A New Tool For Correlation Risk Management:
The Market Implied Comonotonicity Gap and
applications to spread options

Global Derivatives, Paris, 2008

Peter Michael Laurence

Department of Mathematics and Facolta di Statistica
Universita di Roma, “ La Sapienza”

http://www.math.nyu.edu/~laurence




Main aims of this contribution

s Part I: Optimal arbitrage free static hedging strategies
for basket options and new measure of lack of
comonotonic or antimonotonic dependence In correlated
assets: Market Implied Comonotonicity Gap (Joint work
with Tal-Ho Wang, building on earlier work by Hobson,
Laurence and Wang).

s Part |l: Extension to generalized spread options.
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We introduce a quantity called "the Gap", or more precisely "Market Impl led
COmOnOtOniCity Gap (for short: MICG), with the property that:

9 Gap can be monitored over time and used as a tool in a static (or semi-static)
dispersion trading strategy.

#® When gap is small ("High correlation") compared to it's historical values: basket (consider
case of index option first, later in talk spread) is overpriced.

= Sell basket option, buy options on the components.
® When gap is big compared to it's historical values ("Low correlation"): basket is cheap,

undervalued.

= Buy an option on the basket, sell options on the components




s This Is not (in general) an arbitrage
strategy:

» It carries some risk, but downside risk iIs
guite small.

» Downside risk especially small when long
the Gap, because of super-replication.

s It Is Important to find the right time to enter




We will describe MICG and contrast with another well knowr
dispersion trading signal, so called "implied correlation.

» Implied correlation is the number p such that when p;;
are replaced by p gives same implied variance of index:
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For an option on an index I; = Y w;S;; composed of lognormal assets we have

dIt = Z widSit = Z ’wiSiO'idWit

where the W;; are correlated Brownian motions < dW;;, dW;; >= p;;dt. The instantaneous
variance of the basket is

Z O'iO'qu;jSidet

1,
instantaneous\2 712
(o7 Iy = Z oi 05 pijwiw;SitSit
D — g O~
implied implied implied
Replace p;;, for i # j by p and get
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implied correlation implied implied




® But

o7 = 07 (Kbask),

so which strikes K;,i = 1,--- ,n should we use to select o; = 0;(K;),i =1,--- ,ninthe
above formula?
Wide spread practice:

Kbask ATM, then choose K; ATM

But what if K%s% js out of or in the money? Or even for ATM in what sense is choice of ATV
K; optimal?

#® In contrast MICG gives means of selecting Optlmal strikes.




s Plan: We will recall the definition of comonotonicity and
will illustrate the difference between perfect positive
correlation and comonotonicity.

s We Iintroduce as a measure of lack of comonotonicity of
components in a basket product:

Gap =c-M

s C:. the market implied comonotonic price
s M: true market price




Recall the definition of comonotonicity:

A random vector (X, X,,--- X,,) Is said to be comonotonic if
there exists a uniformly distributed random variable U such

that
U ~ Uniform(0, 1)

(X1, Xa,--, Xn) £ (FxH(U), Fx (U), ..., Fx (U)),

n

where F,(x) Is the distribution function of X;.




Difference between perfect positive correlation and comononotonicity. Tchen, Dhaene-Denuit's
theorem, concerning the relation between linear correlation and comonotonicity:

Theorem 1 If (X1, X2) is a random vector with given margins Fx,, F'x, and let p be the Pearsor
(i.e., linear, standard) correlation coefficient, then we have

p(FxNU), F (1= U)) < p(X1,Y1) < p(Fx(U), FxH(U)),

where U is a uniformly distributed random variable.

In words:
#® |argest value of the correlation for a random vector (X1, X2) with given marginals is
attained for comonotonic random variables, but is generally not equal to 1 unless they have
a linear dependence with positive slope (X2 = aX1 + b,a > 0).
# Minimal value of the correlation for a random vector (X, X2) with given marginals is attained
for antimonotonic random variables, but is generally not equal to —1.




Does the market offer a COIMononotonic Index?

o The answer of course i1s no ! No market traded index Is
perfectly comonotonic, ie. driven by only one market
factor.

s But, surprisingly perhaps, we may synthetically create
an index option that behaves “ as If” the underlying
assets were comonotonic.

s This synthetic comononotonic index option can be
created using traded options on the individual
components of the index, with judiciously chosen strikes.
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Support of bivariate comonotonic
distribution

S IS non—decreasing function of S5
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A comonotonic distribution with jumps




So, given a basket options with payoff

_|_
how do we determine the comonotonic price?

» ANSWER: If we knew with certainty the marginals F's; of the individual assets S; in the
basket, the the procedure would be:

® First determine the joint probability distribution for the stocks in the basket via

P(S1 <x1,S2 <x2, -+ ,S, <)
— C’|(:]ré(;het (Fsl (x1), Fs, (x2),- .-, Fs, (mn))

where

Cltzjréchet(yl7y27 e 7yn) = min (y17 Y2, ... 7yn) upper Fréchet bound




s Second: Determine the density of joint prob. distribution
of the basket via

p(xlax27 T 733n)
N (9:131(9562 ce 0£Un

s Third:

P (S1 <x1,5 <x9,-++,5, < )]

BasketPrice = / (Z S; — K) p(S1,59,...,9,)dS1...dSy

3%-'_ =1




®» Recall Breeden-Litzenberger theorem (Journal of Finance, 1978):

Theorem 2 Let C'(S,t, K,T) be call prices corresponding at time ¢ and given that the spot
price is at S, for a call option struck at K and expiring at T, assuming a continuum of strikes
Is traded.

Then

82
OK?

C(S,t, K, T) = e_r(T_t)p(S,t, K,T) wherep is the transition probability

=- marginal distribution function of S'i.e. Fs(s) is therefore known

In reality, the market provides us only with a finite number of strikes for each expiry and for
each stock S = S;,i =1,--- ,n. So how do we fill In Call price functions for each asset for
all strikes? Answer related (but only very partially explained) by work on distribution free
bounds for one asset, of which give a reminder (three slides later).




A typical Component Option, Procter& Gamble

May, 2004 July, 2004
FROCTER & GAMBLE CO

COctober, 2004 January, 2005 January, 2006

Calls Strike Puts
Symbhol Last  Chg Bid Ask Vol Int Price Symbol Last Chyg Bid Ask Vol Int
PG EM 41.450 o.o0| 40800 4110 I 15| g5 |PGOM 0.00 0.00 0.00 0.04 I
PG EN 36.450 0.o0f 3580 3610 I B5| 7o | PGON 0.00 0.00 0.00 0.05 I
PG EO 31.450 o.o0| 3090 3110 0 15| 75 | PGQO 0.00 0.00 0.00 0.05 I :
PG EP 26.00 0o0f 25490 2610 I Al ep | PGOP 0.05 0.00 0.00 0.04 I 20
PG EQ 21.00 000 2080, 2110 I 40| g5 | PGOO 0.00 0.00 0.00 0.04 I .
PG ER 16.00 ooof 1590 1610 I 58 gp | PGOR 0.10 0.00 0.00 010 I a0
PG ES 11.30 o.oof 10900 1110 0 2041 g5 | PGOS 0.20 0.00 0.10 0.20 I 173
PG ET 100 |PGOAT
PG EA 105 | PG OA 1.60 0.00 1.70 1.74 a0 2,065
PG EB 0.40 0.00 0.45 0.40 193 29211|| 110 | PG OB
PG EC 0.05 0.00 0.05 0.10 14 258 || 115 | PGOC 1010 0.00 940 8,70 I 4
PG ED 0.00 0.00 0.00 0.04 I A 120 | PG OD 14.40 0.00 1440 1470 I 74
PG EE 0.00 0.00 0.00 0.0% I Al 125 | PGQE 19.70 000 1940 1970 I 138
PG EF 0.00 0.00 0.00 0.05 I 1 13n [ PG QF

A New Tool For Correlation Risk Management:The Market Implied Comonotonicity Gap and applications to spread options — p.17/7



# The market only gives us partlal INnformation about the marginals through the
prices of traded options with various traded strikes Kfi), Kéi), cee K9 for stock S; ata

J (%)
given maturity t.

® Let UB be the upper bound for basket option, given only this partial information, then

Market implied comonotonicity Gap — UB — traded Market Price

® Fundamental: Given a basket option on n assets, there is a portfolio P of . + 1 options on components,
such that

UB = Market Price of P

Below we will discuss how to determine the upper bound UB.




Bertsimas and Popescu, 2003, use a LP approach to derive bounds on assets under a variety of
constraints. Here is one of their results:

Given prices C; (K;) of call options with strikes 0 < K; < .. < K, on a stock X, the range of all
possible prices for a call option with strike K where K € (K, Kj41) forsome j =0,--- ,nis
[C~(K),CT(K)] where

C(K)
K-K;_ K; - K
= max (Cj it + 051 J ;
Kj_Kj—l Kk:_Kj—l
Kiio — K K- K;
Cjpq—2+2 + Cjt2 I+ ) lower bounds
Kj+2 — Kj+1 Kj+2 — Kj+1
Kiy1 — K K- K,
CH(K) = =L +Cjiq 7 upper bounds
Kj+1 — K; Kj+1 — K;




Option
Price

12

10

a+ (K)
a3 (K)
a3 (K)

1 i 1 : 1
20 o5 100 105 110 115 120




) )
B 3
The interpolated call price function. Agi) gives the modulus of the slope of 5(1) over (kj(.'i_)l, k§i)).

This graph provides one of many ways of filling in the missing strikes. But it turns out to be the
fundamental interpolation, in the case of the upper bound.




® The marginals corresponding to piecewise linear call prices are discontinuous at every strike

price and constant between strike prices.
Because:

920 (%)
0K?2

— density

and because our call price functions are piecewise linear between two strikes so

2 . .
80:0, K/ <K<K/t
aKQ 1T — — 7

52C - -

EY O(K]) x (change of slope at Kf) :

This is illustrated in following slide:




G, T

A Mm,=p, —— Change of slope entails

my presence of point mass
/ T Constant slope entails

nNo Mmass

Fs, (K

marginal
distribution
for i—th stock

The interpolated call price function. Agi) gives the modulus of the slope of U(i) over (k(i) k§i)).

j—17




» Now the market implied comonotonic optimizer
(S1,5s,...,S,) is a random variable which is distributed
like the vector random variable

(B ), (FD ), (R 1))

where Fé\f,z’ = 1,---,n are the market implied marginals With
point masses at the strikes.

s |t can be shown (Laurence and Wang (2004, 2005) and
Hobson, Laurence and Wang (2005)), (Laurence and
Wang, 2008 ) that the market implied comonotonic
optimizer is a solution of optimization problem on next

slide:
— T e e T e e e e e e R



Constrained optimization problem. Determine

sup / (ZwS K) 1(dS)

subject to




Dual problem

n J®

inf SN COE W+
YYi=1 =1

subject to

+
(Swsi-x) <X (s-u) des 0
7 i,

vi€R, fori=1,...,n, j=1,...,J®
P ER

(*) is the super-replication condition

Here ¢ is cash component and V;'. Is number of options with strike k; in hedging portfolio.




oC (M) (v)

» Preliminaries For simplicity of exposition assume all slopes <= are

J

different as 7 and j vary. Let I,, = {1,2,--- ,n} where n is the number of assets.

® Thereis a privileged index : € I,, such that:

For any model which is consistent with the observed call prices C(*) (K ), the price B(K)
for the basket option is bounded above by B (K), where

® Casel: ) . wik(i)

J(1) > K

= _ () (.02 ) OO0 « ~(3) [ 1.(2)
Br(K)= Y wiC (km> +w; {(1 6:)C (Km_l> +6:C (kj(%))}
1€l \1

()

X (@) —Xs (6%) k%_k%_l P J(@)—1" "5 (%)

¥ 0; Is defined as 9; =




°

°

Case ll: ZiwiKJ(i) < K.

Br(K) =Y w,Cc® (kf]()))

kkkkkkkkkkkkhkkhkhkkkhkkkkkhkkhkkhkkkhrhkkhhkkkhhkkhkkkhrhkkhrkkhrkkhkkhhkkhkkkhhkkhkkkhkhkkhkkkhrkkhkkkhkkhkkkhkhkkhkkkhrkkkkk

Based on experiments with real data, the second case essentially never arises in practice.

Moreover, the upper bound is optimal in the sense that we can find co-monotonic models
which are consistent with the observed call prices and for which the arbitrage-free price for
the basket option is arbitrarily close to B (K).

So where’s the beef in Case 1?

All the beef in fleshing out the estimate in the first case is in determining the special index 7
and the indices j(i),i =1--- ,n.




® Possible to show that there is No cash component « in the optimal portfolio. So can
consider super-replicating portfolios consisting entirely of options with various strikes (some
of which may have strike zero).

The upper bound is available in quasi-closed form, meaning there is a simple algorithm to
determine the solution, modulo a slope ordering algorithm: Order all slopes of all call price
functions and cycle through.

To get the intuition as to how to proceed, note that if >~ A\; = 1 then

A K
) , due to Merton

’L

(Z w; X (Y — K) < Z w; (X(”

So that
Cp(K) <Y w;CD (N K/w;).

The \; are arbitrary and so Cg(K) < infy. >0y a,=1 . ; wiCD (A K/w;).




We wish to find the infimum of 3~ , w;C(®) (X\; K /w;) over choices \; satisfying
Ai > 0,>° \; = 1. Define the Lagrangian

LA\ ¢) =Y wiCW (NK/w;) + ¢ (Z A — 1) .

Objective function is convex but only C%-*, because each piecewise linear call price
functions C'(¥) is €91, je. ‘90 has a jump at each strike K7,j = 1,-,n

Note that objective functional is separable function of 1-dimensional functions.

Therefore for each fixed Lagrange Multiplier ¢, the gradient can point in a cone of different
directions. In the terminology of convex analysis we have ¢ /8K € 0C() (\; K /w;), where ¢

is the subdifferential of the function C(9), .




@ + S <O

Slope —§ < < -5
S
unique min
e at Ki
K j )
Slope S
—@ toolarge @ —————— = Nno min or min for smalleryK




For each ¢ there is either a unique \(¢) or an interval [A™ (¢), AT (&)].
Essentially:

o [\(#) ", AM@) 1] ~ [wiK! /K, w; K)T" /K] for some i and 3.

e So Algorithm:

K

Order all the slopes of all call price functions. le. if 30 assets and 8 non zero strikes , order
240 slopes.

Now starting with ¢ = € << 1 increase ¢ while monitoring the quantity
Alg) =Y AT (9)

which starts very large for small ¢ (= large K ;Z ) and decreases as ¢ T.

The first time A(¢) crosses 1. STOP! — Optimal value of ¢ = ¢* has been reached.




The following Is on old DJX dataset (June 2004).
For a very recent data set, see the end of the talk.




We now lllustrate the output on real DJX data.

T DI Call AA AT AN EA o CAT DD oIS GE
Strilees Prices

a2 471 L] L) ] L) ] b argts ] L] ] Ll ] Ll 1.5 Z5
5] 431 Ll | Ll D,.l"-lE.-ﬁ b Ll Ll Ll 1.5 25
Ll | SOl 22.5 Ll 425 b l]_,."'E'T.S Ll Ll 1.5 25
Li %8 1 22.5 Ll 425 e = l]_,."ﬂl] Ll 1.5 =5
L] Gla.l 22.5 Ll 425 ] T G Ll 1.5 =5
T 201 22.5 Ll 425 ST ST el G L1 1.5 =5
T2 2Tl 22.5 l]_,."ﬂl] 425 ST e ST el 5 Ll 1.5 225
riLi] b 22.5 Lill ] 425 ST e ST el 5 Ll 1.5 225
E2- 191 22.5 Ll 425 b argts ] s Ll DIET.E 1.5 Z5
&4 152 22.5 Ll 425 b argts ] s Ll 3750 200 Z5
= 11.3 22.5 Ll ] 425 ] e G5 s =0 2.5
Ol . 25 Ll ] 45 37.5;’-“] T Lt V.5 =0 2.5
oz Tt =5 Lt 45 ET) 425 il 3'7'.5_,."'—-#] =0 2.5
o L = Ll 475 425 il e | 22.5 2.5
EE 4095 2T i L] 475 T 425 il EL) | 22.50 2.5
i 4.15 2T i L] 475 ) 425 | ey | 22.50 -
o = 2T i Ll 475 425 425 il EL) | 22.50 -
L2 = 2.725 2T i Ll 475 425 T il ey 225 S
e 2.1258 275 il ST 425 45 Ta -LDI-!E.-E 225 S
L 1.4 = il ST 425 45 Ta 425 225 S
1= 0.7 o = il | S 45 4T 5 &5 425 22.5 -
1cE .5 = s S 45 AT 5 'T-EJI’ED 425 25 3!]_,."32.5
1ned 0.325 g e S o i1 45 AT 5 S0 425 =5 =
15 LI 5 g e s i1 45 4T 5 S0 425 =5 =
1o LI 5 g e T i1 45 4T 5 S0 45 s =
1wy LI 5 G i) 5L ] 15 AT 5 S0 45 =5 =

TABLE 4. The super-replicating portfolie. For each strike on the DJX, and for
each component of the basket, we st the reblevant strike to hold in the cheapest
super-replicacting portfolic. A strike of O corresponds to holding the asset. For
Spame Teasons we onlby mive the strikes for the first 10 components. In most coases
there is a single strilee listed. In others the optimal portfolio involyves a combinat omn
of two striles. Note that the optimal strike to hold on each component asset
increases as the strile on the DJXN increases.




DJIX
Strikes
B2
B
a0
Gl
Ga
70O
T2
Th
20
21
B8
an
a2
a1
a5
g6
a7
a8
a0
100
102
103
104
105
106
107

DIX

Frices

47.10
43.10
39.10
35.10
31.10
28.10
27.10
23.10
19.10
15.20
11.30
8.0
T.60
5.80
4. 95
115
336
2.73
213
1.a0
0.7a
0.50
0.33
0.16
0.16
0.16

B

Unclean Data

47.04
43.10
3911
36.11
3l.1z
2813
2714
2315
1918
16.24
11 .42
B.El
T.80
6.32
5.&T
+.85
+.18
358
3.02
2.63
1.73
1.42
1.1a
0.95
0.76
0.68

R
Clean Data
47.05
43.00
38910
3430
30.83
2012
27.14
22 38
189.18
1105
11 42
9.681
7.80
6.32
BET
4 .85
4.14
3 B8
3.02
263
1.73
142
1.14
.85
0.75
0.0

BS Price

p =10
4714
43 16
39.16
35.16
31.17
20.18
27.19
23.18
19.20
15.21
11.20
0.21
7.21
5.22
4.22
3.22
224
1.35
0.67
0.25
0.01
0.00
0.00
0.00
0.00
0.00

BS Price

p=.h5
47.14
43 18
30 .18
35 .16
31.17
20.18
27.22
23.16
1918
15 .24
11 .26
g.28
T.34
E 58
4.74
4.01
328
2.50
216
1.60
0.a9
0.71
062
0.36
0.25
0.16

BS Price

p= .75
47 .15k
4317
30.13
36 .16
31 .22
2018
27.18
23.18
1815
16.23
11 .2k
8.35
T.B3
£ 83
& .06
4. 35
3.60
312
2 58
2.10
137
1.05
0.82
0.63
048
0.35

BS Price

p=.4
4710
43 .15
3012
3620
3117
2017
27.13
23.16
18.19
16.18
11.25
g9.41
T.BT
6.01
& 26
454
342
334
2.7b
2.33
15k
1.26
1.02
0.7a
0.60
048

BE Price

p = .08
47 .18
1317
3814
3617
31.16
2811
27.18
23.19
16.22
16.23
11 .36
8914
T.73
6.08
B 34
1 66
4.01
344
2.06
2.43
1.71
1.36
1.13
0.80
0.70
0.53
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s The methodology for basket options can also be applied
to generalized spread options.

s The payoff ¢ of the generalized spread options

. +
V(S1, - ,Sn) = (szsz — K)
i—1

where the weights w; are constants of arbitrary sign.

s Examples contain heating oil crack spread
(42 x [HO] — [CO] — K)T), 3:2:1 crack spread
((42 x 2[UG] + 42 x 3[HO] — [CO] — K))

Note: 1 barrel = 42 gallons




® Let us group the payoff function for the generalized spread option as

_|_
P(S1,--+,50) = (Z wiS; — wiSi_K)

eIt el —

where I denotes the set of indices with positive weights and 7~ the negative weights.

s The UPPET bound is attained when

s Assets indexed in It are comonotonic to one another.
» Assets indexed in I~ are also c-monotonic to one another.

s Anyassetin It is antimonotonic w every asset in 1.
#® Special case: ¥(S1,52) = (S1 — Sz — K)™ _ _
Upper bound is attained when ' and Sy, are antimonotonic.

LB, <MK UB




Recall the definition of anti-monotonicity:

A two dimensional random vector (X1, X5) Is said to be
anti-monotonic If there exists a uniformly distributed random

variable U such that
U ~ Uniform(0, 1)
(X1, X2) £ (FxL(U), Fl(1 - 1)),

where F,(x) Is the distribution function of X;.




Therefore, for the generalized spread options with payoff

(Z wiSi — Y |wi|S; — K>+,

el el

the upper bound is attained if there exists a uniformly
distributed random variable U ~ Uniform(0, 1) such that

s S iFs‘il(U) forieI™
o S;LFSM1-U)foriel

where Fs, (x) IS the distribution function of S;.




Observe the inequality

+
. + . +
(Z w;S; — Z |wi|Si_K) < Z w; (Si_ )\ZUK) + Z |w; | (T:UIT —Sv:)

eI+ iel—

where \; > 0and ) ., c;+ Ai — D icr— Ai = 1.

Taking expectation on both sides of the inequality we have

: : AN K N K
Spread option price < E w;Cg, ( - ) + E |w; | Ps, ( - )
ST W; A |w; |
el el

where Cs, (k) and Pg, (k) are the call and put prices of S; struck at k respectively.

The super hedge portfolio is therefore obtained by minimizing the right hand side over the
constrained parameters Aq,--- , An.

The portfolio consists of buying calls for the components with positive weight and puts for
components with negative weights.



As in the basket case, the constrained minimization problem is solved by the method of
Lagrange multipliers.

Again the slopes Ag.i) are ordered as a (strictly) decreasing sequence A4, --- , A with

repetitions removed, where

AW — cy‘)l o fori e I™
J k(D — 521 Gather together all S|Op€S
(i) (%)
(i) _ P; ~Pj—a : — Puts and calls
J .7_

. (1) HOB .
Corresponding to each slope A, A\; (1) = wik KJ @ is assigned to asset ¢, where

jil) =max{j € {1,---,J(@)}: AV > A} forie st
i) =min{j € {1,---,J@)}: AP > A)} forie I”




$» Starting with I = N, let us iteratively decrease [ by one, until

>0 - Y M =1

eIt iel—

Denote the critical [ by [*. If the condition } ;. ;+ A\ () — >, c7— Ai(l) = 1 is not exactly
satisfied, linearly interpolate the \;’s for those indices 7, which change when [ decreases
from [* to [* — 1. Denote the interpolation factor by 6* and these indices by Ilt and I, for
positive and negative weights respectively.

® Casel: Y, + wik!” > Kand Y, ;0 M) = 3,0 - Mi(l*) =1




® Casell: 3, 4 wikl” > Kand Y, M%) = Xie - M) > 1
(2)

(2)
wik . o wik .
'LC(Z) Ji (1) 'I,P(z) Ji (1)
E w (——————— + E w _

i€IT\I}, i€l \I,

(%) (1)
el i (1*) 1— 0"\ ™ ji(1*)—1
+ Y ( 20 ) X

i€l
(2) (7)
wik. * ) wik. * + 1
S orp® 3: (1*) 1 — "\ p® 7i (%)
+y w [ (K + ( ) <

i,

UB

® Caselll: Y, 4 wikl” <K,




K  Hedging Price  MC Price MC accuracy S strike C So strike P
2 10.03 10.12 0.07 1.46 0.16 59/59.5  3.43/3
2.5 9.77 9.71 0.07 1.46 0.16 58.5 3.17/2
3.5 9.29 9.29 0.07 1.48 0.15 58 2.6
4.5 8.83 8.83 0.06 1.48 0.15 57.5/58  2.68/2
13 5.60 5.64 0.05 1.65/1.60 0.09/0.1 54.5 1.3!

S1 and Sy are distributed like two antimonotonic geometric Brownian motions (equivalently the

instantaneous correlation p equals —1) with parameters oy = .355, 00 = .2, T = .5 ,r = 0,

dy = do = 0. The Monte Carlo prices are computed using n = 50, 000 paths. The spot prices are

S1 = 1.48, S2 = 59.33, and the weights are w; = 42, w2 = 1. The strikes that were actually

trading are given by the NYMEX data for the December 2006 contract.
. ANewTool For Correlation Risk Managemen:The Market Implied Comonotonicity Gap and applications to spread options  p.45/7




The results of monitoring the crack spread option, difference
between heating and crude oll for the contract that expired
December 2006 are shown in the following table. The table
shows the true price in the third column and the lower and
upper bounds in column 2 and 4. The comononotonicity and
antimonotonicity gaps are shown next, as well as their
relative counterparts.




TP-LB UB-TP
Day LB TP UB TP-LB UB-TP UB-LB UB-TP UB_LB

6-Oct 139 265 7.52 1.25 4.88 6.13 0.20 0.80
13-Oct 153 3.06 7.53 1.52 4.47 6.00 0.25 0.75
20-Oct 126 255 6.72 1.30 4.17 5.46 0.24 0.76
23-Oct 095 240 5.22 1.45 2.82 4.27 0.34 0.66
26-Oct 129 224 6.15 0.95 3.91 4.86 0.20 0.80
30-Oct 057 139 5.17 0.81 3.78 4.60 0.18 0.82
31-Oct 057 1.36 5.10 0.79 3.73 4.52 0.17 0.83

1-Nov 049 1.09 4.75 0.60 3.65 4.26 0.14 0.86
2-Nov 047 226 4.69 1.79 2.43 4.22 0.42 0.58
3-Nov 0.60 250 4.92 1.90 2.42 4.32 0.44 0.56
6-Nov 0.85 296 5.17 2.11 2.21 4.32 0.49 0.51
7/-Nov  1.00 145 5.04 0.45 3.59 4.04 0.11 0.89
8-Nov 0.83 1.25 4.87 0.42 3.62 4.04 0.10 0.90
9-Nov 1.13 1.10 5.19 -0.03 4.09 4.05 -0.01 1.01



Day
10-Nov
13-Nov
14-Nov
15-Nov
16-Nov
20-Nov
21-Nov
28-Nov
29-Nov

1-Dec
4-Dec
5-Dec
6-Dec
7-Dec

LB

0.87
0.60
0.93
1.05
1.21
1.36
2.13
1.35
2.10
1.70
1.30
1.09
1.03
0.72

TP

1.10
0.65
0.80
1.15
1.53
1.37
2.23
1.51
2.10
1.75
1.20
0.82
0.97
0.56

UB

4.87
4.36
4.69
4.87
4.92
4.82
5.47
4.28
4.83
4.25
3.69
3.35
3.14
2.64

TP - LB

0.23
0.05
-0.13
0.10
0.32
0.01
0.10
0.16
0.00
0.05
-0.10
-0.27
-0.06
-0.16

UB-TP

3.77
3.71
3.89
3.72
3.39
3.45
3.24
2.77
2.73
2.50
2.49
2.53
2.17
2.08

UB -LB
4.00
3.76
3.76
3.83
3.71
3.46
3.35
2.93
2.73
2.55
2.39
2.26
2.11
1.93

TP-LB UB-TP
UB-TP UB-LB
0.06 0.94
0.01 0.99
-0.04 1.04
0.03 0.97
0.09 0.91
0.00 1.00
0.03 0.97
0.05 0.95
0.00 1.00
0.02 0.98
-0.04 1.04
-0.12 1.12
-0.03 1.03
-0.08 1.08



Day
8-Dec
11-Dec
12-Dec
13-Dec

LB

0.64
0.50
0.53
0.62

TP

0.38
0.15
0.14
0.16

UB

2.36
1.84
1.74
1.56

TP - LB

-0.26
-0.35
-0.39
-0.46

UB-TP

1.98
1.69
1.60
1.40

UB-LB
1.72
1.34
1.21
0.94

TP-LB UB-TP
UB_TP UB_LB
-0.15 1.15
-0.26 1.26
-0.33 1.33
-0.49 1.49










To see how the gaps can generate a profit, suppose for instance tha
on October 13th we sell the comonotonicity gap G¢ for 1.52 (sell spreac
option and buy optimal subreplicating portfolio). Then on November 21st
we buy back the gap for 0.1. If the annualized interest rate is 0.05, we
have made a profit of 1.51. Also, in our data set, G* is monotonically
decreasing, so we can sell the antimonotonicity gap on October 6th anc
buy it back for a profit at almost any later date. The data set also appears
to indicate some arbitrage opportunities, but this may be offset by bid ask

spreads or lack of liquidity.




It is assumed that call prices are known corresponding to strikes extending from 0 to +oc. By the
Breeden-Litzenberger theorem

820 —rT
o2 © F

where p is the density of the distribution of stock S = P (S < K), the latter assumption is
equivalent to full knowledge of the marginals ie. marginals prescribed.

On the one hand restrictive since not realistic to assume full knowledge of the marginals. But or
the other hand still allows a rich choice of joint distributions compatible with the given marginals, by
using theory of copulas. This is the route Hobson-Laurence-Wang take for optimal sub-replicating

strategy when all prices of calls with strikes prescribed .




Sklar’'s theorem Any joint distribution with continuous marginal
distribution functions F;,: =1,--- ,n, can be expressed as

CF L Fy o By

n

where C(z1,---,z,) iS a copula and where F~! is the gener-
alized inverse of F, ie F~1(t) = inf{z € R|F(z) >t}




Minimization problem with fixed marginals can be reduced to problem of finding optimal copula.
This problem was solved in the case n = 2 by Rapuch and Roncalli (Crédit Lyonnais web site)
based on earlier results of Muller and Scarsini and Chen.

The Frechet Copulas C~ (u1,u2) and CT (u1, usz) given by

C™ = max(u; +ug — 1,0)

Ct = min(u,u2)

Let C— (M1, Mz) and CT (M1, M>) be the corresponding call option prices. Then for a generic
basket option on two assets with the same marginals we have

C™ (M1, M2) < C(M1, M3) < CT (M1, M3)




When the distribution functions F'xy, and Fy are continuous, we have, in the case of a basket on
X 4+ Y, that

C=C &Y =F,"(1-Fx(X)), ant-monotonic
C=C" &Y =F,"(Fx(X)). co-monotonic

For the lower bound note this means that

Cp = /R+ o+ Fo (1 - Fx(2)) — K] dFx (2). a




s Then Lower bound in the case of spread options is
attained when the assets
are Comonotonic.

s This means that: The spread options’s price Is:

1
BIX =Y = K)*] = [ (P! () = Fy(0) = K)o

le., both, X and Y are driven by the same random factor.




inf / (rty—K)"pu(de,dy) take “+” for basket, “-”, for spreac
R

[ 2
_|_

where ;. ranges over the space of all risk neutral
distributions on R%, subject to the constraints on the
marginal distributions

([ (@ =) *x(de) = Cx ().

/R+(y — ko) Tdpy (dy) = Cy (k2),




sup (Cx, V1> -+ (Cy, V2> + A (2

I/1,V2,)\

subject to the constraints

(r+y— K)" — /(x — k1) dvi (k) — /(y — ko) T dura(ka) — A
> 0,
Ve>0 y>0.

where v;, i = 1,2 are signed measures associated to the
constraints on the marginals. The optimal »;’s will turn out to
be alternating sums of delta functions.




Using the elementary inequality:

(a—b)T >at —bt
We have, by setting K = K1 + Ko

(X+Y —-K)*T
= (X —K;— (Ky—Y))"
> (X —K1)" — (K2 -Y)"

so, integrating: [(X +Y — K)*u(dz,dy) > Cx (K1) — Py (K2).
Similarly, by taking K1 — K2 = K, we get:

(X -Y -K)"
= (X-Ki— (Y -K)" > (X -K1)" = (Y — Ka)*




The optimal potfolios associated to the dual problems turn

out to be intimately connected to the the sheep track
portfolios.

There are two kinds (almost the same):

op(z) =Y zT+(:—K/)"—(x—K;)+  for basket
1=1

6s5(z) = (:—K;)—(=—K;")©  for spread




STP Portfolio Basket X + Y

v A
K, K, Ko = K 5 Ks P
Spread X — Y
YV A
Kq K4 K> Ko Ko Ks z

Flgure 1: The figure illustrates an STP portfolio which, starting at zero, is piecewise linea

with alternating One and ZerO The points of transition define Kz.i.




Using the Sheeptrack portfolios we have just defined, the key is
to observe the following analogues of the elementary inequalities
mentioned earlier:

» Basket:

¢p(z) — ¢p(K —y) < (z+y— K)"
» Spread:

ds(x — K) = ¢s(y) < (z —y — K)*

Both of these follow immediately from the mean value
theorem, since both ¢ and ¢s have slope bounded by 1.




Let X and Y denote the two stocks. Let denote the price of a call option on X, resp. Y, by C'x (+),
resp. Cy (-) and similarly for puts by Px, Py-. The sheep track portfolios are obtained by taking
the expectations of the above sheeptrack payoffs. So we get:

® For Basket:
X+K-Y+) Cx(K)-Cx(K;])- (Z Py(K-K) =) Py(K - K;))
1=1 =1 1=1
® For Spread:

> COx(K; + K) - Cx (K] +K) =Y (Cv(K;) = Cy (K1)




Below, we show the support of a joint antimonotonic
distribution with the given marginals in the continuous

marginal case, where Y = F,.' (1 — Fx(X))

Ki= K — K]




Below, we show the support of a joint antimonotonic
distribution with the given marginals in the continuous

marginal case, where Y = F,.' (Fx (X))

K K+K1— K+K1+ K+K2— K+K2+




Assume geometric brownian motions for both stocks. We took T' = .5, Sé = Sg = 100 anc

o1 = .355,09 = .2 e w1 = w2 = .5. In the first column the basket strike is shown. In the seconc
column is the Monte Carlo price of the basket in the case where stock S; and S2 are anti-monotonic

with the prescribed marginals.




Kbhbask

sS1.5
8sS4a
86.5
89
91L.5
oS4
6.5
99
100
1025
105
107.5
110
1125
115
117.5

MC Vvalue

18.52
16.03
13.55
11.02

o)

NOO;
R

00000RKNNUDN

RNWAOOMN
MNENQOONDO

Hedging Portfolio’'s
Value
18.50
16.00
13.50
11 .00
8.50
(S ele)
3.99

0
0

00000KKENN

RNWAOOMN
AMRROORDO

- 1
Strike X 1

absent
absent
absent
absent
absent
absent
51 .24
A4 .47
4250
3852
35. 41
32.83
30.65
28.783
27.12
25 .64

S trilke < 5

absent
absent
absent
absent
absent
absent
89.40
101.61L
105.76
115.19
123.73
131L.73
139.30
1446.59
153.64
160.48




S1 =17 S1 =175 S1 =8 S1 =85
K MC Hedge MC Hedge MC Hedge MC Hedge
2 1.2698 1.2484 1.6999 1.6607 2.0965 2.1054 2.5728 2.5664
3 0.7226 0.7198 1.0181 1.0228 1.3597 1.3642 1.7837 1.7465
4  0.39702 0.37984 0.58286 0.58533 0.84274 0.8476 1.1252 1.148
5 0.2024 0.20514 0.34267 0.3295 0.50977 0.48878 0.7199 0.7109
6 0.10327 0.005244 0.18111 0.1058 0.29421 0.23783 0.42807 0.40338
Table 1: In this figure we compare the optimal lower bound, achieved by the comonotonic

distribution, with the discrete lower bound for various values of the spread option strike K and fol
various values of the first asset’s spot value S1. The second asset S2 = 4 is taken the same
throughout.




71 (dky) = 6o(k1)dkr + Z )' 0t (k1) dk1,

Do (dks) = 60 (ke)dks + Z ) O gci (k) da,




The next slides report on applying the Methodology to the
DJX index.

X

| I
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The period was February 22, 2008 to April 18'th, 2008 for the first data set and April 2 to
April 30 for the second.

The basket option and the options on the individual asset expired the 21’st of April.

A few days we were unable to download data. The days with data are indicated in tables tha
follow.

The study considered several different measures:
1 - RLGap and Gap
Implied (lognormal) correlation

Historical correlations: average and lognormal.




Dates DJX Im.Cor 1-ATM GapATM B.ATM9 % P&L 9 S. ATM 3

ATM Gap

22/02/08 122.00 0.44 0.75 1.38

25/02/08 124.00  0.38 0.73 1.54

26/02/08 126.00  0.33 0.72 1.59 1.40
28/02/08 126.00  0.40 0.72 1.43 1.61
29/02/08 123.00  0.50 0.78 1.20 1.69
04/03/08 121.00  0.42 0.75 1.29 1.55
05/03/08 122.00  0.40 0.75 1.33 1.31
06/03/08 122.00  0.36 0.71 1.47 1.36
07/03/08 119.00  0.52 0.80 1.05 1.05 0.00 1.44
10/03/08 117.00 0.48 0.80 1.12 1.22 0.16 1.53
11/03/08 122.00  0.47 0.76 1.18 0.79 -0.25 1.14
12/03/08 121.00 0.45 0.76 1.24 1.00 -0.04 1.27
13/03/08 122.00  0.39 0.72 1.36 1.14 0.09 1.29
14/03/08 119.00  0.53 0.81 1.00 1.18 0.12 1.29
17/03/08 120.00  0.44 0.76 1.26 1.38 0.32 1.39
19/03/08 121.00  0.44 0.75 1.20 1.30 0.23 1.12
02/04/08 126.00  0.28 0.77 0.63 1.01 -0.04 1.38
03/04/08 126.00  0.18 0.71 0.79 1.28 0.22 0.64
07/04/08 127.00  0.23 0.70 0.67 1.52 0.45 0.37
09/04/08 125.00  0.38 0.83 0.39 0.83 -0.21 0.38
10/04/08 125.00  0.23 0.70 0.69 1.24 0.18 0.31
11/04/08 123.00  0.23 0.75 0.52 2.02 0.92 0.13
14/04/08 123.00  0.17 0.66 0.66 0.99 -0.05 0.13
15/04/08 124.00  0.04 0.50 0.76 0.94 -0.11 0.06
16/04/08 126.00  0.17 0.77 0.33 2.74 1.61 0.05
17/04/08 126.00  0.00 0.74 0.28 1.59 0.51 0.04
18/03/08 128.00  0.26 0.00 0.76 0.04

Table 1: This table illustrates the results of trading the comonotoncity gap. We use
the ATM gap in column 5 or one minus the relative ATMgap (ie. Index/UB) as a
signal. Buying the gap when it is relatively cheap, here on March 3'd, we then sell
the index option struck at 119, and buy the options with optimally chosen strikes.
These strikes are not necessarily ATM. Our P&L is then determined by the evolution
in time of the prices of that basket option and of the portfolio of options on single
names. When we sell, we are guaranteed to have a riskless situation at expiry, due to
superreplicating nature of portfolio. The percentage P&L of the strategy is illustrated
in column 6. It is quite successful. A sell strategy on 26 of Feb, when gap is relatively
large is less successful and riskier since no downside protection at expiration

0.00
0.02
0.08
-0.08
-0.21
-0.16
-0.10
-0.14
-0.23
-0.29
-0.34
-0.14
-0.26
-0.32
-1.13
-1.25
-1.39
-0.26
-0.30
0.26
0.27
0.16
-0.96
-1.07
-2.64



22/02/08
25/02/08
26,/02/08
28,/02/08
29/02/08
04/03/08
05/03/08
06,/03/08
07/03/08
10/03,/08
11/03/08
12/03,/08
13/03,/08
14/03,/08
17/03,/08
19/03,/08
02/04/08
03/04/08
07/03/08
09/03/08
10/03,/08
11/03,/08
14/03,/08
15/03,/08
16,/03,/08
17/03,/08
18/03,/08

Im. Cor

0.44
0.38
0.33
0.40
0.50
0.42
0.40
0.36
0.52
0.48
0.47
0.45
0.39
0.53
0.44
0.44
0.28
0.18
0.23
0.38
0.23
0.23
0.17
0.04
0.17
0.00
0.26

Gap
ATM
1.38
1.54
1.59
1.43
1.20
1.29
1.33
1.47
1.05
1.12
1.18
1.24
1.36
1.00
1.26
1.20
0.63
0.79
0.67
0.39
0.69
0.52
0.66
0.76
0.33
0.28
0.76

DJX

121.70
124.30
126.45
125.72
122.66
120.77
122.21
121.57
119.07
117.40
121.57
121.10
121.69
119.03
119.72
121.00
126.00
125.84
126.53
125.27
125.30
123.25
123.02
123.62
126.19
126.20
128.40

GapOFM 1-RLGap OTM, 126

(ATM +3)
1.40
1.61
1.69
1.55
1.31
1.36
1.44
1.53
1.14
1.27
1.29
1.29
1.39
1.12
1.38
0.64
0.37
0.38
0.31
0.13
0.13
0.06
0.05
0.04
0.04

0

0.65
0.62
0.59
0.59
0.67
0.64
0.63
0.59
0.71
0.69
0.62
0.64
0.60
0.71
0.64
1.00
0.09
0.06
0.06
0.06
0.13
0.13
0.24
0.29
0.35
0.33

ATM+3

1.31
1.50
1.70
1.64
1.55
1.60
1.70
1.77
1.86
1.59
1.80
1.88
3.11
3.34
3.60
1.76
1.83
0.92
0.91
1.10
2.71
2.90
0.42

% P&L
OTM(126)

0.00
0.14
0.30
0.25
0.18
0.22
0.30
0.35
0.42
0.21
0.37
0.44
1.37
1.55
1.75
0.34
0.40
-0.29
-0.31
-0.16
1.07
1.22
3.13

Table 2: This table illustrates a gap trading strategy on a basket option that is
out of the money by three dollars. The signal for the buy strategy is a relatively
low gap on February 29-th. The strike of the OTM basket option is 126 (ATM is
123). This strategy proves to be extremely successful as illustrated by its P&L in
column 7. The last colum illustrates the historical correlation caculated with four
day periods starting February 22’d. This and the implied correlation in column two
provide additional information which can be potentially used in conjunction with the
gap trading. This needs to be explored further.

Av. His
Cor
0.61
0.86
0.55
0.79
0.53
0.52
0.15
0.82
0.77
0.77
0.57
0.61
0.61
0.61
0.61
0.38
0.40
0.42
0.35
0.31
0.41
0.44
0.39



Ticker

MMM
AA
MO

AXP
AIG
T
BA
CAT
C
KO
DD
XOM
GE
GM
HPQ
HD
HON
INTC
IBM
INJ
JPM
MCD
MRK
MSFT
PFE
PG
UTX
V7

WMT
DIS

Table 3: This table illustrates the right choice of strikes to invest in for a buy strategy
at date 9 (columns 2-5) and for a buy strategy at date 5. For this dataset the right
strikes for the ATM strategy at date 9 are the same as ATM strikes on that date
For the more

Spot
77.08
36.54
74.23
41.59
43.08
35.15
77.33
69.49
20.92
59.29
45.23
83.01
32.39
21.92
47.24
25.84
56.73
20.05
113.42
61.85
37.75
52.99
42.25
27.62
21.39
66.08
68.19
35.22
50.43
30.93

Closest ATM
Str. date 9
75
37.5
75
42.5
45
35
75
70
20
60
45
85
32
22.5
47.5
25
57.5
20
115
60
37.5
52.5
42.5
27.5
22.5
65
70
35
50
30

75
35
5
42.5
45
35
75
70
20
60
45
85
32
22.5
47.5
25
27.5
20
115
60
37.5
52.5
42.5
27.5
22.5
65
70
35
50
30

35
75
40
45
35
75
70
20
57.5
45
85
32
22.5
47.5
25
57.5
20
115
60
37.5
52.5
42.5
27.5
22.5
65
70
35
50
30

Interp.

78.4
37.14
73.14
42.3
46.86
34.83
82.79
72.33
23.71
58.46
46.42
87.01
33.14
23.28
47.77
26.55
57.54
19.97
113.86
61.96
40.65
54.11
44.3
27.2
22.28
66.18
70.51
36.32
49.59
32.41

Dateb
80
37.5
75
42.5
45
35
85
72.5
22.5
57.5
47.5
85
33
22.5
47.5
27.5
57.5
20
115
60
40
55
45
27.5
22.5
65
70
37.5
50
32.5

except for AXP that needs to be interpolated between two strikes.

successful OTM (+3) strategy at date 5, some strikes are still ATM and others are
not. We also need to interpolate AXP, ie. choose a linear combination of two adjacent

strikes.

OTM(+3)
Str.
80
37.5
75
42.5
50
35
85
75
25
60
47.5
90
34
25
50
27.5
60
21
115
65
42.5
59
45
27.5
22.5
67.5
70
37.5
50
32.5

80
37.5
75
45
50
35
85
75
25
60
47.5
90
34
25
50
27.5
60
21
115
65
42.5
95
45
27.5
22.5
67.5
70
37.5
50
32.5

Interp.



DJX ATM K I corr 1- RL Gap Freeze P&L
4/2/2008 126 126 0.25 0.74 1.22 0
4/3/2008 125.84 126 0.23 0.73 1.31 0
4/7/2008 126.53 127 0.26 0.72 1.21 1.22 0
4/8/2008 125.43 125 0.28 0.76 1.17 1.26 0.04
4/9/2008 125.27 125 0.34 0.79 099 1.23 0.02
4/10/2008 125.3 125 027 073 125 146 0.20
4/11/2008 123.25 123 027 075 1.14 165 0.36
4/14/2008 123.02 123 0.27 073 1.17 1.79 0.48
4/15/2008 123.62 124 0.20 0.67 1.34 1.82 0.50
4/16/2008 126.19 126 0.24 0.72 113 1.59 0.32
4/17/2008  126.2 126 0.26 0.73 1.04 159 0.32
4/18/2008 128.4 128 0.19 0.68 122 1.76 045
4/21/2008 128.25 128 0.19 0.67 1.13 1.79 0.48
4/22/2008 126.86 127 0.25 0.69 1.00 1.63 0.35
4/29/2008 128.8 129 0.20 0.67 0.77 1.52  0.26
4/30/2008 128.2 128 0.34 0.81 045 1.27 0.05

Table 1: Trading the gap on May 2008 maturity ATM basket option. We buy the
Gap on April 7’th, since 1 - RLG is low (though not particularly low) by selling the
index option struck at 127 and by buying the portfolio with the optimally selected
strikes. The P& L of this trade is positive on all successive dates.



See Tables in next slides




Conclusions

» We have discussed the market implied comonotonicity
gap as a tool for dispersion trading. Here it has been
llustrated empirically in the case of spread options.

s Many open problems: — Closed Form Lower bound for
basket options for more than two assets, forward prices and
one or more strikes (One strike, no forward, OK
d’Aspremont-El Ghaouli, 2006)

—Closed form lower bound for two assets spread options and
more than one strike constraint. (One strike OK + forward
prices OK).

» Add constraints on the correlation(s).

A New Tool For Correlation Risk Management:The Market Implied Comonotonicity Gap and applications to spread options — p.73/7:




» Statistical testing needed to determine optimal time to
enter into a Gap strategy. Studies of profit and loss over
periods of a year or more needed.

s To monitor and/or guidelines to invest in gap:
http://www.indexandspreadoptions.com

Slogan: MIND THE GAP !
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