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aims of this contribution

0 review some work done on distribution free ba
Or option prices

0 describe recent joint work willal-Ho Wang
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Basket Options
The Payoff of a basket option:

Y(S1, -, ) = (Zwisi — K)"

e Price weighted —xv; = ﬁ.cst.

e Capitalization Weighted,

. — (¢ D5 Shares outstanding
£ - Total capitalization -
w; are readjusted periodically.

e S&P 500, 8P 100, Dow Jones 100.
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-Scholes

popular modelMultidimensional Black-Scholes

dS! = Si(r — d;)dt + 0;StdZ}
S°(0) = S}
< dZ;, de >= pz’jdt

Basket Options:

ut + SiSjPijO'iO'juSiSj + ('r — di)SiUS’i —ru=20
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Closed form solution B-S

Solution In closed form
Solution at time 7" in closed form

2
—rT d; — i \/_X 1XtV_1X
C 2m)r)( detV 1/2 / 2w ax

whereV is the variance-covariance matrix;o;p;; }7';_; .
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Optimization Problem 1

An optimization Problem

For European Option, it suffices, to value the option, to kmteavtime" distribution of the asset price
So one may consider the questidniinimize/Maximize the price of the basket option at timesubject t
suitable constraints. Which constraints? Some Poss#silfConsidered by Others)

e Prescribed Marginals.
Denoting byu the timeT distribution, the price of the basket option is given by

_TT/ ZwZS — K)dur

whereur = pur(S1, 52, -+ ,Sn) and the marginal with respect to tiwh variable is denotegd,;.
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Prescribed Marginals
For Instance one might maximize or minimize the bas
option price under the constraint that the marginals a

log-normal.

The solution to this problem (for arbitrary prescribed
marginals) is best expressed in terms of copulas.
Reminder: A copula is joint distribution

0(55175627'” ,.I'n) :P(Xl éxla"' 7Xn <£B77/)7

with uniform marginals and obeying certain natural
structure conditions.
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Sklar’'s theorem Any joint distribution with continuous
marginal distribution function$;, = 1,--- ,n, can be
expressed as

C(Fl_lv F2_17 S 7F_1)

n

whereC(z1,--- ,x,) is a copula and wherE~! is the ge
eralized inverse of’, ie F~1(t) = inf{x € R|F(x) >t
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Copula?

So minimization problem with fixed marginals closely rethte problem of findingpptimal copula.
This problem was solveih the casen = 2 by Rapuch and Roncalli (Crédit Lyonnais web site) bas
earlier results of Muller and Scarsini and Chen.

The Frechet CopulaS ™ (u1, u2) andC™ (u1,u2) given by

C™ = max(u; +ug — 1,0)

Ct = min(u,us)

LetC— (M1, M) andC+ (M1, Ms) be the corresponding call option prices. Then for a gener
basket option on two assets with the same marginals we have

C™ (M1, Mz) < C(M71, Mz) < CH (M1, M2)
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Their result is deduced from the following more general itesiu
Muller and Scarsini.

Theorem Let F; andF; be the probability distribution functions o
andX,. Let E-[f(X;, X,)] denote the expectation of the function
(X4, X5) when the copula of the random vector;, X) is C. If
Cl < CQ (concordance order, same as ptwise in)ZI[hen

Fe, | f( X1, X2)] < Ee, | f(X1, Xy)] for all supermodular functiong
such that the expectations exist.

Supermodular is a natural generalization of non-negatednseco
derivative-21 > 0. le. aC? supermodular function Is convex.

0x10x9 —

Supermodulat=

AP f — f(xy + €1, 20+ €2) — f(x1 + €1, 29)

Sharp bounds and optimal hedge ratios for basket options
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Rapuch-Roncalli, Ct'd

Basket Option Payoff is supermodular.
Intuitive Proof:
Use the fact that

({92(?1)181 -+ UJQSQ — K)+
05105

IS a positive distribution.
So can apply theorem.

— w1w25({w151 -+ UJQSQ — K})

Above discussion for two assets. Higher dimensional gdimaten

According to Rapuch and Roncal
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AILCHI IdllvVe. IVidlKel Flriccs Ul Lhiaucu
Options
e Alternative to prescribing the marginalst;: Require that basket option prices be compatible witl

observed option prices and with observed forward pricesgifen maturity. Indeed the marginals ar
known, whereas we can observe option prices and these gpagtia information about these margina

Problem:
- Given spot pricessj, S5, - - - , S& at time0.
-Given European option prices;, - - - , C,, whereC; is an option onS*. Here all the option prices h

the same maturity” and assume constant interest rates so the forward prices'guby

et Ski=1,-n.

- K;,2 =1, ---nisthe strike of the-th option.

- K is the strike of the basket option.

Among all probability distributions compatible with theés®mnstraints” , minimize and maximize the
of a basket option with weights;,i =1, - - - n.
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viatriciliiatCal FOriuiacdoll
Fixed option and forward prices

Letdu(S7, - - -, S%) be the probability density associat
to the distribution of the5’., 7 = 1,---n attimeT . Let y;

be the marginal of: in the:-th stock.
Then we require that

Sharp bounds and optimal hedge ratios for basket options



Formulation Ct'd

We seek to minimize and maximize the basket option
Basket Option Price

B = _TT/ szs K)+dﬂg(sl, ,Sn)
1=1

Thus obtainindistribution Free Bounds

Br < B < By
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Super and Subreplicating portfolio

Upper bound, resp. Lower Bound (made explicit later
can be expressed as

> ol Ci+ 87 Sy +1"Bor = By
=

>~ akCi+ BESy+ 7 Bor = By

1=1
e.

(agjv”'a@U U?WUan'aﬁg)

no M1

Is the least expensive super-replicating portfolio

tios for basket options



r and Subreplicating

(OK{J)'” 705717376%7”' 7ﬁ7€)

ost expensive sub-replicating portfolio.
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ry

oy

rtant parameter

Optlon Prlces was the flrst to consider the quest

upper bounds.

Also many papers on distribution free bounds on
option on a single asset: Merton, Lo, Ritchken,
Perrakis, Ryan, Bertsimas and Popescu, Boyle-

o PLL7/8



e WhenD = 0 he showed that

=1

But he did not show that his bound wagtimal.

e Laurence- Wang2003) show that this bound optimal
In the caseD > 0, but show that it is not optimal in the
casel < 0.
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Elementary Proof, in the caseD = 0

1=1 1=1

— Taking expectations

—?"TE Z wzsz —rT Z wz
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Same proof works whef > 0 to show that) ~ w;c¢; |
an upper bound but does clarify why upper bounc
optimal. The latter is proved by optimization
argument.
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Related Work Ct'd

Bertsimas and Popescus use a LP approach to derive boundseais ander various constraints.

Given priceC'; (K ;) of call options with strike§) < K; < .. < K, on a stockX, the range of all
possible prices for a call option with strik€ whereK € (K, K1) forsomej =0, --- ,nis

[C~(K),CT(K)] where

C~(K)
K—-—K,;_ K, — K
— max (Cj i—2 i—1 J ;
Kj_Kj—l Kk;_Kj—l
Kiio— K K—Kii
Cjt % Cjta 2 7 )
i+2 — K1 i+2 — Kjt1
Kit1— K K- K,
CT(K) = —F + Cjt1 :
Kj+1 — Kj Kj+1 — K;
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Let

M = all probability measures

n +
/\/l{,uE/\/ll:/<Zw¢Si—K> dy < +o00}
1=1
and satisfies option and forward constrajnts

Also assume that the following compatibility constraintstbe optic
and forward data are satisfied:

Let S = (Sg, -+ ,5y) andc = (¢q, -+, ¢,) then
C={(Sp,c) eR": S} —¢; >0,S, —c;— Kie™" <0,Vi=1,n

Sharp bounds and optimal hedge ratios for basket options
(due to Merton)



Compatibility

These requirements derived from
ol

ci=e " / (8" — K;)Tdu

Ser?
>e " / (St — Ki)dp
Senn
— S(Z) — Kie_rT
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vatibility




Sn) K:(K17°“7Kn)7 C:(Clan'acn)

o e (2C) + K probl/2
2¢"(Sy — C) — K probl/2

—.26/€



Upper Bound

Sharp Upper Bound for all n > 2 Let (.Sy, ¢) € C°. The
subject to the constraint € M Is given by

1=1

Sharp bounds and optimal hedge ratios for basket options



Upper Bound Ct'd

Upper bound in cas® < 0. Introduce

) :
E _erTSO_C'L
— —

i=1,--n
K;

F; is an important parameter throughout. Reorder the indiceéisa

and let; be the (newly ordered) smallest index such that
w1 K1 +weKo +---w;_1K;_{ < —-D
and

w1 K1 + w2 Ko + -+ + w; K5

'V
|
>
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Upper Bound for D < 0
The upper bound in this case Is

n i—1 n
Z W;C; + G_TT Z szzE — €_TT(K — Z szz)FE
i=1 i=1 =

This shows that the upper boundasger in the case
D < 0. Indeed, by the definition afwe have

Sharp bounds and optimal hedge ratios for basket options



Upper bound D < 0 ct'd

Another way to express the upper bound

szcmLZwZSO ( sz )wSO

i=i+1

<0

n
— E WiC; | &

i=i+1

>0

Hence the optimal hedging strategy consists of béom
options and stock

Sharp bounds &nd optimal hedge ratios for basket options



When is upper bound attained ?

"Condition P” In the caseD = 0 any probability measure suppor
on the set

S1US,
attains the upper bound. Here
Si={zxeR x=y+K,yeR}
S={zeR a=K-—y,yeR}

whereK = (K, K, .., K,,), attains the upper bound.
Forn = 2 andD < 0 we can also give an example of a discret

tribution attaining the upper bound. In_the cd3e> 0 of a discrete

harp bounds and optimal hedge ratios for basket options



0 Lower Bound for n = 2

Juce the quantities

K ¢
A = w;c; Ku.} (SO — cO) for i=1,2
F=FNn+F-1
F* = max(F,0)

(So, c) € C°. Thelower bound subject

mMax (Al -+ €_TTU}2K2F+,

Ao + €_TT’UJ1K1F+, Al + Ag + 6_TTKF+, O)
B N —.32/€




r Bound Ct'd

sition Ct'd

max (A1 +e (K —w K,)FT,
Ay +e (K —wyKy)FT,
A+ Ay +e ™ KFT,0)

for D>0



Lower Bound all n

Proposition A lower bound for alln > 2 is given by

n
L1 = Z ’LUZS(%) — e_TTK
1=1

le. price of a forward contract with strike K on basket. This lower bound follows from

> Eulw- S — K]
—w-Sge™ —K=w-F—-—K

This inequality shows thdorward prices F' = (F1, - - - , Fy,) play afundamental role for lower boun

Sharp bounds and optimal hedge ratios for basket options



Indeed in case = 2 we find Optimal Lower Bound=
max(Lq, -, Ly).
Forn > 2 this lower bound is sharp provide@gndition

Q) there exists a probability measuyrec M (ie.
consistent with the constraints) supported in the regic

{(z1, 22, ,2n) € N leiazi—K >0}

Sharp bounds and optimal hedge ratios for basket options



Remark In the two dimensional case we can exhibit a discrete
distribution satisfyingCondition Q for D < 0. For simplicity take
wy = wy = 1 andr = 0. Itis given by the following3-point
distribution

( (K1, K — K;) withprob. p, = <2inR, \
(51,52) = 4 (K1 + - Q1+Q2 o + chgczg nRk, 5

\ (K — KQ, KQ) with prob.ps = < )
where

Qizsé_ci_Ki

Sharp bounds and optimal hedge ratios for basket options



e Optimal Bounds for puts on basket follow easily froi
bounds for calls.

e Use Put-Call parity, applicable for baskets since

) wS' —K)"— (K=Y wsS)" =5 -K
le.
Payoff of call on basket — Payoff of Put on basket =P
of Forward Contract on basket.

Sharp bounds and optimal hedge ratios for basket options



d Sub Replicating Strategies

al Super-replicating portfolio

the case) > 0, a super-replicating portfolio
* Ut v*) is given by

the case) < 0, a super-replicating portfolio
" U* vY) is given by

~p.38/8



Super-Replicating: conclusion

Notice that this means that
e In the case) > 0 we can optimally the basket optior
using only the options on individual stocks.

e In the case) < 0, an optimal super-replicating portfc
consists not only of options but also of the stocks.

Sharp bounds and optimal hedge ratios for basket options



Sub-replicating portfolio

A subreplicating portfolio in 2-asset case is given by
(s, Uy, Vs ), WNETEU, = (Us1, Uso) ANAU, = (Vy1, Vi),
Cases where the lower bound Is reached is equal to ¢
Ay, As, Ay + Ag, Ay + Ay + e TKF,

Ay + e_TT(K — lel)F, Ao + B_TT(K — wQKQ)F,

Al + e T Ko F, As + e ", K F, we refer to as Ca:
1 : 8, where we recall that lower bound was given by:

max (Al -+ G_TT”UJQKQF—I_,
As+ e M K Fr A+ Ay + e KEFT,0)
for D <0

Sharp bounds and optimal hedge ratios for basket options



r Bound Ct'd

ax (Al i G_TT(K — lel)F+,
Ay + e (K — woKo)FT Ay + Ay + e KFT,0)
for D >0

—~P.A41/€



EXplicit Sub-Replicating Strategies

A subreplicating portfolio in 2-asset case is given by
(s, Uy, s ), WNETeu, = (Uy1, Uso) ANAU, = (Vy1, Vso).
u —> Options,v —> Cash,y —> Stocks

Case Us1 U2 Vs VUx1 Ux1
K _K—-wi Ky -
1 K, 0] 0] K, 0] e
K _ K-wa Ko -
2 0 e 0 0 Ky ‘
3 K K O _K—’lel _K—w2K2 -
Kq Ko K Ko €
4 0] 0] —e "TK w1 w9 e
_K-w Ky | —rT (e _K-w Ky
5 w1 e e (K — w1 K1) 0 K, p
_K—wa Ky =T (e _ _ K—ws Ko
6 7€) w2 (& (K ’U)QKQ) 7€) 0] P
D _ _—rT D
"/ w1 + @ w9 e wo K9 @ w9 n
. D __—rT _ D
8 w1 wo + s e w1 K1 w1 e n

In the above we assume tht > max(w; K1, w2 K32). If not, bounds and hedge ratios take on a
different form.
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Note that since the composition of the optimal replica

portfolio depends on the spot pricgs which determine
which of the four expressions attain the max, one ma
think of the above result as being a semi-static hedge
static and then change, static then change, etc.
Hedge may change at intermediate tifiig - - - , 7, 1| fol
which expression attaining max. changes.

Sharp bounds and optimal hedge ratios for basket options



IStHDULIONS attadlllinyg LOWCT allu
Upper Bounds whenn = 2

Since our problem involves, far = 2, 2n + 1 = 5 constraints on the measutgt is reasonable to tr
finding a discrete distribution that attains the optimalrd&l But can one find an optimal discrete
measure?

Yes,..

but, start from scratch! Will Discuss later on if time persjit

e Large Literature on optimal bounds.

e \/ery scarce literature on explicit optimizers.

A famous example of an optimal solution: Andrew Lo’s adaptabf Scarf'stwo point solution of
inventory problem. Lo uses this in his famous paper wheregnwell the following distribution free u
bound for the price€’ and P of a European call option on one asset give that the vari&iicand the sl

rater (assumed constant over the period under consideratioknaren.
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Lo Ct's, two point

( S(T)—Ke "4 85qV*e 27T
1—|—V*6_2""T
if S0 > _2e"T0
K - 1+v*e—2rT
C < <
L [S@) - Kem'T +/(Ke=T = ST))” + STV e 77|
. S(T) 2 —rT
\ If K < 1_|_Ve*e—27’T

Equality attained by probability distributiczoncentrated at two points.
In the case: = 2 of Laurence-Wangll discrete solutions discovered so far Hreee of four point
solutions.

Sharp bounds and optimal hedge ratios for basket options



ne approach 1o Tinding sharp
bounds

We start from the dual variational problems:
The Dual Problems

The dual problem to respectively;; andP;, is as follows
Dual to Py,

n n
iI}f{E ciui—l—ﬂ—kg VS, U,V v € Ry =1,
U, v,

Sharp bounds and optimal hedge ratios for basket options



Ct'd

to Pr,

n

n
ZCiUz‘—I-E—I-ZUZ-S(% cu, v, € R, =1,

ct to the constraints
i uz(Sz — Kq;)—l_ —+ erTﬁ —+ i Wi (i w; S; — K)+, VS € %3_
=1 =1 1=1

(] [ a AVTAY A ) ~ ‘ ~ ~



Warm-Up Problem

The problem in 1-asset case is to find

v

max /R (= Ry

subject to the constraints

/R : wv(dz) = m,
/R +(g; ~ K)tu(dz) = ¢,

/ vlda) =1

Sharp bounds and optimal hedge ratios for basket options



al Is

min cu + v + mv
u,V,v

ct to the constraints

wr — K)Y"+v+vr>(x—K)", VreR,.

—0.49/8



Introduce the transformation

_ x
T = —
K?
A = u—+w,
= Ko.

Then the problem is transformed, in the new variable:

minc\ + v + Fpu, (
A, b,

wherel' = ===, subject to the (implicit) constraints oy
v andu

(KA —p)(z — 1)+ + o+ ut—(Kz %pﬁ%éﬂdo@al@%geranosv,@ggke@nﬁﬁ.



'd
e functiorf : R+ — R by

) = (KAX—pu)(z—-1)"+v+puz— (Kz—K)".

fisa
{0,1,1
xeR
extra conditions\ > 1 to ensure the functional is bounded below.

the dual problem in this subcase is to find

mincA+ v+ Fu
TN

subject to the constraints

0 :51/8



(KAX—p)(z—1)"4+ 0+ puz — (KT — K)*

Notice that conditions in (10 ) are redundant because

), (9) and the assumptiords > K. Also note that by (7
we have

cA+v+Fu>c+v+ Fu

0 0:52/8



Ignoring the constant termtemporarily, the problem
finding the minimum of

min v + Fu (1:
1

subject to

v >0
V+pu >0

The minimum Is zero. So, bringing back minimum for
original isc.

Sharp bounds_and optimal iedge ratios for basket opt:aos:



case 2: Warm Up

(Recall we knowC'(K), are optimizingC (K)).
Subcasek < K (with £&) = (KX — 1)(@ — 1) + 5 + ui — (K7 — K)F), the dL

problem in this subcase is equivalent to finding

min cA+ v+ Fu
A,

subject to

Sharp bounds and optimal hedge ratios for basket options



Upper Bound: Conclusion

Ignoring A by using (12), the problem reduces to

min cA+ v + Fu
A, U

subject to (13) and (14). Note that the region defined by timsttaintsy > 0, 7 + p > 0 (an unbounc
polygon) has only one vertex which(s, 1) = (0, K — K). Hence the value in this case is, bringir
back the constant term isc + (K — K)F.

e Conclusion:Upper Bound is :

c+ (K- K)tF
Similar analysis yields:

Lower Bound : (c — (K — K)F)T,if K > K,c+ (KF - K)T,if K < K

Sharp bounds and optimal hedge ratios for basket options



Check UB > LB

Case 1K > K

UB=c,LB=c— (K- K)F)*

So clear
Case 2K < K
In this case

UB=c+ (K —-K)F>LB=c+ (KF—K)*
(K — K)F > (KF — K)*

F > 0andF <1 so true.
End of Warm Up Problem

Sharp bounds and optimal hedge ratios for basket options



PbaCK 10 Real Proplem: Normaliza-
tion of Problem

We can reduce the original problem to a form wheke (
and allw;,7=1,--- ,n=1.

/
K’i — wiKi, 1 — 1, 5 T,
n
[= 1w
=1

1
V(CIZ‘l, ..,ZEn) — fd,u(.flﬁl, ..,Zlfn) S Ml,

From now on work in normalized variables.

1
SO > m’[, " Sharp bounds and optimal hedge ratios for basket options



SOoIUtion or Dual Proplem LB 1or n =
2

Let us introduce the following transformation

U = A1+ A4,
Us = A2+ As,
uz = A3,
Uy = A4,
Uy — )\5.

Let f be the function

flz,y) = Mz — K1) + My — K2)" + A3
—I—)\4x+)\5y— (x+y—K)+
= (w1 —ug)(x — K1)+ (ug —us)(y — K2)"

arp bounds and optimal

Sf i«?‘gi rgltios for basket options
dLar L . L 2101 — ([ L oy



Then the problem is trans

max ciuy; + cous + usz +
U

formed into find

(m1 — Cl)U4 + (m2 — 02)u5

subject to (the implicit constraints ar)

f(z,y)

= (w1 — ug) (v — K1) 4 (u2 — us)(y — Ko)™

+uz + ugr + usy — (x -

_y_K)+§07 VZUZOa

Sharp bounds and optimal hedge ratios for basket optiong
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f Is a piecewise affine function, It attains its local extr
at the points (0, 0), (K1,0), (0, Ks), (K,0), (0, K), (K —
Ky, K5), (K1, K — K;), (K;y, Ky)}. In order to derive
conditions onu = (uq, us, us, ug, us) Such thatf (z, y) <
for all (z,y) € R%, we impose the extra conditions

w <1 and wuy <1

to preventf from being unbounded from above. We d
the problem of finding the maximimum gf into 8 cas
according to where the global maximum bpfs attained.

Sharp bounds and optimal hedge ratios for basket options:



ely, the cases

Case Smax f(z,y) = f(K,0);
Case 6max f(x,y) = f(0, K5);
Case 7max f(x,y) = f(K1,0)
Case 8max f(z,y) = f(0,0).



G 1Y 10VWel DOUlia I prifial Dy
finding upper bound in dual

Sample Case

Case lmax f(z,y) = (K1, K2), D > 0
In this case the problem becomes

max ci1uy + Collo + ug + (M — ¢1)ug + (Mo — c2)us
u

subject to the conditions

ulé]-a

Sharp bounds and optimal hedge ratios for basket optio



Itions




g Dual

e can be reduced after eliminating redundant exsatio:
mgxclul + coug + (m1 —Cc1 — Kl)’U,4 + (mg — C2 — KQ)U5 — D

) the conditions

—0.64/8



of Dual

e trick to find the dual

min c-U,= max b- A,

Au<b At A=c,c>0

Ul U2 U4 us b
1 0 0 0 1

0 1 0 0 1

0 -1 -1

0 0 0 -1 -1

— K3 0 0 — K> D
0 K — K> — K 0 D

obj. functional




traints, Case 1

problem of the maximization problem is to find

min A1 + A2 — A3 — A\g + DAs + D¢
A>0

constraints (in addition fo> 0) are

A+ (K — Kl))\5 =cC1

Notice that the above linear system of equations has 4 emsawith 6 variables, so one can chc

variables to be free (choo2g and); ) and solve the others



1, Ct'd

50lving get

c1 — A1
Az =
T K — K,

62_)\2
p—
°T K — Ky

K K

)\32—(7711—01—](1)— ! Co + . )\2

=67/



Case 1, Ct'd

Let’s temporarily ignore the constant terD in the objective functional. The dual problem of the
maximization problem is to find

min A1 + A2 — A3 — \q1 + D)5 + D¢
A>0

subject to the constraints

K- K
Aoy > maX{CQ -+ —2(77?,1 — C] — Kl),O}
Ky
K- K
A1 > max{cl -+ —1(m2 —Co — KQ),O}
Ko
)\1 S C1,
Ao < ca.

This is a trivial problem, whose value turns out torhg + mo — K.

Sharp bounds and optimal hedge ratios for basket optios



LB and UB for primal

All eight cases can be solved in a similar way, but wit|
average, lengthier computations then above.

U pper BOU nd The dual problem for the upper boundrirasset case is to find

mn mn
min E ciu; + U+ g m;v;
u,V,v 4 :

1=1 =1

subject to the constraints

n

Zui(ati—Ki)++I7+ZviwiZ(ZCUZ'—K)_I_, VJ’JER?_
1=1 1=1

i=1
Let us introduce the following transformation, foe= 1, - - - , n,
_ T
r; = —,
7 K,L
Ai = U+,
pe = K.

Sharp bounds and optimal hedge ratios for basket options:



Transformed Problem

Then the problem is transformed, in the new variables, into

n n
. _ mg; — G
g?;%zczkmtvjtz =
1=1 =1
subject to the (implicit) constraints ox) 7 and
n n n
Z(KiAz’ —u) (@ — )T+ o+ Z 5Ty — (Z K;z; — K)T >0 VzeR].
i=1 i=1 i=1

Define the functiory : R"Y — R by

n n mn

f@) = D (Kh —p)@i— DT +0+ > pdi — (O Kz — K)T

=1 1=1 =1
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Solving n-D problem

f is a piecewise affine function, it attains its local extrerntha points{(z1, - - ,zn) € R } describ
below which we group into 2 categories as follows.
Category |

{(z1,-+ ,zn) 1 2; = 0,1},

There ar&™ points in Category |.
Category Il
Forl =0, --,n,

l
K;

x; =1, forevery i€ {i1,---,i1}\{j},

x; = 0, otherwise

25 <, forj € {41, - ,4;} such thate; is nonnegative

Sharp bounds and optimal hedge ratios for basket options



N-D Upper Bound

Note that if D > 0, there arex2™ 1 points in this category. Therefore, in order to find condii@n
(A, 7, u) such thatf(z) > 0 for all z € R"', we need only to require thgtbe nonnegative at these y
and impose the extra conditions

ANi>1 for i=1,---.,n

to ensure the functional is bounded below. Introducing thengjty
I'={'={i, iy} 1<iy <---<iy <n}

the problem is to maximize

n

n
max ciXi +v+ Z Fi
(Ao ) =5 i1

Sharp bounds and optimal hedge ratios for basket options



traints: /N asset case

)\ZS]-) i:1,°°°,TL,

v <0,

D+Zm SZKZ-—K, =
ieil ieil

N0 i
v+ —u; <0, i1=1,---.n.
7ol

o7 3/8



egy for obtaining the Upper Bound

max dual< min primal

dual feasible prinal feasible

~[0.-74/8



FIOW good are these bounds: Numer-

Ical Results

= Bivariate corre
= Bivariate corre
= Bivariate corre

atec
atec

atec

geometric Brownian motion.
normal distribution
Student-T distribution.
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Example For instance in the lognormal case, as is easily seen, the twc
distributionssS; (7T') = Si(O)e“iﬁN_%“?T, i = 1,2, driven by the same
standard normal distributioN are co-monotonic at timé' since

91

S1(T) = p(S2(T)) (¢increasing= const - So(T)2),
where

_ 91 0'2 o10
const = 51(0)S(0) 72e 2 T+

These two distributions satisfy ConditiaR provided that among the
(K1, K9) satisfyingw; K1 + we Ky = K we make the particular ch

91

([_(1, [_(2) Wh|Ch aISO SatiSﬁeﬁl = const - K;_Q
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Condition P

This is the only choice of a paiti;, K2) satisfyingw; K1 + w2 K2 = K that leads to distributions
possessing property (at timeI"). Thus comonotonicity only implies that the upper boundiaiaed
under certain special conditions. To see the above assantbe that for Condition P to hold we nee:

S1(T) > K1 & S2(T) > K

But
9]
S1(T) = Cst(S2(T))°2 > K;
SEN
S2(T) > Ko
=
K 22 o
2=(5=)"1, Ki=Cst(Ks)—
C'st 092
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Discrete Solutions attaining the bounds fom = 2

The positive first quadrant is divided inGosubregions in the cage = 0 as indicated in Figure 5,
Into seven subregions, whdn > 0 and whenD < 0. These correspond to the subregions
R;,2=1,---,6,inthecasd =0,0rR;,2 =1,---,7,inthe case® > 0 or D < 0, bounded by
linesS; + S2 = K, S1 = K1, S2 = Ko and theS; andS> axes. We denote ky; the joint probabili
that(S1, S2) = (5%, S3) for (S%, S%) € R;.

Seek to determine the; and the position of the paifsS?, S%) that yield a solution that attains our ba
Ansatz

(S%,8%) = (K1 + a;, Ko + 3;)

wherei=1,---6 if D=0andi=1,---7, if D <O0,orD >0wherea; > 0,8, >0
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ote Simplex

i)bi

a; = =1,---7
Ky

bi_ﬂipq; 17
Ko

’roblem now has become that of determiniia;, b;) andp; for all <. For instance in Case

ts

C1
az-l—a3-|-a4=?1
C2
b b bg = —
4 + 05 + 06 Ky

my1 — Kq

a2 +a3z +aq4 —a1 —as —ag — a7 =
Ky

mo — Ko
Ko

bs + bs + bg + b7 — b1 — b2 — b3 =

o 79/8



After Transf -> Linear Objeciti

Objective Functional

ve

K1a3 — Kng -+ K1a4 Sin K2b4 — K1&5 -+ KQ

bs — Kia7 — Kby — D(ps + p4 -

- ps + p7)

Wherea; = £ (original functional quadratic).

Ky
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Discrete

Use the equalities to eliminatg , a4 andb;, b4. Note that since these are required to be non-nega
leads to additional inequalities to be satisfied by the remgivariables. The functional may then be
written

—Kias — Kias — Kja7r — Kobs — Kobg — Kob7 4+ ¢1 + ¢c2 — D(p3 + pa + ps + p7)

and the last two constraints then become

a1+a5+a6+a7=—%

Sharp bounds and optimal hedge ratios for basket options:



—as —ag — a7 < % + p1 (comes from

1
Q1

as + ag + a7 + vb2 +Wb3+757§—?—7

1

D
(comes from —a; —vb; — —p1 <0)
K1

—52—53—b7§%+p1 old b1 < p1

2

D
a2 — vba < EPQ

= p.82/8



(5:

~p.B83/E



ote Ct'd

Q1
a Q ar < ——
5T Qg T+ A7 < K

=2 ]0.84/8



of Simplex Tableaux

RT pdf for Sample Tableaux.



Knowing options of one strike and one maturity, I
possible to obtain closed form sharp distribution {
upper and lower bounds for basket optionsoasse

Gap between Upper Bound and Lower Bound is |

Gap can be narrowed (but at what rate?) by addi
more input instruments, ie. prices of options with
other strikes and-or maturities.

Successful numerical approach to this problem n
circumvent dealing with huge number of LP probl

Hedge ratios produced in L- Wang work not usab
hedging in normal market environment but might
useful in protecting against extreme unpredictabl
moves.
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lusion Ct'd

3ut can be used to give a sanity check on new
arametric models. Also closed form solutions as
heck on numerical solutions.

\[ternative ways to narrow the gap might involve
dding additional restrictions such as correlation
and.

stock pays an unknown dividend.
\merican Options.

=87/



Strong Duality

similarly
trivially s

< zn: Ey[(z; — K;)T] + (i K; — K)T,
p —

where the last inequality follows from the elementary inaiy (a + )™ < a™ + bT.

—p.88/E



Therefore, for any probability measuresatisfying the
option and forward constraints, we have that

n +
(Z T; — K) IS integrable and
1=1

E, (zn:a:,,;—K)Jr §zn:ci+(zn:Ki—K)+<+oo.
L =1 1=1

i ) 1=1

Taking the sup over all suachwe have established the
necessary condition required in Isii’'s theorem.
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pl+ Q1/K1
-Ql/K1
pl+ Q2/K2
p3
-D/K1 p3
p5
- D/K1 p5
-D/IK1 p7
-Q1/K1
cl/K1
-Q2/K2
c2/K2
-c1/K1 - c2/K1
+ D/K1- D/K1(pl)
b

pl+ Q1/K1
- Q1/K1 -~ Q2/K2 + D/K1 pl
pl + Q2/K1 + Q1/K1
p3
-D/K1 p3
p5 + Q1/K1
- D/K1 p5 + Q1/K1
-D/IK1 p7
0
cl/K1
-Q2/K2
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-c1/K1 - c2/K1
- Q1/K1-Q2/K2
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This Table illustrates the application of the simplex method to find a mimigidiscrete distribution in the case

n = 2, D < Othatattainsthevaluen| + mo — K = cq1 + co + Q1 + Qo — D, whichis

one of the four minimizing values in that case. S€8)(
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