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ABSTRACT. We consider small random perturbations of expanding and piecewise expand-
ing maps and prove the robustness of their invariant densities and rates of mixing. We
do this by proving some simple lemmas about the robustness of the spectra of certain
operators. These abstract results are then applied to the Perron-Frobenius operators of
the models in question.

INTRODUCTION

Let f: M — M be a dynamical system preserving some natural probability measure
1o with density pg. This paper is motivated by the following question: does exponential
mizing imply stochastic stability? Roughly speaking, exzponential mizing of (f, j10) means
that, for two observables ¢ and v on M, the correlation between ¢ o f™ and v decays
exponentially fast with n. Stochastic stability means that, if we add a small amount of
random noise to f, obtaining at noise level € a Markov process with invariant density
pe, then p. tends to py as € tends to zero.

The following heuristic argument suggests an affirmative answer to this question.
Consider the Perron-Frobenius operator £ associated with f, acting on a suitable class of
functions. The exponential mixing property is equivalent to the presence of a gap in the
spectrum of £ between the eigenvalue equal to unity and the “next largest eigenvalue.”
Corresponding to the noisy situation is a noisy Perron-Frobenius operator L., which

should not be too different from L, for small e. By the usual geometric arguments for
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hyperbolic operators, the eigenfunction corresponding to the eigenvalue 1 for L. should
be near that for £, proving stochastic stability.

Also, since the “second largest” eigenvalue of £ determines the rate of decay of
correlations, if there is a gap between the “second largest” and the “third largest”
eigenvalue, then a similar reasoning will show that the presence of small amounts of
noise should not affect significantly the rate of mixing of the system. When further
gaps exist, this reasoning can be extended to other eigenvalues of £ (the “resonances”

of Ruelle [1986]).

In this paper, we examine three models against the ideas sketched in the last two
paragraphs. These models are (1) expanding maps of the circle perturbed by convolution
and (2) expanding maps of Riemannian manifolds followed by diffusions, both with the
space of C" test functions; and (3) piecewise expanding maps of the interval, with
test functions of bounded variation. All of these models, when unperturbed, have the
exponential mixing property. That is known and will be taken for granted here. In
all three cases we successfully carry out the steps sketched above, proving stochastic
stability and robustness of the rates of mixing. (For (3), some additional conditions on
the gaps of the spectrum are needed.) We shall see, however, that L. does not converge
to L in the operator norm topology. Indeed, the manner in which L. approaches L
in each case is delicate and depends on the dynamics as well as the function spaces in
question.

Some of our results are new; others are not. We will state them precisely and give
references when appropriate in subsequent sections. We wish to emphasize here our
relatively unified method of proof: we first prove some simple perturbation lemmas for
abstract operators that apply simultaneously to all three models. Once that is done,
we prove some dynamical lemmas relating £, to £ for each model. We hope that this
approach goes beyond the situations considered in the present article.

We will keep the setting of this paper simple and the amount of machinery to a
minimum. In a forthcoming paper by the first named author some of the results here

will be brought to fuller generality. Transfer operators with more general weights will



be considered, and the Fredholm determinants of the perturbed operators will be shown
to converge to that of £ on certain regions of the complex plane. (The study of this last

problem was suggested by D. Ruelle.)
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very useful conversations. V. Baladi acknowledges the hospitality and financial support
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1. BACKGROUND, DEFINITIONS AND NOTATIONS

Let f: M — M be a differentiable or piecewise differentiable transformation of a
compact Riemannian manifold. Assume that f preserves a Borel probability measure
o of the form py = pgdm, where m denotes Riemannian volume. Our aim in this
work is to study the invariant density and rate of mixing of (f, 110) under small random
perturbations, and we do that by studying the spectral properties of the perturbed
Perron-Frobenius operators associated with f. The purpose of this section is to give

precise definitions for all of these terms.

Let B denote the o-algebra of Borel sets of M and P the space of Borel probability
measures on M. Recall that a random perturbation of f is a family of Markov chains
X€ (with small € > 0) defined on the measure space (M, 1), with transition probabilities
{P(z,-)}inP (ie, P{X;, , € £ : X =x} = P°(x, E)). We assume that the following
conditions are satisfied:

(1) The map = +— P¢(z,-) is continuous for each e.

(2) Each P¢(x,-) is absolutely continuous with respect to Lebesgue measure m.

(3) For any continuous test function g : M — R

lim (sup | [ 9(y)P*(z,dy) —g(f:v)|> =0.
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If M is compact, it follows from (1) and (2) that each Markov chain X¢ admits
an absolutely continuous invariant probability measure p., i.e., a probability measure

le = pedm such that

1 (E) = /Pf(g;, B)dp.(z) ,VE € B.

Moreover, one can often show that u. is unique if f has some transitivity properties.

(For more details, see e.g. Kifer [1988a]. See also Benedicks—Young [1992])

We say that (f, o) is stochastically stable under the perturbation X'€ if p. tends to pg
weakly as ¢ — 0. Various dynamical systems have been shown to be stochastically stable
in this sense (see e.g. Kifer [1974] and the results and references in [1988a], Benedicks-
Young [1992] etc.). Sometimes, one has a stronger notion of stochastic stability. If
(F,|l-1]) is a Banach space of functions p : M — R containing py and p., then we say
that (f, o) is stochastically stable in (F,| - ||) if ||pe — pol| tends to zero as e — 0 . (See
e.g. Keller [1982] and Collet [1984] for certain interval maps, with F = L(dm).)

We are also going to consider the convergence of the rate of mixing. Recall that one
says that 7g is the rate of decay of correlations of (f, o) for functions in (F,|| - ) if
7o is the smallest number such that the following holds: for each 7 > 79 and each pair

v, € F, there exists C = C(, ||¢|, ||%]]) such that

|/(<P0fn)'¢duo—/g0duo/¢duo\SCT”, Vn>1.

We are mostly interested in the case where 79 < 1.

Consider now the Markov chain (X€, p.), and let PS(z,-) be the n-step transition
probability. We say that 7. is the rate of decay of correlations of (X€, p.) for functions
in (F,| - ||) if 7 is the smallest number such that the following holds: for each 7 > 7,

and each pair ¢, 9 € F, there exists C' = C(7, ||¢]], ||¢||) such that

|// y) Py (z,dy)) - Y(z)dpe(x /<pdm/¢du6|<07,Vn>1



We say that the rate of mixing of (f, o) in F is robust if 7. tends to 79 as € goes
to zero. (The relation between 7. and 7y has been considered in e.g. Ruelle [1986], for

mixing Anosov flows.)

Next we define the Perron-Frobenius operator associated with f. For this, we fix a

suitable Banach space of functions (F, || - ||) as above, and for ¢ € F, we define

_ o(y)
Gl = 2 Jaas]
fly)==

Or, equivalently, if ¢ € F is the density of a signed measure p on M, then Ly is the
density of f.u where f,u is the push-forward of u by £, i.e., (fiu)(E) = u(f~'E), for
all £ € B. We assume that £ : F — F is a well-defined bounded operator, and that
po € F. Then 1 is an eigenvalue of £, and our invariant density pg is an eigenfunction
for the eigenvalue 1.

In our models, as in virtually all situations where the spectrum of the Perron-
Frobenius operator is understood, the operator L is quasi-compact, i.e., its essential
spectral radius ess sp (£) is strictly less than its spectral radius. In particular, for
every 7 > esssp (L), the set o(£) N {z : |z| > 7} consists of a finite number of
eigenvalues with finite dimensional eigenspaces. If we further assume that (f, pg) is
exact — which is the case for the models considered in this paper — then the spectrum
of £ can be written as (L) = o9 U {1}, where 1 is a simple eigenvalue (this means
that its algebraic multiplicity is equal to one, see e.g. Kato [1976] for terminology) and
loo| :=sup{|z| : z € 09} < 1 (see Hofbauer—Keller [1982], Ruelle [1989)]).

The relationship between 79 and o is as follows: since

/(@Of”)wduo = /<p~£”(¢po)dm

we have

\/900 wduo—/wduo/wduol—\/ "(¥ po) — /wpodm po] dm|.



If [ || dm < const-||¢| — and this is certainly true in our models — the last expression

above is

< C-[[L"(¥po) — m(Ppo)]|

<C'-r",
where 7 is any number strictly larger than |og|, the constants C' and C’ depend only
on ||¢|l, |||l and 7, and 7 is the projection onto the one-dimensional eigenspace of 1.

Thus we have 79 = |og|.
If |og| > ess sp (L), then 79 = |og| will be referred to as an isolated rate of decay.

Corresponding to the perturbation X of f, we define the Perron-Frobenius operator
L. as follows: if ¢ € F is the density of p, then L.p is the density of X{u where
Xfu(E) = [ Pé(z, E)du(z). Moreover, if p. € F and if 1 is the only point of o(L,) on
the unit circle, it is a simple eigenvalue; we then write o(L.) = {1} U 0o(Le) and the
interpretation of 7. as |og(L.)| carries over as well.

In the next three sections, we will consider for each of our models the following

questions:

(1) does [|pe — poll — 07

(2) does e — 1o (assuming that 7( is an isolated rate of decay)?
If the answers to (1) and (2) are affirmative then we may also ask

(3) how does ||pe — pol| or |7e — 79| scale with € as € — 07

2. PERTURBATION LEMMAS FOR ABSTRACT OPERATORS

It will become clear in the next three sections that the setting we have to deal with
is the following: let (X, ||-]|) be a complex Banach space, and let {7, e > 0} be a family
of bounded linear operators on X. We make the following assumption about Tj:

There exist two real numbers 0 < k1 < kg < 1 such that the spectrum of T decom-

poses as g U X1 where
ko = inf{|z| : z € Xp}
(A.1)
k1 =sup{lz| : z € ¥1}.
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Let X; be the eigenspace corresponding to ¥;, and let m; : Xo @& X7 — X, be the

associated projection. Let o(-) denote the spectrum of an operator. Our first result is

Lemma 1. Assume that there exists k1 < k < kg such that for each sufficiently large

n € ZT, there exists €(n) such that for all 0 < € < €(n)
1T = Tg'[| < &™ (A.2)
Then, for each sufficiently small 0 < €, there exists a decomposition of o(T;) into
o(Te) = 35 U X9
such that
kK =sup{|z| : z € 3]} < Ky :=1inf{|z| : z € 1§},
where k' and k{, can be made arbitrarily close to k and ko by choosing € small enough.

Note that we do not assume that T7* converges to Tj as € — 0 for fixed n, not even

pointwise.

Proof of Lemma 1. Fix k!, k', k{, near k1, k, ko such that
k1 < K] <k <K <K)<HKg.

Let N be large enough for all the purposes below, in particular, we require that
z € Xo = [Ty zl| = (ko)™ |||
z€ X = [Ty z|| < (k1) ||

Let € < €(IN), and let A satisfy «' < || < k(. We will show that A ¢ o(T).

It suffices to prove that the resolvent R(TN, A\V) exists as a bounded operator. We

write down what it must be if it exists:
R(TN AN) = [WT = 1V) — (1N = 1))

— [()\NI—T({V) (I = R(T, AT — 1)) B

M

(R(TG, NNTY = Tg9)" - (T, AY)

n=0



Assuming |TN — T || < &V, it is enough to show ||R(T,A\V)|| < (1/x)N. Since
R(TN , MN)X; = X, for i = 0,1, we have for z € X, ||z|| = 1
IR(T5", MM < IR(TGY, AN )moz || + [[R(T5Y, AN )mz|
< IR(T5", X)) xo ol + I1R(TY, X)) x Ml ]
so that it suffices to bound |R(TY, \Y)|x, ||, i = 0,1. If z € Xy, for k) < ko < Ko,
1T X — ANl > (| T3 ]| — AV |||
> ((Ro)™ = (kp)™) 1]
> const - (ko) |||,

and if r € X1,
1T X — M| > || T || + AN [||

> (=(k)N = (&)Y) ||
> const - (k)N ]|z]| .

Hence, for large enough N,

const - (||mol| + ||71]])
(k)N

IR(Ty", M) < < (2.2)

1
KN
Define

X6 :={z€0(T.) : |2| > Ky} Yi={z€0(T.) : |2|<K'}. O

Let 7§ : X§5@® X — X§ be the projection associated with the spectral decomposition

of T.. For ' C C write I'V := {2V : 2 € T'}. We also use the notation B, := {|z| = r}.
Lemma 2. If Assumptions (A.1) and (A.2) hold then ||mg — 75| — 0 as € — 0.

Proof of Lemma 2. Note that mg can be regarded as the projection associated with
(TN, (3)Y) for any N, and similarly for 5. We will again consider N large and

€ < €(N).



Let C := By~ U B,~ for some k' < & < k), with & < (k')?/k, and 19 > |0(Tp)|. Then
0

YV and (X§)V are contained in the annular region bounded by C, and we have

1 1
R(TY, \) dA 6 =—— [ R(TN,\)d\.

o
2w Jo

" 2r Je
We will estimate ||mg — 7| by

1
Imo = gl < o= [ IRET.N) = RN, ] dn
TJc

IA

1 N N
o - (Be) - max [R(TY,\) = RTY, V)|

+ the corresponding term for B~

(2.3)

R

= (1)+(2).

Using (2.1) we have
IR(T3Y, A) = RITY NI < Y IRTY V" 1T = T3
n=1

Since £(Bin) = 27&Y, and |R(TYN,\)|| < const/(k/)N for A € Ban (by (2.2)), we

obtain

For (2), we use (B, ~) = 27r", to get

N
(2)§const-rév~%—>0asN—>oo. O
7o
For n > 1 define
Tlx =13
Cn(e)—sp|| e L OxH
€ X, edl
z#0

(By (A.1), Cy(€e) < k™ for large enough n and small enough e.)

9



Lemma 3. Assume that (A.1)-(A.2) hold, that ||T.|| is uniformly bounded, and that
dim Xy < 00. (A.3)

Let d denote the maximum algebraic multiplicity of z € o(Tp|x,) and let k" and k() < kg
be given from Lemma 1. Then for fixed large N and € < €(N):
(1) Hausdorff-distance(o(Ty|x,), o(Te|xs)) < const - (Cy(e) + C}j—ﬁ?)l/d.
0
(2) If &g € Xy is an eigenvector for Ty with Totg = 1T, then T, has an eigenvector

z§ € X§ with eigenvalue v§ which is const - (Cy(€) + (’;J\,’—I(\f))l/d—near vy such that
0

Cn(e) 1/d
iV )7
0

|z — Zol| < const - (C1(e) +

The assumption that ||7¢|| is uniformly bounded is not essential since for some large

iterate | TV || < | T&V]| + &% for all small enough e.

Proof of Lemma 3. First we show that X§ = graph(S.) for some linear S, : Xy, —
X1 with [|Se|| — 0 as ¢ — 0. To see this, consider e small and let x € X§. Since
|z — moz|| < ||7§ — mol|||z]], it follows that if x = (xg, 1) € Xo @ X1, then ||z1| < ||zo]-
This inequality implies in particular that if z, 2’ € X§ and moz = ma’ then x = 2.
Next, we estimate ||S||. We know by (A.3) that there exists xg € Xy, ||zo|| = 1 such

that
|01 TN (o, Sexo) ||
[T (20, Seo)||

ISell <

This is
[l | (((nﬁ)N + &N) (1Sl + C’N(e)>
(ko)N = [[mol[(L+ [[Sell) - &~

(2.4)

from which we see that
Cn(e)

||Se|| < const .
‘ (ko)™

Define 7, : Xy — X by
Te(x) =mgoTe(x,Scx).

10



Then for x € Xy with ||z|| = 1, we have
[Tex — Tox|| < |Imol| - (| Tex — Tox|| + [[TeSex|)

< const - (C1(€) + ||T|| - O]\fij(ve)) .

ko
There is a similar bound for |71 o Te(z, Sex) — mTox|| with z € Xy. The assertions of

Lemma 3 follow immediately. (See e.g. Wilkinson [1965].) O

3. THE SIMPLEST MODEL:

EXPANDING MAPS OF THE CIRCLE AND PERTURBATIONS BY CONVOLUTIONS

A. The unperturbed model.

Assume first that our manifold M is equal to the circle S*. Let f be a C” transforma-
tion of S (2 < r < oo) which is expanding, i.e., |f’| > A > 1. The expanding constant
of f is the largest A\ such that this inequality holds. This implies the existence of a
unique absolutely continuous invariant probability measure pg with respect to which f
is mixing (in fact, exact).

We set F = C"1(S!) and let || - || be the usual C""!-norm. Let £ : F — F be the
Perron—Frobenius operator associated with f:

_ p(y)
Eo) = 2 T

It is proved in Ruelle [1989] (see also Collet-Isola [1991]) that £ is quasi-compact with

essential spectral radius bounded above by (1/A)"~!.

We remark that if the map f is C* or C¥, we can let £ act on the Fréchet space
C>(S1) of C*° functions, respectively the Banach space C¥(S?) of real analytic functions
endowed with the supremum norm. Using the fact (Ruelle [1989]) that, for a C" map,
the eigenfunctions of £ acting on C” for 1 < ' < r — 1 are all elements of C"~*(S"),
it makes sense to speak of the eigenvalues of £ when acting on C*°(S'), even though
C>(S') is not a Banach space. In particular, one can view £ : C®(S!) — C*°(S?)

as a “compact” operator. If r = w, the operator £ is (truly) compact, and much is

11



known about it (Ruelle [1976], Mayer [1976], etc.). We will not discuss further the cases

r = 00,w, but our results clearly hold there too.

We remark also that 79 = |og| is not always an isolated rate of decay. Consider for

2 on S! and its the transfer operator acting on real analytic

instance the map z — z
functions. By following the computation in Ruelle [1986], one checks that the relevant
Fredholm determinant is equal to (1 — z), so that the only eigenvalue is 1. This implies
(Ruelle [1976,1989,1990]) that the transfer operator acting on C"(S'), with 1 <r < oo
has no eigenvalue besides 1 whose modulus is bigger than the essential spectral radius.
The other “algebraic” maps z +— zF, for integers k > 3, have the same property.
However, as pointed out to us by Mark Pollicott, the above examples do not seem to
be generic: a necessary condition for the lack of nontrivial eigenvalues in the spectrum
of the operator acting on analytic functions is the fact that the trace of the Fredholm
operator is equal to 1. By considering analytic perturbations of the algebraic examples,
one can arrange that the value of this trace changes. For example, the projection on the
circle of the periodic map x +— 2z(mod 1) + 0 sin 272 only has one fixed point (if § > 0
is not too large), and the trace of its Perron-Frobenius operator can easily be computed
to be 1/(1 —d) > 1, so that there is at least one eigenvalue besides 1 whose real part is

strictly positive (Pollicott [1991]).

B. Type of perturbation: convolutions.

For € > 0, let 0. : R — R be a function in L!(dm) satisfying
0. >0, supp b, C [—e, €], and/@6 =1.

Consider the random perturbation X¢ where the transition probabilities P¢(z, dy)
have densities 0.(y — fx). (Le., the density only depends on the difference y — fz.)
Equivalently (use Fubini), one can describe this process as given by f followed by
a random translation by w, where w is distributed according to 6.. We call such a

perturbation a random perturbation by convolution (see Kifer [1988a, Chapter IV]).
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Since f is topologically transitive the invariant probability measure is unique and its

density p. is positive on each open subset of S*.

The perturbed Perron-Frobenius operator £, : C"~1(S') — C"~1(S') can be written
as follows: for ¢ € C"~1(S1),

(L) (z) = / (L) (& — )b (w) duw
- / o(y)0e(z — fy)dml(y).

Analogous operators have been used by Keller [1982, §5] and Collet [1984] among others.
It is clearly linear and bounded on C"~1(S!) and enters the class studied by Ruelle [1990].
In particular, it is quasi-compact and the density p. is hence in C" 1.

If we had made the additional asssumption that 6, is C"~! then, by using a simple

modification of the usual Ascoli argument to show that a kernel operator
p@) = | K(@y)ely)dm(y), o€ c’(sh),
with C° kernel K(-,-), is compact (see e.g. Yosida [1980, p. 277]), we could easily show

that L. is compact on C"~1(S1).

C. Statement of our results.

We now state our main results, which give partial answers to the questions posed in

Section 1 for this simplest model:

Theorem 1. Let f: S' — St be a C" expanding map (r > 2) of the circle as defined
in Section 3.A, with expanding constant X\, and let uo = po dm be its unique absolutely
continuous invariant probability measure. Let X¢ be a small random perturbation of f

of the type described in Section 3.B, with invariant measure j. = p.dm. Then:

(1) The dynamical system (f, puo) is stochastically stable under X€ in the space of

C™~! functions, i.e., ||pc — pol|lr—1 tends to 0 as ¢ — 0. Moreover, we have
[pe — pollr—2 = O(e).

13



Let 19 and 7. be the rates of decay of correlation functions for f and X€ respectively,

in the space of C"~! functions.

(2) If 79 > A==, then the rate of mixing is robust, ie., 7. — 19 as € — 0.

Furthermore, if o > A~("=2) then |7, — 79| = O('/?) for some integer d > 1.
We show in fact that

(3) For each § > 0 outside of {|z| < A=("=1) 4§}, the spectrum of L. converges to
that of L as e — 0.

The proofs below yield the same results for small deterministic perturbations by
translations (i.e., maps f¢ = f+t with |t| < €), as well as for perturbations of expanding

and C" transformations of higher-dimensional tori.

D. Dynamical lemmas.

In this section we prove the dynamical lemmas which will allow us to reduce The-
orem 1 to an abstract statement about linear operators acting on Banach spaces (see

Section 2). The setting and notations are as in Sections 3.A and 3.B.

Lemma 4.

(1) For a fixedn € ZT and ¢ € C"~1
ILEo — L] = 0 ase — 0.
(2) For a fixedn € Z* and ¢ € C"™!, we have in the C"~2 norm || - ||,_2

1L2o — L"p||r—2 = O(e), e—0.

Proof of Lemma 4. It suffices to show the lemma for n = 1, the inductive step follows

from the triangle inequality
I£20 — L% = [Le(L27 o) — LIL )]
<N Le(L27 o = L7 )| + 1Le(L7 ) = LIL" )l

14



(The induction hypothesis need only be applied to ¢ and £" 1)
(1) Since L. = 0. * L, each derivative satisfies D*(L.p) = 0. * D*(L¢p). It hence

suffices to consider C’-norms. But if 1 is continuous the convolution 6. * )
converges uniformly to .

(2) To show the claimed asymptotic scaling in the C"~2 norm, it again suffices to
consider the case r = 2. Observe that for any 1) € C' the Mean Value Theorem

implies
0+ ¥ (x) — Y(2)] < /9e(t)|(¢(l‘—t) —¥(x))| dt
<sup /()] [ 0u(0) -t

< Sgp|¢'(§)|'2€- O

We want to emphasize that in general L. does not converge to £ in the operator
topology when € — 0. (For example, if # is C"~!, the operators L, are all compact and
convergence in norm would imply that £ is compact too — but this is well-known to
be false: see the explicit construction of essential spectral values in Collet-Isola [1991]

for this model, and in Keller [1984] for the model considered in Section 5.)
The key lemma follows:

Lemma 5. For A > A~("=1) there exists Ny € Zt such that, for each n > Ny, there

exists €(n) > 0 such that, for each € < €(n), one has

1L — L7 < A™.

Proof of Lemma 5. We use the following notations: C represents a constant independent
of n and €; ¢, . represents a constant depending only on n and e (and not on test
functions), and tending to zero as € — 0, for each fixed n. We also write g for 1/|f’|.

Recall that
(L) ()= > o)) -g(fy) - g(f* 'y)

y:fry=z

= Z (L™py) ,

y:fry=z

15



where the second equality defines (L™¢p,). Writing, for £ = (t,... ,t,),

fR2) = O f(f(2) + 1) +t2) ) 4t
we have

diy .. din 0c(tr) .. .0c(ta) Y e(upa(yd) - g(fF " yp)

[ o
[]

dtr...dtn 0c(t) ... 0(ts) D (LE@)y,

v f7 (vg)=2

:/..-/dtl...dtnee(tl)---ge(tn> (ﬁ?gp)(l‘),

(Lew)(x) =

where the last two equalities define (L7p) and (L7¢),,..

We have used the fact that all orbits are strongly shadowable: that is, if € is small
enough, then for a fixed x and a fixed n-tuple (t1,...,t,), with |t;| < €, there is a
natural bijection between the y such that f"(y) = « and the y; such that I (yp) = .
Moreover, for each pair (y,y;) corresponding to a choice of an inverse branch of f" at

x we have

9W)-9(fy)---9(f"y) = g(yp) - 9(frvp) - 9(fF yp) £ Cne - (3.1)

We first show the lemma in the case r = 2. Let us compare £ and L, in the C°-norm,

noting |¢| = sup |¢| and |¢’| = sup |¢’].

n—1
(LFp)y: = (0(y) £ cne ‘PID(H 9(fy) £ cne)
=0 (3.2)
= (L™0)y £ cnelo] + l¢']) -
Hence, summing over inverse branches, and integrating over the ¢;,
(Llp)(x) = (L) (x) £ cnclleoll - (3.3)

We now consider first derivatives, using the Leibnitz Theorem and decomposing

d

%( %’L‘P)y{
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into a first part A which is a sum of terms where some ¢ factor is differentiated and a

second part B where ¢ is differentiated. For the first part we have

A= i g - 19" (Fydg(Fyp) - gwla(F 7 ya) . g (2 )
7=0
= () EenddDgW) - [d (F W) -1 g(f"'y) £ cne) (3.4)

J

d
= ( the corresponding part for ﬁ(ﬁngp)y )£ ene(Jol +1¢']) -

For the second part, we get
n—1 ' n—1 '
B=¢' () [T 9(f2vp) T] 9(F2up)
§=0 j=0

n—1 n—1
= (') £21) - (] 9(Fv) £ene) - (] 9(Fy) £ cne) (3.5)
j=0 j=0
n—1 ‘ ) n—1 ‘
=W (J] 9(F79)" £enele| 2/ A T 9(Fy)
j=0 j=0
Summing over inverse branches, and integrating over the t;, we obtain
(L29) = (L") +encllell £2llelliA™ > [Te(F®). (3.6)

y:fr(y)=x

Since the sum in the last term of the right-hand-side is equal to £"(1)(z), we know that

it is uniformly bounded since £"(1) converges.

For arbitrary differentiability r, note that for & < r—2, the terms of the kth derivative
(L™ )( ) involve only the ¢th derivative of ¢ for £ < k so that

(L£20)® — (L) < enellellier < enellollr—r -

The only potentially troublesome term is part B of (£Pp)"=Y(x), i.e.,

/ /dtl .dt, 9 tl Z@(T 1) F)(Hg<f{]'y{'))r,
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but the same argument as above yields an additional error term of the type

Cn,eHSOHT—l +C- )‘_n(r_l)H(PHT—l . (3~7) U

In fact, we have not used the expanding condition as stated but only a slightly weaker
condition:

3X > 1 such that lim (inf \f”'(m)|1/”) > .

Remark. If we go a little more carefully through the proof of Lemma 5, we can see that
e(n) = O(A™/n) = O(A™) as n — oo if we assume that f) is Lipschitz. Indeed, by a

simple distortion estimate, in (3.1),

|Cn,e| < g(y) o 'g(f”_ly) . (1 — en-L(f')~n(e)> ,

where L(f') is a Lipschitz constant for f’, and d(f*y, fticy;) < n(e) = O(e) is the bound

from the shadowing lemma. Hence, in (3.2)

<gly) - g(f"y) e+ (L+e) - (1—emEEDm@y)

|Cn,e

so that in (3.3)
|enel < C(L(f)) - n e,

where the constant C' is independent of n, ¢ and €. One obtains analogous bounds for
the constants ¢,  in (3.4) and (3.5) (note that the Lipschitz constant of f” appears in
(3.4)). Thus, in (3.6)

|en,el < C(L(f), L(f")) - m-e.

Finally, in (3.7)

|Cne
The distortion argument is essentially the remark that

hi(x1) - ho(x
|10g( hi((yii : hzgyj))ﬂ = Z |log hi(z;) — log hi(y;)| < 2-sup L(logh;) - sup |x; — yi] -
i=1,2
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E. Proof of Theorem 1.

Unless otherwise stated we will use the results in Section 2 with X the space of C"~!
functions on S!, || - || the C"~! norm, Ty = £ and T, = L..

To prove (1), we let ¥y = {1}, Lemma 5 together with the fact that (f, o) is exact
tell us the conditions (A.1) to (A.3) in Section 2 are met. We also know that ||L||
is uniformly bounded, that 1 is always an eigenvalue of £, and p. is an eigenfunction
for 1. We conclude from Lemma 1 that X§ must be the linear span of p.. Lemma 3
then tells us that for any k) < 1, ||pe — pol| = O(C1(€) + C;Z—g\f))l/d) which tends to
zero as € — 0 by Lemma 4 (1), proving stochastic stability in (C"~*(S'), | - ||). Since
Cn(€) := 1LY po — poll, the speed with which Cy (€) tends to 0 depends on the modulus
of continuity of D"~1pg. In particular, if we rewrite everything with X = C"~2(S!) and
|-]| the C"~2 norm, then D" ~2py is Lipschitz and we have by Lemma 4 (2) Cx(€) = O(e).
This completes the proof of (1).

To prove (2), we let Xg = (L) N{|z| > 70}. Note that conditions (A.1) and (A.2)
in Section 2 are guaranteed by our assumption that 7o > A\~("~1 > ess sp(£). Since
o(Le) C (0(Lelxe) Ua(Le|xe)), we know that 7. = sup{|z| : z € o(Lec|xe), 2 # 1}.
Lemma 3 then tells us that for any 7 < 79, |70 — 7| = O((C1(€) + CTIZ—J(\f))l/d), proving
the robustness of 7.

To see how |7, — 79| scales with €, we let £ act on (C"72(S!),| - ||,—2) instead of
(C™=HSH, || - [[r—1). Since the eigenfunctions of £ are always C"~1, the rates of decay
of correlation are the same in both cases provided that 7o > A~("=2) (note that this
implies in particular » > 2). So even as we change the space on which L acts, the
definition of ¥y remains unchanged. In fact, X, stays the same (Ruelle [1989]). In the
definition of Cy(€), we are now dealing with C"~2 norms for functions in Xy, a finite
dimensional subspace of C"~1(S'). By Lemma 4 (2), we have Cn(€¢) = O(e). Hence
|Te — 70| = O(e"/9).

To prove (3), let g = o (L) N {|z| > A=Y 5}, O

Remark. By the remark following the proof of Lemma 5, we have ¢(N) = O(AY /N) =
O(AN) as N — oo (if f(") is Lipschitz) and hence N = O(loge/logA) as € — 0. This
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implies that there exists a constant C' > 0 such that for any 1 > 8 > A we have
CN(e)/BN - O(EG(I—(logﬂ/logA))),

If we could control analogously e(N') from Lemma 9 (9°), this observation, combined
with Lemma 8, could be used in Theorem 3 (3’) to obtain a scaling result in the L'-norm

(assuming that f(?) in Section 5 is piecewise Lipschitz).

4. EXPANDING MAPS OF MANIFOLDS FOLLOWED BY STOCHASTIC FLOWS
This is a generalization of Section 3.

A. The unperturbed model.

Here, M is a C*° compact, connected Riemannian manifold without boundary, and
f:M — M is aC" map for some 2 < r < co. We assume that f is expanding, i.e., there
exists A > 1 such that for all  in M and all v in T, M, we have |Dfyv| > Alv|. The
largest such A is called the expanding constant of f. It is well-known that an expanding
map f admits a unique absolutely continuous invariant probability measure pg = podm
with respect to which f is exact (see e.g. Mané [1987]).

Let F={p: M — R : pis C"'}. For p € F, we define ||¢|| to be the C"~*-norm of
¢, defined using a set of charts that will remain fixed throughout. The Perron-Frobenius
operator L : F — F is defined as usual. Ruelle’s results stated in the last section are

in fact proved in this more general setting. In particular, we have the inequality
ess sp(L) < A1)

B. Type of perturbation: time-e-maps of stochastic flows.

Let Xo, X1, ... ,X,, beC*> vector fields on M, and consider the stochastic differential

equation of Stratonovich type

¢ = Xodt+ Y X;odp}, (4.1)

i=1
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where {3{} is the standard m-dimensional Brownian motion. We define X, our e-
perturbation of f, to be &.o f, i.e., X'€ is the Markov chain whose transition probabilities
are given by

P¢(x, E) = Prob {(&co f)(x) € E}.

(Observe that € now plays the role of a small time, in Section 3 the number € was a
small displacement.)

As in the last section, we wish to view X' as the composition of random maps. To
do that we realize the solution of (4.1) as a stochastic flow {{;}+>0, i.e., we realize the
solution of (4.1) as a Diff *°(M)-valued stochastic process {{;} satisfying
(i) & = Id, the identity map,

(i) for tg <t; < ... < ty, the increments &, o 51;}1 are independent,

(iii) for s < t, the composition & o £;1 depends only on t — s,

)
)
)
(iv) with probability 1, the stochastic flow & has continuous sample paths.

(See, e.g. Kunita [1990] for more information.) Let v, denote the distribution of &,

on Diff *°(M). Then X€ is equivalent to the random map

v 0 (€e(wa) o f)o(&e(wr) o f),

where £ (w1), {c(wa), ... are i.i.d. with law v,.
Using this representation of X¢, we can write the perturbed Perron-Frobenius oper-

ator L. : C""1(M) — C"~Y(M) as follows. Let f, = £ (w) o f, then

(L) () = / e (dw)(Lop) (z)

where

B e(y)
(Lop)(z) = yg_ [det Dfoy)]

In fact, L is still in the framework studied by Ruelle [1990] and in particular is qua-
sicompact. Again, £, has 1 as an eigenvalue, with eigenfuction p. € C"~! equal to the

density of the invariant measure for X’¢.
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In the remainder of this subsection we summarize a few technical estimates about the
C"-norms of & that will be needed later on. For { € Diff "(M), we define the C"-norm
1€]]- to be [|€]l, = Y i, |D*E|, where |D*¢| is computed using a fixed system of charts,
and let |||¢]]] := max(||¢]],, [[€7Y]). We assume that |||Id||| = 1. For § > 0, we define

the sets ‘
Us :={€ € Difft "(M) : ||[¢[l| <1+ d}

ugl = {fzgno-nofl : £Z EZ/{(S?Vi}v
and the random variable 7,,(9) :=inf{s : & ¢ U} }.
It is proved in Baxendale [1984] and Kifer [1988b] that for all € > 0

P{7(6) < e} < (P{7(0) < €e})".
Also, using a formula in Franks [1979, Lemma 3.2], we obtain inductively that for all
§ in UY,
n—1
llell < e+ afavor+1|

where the constant C' only depends on r. From these estimates, we easily derive the

following sublemmas:

Sublemma 1. (Baxendale [1984], Kifer [1988b]). Fix k > 0. Then for all sufficiently
small € > 0, the expectation

E([[[€lI*) < oo

Proof of Sublemma 1. Fix an arbitrary § > 0 and choose € such that P{71(0) < €} is
sufficiently small. Let 79 = 0, and define A,, :== {7,,-1(J) < e < 7,,(6)}. Then

E[[&l* <> (sup{ll[E]ll = € € UsH)* - P(An)
n=1

00 k n—1
< Z [C”—l(l +0)((146)" + 1)”‘1} : (P{Tl(d) < e})
n=1
<oo. U
The proof of Sublemma 1 also gives the uniform integrability of |||£|||* as € varies.

We state that as Sublemma 2.
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Sublemma 2. Fix k > 0 and assume € is small. Then given « > 0, there exists > 0

(independent of €) such that

k
sup  B(lI€ll - xa)" <a.
A (A)<p

Sublemma 3. (Essentially in Baxendale [1984].) Fix k > 0. Then

E|léc—Id|]|* -0 ase—0.

Proof of Sublemma 3. Write

Ellg —1a|* = 3" E(lle — 1] - xa,)" -

n=1

First let € — 0 for fixed § to get

lim E||gc — 1d|||* < sup{]||¢ — 1d]]| : € € Us} .
The quantity on the right clearly tends to zero as 6 — 0. 0O
C. Statement of our results.

Theorem 2. Let f : M — M be aC" expanding map as described in Section 4.A, with
expanding constant A\, and let ug = pgdm be its unique absolutely continuous invariant
probability measure. Let {X, e > 0} be a small random perturbation of f of the type

described in Section 4.B, with invariant probability measure pe = p. dm. Then:

(1) The dynamical system (f, ) is stochastically stable under X€ in the space of

C"~! functions, i.e., the C"~'-norm of p. — po tends to zero as ¢ — 0.

Let 79 and 7. be the rates of decay of correlation functions for f and X°¢ respectively,
in the space of C"~! functions. If, in addition, 7o > \~("=1) then:

(2) The rate of mixing for f is robust, i.e., 7. — 79 as € — 0.
We show in fact that

(3) For each § > 0, outside of {|z| < A=("=Y) 4§}, the spectrum of L. converges to

that of L as e — 0.

Remark. We believe, but do not know how to prove rigorously, that the correct scaling

in € for this kind of perturbation is ||p. — pol|r—2 = O(V/€).
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D. Dynamical lemmas.

The setting and all notations are as in Sections 4.A and B, and except for the scaling
statement the two lemmas needed are identical to those in Section 3. Once again, they

are:

Lemma 6. For fixedn € Z1 and p € C" 1,

L2 — LM -0 ase—0.

Lemma 7. For A > )\_(T_l), there exists Ny € Z such that for all n > Ny there exists

€(n) > 0 such that for each € < €(n),

1L — L7 < A™.

We will use the proof of Lemma 7, with » = 2, to illustrate how the analysis in Section
3.D can be adapted to the present setting. The other proofs are handled similarly.

We use the random maps representation of X'¢, i.e., we consider the probability space
(Q, ve) where § can be identified with Diff "(M) and v, is the distribution of . We
let £ (w) denote the diffeomorphism corresponding to w € 2, and write f,, = . (w) o f.
Using the notation in Section 3.D, we have f2 = f,, o---of, if&d = (w1,...,w,) € Q",

and
(L20)@) = [+ [ vdn) - wifdeon) (£30)(0).

where

. B 1
(L) (@) = y%_f(w Tdet DF2(y)”

Let n be fixed for now. For local considerations we will assume that we are in

Euclidean space.
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Sublemma 4.

2er) = [ [l vldon) o (259).

Proof of Sublemma 4. We fix x € M, and write

d . o
(L)) = lim @1(3)

where

2@ = 1{ (€30) (o + tu) - (L29) ) | = 71 (L)),

for some z;, where w; is the unit vector in the i*" direction. Our assertion amounts
to exchanging the order of the limit and integrals. To do that, we will produce ® €
LY (™, v?) with |®,] < |®|. Differentiating the expression for L%y above, we observe

that dim(ﬁggo)(xt) is the sum of finitely many terms, each one of which is bounded in

absolute value by a product of the form

C - Nlelly - eelwn)llI* -~ e (wn)lII*

where C' is a constant depending on f and n, and kq,...,k, depend on n and the
dimension of M. We set ®(J) to be the corresponding sum. It follows from Sublemma

1 that & is integrable. Hence the Dominated Convergence Theorem applies. [

Consider first @ = (w1, ... ,w,) where f2 is C? very near f", say ||f% — f"||2 < § for
some 0 > 0. We assume ¢ is small enough so that the inverse branches of fZ are easily

identified with those of f™. Then the same argument as in Section 3.D, line by line,

gives
Lo =L"0Echslel,
and
C o) = L (£rg)  enslioll £ CA gl
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The strategy of our proof is as follows: first we choose n and then § = §(n) so that

for all & with the properties above, we have
1£%p — L7 < A"||¢||, for some A=Y < A < A

We then choose € < § such that if Qp :={w : ||fo — fll2 > d}, then v is very small,
small enough that these “bad” & do not contribute significantly to ||LF¢ — L"¢||. More

precisely, let
Qg = {(wl,... ,wn) T w; € Qo, VZ}

and

Q;L = {(wl,... ,wn) Wy ¢Qo}

First we consider the C%-norm:

Lo — L] = | /Q dvi (&) (Lge — L™¢)|
< [tz [ (el i)
Q j=17%7

The Qf-term has been shown to be bounded above by ¢y, . - ||¢]|1, and

n
0

[ 1eme <2l el v,

J

the last factor of which can be made small as € — 0. It remains to estimate [, [L%¢].
J

Note that L% is a sum of finitely many terms of the form

o(-)
|det D fy, ()| ---|det Dfo, (-)|

This expression is bounded above by

C ol Nge(w)ll - -+ € (wn)III* .

Its integral over Q7 is therefore bounded above by

e 1ol (T 2NN ) - B (gl xa, )
i#£]
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By Sublemma 2, the last factor can again be arranged to be arbitrarily small by choosing

€ small. This proves
[Lép = L] < ene- el
A similar argument (see Sublemma 4) gives

d
d{Ei

d
Ll — —L"| < Aol + cne

ol < A™[leflr. O

Remark. We cannot use the convolution argument of Lemma 4 (1) to show Lemma 6.
However, since ¥ (y) = p*)(2) + C(yp,d(y, 2)), where ¢ € C", k < r and the “error”
|C(p,d(y,2))|| — 0 as d(y,z) — 0 for a fixed ¢, we can prove Lemma 6 by a suitable

adaptation of the proof of Lemma 7.

E. Proof of Theorem 2.

Use Section 2 and proceed as in Section 3.E.

5. PIECEWISE EXPANDING MAPS OF THE INTERVAL

A. The unperturbed model.

We consider here f : I — I, where I = [0,1] and f is a continuous piecewise
C2, piecewise expanding map. More precisely, we assume that there exists a partition

0=ap <ay <---<ap =1of I such that for each i, the restriction f can be

lai,ai41]

extended to a C? map with min|f’| > X\ > 1. The a; are called the turning points of
f. The continuity assumption on f is imposed only for simplicity of exposition. One
could replace it by piecewise continuity and consider left-hand and right-hand limits of
the turning points.

Recall that for ¢ : I — R, the total variation of ¢ on an interval [a, b] is defined to
be

n
Var (g p)Q = sup{z lo(zit1) —p(z)| cn>1,a<zg <1 <...<xp <b}.
i=0
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We use |¢]1 := [;|¢] to denote the L'-norm of ¢ with respect to Lebesgue measure.
Let BV :={p:1 — C : var o < oo}. One often considers the Banach space (BV,||-||)

where

]| = var ro + [l -

Let £ be the Perron-Frobenius operator associated with f acting on (BV,| - ||).

The spectrum of £ in this setting has been studied by many people (Wong [1978],
Rychlik [1983], Hofbauer—Keller [1982]). It has been shown that £ is quasi-compact, its
spectral radius is equal to one, it has unity as an eigenvalue, and its essential spectral

radius is equal to

© = lim (sup(1/|(f"))"/" < 1/A.

(The derivative of f is not well-defined at the turning points, but both limits f’ (a;) =
limy|q, f'(z) and f’ (a;) = limg1,, f'(x) exist; we replace implicitly each occurrence of
f'(a;) by the maximum of these two limits.)

Let po be an eigenfunction for the eigenvalue 1, with |pg|; = 1. Then pg is the
density of an invariant probability measure g for f. We assume that f has no other
absolutely continuous invariant probability measure, and that f is weak mixing with
to. Under these assumptions, it has been shown that 1 is the only point of o(L£) on the
unit circle, its generalized eigenspace is one-dimensional, and that 7o := sup{|z| : z €
o(L),z # 1} < 1 measures the exponential rate of decay of correlations for functions in
BV (Hofbauer—Keller [1982], Keller [1984]).

In our analysis to follow, it will be necessary for us to work with some other norms

in BV. For 0 < v <1, we define

lolly = - var ;o + |1 -

Note that for any 0 < v <+’ the norms || - ||, and || - ||y are equivalent.
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B. Type of perturbation: convolutions.

As in Section 3.B, we consider a small random perturbation X€ of f by convolution.
Let us make the assumption that f(I) C [, 1 — J], for some § > 0, so that we can avoid
the problems at the boundary of I when f is perturbed. (There are other ways to deal
with this.) We obtain as before a perturbed transfer operator L. acting on (BV/, || - ||).
As in the first two models, £, has 1 as an eigenvalue with eigenfunction p. which is the
density of an invariant probability measure u. for X'€.

If we had made the additional assumptions that 6. is continuous and of bounded varia-
tion, then we could easily prove that L. is a compact operator. (First use continuity of 6,
and the usual Ascoli argument to show that any sequence L, = [ 0c(z — fy)en(y)dy,
with ||, || < 1 has a subsequence which converges uniformly to a continuous function.
Then use the fact that 6, is of bounded variation to prove that this subsequence is also
a Cauchy sequence for the BV norm.)

Unfortunately, not all piecewise expanding maps are stochastically stable. A major
difference between the situation here and that in Section 3 is that we do not have
the kind of “shadowing” property used in the proof of Lemma 5. More precisely, let
t=(ty,...,t,) and [ be as in Section 3.D. We count the smallest number of intervals
on which f" is monotone, for that measures in some way the number of “distinct
orbits” of f. In general fZ may have many more intervals of monotonicity than f". See
Figure 1 for an example in which a turning point fixed by f generates 2" extra intervals
of monotonicity for f;ﬁ Indeed, this example is not stochastically stable, not even in
the sense of weak convergence of p. (see Keller [1982, §6]).

We remark that the “shadowing” property used in our proof of Lemma 5 is not
the usual shadowing property: we deal only with orbits of finite length but require a
complete matching of backwards branches of the map. For more information on the

usual shadowing for interval maps see Coven-Kan—Yorke [1988].

C. Statement of our results.
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Figure 1 Comparing the fourth iterate of a map with M = oo to a deterministically-perturbed iterate

It is clear from our discussion in the last subsection that our situation improves if
the turning points do not get mapped near themselves. We say that f has no periodic
turning point if f¥(a;) # a; for all k > 1.

To make it easier to state our results, we will use the following language. For k1 < ko,
we call the open annular region A(k1, ko) := {k1 < |z2| < Ko} a spectral gap for L if

A(k1,k0) No(L) = 0. Furthermore we will say that A(k1, ko) satisfies
Assumption A. If max(0, r1) < K2

Assumption B. If either max(2- 0, k1) < K3,

or max((3/2) - ©, k1) < k3, and each . is symmetric.

(The kernel 6, used in our convolutions is called symmetric if 0.(x) = 0.(—x), Vz.
The definition of © is given in Section 5.A.)

We first state our result assuming that f has no periodic turning points

Theorem 3. Let f : I — I be as described in Section 5.A, with a unique absolutely

continuous invariant probability measure pg = podm, and let X¢ be a small random
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perturbation of f of the type described in Section 5.B with invariant probability measure

pe dm. We assume also that f has no periodic turning points. Then
(1) The dynamical system (f, uo) is stocastically stable under X€ in L'(dm), i.e.,

|pe — pol1 tends to 0 as e — 0.

Let 19 and 7. be the rates of decay of correlations functions for f and X¢ respectively

for test functions in BV .

(2) If L has a spectral gap of the form A(t, 1), and A(T, 1y) satisfies Assumption A,

then 7. — 19 as € — 0.
We show in fact that

(3) for every kg > 0, if £ has a spectral gap of the form A(k1, ko) and Assumption A
is satisfied, then there exists a small 6 > 0 such that outside of {|z| < ko — J},

the spectrum of L. converges to that of L as € — 0.

Theorem 3’. Let f and X be as in Theorem 3, except that we do not require that f

has no periodic turning points. Then

(1) is true if either © < 1/2 or © < 2/3 and 0. is symmetric;

(2) and (3) are true if Assumption A is replaced by Assumption B.

Assumptions A and B arise in part from our use of balanced norms in the proof of
Lemma 9. We do not know to what extent they are needed — although it is clear from
our discussion in Section 5.B that some hypothesis on f is necessary to give the type
of results we want. We remark also that the hypothesis we use for proving stochastic

stability is slightly weaker than that in Keller [1982,56].

D. Dynamical lemmas.

The setting and notations are as in Sections 5.A and 5.B.
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Lemma 8. For a fixed n € Z* and ¢ € BV

|ILl¢ — L]y = O(€) ase — 0.

Proof of Lemma 8. As in Section 3.D, it suffices to consider the case n = 1, the more
general case follows by induction. Set ¢ = L(¢). Then ¢» € BV. It is enough to show
that

/ () — bl — 8)] de = O(])

To show this, we can assume that ¢ is monotone increasing. Then [ |[¢(x) —¢(x —t)| dz

is the area of the subset of I x I between the graphs of ¥ (x) and ¥ (z — t). But this
area is simply [¢] - (¢¥(1) —¢(0)). O

Note that it is not true in general that var (L.p — L) — 0 as € — 0.
We will use the notations ¢y, g = 1/[f'|, and f}', L2 of Section 3.D. We also write

9" () =9()-g(fy)---g(f" y)

n—1

97 () = 9(yp) - 9(frve) - 9(fF ™ yp) -
We note
Mi::#{k:kzlafk(ai)E{GOV"aaM}}?

and M = max M; < M + 1. Note that f is without periodic turning points if and only
if M < o0.

Denote by Z,, the “partition” of I into (closed) intervals of monotonicity of f™,
and by Z, » the “partition” of I into (closed) intervals of monotonicity for f#. Write

Z1 =mU...Uny. By definition an element n(jo, ... ,jn—1) of Z, is an interval of the

form

77(j0: S 7jn—1> = Mjo N f_l(nj1> n...N f_(n_l) (njnfl) >
with nonempty interior; and an element 7'(jo, ... ,jn—1) of Z, 7 is an interval of the
form

. . — —(n—1
n' (Joy- -+ Jn-1) = Mjo M f(t11)<77j1) n...n f(tl(,,,,tn)_l)<77jn_1)
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with nonempty interior.

If M =0, it is not difficult to check that for fixed n > 1, there exists ¢(n) such that,
for all € < e(n), the elements of Z, > are in bijection with those of Z,. We say that two
such intervals 1(jo, ... ,jn-1) € Zn and ' (jo,- -+ ,Jn_1) € Z,, v are associated and that
1’ is admissible.

Consider now the case 1 < M and a fixed value of n. For small enough ¢, by continu-
ity, with each 7(jo, . .. ,jn—1) € Z, we can associate the element 1'(jo, ... , jn—1) € 2, ,
which we call admissible. In general, when M > 1, we do not obtain all intervals of
Z, ¢ in this way. The remaining intervals are called nonadmissible, and we are going
to show that there are not too many of them if M < oco. If n(jo,...,jn-1) is empty
then, by continuity, 7' (jo, ... ,jn—1) is also empty for small enough €. It hence suffices
to consider sets 1(jo, ... , jn—1) which are reduced to a point zo. (We consider the case
0 # xo # 1, the remaining two cases are similar.) There are at most 2™ different
sequences for which 1(jop, ..., jn—1,) = Zo. Indeed, the only way an intersection can
be reduced to a point is if there exist 0 < ¢ < ¢2 < ... < qr < n such that the
iterates f%(xp) = b; lie in the turning set (assume no other iterates do). But then
fi=9%(b;) = by, and qr, — ¢1 < M, which proves our claim (because, there are at most
2L < oM (different possibilities, which correspond to the at most M pairs of intervals
on either side of the b;). Hence, if € is small enough, then at most 2™ different nonad-

missible elements, which are adjacent intervals of Z_ - can be generated between the

n,f’
admissible intervals 7' (ko, ..., kn,—1) and n'(4o,... ,€n_1), where n(ko,...,k,—1) and
n(lo, ... ,ln—1) are the two intervals of Z,, which are to the left and the right of xq. If

M = oo, we can only show that there are at most 2" such nonadmissible elements.

We now “trim” the intervals of Z,, and the admissible intervals of Z,, ;.
Assume first that M = 0 and e is small enough. Let n € Z, and ' € Z,, i be a pair

of associated intervals of monotonicity. We decompose 1 and 1’ into two as follows: set

G(n,n') = fro0 fin' and ne = (f")"HG), ng = (f£1;,)71(G); and let np = 0\ 1

and np = 1" \ ;. We again say that the intervals ng and 7, are associated and that
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np and 70 are their respective co-respondents. If we denote by B the union of all co-
respondents np and by B’ the union of all co-respondents 7%, the measures of B and
B’ both tend to zero as € tends to zero.

In the case where 1 < M, we have seen that with each interval n € Z,, is associated

one interval n’ € Z = and that to the right and to the left of 1’ there are at most

n,t
2M adjacent nonadmissible intervals n, € Z, pif M < oo, at most 2" such intervals if
M = oco. The intervals n and 7’ can be decomposed into n’ = n; U&p and n = ng Unp
as just described in the case M = 0. We again say that ng and 7, are associated
and that np is the co-respondent of ng. We define the co-respondents of nf, to be &g
together with the first half of the non-admissible intervals immediately to the left and
to the right of ' (with obvious modifications if there is an odd number of intervals, or
if ' is at an extremity of I). Each non-admissible interval is hence the co-respondent

of a unique 7. We denote by B the union of all the “bad” intervals np, and by B’ the

union of all co-respondents.

Lemma 9. Assume that f has no periodic turning points and let A> > ©. Then, there
exist C > 0 and Ny € Z* such that, for each n > Ny there exists e(n) > 0 such that for
each € < €(n),

L7 — L7[an < C - A"

Proof of Lemma 9. In the proof, © denotes a constant slightly larger than © (we will
have to increase © slightly a finite number of times in the argument). There exists an

no such that g"(z) < O™ if n > ny.

We have

1£%0 = Lioll < [|LF(ex)ll + [1£" (exs)ll + 1£"(exns) — LE(exns )l (5.1)

We start with the details of the proof for the first “bad” term ||LZ(pxp/)ll, the
second “bad” term is obtained by similar (more classical) bounds. The third term will

be considered in Equations (5.10) to (5.14) below.
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For each 1z € B' and for x € f7'np, we have

L (oxn ) (@) = o(yp) - g(yp) - g(f* Mp)

where y; is the unique element of 7 such that f'(yz) = x. It follows that

L2l < [ 1ol < ) - (varo+Ieh), (52
B

where ¢(n3) denotes the length of the interval n';.

Summing (5.2) over all intervals 15, we get

ILE(oxB )1 < ne - (varo + [o]1) . (5.3)

For the variation, we have

var L3 (X, ) < vary, @ -sup gg +sup [p| - var,, g¢ +2-sup[p| -supgp. (5.4)
N B B B

Were it not for the last term of (5.4), everything would be much easier! To further
bound the variation, we will use the following easily proved inequalities: if n is large

enough, say n > nq, and n € Z,, 7 for small enough €, then

n
sup,, g
n
var gz

Set ny = max(ng,n1) and assume first that n = ng. The interval 75 is a subset of

n

VAN
(o}

(5.5)

n

VAN
(o}

some 7’ € Z, rand is a co-respondent of a unique good interval ne- (From (5.4) and
(5.5), denoting by 1"’ the union of 7/, together with its at most 21~ 41 co-respondents,

we obtain:
var L (pxyy,) < var L (@xy)

77// ’I’]l

. . . 1 (5.6)
v 060 (2 mpt) 7 [ 1o
’I’]' 7” 77//

< var, - 40" + D - / lo],
,r]//
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where D = SUP,cz {[var n/g:iz + 2 - sup,, g:fz]/ﬁm, with /,, equal to the infimum of
the lengths of admissible intervals in Z, r Note that when e tends to zero, £,, tends
to inf 4(n), for n in Z,,.

Summing (5.6) over all intervals 15, we get for n = nq
var (L (pxp)) < 4-2%- 0" -var (p) +2MD - ),

and, by increasing O slightly and assuming no is large enough,

var (L2 (¢xpr)) < Z var (L2 (¢oxn))
neZ, ; (5.7)

< 0" -var () +2MD - g1

If n > ng, write n = ¢ - no + r with r < ne. If a vector ¢ of length 2ns is the
concatenation of two vectors @ and v of length ny, and &, ( are the unique intervals in

Zn, ., respectively Z,, i such that a given n' € Z, 7 is equal to (f* le)1(€) N ¢ then
L2 (oxy) = L2 (xe - L3 (¢ - ) -

In particular

D LE(xe L (xe - @) O™ -var (L3 (xc - 9) +2MD - [LF (x¢ - #)a
'Eeznz,fi

< O™ var (£ (e 9) + 24D [ I,
¢
A standard induction argument yields
var L2 (pxp) < O™ -varp + D' - o1, (5.8)

where D’ is essentially 2MD/(1—0) (see e.g. Rychlik [1983, Lemma 7, and Proposition
1]).

The problem we have to solve now is the fact that the term D’ - |¢|; in (5.8) is not
small. To do this, we follow the “balancing” idea suggested to us by Collet [1991] (see
also e.g. Young [1992]). We rewrite (5.3) and (5.8) using our new norm || - ||

|L2(oxB )1 < cne - (7 - var o+ |o|1)
v var (L (exp)) <v-O" -varp+y- D ol .
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and thus

1L (oxm)ly < (ene +O0" +7-D') - llglly < (O +D"-7) - @l - (5.9)

We now bound the difference ||[L"ox () — L7 (ox(\5)) |- We first consider the
supremum norm to control the L' part. Let us fix some point z in fF(I\ B'). By
assumption, there exist two nonempty lists of intervals g ;C1I \B',and ng; C I\ B
(j = 1,...k(z)) such that x € f"(ng;) = f;(ngy) for j = 1,...k(z). Fixing j and
denoting by y; , respectively y the unique n-preimage of x in = ng ;, respectively

n' = ng, ;,» we have d(y, yz) = cn, and hence

LEoxn) (@) = e(yp)g(ye) - - g(f* yp)
< (gp(y) + var nUn’SD) : (gn(y> + Cn,é) (5~10)

< E"(gpx,})(m) +O" - var nun’@ + Cne (var nun’ ¥ + sup )R

We have an analogous lower bound. Summing over j and using again (5.5), we get:

|IL2(oxn\B)) — L™ (px(\B))|1 < const|LE(px(\B))(T) — L™ (ox(1\B))(T)] (511)
< é”vargp +cnelplr -

The “trimming” was not really needed for the bound (5.11) on the L'-norm since
fM(B)U f7(B’) has a measure tending to zero as € tends to zero, but it will be crucial
for the next bound.

Let us consider a pair (1,1') = (na,j, 1 ;) as above. We can assume that " — n as
€ — 0. If € is small enough, the union nUn’ is thus an interval, which intersects at most
two other such intervals ng  Ung ;.. Defining the bijection ¥ : " — n by ¥(y;) =y, we
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obtain
var (L3 (oxy) — L™(oxn)) = var (gFexy — (9"¢) o Uxy)
< var ((g7exn — 93 (@ o W)xy) + var (g7 (g o W)xy — (9"¢) o Uxy)
< var (g (e — @ o W) + var ywy (p(gf o U1 — g"))
+2 sg/p(gl?(w —poW))+2 Sg}p(@(g? oWl —g")
< sup git - vary (¢ — ¢ o W) + var g - sup ¢ — ¢ o ¥
n’ n’
+ sup || - var (g7 — g" o V) + var ,p - sup |gf — g" o V|
U] n’
2supgp - suplp — o W]+ 2sup ] - sup g — g 0 V|
n n n

< 20™ - var i (p) + O™ - var Uy @ + sup @] - Cp + var ¢ - 20"
n

1+ 20" . var nun' P+ 2sup || - cpe
n
(5.12)

where we have used that f is C? in the last inequality to get var n/(gg —g"oV) <cpe.

Summing the above inequality over all (g ;,nG,5), we get

var (L™ (oxnp) — LE(exnp)) < O™ - (varp + [¢]1) . (5.13)

iFrom (5.11) and (5.13) we find:

1L (exnB) — LE(exna)|ly <771 O™ - (varp + |p)1) 5.1
< ’7_1 : én : ||90||’7 .

If v = A™ then, since A2 > O,
D - A+0O"4+~47L.O"<C-A".

Integrating (5.14) and (5.9), together with the analogue of (5.9) for the unperturbed

operator, over the t; ends the proof of Lemma 9. [
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Lemma 9°. Assume that A% > (3/2) - © if § is symmetric, and A?> > 2 - © otherwise.
There exists C > 0 and Ny € Z* such that, for each n > Ny there exists €(n) > 0 such
that, for each € < e(n),

£ = LM |an < C - A",

Proof of Lemma 9°. We shall follow the proof of Lemma 9, noting only the modifications
which are necessary when M = oc.

Assume first that A2 > 2-©. We see that the only important change in occurs when
we sum (5.6) over the intervals 7. Since each good interval 1/, has at most 2”1 + 1

co-respondents, the sum yields for n = ns:
var (L¢(pxpr)) <4-2"- 0" -var (p) +2"D - |l .

For general n = ¢q - ny + r, the same induction argument as in the proof of Lemma 9

allows us to replace Inequality (5.8) by

var L2 (pxpr) < (2-0)" -varp +2" - 2D - ¢l .
Inequality (5.9) hence becomes
1L (ox)ly < (Cne +(2-0)" +4-2" - D) - [lplly, < ((2-©)" +7-2"D) - |l -

Inequality (5.14) does not have to be changed and we are done.

Assume now that each 6, is symmetric, and that A% > (3/2) - ©. Again inequality
(5.14) does not have to be changed, and it suffices to get a bound replacing (5.9). Let
N be a trimmed admissible interval for f# which is associated with ne C n € Z,,
where a boundary point b of 7 is periodic. We claim that there exists a sequence
S = {s;}j=1..n of signs s; =€ {+, —} such that 1}, has at most 2*() nonadmissible
co-respondents 75, where 0 < k(S) < n is the numbers of coordinates t; of t such that
the sign of t; = s;. Indeed, take s; to be + or —, depending on whether the 5t iterate
of b is a local maximum or a local minimum respectively for f™. (For example, in the

map of Figure 1, the sequence of signs is s; = + for all j.)
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We first sum (5.6) over the bad intervals nz for which k(n) is equal to some fixed

k and call this partial sum Aj. Since 6. is symmetric, we have

N

n\ 2% -
/9€<t1>...ee<tn>Ak_ ) r (O varp 4 D-Jgh),

hence, using >, _; (7)2F =3 -1,
var L (pxp) < Z/OE(tl) o 0c(tn) AR < ((3/2)-©)" -varp + (3/2)"D - ¢l .
k

We thus obtain
L2 (oxB )y < (Cne + ((3/2)-©)" +v-(3/2)"- D) - [l

< [(©/2-8)" +- 312D el
which yields the claim. [

We have implicitly used the following inequality in the proofs of Lemma 9 and
Lemma 9: assume that ¢ (x,t) is a function of two variables such that the function

t — 0. (t)(x,t) is in L(dm) for each fixed x, then
| [aswueol < [ao.mpcol,
Varx(/ dt0.(t)¢(z,t)) < /dt O.(t)var z(x,t) .

As in the first two models, we have not used in the proofs the expanding condition

as stated, but only the slightly weaker assumption © < 1.

E. Perturbation lemmas for abstract operators.

Because of the need to introduce the norms || - ||, we need a slightly refined version
of Section 2. Again, (X, | -||) is a complex Banach space, and {T,, e > 0} is a family of
bounded linear operators on X. We make exactly the same assumption about Tj: there
exist two real numbers 0 < k1 < kg < 1 such that the spectrum of Ty decomposes as
Yo U X1 where

ko = inf{|z| : z € ¥o}

(A1)
k1 =sup{|z| : z € X1},

40



and use the notations X;, m;, ¢ = 0,1 of Section 2.
We assume further that there is another norm |- | on X such that |z| < ||z| for all

x, and a family of norms || - ||, with 0 <y <1 with

My =01+ @ =)l -]

(In particular y|[ - [| < [[- [, <[ - || and [- [ <[ ]l5.)
Condition (A.2) is replaced by the assumption that there exists x with (k1/ko) <

k < kg such that for each large enough N € Z* there exists €(n) such that for all

0<e<e(n)
TN — T [lon < 6 (A”.2)
We shall need two sublemmas:
Sublemma 5. Assume that
dim Xy < 0. (A’?))

Then for any k{, < ko, there exists Ny such that for alln > Ny, any 0 < v < 1, and any
r € Xy

175 2]l = (56)" [|[l- -

Proof of Sublemma 5. First note that there exists Ny > 1 such that for all n > Ny, and
any x € X

T3 2| = (k)" | -

Indeed, the vector space X is invariant under Ty. Since it is finite-dimensional, it is
closed in the |- |-norm, and the spectrum of Ty|x, in the | - |-norm is a finite set ¥ of
eigenvalues. Obviously, ¥ = ¥, (an eigenfunction of Tj in X is of bounded || - ||-norm).

It now suffices to observe that for x € Xy, 0 <y <1, and n > Ny
175 x|l > |Tg'z| > (ko)™ |2| > const - (kg)" ||z > const - (ko)™ ||| ,

where we have used the fact that the norms |- | and || - || are equivalent on the finite-

dimensional subspace Xqy. [
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Sublemma 6. If (A’.3) holds, then there exists a constant C' such that for any 0 <

v <1, we have ||mg|y < C and |71y < C + 1.

Proof of Sublemma 6. For x € X, we have
[moz||y < [Jmoz]| < const|mol - x| < const|mol - ||zl ,

where we have used the fact that the norms |- | and || - || are equivalent on the finite-

dimensional space Xg. To finish, observe that mo+m = I so that ||71| < ||mol|,+1. O
We can now prove:

Lemma 1°. Assume that (A’.1)—~(A’.2) hold, then the conclusion of Lemma 1 from

Section 2 is true, except that k' cannot be made arbitrarily close to k.

Proof of Lemma 1°. Since any || - ||,-norm is equivalent to | - ||, we can follow the proof
of Lemma 1, replacing each occurrence of || - || by || - || .~ and noting which changes have
to be made.

Let k1 < K] < k < K < K) < Ko and let " < |A| < K. We will show that A ¢ o(T%)

if ' is close enough to kp. By Sublemma 5, for z € X and k{, < ko < Ko,
|1 Tz — Az|| o~ > const - (ko)™ ||z, -
Since || - || < &N - ||~ for z € X3
N K1\N N
/
116"z — Azf,on = (—(;) + (&)l ev
> const - (&)Y [z

if k" is close enough to k¢ (use the inequality k1 < K - ko).

Hence, for large enough N,

COHSt(||7T0||,.€N + ||7T1||KN) <

1
’|R(Tév7>\N)HKN S (/ﬁ]l>N K—N 9

where we have used Sublemma 6 in the last inequality. [
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Lemma 2 from Section 2 holds in the present setting, with convergence in the sense
of the || - ||.~-norm (i.e., for any § > 0 there are N € Z* and ¢(N) such that, for each
€ <e(N), ||mo — 7§l < ), and the same proof.

For n > 1, we use the notation C,,(€) from Section 2, replacing the norm | - | with
| - |l (we again have C,,(¢) < k™ for small enough €) and we also write

C(€) :== sup w.

r€Xo ‘.’E|
z#0

Lemma 3’. Assume that (A’.1)-(A’.3) hold and that |T¢| is uniformly bounded. Let
d denote the maximum algebraic multiplicity of z € o(Ty|x,) and let ' and k{, be the
constants from Lemma 1°. Fix N large and consider € < ¢(NN). Then

(1) HD-distance(a(Ty|x, ), o (T:| xs)) < const - (C; () + ifz—@)l/d.

(2) If &g € Xy is an eigenvector for Ty with Totg = 1T, then T, has an eigenvector

In(e)y1/d

z§ € X§ with eigenvalue v§ which is const - (Cf (€) + -near vy such that

Ko
s T * Cnl(e
|26 — Zo| < const - (C] (€) + /:/[](V)>1/d‘
0

Proof of Lemma 3°. As in Lemma 3, we can show that X§ = graph(S.) for a linear
Se : Xo — X1 with ||S¢]|.x — 0 ase — 0 and N — oo. To estimate ||S¢| ,.~, use

Sublemma 5 again to observe that (2.4) can be replaced by

- (((%’1>N A ISl + 0N<e>)

[Sellwn <
o (ko)™ = lImoll v (1 + [|Sellon ) £

(5.15)

Hence, ||Sc|l.~ < const - Cn(€)/(ky)N (where we have used again k1 < k - kg and
Sublemma 6).
Define again TE : Xo — Xo by
Te(x) =mgoTe(x,Scx).
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For x € X, we have

|T6x — Tox| < |mo| - (|Tex — Toz| + |TeScx|)

. Ch (e
< ol - (C5(0) + 7] - XD o
%)
. Cn (e
< ol (€16 + T - EX9D)
Ko
) C
< const - |mo| - (C7(€) + |Te] - %) ezl
%)

There is a similar bound for |71 o T.(x, Sex) — mTox| with z € Xy. We finish as in

Section 2. O

Proof of Theorem 3 and Theorem 3’. By Lemma 9 (respectively 9’) and Assumption A
(respectively B), the Assumptions (A’.1)—(A’.3) hold for Ty = £, T, = L, X = BV, ||-||
the BV-norm, ||- ||, the balanced norms, |- | the L'-norm, xo, and 1 as in Assumptions
A or B, and k < kg with

max(k1, 0), if there are no periodic turning points,

k% > { max(k;,3/2-0), if each 6, is symmetric,

max(k1,2-0), otherwise.

(The fact that the L!-norm is strictly speaking only a norm when one quotients out
functions of bounded variation ¢ for which |¢|; = 0 is not a problem, see Proposition
1 in Baladi-Keller [1990].) The norm of £, : L' — L! is equal to 1, and it follows
from Lemmas 9 and 9’ that £, is quasi-compact so that p. € BV (see e.g. Keller [1982,
p. 315]). Theorem 3 and Theorem 3’ hence follow from Lemma 3’, Lemma 8 and the

results stated in Sections 5.A and 5.B. 0O
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