:, =0, and V(p— tr H) = g,.

The second constraint is simply the linearization of the relation p = det H.
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The constraint system can be formulated as in (1b) using
W= (R*@R?) x R? x R3.
Using the maps (6), the symbol B(w) € L(V, W) then given by
B(w)u = Bw)(H,v,p) = Y _ (H,en®Smw)psgzs (Stm, en,0)+(p— tr H)(0,0,w).
tmn
Define the map V : SO(R?) — L(V, V) by
V(R)u=V(R)(H,v,p) = (RHR*,Rv,p), RecSOR?), uec).

It is straightforward to verify that, in fact, V : SO(R3) — SO(V).
The map V also satisfies the conditions (4a), (4b). For example, let us verify
(4b). By the definitions

B(Rw)V(R)u= Y (RHR",en @ SpmRw)psgrs (Sem, €n,0)
Lmmn

+ (p— tr RHR¥)(0,0, Rw)
= Z <H7 R*en oy R*SZme>R3®R3 (Sé’rm €n, 0)

lLmmn

+(p— tr H)(0,0, Rw)

Since R*Syn R is antisymmetric, we see that the last expression above depends
linearly on the coordinates of B(w)u. This implies the existence of a map W(R) €
LW, W) for which (4b) is valid.

We now verify (3) by showing that that ker A(w) = ker B(w)*. We have that

ker A(w) = {u = (H,v,p) : THw + p*pw = 0, v = 0}
and, using the notation (20) again,
ker B(w) = {u = (H,v,p) : HSpmw =0, {,m=1,2,3, p= tr H}
={u=(H,v,p): H=HP(w), p= tr H}.
Take u = (H,v, p) € ker A(w) and @ = (H, v, p) € ker B(w). Then
(u,0)y = (H, H)r + 1*pp

— (B HP))r + 1p
= (TH, HP(w))sgrs + 1°pp
= (THw, Hu)gs + p2pp
= p?pl—(w, Hw)gs + p]
= p?pl—tr HP(w) + p]
= pPp[— tr H + p]
= 0.

This shows that ker A(w) C ker B(w)*.

In the other direction, suppose that u = (H, v, p) € ker B(w)*. Note that if

u=(H,v,p) = (THP(w) + p*pP(w),v, tr THP(w) + u*p),
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then @ € ker B(w). So we have
0= <u, ﬂ>y

= (TH,THP(w) + (* pP(w))zsms + (v, v)rs + p°p( tr THP(w) + 1°p)

= [THwlgs + 20 p(THw, w)rs + p'p° + [v]s

= |THw + pi?pwla + [v[Rs,
and thus, u € ker A(w).

We have shown that the system (21a),(21b),(21¢) can be rewritten so as to satisfy

the assumptions of Theorem 1.

The nonzero eigenvalues of A(w), representing slow and fast propagation speeds,
are
AE =4\ =4y, and Af =X =£(c] + %)%
The nonzero eigenspaces form a 6 dimensional subspace of V. Using (20) again, the
corresponding orthogonal projections are
1
PE(w)u =3 (QW)HP(w) £ A 'Q(w)v ® w, £A,Q(w)Hw + Q(w)v,0)

and
1
= \/iAf

We let Py(w) be the remaining orthogonal projection onto ker A(w). Theorem 1
ensures that the quanties

’ij(w)u =(u, 25 (w))y 2T (W), 25 (w) (P(w), £Afw, 1)

(24a) [(Ast F )P Ojul 2 (s vy,
(24b) H ()\ft + ’I“)’PfiajuHLz(Rayv),
(24c) [t + r)Po0jull 2w v),

are bounded by

(25) ClITul| L2 rs,vy + lull L2 s, vy + tl fll2@s,vy + 1t +7)gll 2 @3 1))

We do not attempt to make explicit the dependence of the constant C' on the

material parameters. All components of the solution decay uniformly in L? except

for those in the 3 dimensional subspace corresponding to the positive eigenvalues.
These estimates can be unravelled to a less precise, but still useful form. Set

Ps(w) = PH(w) +P; (w), and Pp(w)= P;I(w) + P (w),
and notice that
Ps(w)u = (Q(w)HP(w), Q(w)v,0),
and

Pi(wu = (u,y(w)y y(w) + (0, P(w)v,0),  y(w)

Then by (24b) and (24a), we obtain that the quantities

I
\

—

o)
—~

&
~
=

—_
~—

(26a)  |(Ast = r)PsOjullZaes v)
= [|(Ast — T)QajHP||2L2(R3,R3®R3) + [[(Ast — T)QajUH%2(R3,R3),
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and
(26b)  [[(A\st = r)PrdjullTaggs v
= [[(Ast = )05, y)vl72msy + |(Aft = 1) POvl|72(ms gs)s

are also bounded by the square of (25). In particular, we see that the longitudinal
and transverse components of the velocity v concentrate along the fast and slow
cones, respectively.

Further simplification comes from taking into account the component of u in the
kernel. We have

27)  [Po(w)ul}y = |(I = Pp(w) = Ps(w))ul})
= [ul} = [Pr(w)uly = [Ps(w)uliy
= |H[7 + [vlgs + 10" — ((u,y(@))3 + [P(w)vlgs)
— (IQW)HPW)I7 + |Q(w)vlZs)
= GlHQ(W)|Rsgrs + [c3(cT — 3)/AF][ tr HQ(w))?
+ (12 = )N o H = p]” + (e /AT][ o HP(w) = p]”.
Now, since we have that
Mo = (y(@)uy + (/Ap)(p— tr HP)) — [(c3 — B)/Af] tr HQ(w),
it follows from (27), (24c), and(26b) that
(28) [(Agt =) Ar0;pl L2 (ms)
is bounded by (25).
Next, writing
tr HP(w) = p+ (tr HP(w) — p),
we deduce from (28), (27), and (24c) that

(29) [(Agt = r)AF " tr ;HP| 12 (rs)
is bounded by (25). Going back to (26b), we find that the same bound holds for
tr BJH

Since

P(w)H = P(wW)HP(w) + P(w)HQ(w) = (tr HP(w))P(w) + P(w)HQ(w),
we have
|P()H|gsgps = (tr HP(w))? + [P(w) HQ(w)[fs s
and therefore from (28), (27), and (24c),
||(>\ft — T‘)/\?lpﬁjH||L2(R37R3®R3)

is bounded by (25).
Finally, since

QW) H gsgrs = |Qw)HP(w)[gsgrs + QW) HQ(W)|Es g
we find from (27), (26a), and (24c) that
H()\St — T)QajHHL%Rz’Rz@Rs)

is bounded by (25).
We summarize these results in
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Corollary 3. Let u be a C' solution of (21a)-(21c), (23). Then the quantity

8

Af

1

[10

[11

[12

I(Ast = 7)(Q0; H, Q0;v,0) || L2re,v) + (At — r)(A} PO H, POjv, p)| Lze,v)
bounded by (25).

With a bit more care, one can show that the constant in (25) grows linearly with
. This estimate was used in [10] in the study of the incompressible limit, g — 0.
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