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Main aims of this contribution

Joint work with David Hobson (U. of Bath and Princeton)
and Tai-Ho Wang( National Chung Cheng U., Chia Yi,
Taiwan).

To briefly review some work done on distribution free
bounds for option prices under a variety of different
constraints

To review recent joint work with Wang on obtaining
sharp bounds and optimal hedge ratios in a static
no arbitrage one period setting.

To discuss even more recent and more general results
obtained in collaboration with Hobson and Wang
concerning upper and lower bounds for basket options
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Basket Options

Lo’s result
Following pioneering work by Robert Merton , Andrew Lo
in 1987 derived the following distribution free upper bound
for the prices C and P of a European call option on one
asset give that the variance V ∗ of the gross return and the
short rate r (assumed constant over the period under
consideration) are known

C ≤



























S(T )−Ke−rT +S0V ∗e−2rT

1+V ∗e−2rT if S(T )
K

≥ 2e−rT

1+V ∗e−2rT

1
2

[

S(T ) −Ke−rT +
√

(Ke−rT − S(T ))2 + S2(T )V ∗e−2rT
]

if S(T )
K

< 2e−rT

1+V ∗e−2rT

Here V ∗ =
∫

(

ST

S0
− erT

)2
dµ∗, where µ∗ is a risk neutral distribution. Lo also showed,

using an earlier result of Scarf that the optimizing distribution is a two point distribution.
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Related Work Ct’d

Bertsimas and Popescu, 2003, use a LP approach to derive bounds on assets under a
variety of constraints.

Given prices Ci(Ki) of call options with strikes 0 ≤ K1 ≤ .. ≤ Kn on a stock X, the
range of all possible prices for a call option with strike K where K ∈ (Kj ,Kj+1) for
some j = 0, · · · , n is [C−(K), C+(K)] where

C−(K)

= max

(

Cj
K −Kj−1

Kj −Kj−1
+ Cj−1

Kj −K

Kk −Kj−1
,

Cj+1
Kj+2 −K

Kj+2 −Kj+1
+ Cj+2

K −Kj+1

Kj+2 −Kj+1

)

lower bounds

C+(K) =
Kj+1 −K

Kj+1 −Kj
+ Cj+1

K −Kj

Kj+1 −Kj
upper bounds
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Bert-PoP ct’d

One lesson from Bertsimas and Popescu: already in 1-D
lower bounds are more complicated than upper bounds.
Upper bound corresponds to a linear interpolation and
lower bound to a more complicated, albeit still linear
interpolation. This theme continues and is accentuated in
higher dimension.
There are many other contributions in this field, notably by
Ryan, Perrakis, Ritchken and many others for one
dimensional options. Brown, Hobson and Rogers.

Next we introduce Basket options and our work on model
independent, no-arbitrage bounds
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Basket Options

Basket Options
The Payoff of a basket option:

ψ(S1, · · · , Sn) = (
∑

i

wiSi −K)+

• Price weighted –> wi = 1
I(t0)

.

• Capitalization Weighted,

wi = Cst.
nb.Si shares outstanding

Total capitalization .

wi are readjusted periodically.
• S&P 500, S&P 100, Dow Jones 100.
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Black-Scholes

The most popular model: Multidimensional Black-Scholes

dSi
t = Si

t(r − di)dt+ σiS
i
tdZ

t
i

Si(0) = S1
0

< dZi, dZj >= ρijdt

European Basket Options:

ut + SiSjρijσiσjuSiSj
+ (r − di)SiuSi

− ru = 0

u(S1, · · · , Sn, T ) = (

n
∑

i=1

wiSi −K)+
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Closed form solution B-S

Solution in closed form
Solution at time 0, for maturity T in closed form

e−rT 1

(2π)n/2(detV )1/2

∫

(

∑

wie
(r−di−

σ2
i
2

)T−
√

TX −K

)+

e
1
2

XtV −1XdX

where V is the variance-covariance matrix {σiσiρij}
n
i,j=1.
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First Model independent Results for
Basket Options

Robert Merton 1973 (Bell Journal) established the
following result. Given n assets S1, · · · , Sn and n options Ci
with strike Ki. One option per asset. Let CB denote the
price of a basket option with positive constant weights
wi, i = 2, · · · , n. Suppose that in addition the following
condition holds:
•

w1K1 + w2K2 + · · · + wnKn = K

Then

CB ≤ w1C1 + w2C2 + · · · + wnCn
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Merton ct’d

Result has a simple proof.

(w1S1 + w2S2 + · · · + wnSn −K)+

= (w1(S1 −K1) + w2(S2 −K2) + · · · + wn(Sn −Kn))
+

≤ w1(S1 −K1)
+ + w2(S2 −K2)

+ + · · ·wn(Sn −Kn)
+

Taking expectations in the above formula yields

CB = e−rTE [w1S1 + w2S2 + · · · + wnSn −K]+

≤ e−rTw1E[S1 −K1)
+] + · · · + e−rTw1E[(Sn −Kn)

+]

= w1C1(K1) + · · ·wnCn(Kn)
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Merton ct’d

Merton did not however characterize the conditions for
equality in this relation. This was done later in P.L.-Wang
Risk 2004, AMF 2005.
Note: Letting D = K −

∑

wiKi > 0, it is easy to see that
the above proof goes through, but,
• When D < 0 the above bound is no longer
the the optimal one.
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DJX Index
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A typical Component Option,
Procter& Gamble
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Calibrate Option Prices to Market Data:Example DJX Index

• Calibration of basket option price to Prices of Option
Components. Three different approaches

I. Calibrate to Only one option per asset of a given
maturity and forward prices

II. Calibrate to all available options with a given
maturity

III. Assume ( à la Dupire) that options are traded with a
continuum of strikes ⇔ Equivalent to assuming
Marginals Prescribed.
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Mathematical Formulation of Calibration

Problem, Type I.

Calibrate to fixed single name option prices, one per asset,
and to fixed forward prices

Let dµ(S1
T , · · · , SnT ) be the probability density associated to the

distribution of the SiT , i = 1, · · ·n at time T . Let µi be the

marginal of µ in the i-th stock. Then we require that

Prescribed Option Prices

e−rT
∫

(SiT − K)+dµi = Ci, i = 1, · · · , n

Prescribed Forward Prices

e−rT
∫

SiTdµi = Si0, i = 1, · · ·n
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Formulation Ct’d

We seek to minimize and maximize the basket option price
Basket Option Price

B = e−rT
∫

(
n
∑

i=1

wiSi −K)+dµB(S1, · · · , Sn)

Thus obtaining Distribution Free Bounds

BL ≤ B ≤ BU
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Super and Subreplicating portfolio

Upper bound, resp. Lower Bound (made explicit later on)
can be expressed as

n
∑

i=1

αU
i Ci + βU

i S
i
0 + γU = BU

n
∑

i=1

αL
i Ci + βL

i S
i
0 + γL = BL

ie. (αU
1 , · · · , α

U
n , β

U
1 γ

U , · · · , βU
n , γ

U )

is the least expensive super-replicating portfolio

&(αL
1 , · · · , α

L
n , β

L
1 , · · · , β

L
n , γ

L)

is the most expensive sub-replicating portfolio

. Note that in general there is a option component, a stock component and a cash
component.
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Super and Sub

The former therefore corresponds to a reasonable ask
price for the seller of the basket option in the absence of
other information on the joint distribution of the assets

The latter is a reasonable bid price.
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Moment Problems

• Constraints on the joint distribution
From the mathematical point of view, problems of Type I,
prescribe (One option/per asset and forward prices)
and of Type II( prescribe n options per asset and forward
prices)
are MOMENT PROBLEMS, with a long tradition in
mathematics.
Krein, Tchebychev, Karlin & Studden. In last few years
Dimitris Bertsimas at MIT and collaborators have
extensively studied these problems.
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Bertsimas and Popescu:
multidimensional moment problems

In 2002 Bersimas and Popescu considered a general class
of moment problems of the form

Eπ [w · x]

subject to the general moment constraints

E[fi(x)] = qi, i = 1, · · · , n
∫

π(x) = 1 π(x) ≥ 0

and concluded that such problems are NP-Hard in general, ie. generically. Thus the
outlook for applying such moment problems in finance seemed bleak. unless special
cases were amenable to special techniques
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L-W, d’Aspremont-El Ghaoui

However in 2003 and 2004 Laurence and Wang and D’Aspremont and El-Ghaoui found
solutions to some problems of Type I. (One option per asset and/or forward prices).
The problems solved are the following

Closed form solution for the optimal upper bound problem and optimal
super-replicating strategies for n assets. [L-W] & [DA-EG]

Closed form solutions for the optimal lower bound problem but without prescribed
forward prices and for n assets. [DA-EG]

Closed form solutions for the optimal lower bound problem with prescribed forward
prices and optimal sub-replicating strategies in the case of two assets. [L-W]

Explicit discrete two dimensional distributions attaining the upper and lower
bounds [L-W]. These are 3 and 4-point distributions.

Next we briefly review these before passing onto to Type I problems.
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Sharp Upper Bound

Recall the important parameter

D = K −
∑

wiKi

. The optimal upper bound comes in different forms, according

as to whether this parameter D ≥ 0 or D < 0.

Proposition 1 (Sharp Upper Bound) Let (m, c) ∈
◦
C. The upper

bound of subject to the 1 option/asset and forward constraints

when D ≥ 0 is given by

n
∑

i=1

wici (1)

Ie. Merton’s bound in the case D = 0 is sharp both in the case D > 0 and in the case
D = 0. Sharp model independent no-arbitrage bounds and optimal hedge ratios for basket options – p. 23/70



D < 0 precursor for general Type II problem

The case D < 0 is special not only because it has the most
non-trivial form, but also because, as we will now explain,
its form holds a clue for the form of the upper bound for
bounds of Type II (ie. all options prescribed.)
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Upper Bound in case D < 0

Upper bound in case D < 0. Introduce

Si = erT S
i
0 − ci

Ki
, i = 1, · · ·n

Si is an important parameter throughout. Reorder the indices so that

S1 ≤ S2.. ≤ Sn ≤ 1

and let ī be the (newly ordered) smallest index such that "tail of series is small enough",
ie.

K ≥

n
∑

i=î

wiKi

K <

n
∑

i=î+1

wiKi

Critical Index î. Sharp model independent no-arbitrage bounds and optimal hedge ratios for basket options – p. 25/70



Upper Bound D < 0

Upper Bound for D < 0

The upper bound in this case is

î−1
∑

i=1

wiSi +
n
∑

i=î

wiKi − (K −

n
∑

i=î

wiKi)Sî,

As opposed to the case D = 0, the optimal
super-replicating portfolio now has options and stock. Still
No cash.
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Upper bound D < 0 ct’d

î−1
∑

i=1

wiSi +

n
∑

i=î

wici − (K −

n
∑

i=î

wiKi)Sî,

=

K  N

i

C (0)
 i

i

Illustration in case r=0

i

C (K )i

Each  asset   S_i has a corresponding C(K_i) 
piecewise linear function.

 S i i
K i

Parameter   φ, 

 

Slope =  

 crosses a "Slope ", remove 
from sum and replace
with S i

S i =

K i 

Everytime φ      

 −  C

  
Slope
  −1 

S 
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Sharp Lower Bound for n = 2, prescribed options and forward

prices

Recall Fi = erT
Si

0−Ci

Ki
. Introduce the quantities

Ai = wici −
K − wiKi

Ki
(Si0 − Ci) for i = 1, 2

F = F1 + F2 − 1

F+ = max(F, 0)

then

Proposition 2 Let (S0, c) ∈ Co. The lower bound subject to the

constraint µ ∈ M is given by

max
(

A1 + e−rTw2K2F
+,

A2 + e−rTw1K1F
+, A1 + A2 + e−rTKF+, 0

)

for D ≤ 0

.
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Lower Bound Ct’d

Proposition Ct’d

max
(

A1 + e−rT (K − w1K1)F
+,

A2 + e−rT (K − w2K2)F
+,

A1 + A2 + e−rTKF+, 0
)

for D ≥ 0
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Optimal Sub-Replicating Strategies

Moral: Optimal sub-replicating strategies associated to the optimal lower bound
sometimes involve all three of cash, stock and options A subreplicating portfolio in the
2-asset case is given, (u∗1, u∗2) (nb. of calls) and (v∗1, v∗2) (nb of stocks) and for
brevity, we denote the cases where lower bound is equal to one of A1, A2, A1 +A2,
A1 +A2 +KF , A1 + (K − w1K1)F , A2 + (K − w2K2)F , A1 + w2K2F ,
A2 + w1K1F , which, taken in the same order, we refer to as Cases 1 : 8.

Case u∗1 u∗2 ν̄∗ v∗1 v∗1

1 K
K1

0 0 −K−w1K1
K1

0

2 0 K
K2

0 0 −K−w2K2
K2

3 K
K1

K
K2

0 −K−w1K1
K1

−K−w2K2
K2

4 0 0 −e−rTK w1 w2

5 w1 −K−w1K1
K2

−e−rT (K − w1K1) 0 −K−w1K1
K2
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Constraints of Type III

It is assumed that call prices are known corresponding to strikes extending from 0 to
+∞. By the Breeden-Litzenberger theorem

∂2C

∂K2
= ρ

where ρ is the density of the distribution of stock S = P (S < K), the latter assumption
is equivalent to full knowledge of the marginals ie. marginals prescribed.
On the one hand restrictive since not realistic to assume full knowledge of the marginals.
But on the other hand still allows a rich choice of joint distributions compatible with the
given marginals, by using theory of copulas. This is the route Hobson-Laurence-Wang
take for optimal sub-replicating strategy when all prices of calls with strikes prescribed .
More later, time permitting.
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Finite market

Observe only options prices on asset i of strikes

0 < k
(i)
1 < . . . < k

(i)

J(i)

Stock prices are regarded as options of zero strike.
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Optimization - primal

Constrained optimization problem

sup
µ

∫

(

∑

i

wiSi −K

)+

µ(dS)

subject to
∫

(Si − k
(i)
j )+µ(dS) = C(i)(k

(i)
j ), for i = 1, . . . , n, j = 1, . . . , J (i)

∫

µ(dS) = 1
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Optimization - dual

Dual problem

inf
ν,ψ

n
∑

i=1

J(i)
∑

j=1

C(i)(k
(i)
j )νji + ψ

subject to

(

∑

i

wiSi −K

)+

≤
∑

i,j

(

Si − k
(i)
j

)+

νji + ψ

νji ∈ R, for i = 1, . . . , n, j = 1, . . . , J (i)

ψ ∈ R

Huge LP problem !!
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Optimization - dual

Dual problem

inf
ν,ψ

n
∑

i=1

J(i)
∑

j=1

C(i)(k
(i)
j )νji + ψ

subject to

(

∑

i

wiSi −K

)+

≤
∑

i,j

(

Si − k
(i)
j

)+

νji + ψ

νji ∈ R, for i = 1, . . . , n, j = 1, . . . , J (i)

ψ ∈ R
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Linear interpolation

For 1 ≤ i ≤ n and 0 ≤ j ≤ J (i) define ∆
(i)
j by ∆

(i)
0 = 1

and

∆
(i)
j =

C(i)
(

k
(i)
j−1

)

− C(i)
(

k
(i)
j

)

k
(i)
j − k

(i)
j−1

"Fills-in" the missing values of the call price functions
by linear interpolation completes the partial information
about the marginal to full information.

Key observation: the largest convex function passing
through given points is the linearly interpolated function.

There exists an optimizing portfolio which consists of
options on no more than two strikes per asset, and
involves at most n+ 1 separate options.

Sharp model independent no-arbitrage bounds and optimal hedge ratios for basket options – p. 35/70



Linear interpolation

For 1 ≤ i ≤ n and 0 ≤ j ≤ J (i) define ∆
(i)
j by ∆

(i)
0 = 1

and

∆
(i)
j =

C(i)
(

k
(i)
j−1

)

− C(i)
(

k
(i)
j

)

k
(i)
j − k

(i)
j−1

"Fills-in" the missing values of the call price functions
by linear interpolation completes the partial information
about the marginal to full information.

Key observation: the largest convex function passing
through given points is the linearly interpolated function.

There exists an optimizing portfolio which consists of
options on no more than two strikes per asset, and
involves at most n+ 1 separate options.

Sharp model independent no-arbitrage bounds and optimal hedge ratios for basket options – p. 35/70



Linear interpolation

For 1 ≤ i ≤ n and 0 ≤ j ≤ J (i) define ∆
(i)
j by ∆

(i)
0 = 1

and

∆
(i)
j =

C(i)
(

k
(i)
j−1

)

− C(i)
(

k
(i)
j

)

k
(i)
j − k

(i)
j−1

"Fills-in" the missing values of the call price functions
by linear interpolation completes the partial information
about the marginal to full information.

Key observation: the largest convex function passing
through given points is the linearly interpolated function.

There exists an optimizing portfolio which consists of
options on no more than two strikes per asset, and
involves at most n+ 1 separate options.Sharp model independent no-arbitrage bounds and optimal hedge ratios for basket options – p. 35/70



Linear interpolation

PSfrag replacements

slope ∆
(i)
jC(i)(k

(i)
j−1)

C(i)(k
(i)
j )

k
(i)
j−1 k

(i)
j

C
(i)

(k)

The interpolated call price function. ∆
(i)
j gives the modulus of the gradient of C

(i)
over

(k
(i)
j−1, k

(i)
j ).

Sharp model independent no-arbitrage bounds and optimal hedge ratios for basket options – p. 36/70



Finite market - Result

Preliminaries For simplicity of exposition assume all slopes ∂C(i)(u)
∂u

|
u=k

(i)
j

are different as i and j vary. Let In = {1, 2, · · · , n} where n is the number of
assets.

There is a privileged index î ∈ In such that:

For any model which is consistent with the observed call prices C(i)(k
(i)
j ), the

price B(K) for the basket option is bounded above by BF (K), where

Case I:
∑

i wik
(i)

J(i) > K:

BF (K) =
∑

i∈In\î

wiC
(i)
(

k
(i)

j(i)

)

+wî

{

(1 − θ∗
î
)C (̂i)

(

k
(̂i)

j(̂i)−1

)

+ θ∗
î
C (̂i)

(

k
(̂i)

j(î)

)}

θ∗
î

is defined as θ∗
î

=
λ
∗

î
−λ

−

î
(φ∗)

λ
+

î
(φ∗)−λ

−

î
(φ∗)

=
(Kλ

∗

î
/w

î
)−k

(i)

j(î)−1

k
(i)

j(î)
−k

(i)

j(î)−1

.
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Finite market - Result, Ct’d

Case II:
∑

i wik
(i)

J(i) ≤ K:

BF (K) =
∑

i

wiC
(i)
(

k
(i)

J(i)

)

**********************************************************************************************

Based on experiments with real data, the second case essentially never arises in
practice.

Moreover, the upper bound is optimal in the sense that we can find co-monotonic
models which are consistent with the observed call prices and for which the
arbitrage-free price for the basket option is arbitrarily close to BF (K).

So where’s the beef in Case I?

All the beef in fleshing out the estimate in the first case is in determining the
special index î and the indices j(i), i = 1 · · · , n.
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How to find which options to
choose?

Possible to show that there is No cash component ψ in the optimal portfolio. So
can consider super-replicating portfolios consisting entirely of options with various
strikes (some of which may have strike zero).

The upper bound is available in quasi-closed form, meaning there is a simple
algorithm to determine the solution, modulo a slope ordering algorithm: Order all
slopes of all call price functions and cycle through.

To get the intuition as to how to proceed, note that if
∑

λi = 1 then

(

∑

i

wiX
(i)
M −K

)+

≤
∑

i

wi

(

X
(i)
M −

λiK

wi

)+

So that

CB(K) ≤
∑

i

wiC
(i) (λiK/wi) .

The λi are arbitrary and so CB(K) ≤ infλi≥0,
∑

λi=1

∑

i wiC
(i) (λiK/wi) .
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Intuition

We wish to find the infimum of
∑

i wiC
(i) (λiK/wi) over choices λi satisfying

λi ≥ 0,
∑

λi = 1. Define the Lagrangian

L(λ, φ) =
∑

i

wiC
(i) (λiK/wi) + φ

(

∑

i

λi − 1

)

.

Objective function is convex but only C0,1, because each piecewise linear call

price functions C(i), is C0,1, ie. ∂Ci

∂K
has a jump at each strike Kj

i , j = 1, ·, ni.

Note that objective functional is separable function of 1-dimensional functions.

Therefore for each fixed Lagrange Multiplierφ, the gradient can point in a cone of
different directions. In the terminology of convex analysis we have
φ/βK ∈ ∂̄C(i)(λiK/wi), where ∂̄ is the subdifferential

of the function C(i). .
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Illustration Min

+
S

Slope S

Slope 

+

−

φ

φ

φ− 

+      S− < 0

+ S
 + > 0

 <  <  − S−

 Ki

φ  too large no min or min for smaller K

K i’

−

−
 Kiat

φ

 φ

i’

unique min 

S
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Algorithm

For each φ there is either a unique λ(φ) or an interval [λ−(φ), λ+(φ)].
Essentially:
• [λ(φ)−, λ(φ)+] ∼ [wiK

j
i /K,wiK

j+1
i /K] for some i and j.

• So Algorithm:

Order all the slopes of all call price functions. Ie. if 30 assets and 8 non zero
strikes , order 240 slopes.

S1 ≤ S1 ≤ · · · · · · S180

Now starting with φ = ε << 1 increase φ while monitoring the quantity

Λ(φ) =
∑

λ+(φ)

which starts very large for small φ (
 large Kj
i ) and decreases as φ ↑.

The first time Λ(φ) crosses1. STOP! 7→ Optimal value of φ = φ∗ has been
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Experiment on Real DJX Data

We now illustrate the output on real DJX data.
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Experiment on Real DJX Data: How
good is the Upper Bound?

Spot 99.07
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Lower Bound and Copulas

Prescribed Marginals
(2002) Rapuch and Roncalli had already determined the optimal lower bound in
this setting using copulas and a result of Muller and Scarsini on the super-modular
ordering. They do not provide a corresponding optimal sub-replicating strategy

(2004) Hobson, Laurence and Wang established an optimal sub-replicating
strategy for a basket on two assets (with > 0 coefficients) subject to the constraint
of prescribed marginals, or equivalently, the constraint that prices of call options of
all possible strikes are known.

This new approach yields a new proof of Rapuch and Roncalli’s result that does
not require the use of copulas and enhances the result by providing such a
strategy involving a new class of portfolios called sheeptrack portfolios.
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Copulas

One might wish to maximize or minimize the basket option
price under the constraint that the marginals are all
log-normal. The solution to this problem (or for arbitrary
prescribed marginals) is easily expressed in terms of
copulas. Reminder: A copula is joint distribution

C(x1, x2, · · · , xn) = P (X1 ≤ x1, · · · , Xn ≤ xn) ,

with uniform marginals and obeying certain natural
structure conditions.
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Sklar

Sklar’s theorem Any joint distribution with continuous
marginal distribution functions Fi, i = 1, · · · , n, can be
expressed as

C(F−1
1 , F−1

2 , · · · , F−1
n )

where C(x1, · · · , xn) is a copula and where F−1 is the
generalized inverse of F , ie F−1(t) = inf{x ∈ <|F (x) ≥ t}
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Copula2

Minimization problem with fixed marginals can be reduced to problem of finding optimal

copula.
This problem was solved in the case n = 2 by Rapuch and Roncalli (Crédit Lyonnais web
site) based on earlier results of Muller and Scarsini and Chen.
The Frechet Copulas C−(u1, u2) and C+(u1, u2) given by

C− = max(u1 + u2 − 1, 0)

C+ = min(u1, u2)

Let C−(M1,M2) and C+(M1,M2) be the corresponding call option prices. Then for
a generic basket option on two assets with the same marginals we have

C−(M1,M2) ≤ C(M1,M2) ≤ C+(M1,M2)
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Frechet ct’d

Their result is deduced from the following more general result of Muller and Scarsini.

Theorem Let F1 and F2 be the probability distribution functions of X1 and X2. Let
EC [f(X1, X2)] denote the expectation of the function f(X1, X2) when the copula of the
random vector (X1, X2) is C. If C1 ≺ C2 (concordance order, same as ptwise in 2-D)
then •

EC1
[f(X1, X2)] ≤ EC2

[f(X1, X2)]

for all supermodular functions f such that the expectations exist.
Supermodular is a natural generalization of non-negative mixed second derivative

∂2f
∂x1∂x2

≥ 0 for a C2 function . Supermodular ⇔

∆(2)f = f(x1 + ε1, x2 + ε2) − f(x1 + ε1, x2)

−f(x1, x2 + ε2) + f(x1, x2) ≥ 0
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Rapuch-Roncalli, Ct’d

Basket Option Payoff is supermodular.
Intuitive Proof:
Use the fact that

∂2(w1S1 + w2S2 −K)+

∂S1∂S2
= w1w2δ({w1S1 + w2S2 = K})

is a positive distribution. So can apply theorem.
• Therefore optimal upper bound for basket option with prescribed marginals is
associated with the Fréchet upper bound.
• Also optimal lower bound for basket option with prescribed marginals is associated
with the Fréchet lower bound.
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Rapuch-Roncalli’s Copula Approach

When the distribution functions FX and FY are continuous,
we have

C = C− ⇔ Y = F−1
Y (1 − FX(X), anti-monotonic

C = C+ ⇔ Y = F−1
Y (FX(X)). co-monotonic

For the lower bound note this means that

C−
B =

∫

R+

[x+ F−1
Y (1 − FX(x)) −K]+dFX(x). (2)
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Mathematical Formulation - LB

Constrained optimization problem

inf
µ

∫

R
2
+

(x+ y −K)+µ(dxdy)

subject to the constraints on the marginal distributions
∫

R+

(x− k1)
+µX(dx) = CX(k1),

∫

R+

(y − k2)
+dµY (dy) = CY (k2),

∫

R
2
+

µ(dx, dy) = 1.

µX and µY are the marginal distributions.
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Mathematical Formulation - dual

sup
ν1,ν2,λ

∫

R+

CX(k1)ν1(k1) +

∫

R+

CY (k2)ν2(k2) + λ

subject to the constraints on the measures νi, i = 1, 2
[

(x+ y −K)+ −

∫

(x− k1)+ν1(dk1) −

∫

(y − k2)+ν1(dk1) − λ

]

≥ 0

for all µ ∈ M+

where νi’s range over all finite signed measure and λ ∈ R
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Weak Duality

For any feasible primal variable µ and any dual variables
ν1, ν2 and λ the corresponding primal value is always
greater than or equal to the corresponding dual value.
Namely,

∫

R
2
+

(x+ y −K)+µ(dxdy)

≥

∫

R+

CX(k1)ν1(k1) +

∫

R+

CY (k2)ν2(k2) + λ

Hence, dual variables ν1, ν2 and λ represent a
sub-replicating portfolio for basket option consists of
(buying or selling) individual options and cash.

Sharp model independent no-arbitrage bounds and optimal hedge ratios for basket options – p. 54/70



Optimality

Find feasible primal variable µ̄ and dual variables ν̄1, ν̄2 and
λ̄ with the same value, i.e.,

∫

R
2
+

(x+ y −K)+µ̄(dxdy)

=

∫

R+

CX(k1)ν̄1(k1) +

∫

R+

CY (k2)ν̄2(k2) + λ̄
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Optimal Primal Variable

Let FX and FY be the marginal cdfs of X and Y
respectively. The optimal primal variable µ̄ is characterized
as

(X, Y ) ∼ (F−1
X (U), F−1

X (1 − U)) where
U ∼ Uniform(0, 1)

Equivalently, the joint cdf F of X and Y is

F (x, y) = (FX(x) + FY (y) − 1)+

That is, X and Y are countermonotonic.

Feasibility of µ̄ is immediate.
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Auxiliary Function

C ′+: the right derivative of call price function
C ′− the left derivative.

φ(x) := C ′
X

+(x) + C ′
Y
−(K − x) + 1

φ is only defined on [0, K] and right-continuous.

φ is of finite variation and hence has at most countably
many "crossings" over zero.

A := {x : φ(x) > 0} is a countable union of disjoint
intervals, A = ∪jAj.
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Assumption - Finite Crossings

Assumption: A is a union of a finite number n of
intervals.

Let the intervals (Aj)1≤j≤n be placed in their natural
order, and that the boundary of Aj is given by the
points {K2j−1

1 , K2j
1 }. Define Kj

2 = K −K2n−j+1
1
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A Remark on the set A

In the case that φ is C0 in [0, K], the determination of
the strikes K i

1’s reduces to find the zeros {x : φ(x) = 0}
of φ.

A lemma
Let I ⊂ R be a bounded open interval, h ∈ C1(I) and p
be a regular value of h, i.e., h′(x) 6= 0 for every
x ∈ h−1(p). Then h−1(p) is finite.

In our case, x is such that C ′
X(x) = −C ′

Y (K − x) − 1,
then C ′′

X(x) 6= C ′′
Y (K − x),

i.e., the densities of X and Y are different at such
points.
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Optimal dual: Sheep-Track Portfolio

ν̄1(dk1) = δ0(k1)dk1 +
2n
∑

i=1

(−1)iδKi
1
(k1)dk1,

ν̄2(dk2) = δ0(k2)dk2 +
2n
∑

i=1

(−1)iδKi
2
(k2)dk2,

λ̄ =
n
∑

i=1

(K2i
1 −K2i−1

1 ) −K =
n
∑

i=1

(K2i
2 −K2i−1

2 ) −K.

We call such portfolio "STP", short for "sheep-track
portfolios", since the graph of such a portfolio is
reminiscent of such tracks on British hillsides.
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Figure for STP

y

KK1 1K 1K 1K 1 K

STP   Portfolio

| |

K

| | ||

1 2 3 4 5
1
6 x

Figure 1: The figure illustrates an STP portfolio which, starting at zero, is piece-
wise linear with alternating slopes one and zero. The points of transition define Ki

1 for
odd and even i.
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Introdution of STP

Recall

ν̄1(dk1) = δ0(k1)dk1 +

2n
∑

i=1

(−1)iδKi
1
(k1)dk1

Integrate this against x− k1, ie
∫

(x− k1)+dk1 and get

f1(z) = z +

n
∑

a=1

{(z −K2a
1 )+ − (z −K2a−1

1 )+}

So define STP payoff functions:

fi(z) = z +

n
∑

a=1

{(z −K2a
i )+ − (z −K2a−1

i )+}.

In this notation: Hedging strategy by STP: f1(x) + f2(y) + λ̄ = f1(x)− f1(K − y)
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Feasibility of STP

Feasibility of STP is then equivalent to establish

f1(x) − f1(K − y) ≤ (x+ y −K)+

which can be seen by using the inequality

f1(z + u) − f1(z) ≤ u+

since f1 is piecewise linear with alternately slopes 0
and 1
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Construction of optimal bivariate
processes

Notice that equality is achieved in the feasibility inequality

f1(x) − f1(K − y) ≤ (x+ y −K)+

provided that one of the following 3 cases holds:

x = K − y

x > K − y and f1(x) = f1(K − y) + x+ y −K

i.e., (K − y, x) ⊂ (K2j
1 , K

2j+1
1 )

x < K − y and f1(x) = f1(K − y)

i.e., (x,K − y) ⊂ (K2j−1
1 , K2j

1 )
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Illustrative Case

X and Y are continuous random variables with strictly

positive densities on [0, K].

Y = G(X) := F−1
Y (1 − FX(X))

(X and Y are countermonotonic.)

Note that

y = G(x) < K − x ⇐⇒ FX(x) + FY (K − x) − 1 > 0

⇐⇒ φ(x) > 0

Hence the points where G crosses the line x + y = K are

exactly the boundary points of the set A

For general case, take X = F−1
X (U) and Y = F−1

Y (1 − U)

where U ∼ Uniform[0, 1]
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Countermonotonicity Distribution

Y  = G(X)

K1
1

K1
2

K1
3

K1
4

 

K1K   − 

2K  −    K1

1

K   −    K

K  −     K

3
1

1

4

K2
4

=

K2
3

=

K2
2

=

K2
1

=

x

y

x  + y = K
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Optimality

Primal Value = Dual Value and

〈CX , ν̄1〉 + 〈CY , ν̄2〉 + λ̄

≤ sup
ν1,ν2,λ

〈CX , ν1〉 + 〈CY , ν2〉 + λ

≤ inf
µ

∫

R
2
+

(x+ y −K)+µ(dx, dy)

≤

∫

R
2
+

(x+ y −K)+µ̄(dx, dy)

Last and first are equal, so equality throughout!
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Finiteness Assumption on A

Two key lemmas

Let E be a measurable subset of an bounded open
interval I. Then its characteristic function χE is of
bounded variation if and only if E consists of finitely
many intervals.

Let f be a function of bounded variation defined on an
open interval I. Denote by Et the level set
{x ∈ I : f(x) > t} for f . Then, for almost every t ∈ R,
the characteristic function χEt of Et is of bounded
variation.
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Beyond Finite Crossings

Φt := {x ∈ (0, K) : φ(x) > t}

χΦt is of bounded variation for almost every t

Suppose that χA (recall that Φ0 = A) is not of bounded
variation

Given any ε > 0, there exists a positive tε < ε/K with
χΦtε

of bounded variation (hence Φtε is a finite union of
intervals)

Form a portfolio (νε1, ν
ε
2, λ

ε) by using Φε := Φtε
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Conclusions

The optimal lower bound and optimal sub-replicating
strategys is unknown in the discrete strike case.

Optimal lower bound is open even in the full marginals
prescribed (cts strike case) when n ≥ 3.

We have treated only a 1 period model. Multi-period
models are open.

Corresponding problems in the American Basket
option case are open

Upper bound could be made closer if add additional
constraints. Which ones? Correlation prescribed?
Entropy constraints?
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