FINITE ENERGY CYLINDERS OF SMALL AREA
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ABSTRACT. Investigated are j—holomorphic cylinders in R x M, where M is
a contact manifold. It is shown that a sufficiently long cylinder having small
area is close to a constant map, if its center action vanishes. If its center action
is positive, it is close to a cylinder over a periodic orbit of the Reeb vector field,
and has a well determined shape. A compactness result is deduced, which is
useful in symplectic field theory.
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1. INTRODUCTION AND RESULTS

In the following we denote by M a compact (2n+1)-dimensional manifold and
assume that M is equipped with the contact form A. By definition, a contact form
is a 1-form having the property that A A (d\)™ is a volume form. The contact form
determines the hyperplane bundle

& =ker()),

called the associated contact structure on M. The restriction dA|¢ is a symplectic
form on every fibre. The contact form A determines also the associated Reeb vector
field X by the conditions

ix)\ =1 and ZXd)\ =0.

The Reeb vector field is transversal to the contact structure so that the tangent
bundle splits

TM =RX & ¢.
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We shall denote by
m:TM — €&

the projection along X. We choose a compatible almost complex structure J on
&. This is a smooth fiber preserving fiberwise linear map J : ¢ — ¢ satisfying
J? = —1d so that, in addition,

gs(m) (K, k) :=dX(m) (K, J(m)k), m e M,

defines a fiberwise metric on {. Associated with J we now choose a special almost
complex structure J on the (2n + 2)-manifold R x M. It is defined by

(1) J(hyk) = (=A(k), J(nk) + hX (m)),

where (h, k) € T,,(R x M). The almost complex structure J has the distinguished
property that it is R-invariant. A J-holomorphic curve or a pseudoholomorphic
curve is a smooth map

(2) U= (a,u):S—RxM

defined on a punctured Riemann surface S equipped with the complex structure ¢,
and solving the Cauchy-Riemann equations

(3) J@) - Ti="Ta - .

Recall that a punctured Riemann surface is a closed Riemann surface (S,¢) with a
finite set " of punctures removed, that is, S = S\ I". We shall impose the energy
condition

(4) E(ﬂ) < 0,
where the energy E is defined as
E(u) = sup/ wd[pA].
peXJS

The class ¥ of functions is defined by ¥ = {f € C> (R, [0, 1])|f’ > O}. We point
out that the integrand for a solution @ = (a,u) is always nonnegative. Indeed, for
a solution one computes in holomorphic coordinates s + it,

20*d[pA] = ¢'(a)[a2 + af + Mus)® + Mue)?] ds A dt
+ ¢(a) [|7ru9\3 + |7rut|2J] ds A dt,

where we have used the norm |h|; = gj(h,h) on {. We shall also call a map
u: S — R x M satisfying the equation (3) and the energy bound (4) a finite energy
surface. If S = C, it is called a finite energy plane.

To describe an example important later on we assume that the Reeb vector field
X possesses a T-periodic solution z(t). One verifies easily that the smooth map

= (a,u) :RxS" =R x M,
defined by
(5) u(s,t) = (T's + ag,z(Tt + Vo))

for two real numbers ag, ¥, solves the equation (2) with the standard complex
structure i on the cylinder R x S, where S! = R/Z. The energy of u satisfies

E@) =T
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while the d\-energy vanishes,

/ uw*d\ = 0.
RxS?t

The special finite energy surface (5) will be called a cylinder over a periodic orbit.
In the following we study non constant finite j—holomorphic cylinders
= (a,u): [-R, R x S* =R x M

having finite energy and small d\-energy

/ u d\ < .
[—R,R]x S1

We shall show that for R large and « small, the finite cylinder w is close to a
cylinder over a periodic orbit. The main point of this paper will be to obtain
precise estimates determining the shape of the cylinder. This requires, however,
assumptions on M and A.

We shall assume that the set of periodic orbits of the Reeb vector field X is
not empty. In view of the results of Hofer [5], this is, for example, guaranteed for
three-manifolds M in the following cases

(1) M=83
(2) ma(M) #0
(3) The contact structure £ is overtwisted.

Denote by P C R the set containing 0 € R and all periods T' of periodic orbits
of the Reeb vector field X. We call P = P, the action spectrum of \. We assume
that there exists a constant Ey > 0 having the property that all periodic orbits of
the Reeb vector field X with periods T' < Fy are non-degenerate. Hence there are
only finitely many of them. Recall that a T-periodic orbit is non-degenerate, if it
has only one Floquet multiplier equal to 1. A non-degenerate T-periodic orbit is,
in particular, isolated among periodic orbits having periods close to T'. We define
the real number v9 > 0 by

Yo = min{|T1 — Ty|; where Ty, T € P are < Ey and Ty # Tg}.

One can associate with sufficiently long J-holomorphic cylinders having sufficiently
small area, a unique element 7" € P, as the first result shows.

Theorem 1.1. Let A be a contact form on M and Ey > 0 be given, so that all
periodic orbits with period T < Ey are non-degenerate. Let o be the number defined
above. Fix numbers v and o satisfying 0 < v <y and 0 < g <~y —y. Then there
ezists a constant hg > 0 so that the following holds. For every R > ho and every
J-holomorphic cylinder

= (a,u): [-R,R] x S* =R x M
satisfying
E(ug) < Ey

(6) / wdr < 7,
[-R,R]x St
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there exists a unique element T € P satisfying T < Eg and
o

(7) /S u(0)* A — T’ <2

for the action of the loop u(0) in the center of the cylinder. Here and in the
following, u(s) is the loop in M defined by u(s)(t) := u(s,t), where (s,t) € [-R, R] X
St

The unique element 7' € P associated with the cylinder u satisfying the hypothe-
ses of Theorem 1.1 will be called the center action of @ and abbreviated by

8) T = A().

If the cylinder @ = (a,u) : [-R, R] x S' — R x M meets the hypotheses of Theorem
1.1, the actions of all the loops are estimated by

(9) [ utra-t

for all s € [-R, R], where T = A(ﬂ) is the center action. This follows by means of
Stokes’ theorem from (6) and (7).

o
<§+7<70

Proof of Theorem 1.1. For every § > 0 there exists a constant C' > 0 so that the
gradients of all the J-holomorphic cylinders @ : [~ R, R] x S — R x M with R > §
which satisfy the energy estimates (6), are uniformly bounded on [—R+§, R—4] x S*
by the constant C. Indeed, if the gradients are not uniformly bounded, then a
bubbling off analysis as in [5] or in [10] produces a finite energy plane v : C — Rx M
whose asymptotic limit in M is a periodic solution of the Reeb vector field whose
period T satisfies 0 < T < Ey and

T:/v*d)\gfy.
C

By assumption, v < 7y and by the definition of ~y there exists no such period.
This contradiction shows that the gradients are uniformly bounded. From gradient
bounds one deduces uniform bounds for all higher derivatives by means of elliptic
regularity theory. This is well known and we refer to [5].

In order to prove Theorem 1.1 we argue indirectly and find a sequence of numbers
R,, — oo and a sequence U, = (an,Uy) : [— Ry, Ry] x ST — R x M of J-holomorphic
cylinders satisfying the energy estimates (6) of the theorem, and in addition,

/ un(O)*A—T‘ >Z
1 2

for every T € P satisfying T' < Ey. In view of the previous observation we may
assume after taking a subsequence and using Ascoli-Arzela’s theorem, that u,, con-
verges in C2, (R x S*, R x M) to some J-holomorphic cylinder @ = (a,u) : Rx S1 —

R x M satisfying, in view of (6) and (10),
E(u) < Ey

* <
(11) /ud)\\’y
>

/ u(O)*)\—T‘ o forall T eP, T < Ey.
S1

(10)

1
2
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The map uw may be viewed as a finite energy map defined on a 2-punctured Riemann
sphere. Tt is well known, see [8], that a puncture is either removable or has a periodic
orbit of the Reeb vector field as asymptotic limit. In both cases the limits
lim u(s)*A eR
s—+oo St
do exist. Moreover, the limit is equal to 0 if the puncture is removable, and equal to

the period of the asymptotic limit if the puncture is not removable. Consequently,
by means of Stokes’ theorem the dA-energy of uw has the form

/ U*d)\ :TQ 7T1
RxS?t

with Ty > Ty, where T7,T5 € P and Ty,T5 < Ey. Since by (11) the dA-energy
of u is < 7, and since v < 7y, we conclude from the definition of the constant 7
that Ty = T5. Set T := 1T, = T,. If T = 0, then both punctures are removable
and so w has an extension to a j—holomorphic finite energy sphere S? — R x M.
Consequently, the map @ must be constant and so [ g1 u(0)*A = 0 = T, contradicting
the third estimate in (11). If T > 0, then the finite energy cylinder @ is non
constant and has vanishing dA-energy. Non constant finite energy surfaces having
vanishing dA-energies are classified in [8], and we conclude from Proposition 3.11
of [8] that @ must be a cylinder over a periodic orbit x(t) of the form u(s,t) =
(Ts—i—c7 w(Tt—i—d)) for constants ¢ and d and with a period T satisfying 0 < T < FEj.
Hence [¢ u(0)*X\ —T =0 < 0/2 again contradicting the third estimate in (11).

_ To sum up we have proved that there exists a constant hy > 0 so that every
J-holomorphic cylinder & = (a,u) : [-R,R] x S' — R x M with R > hg and
satisfying the energy estimates (6), has a center loop u(0) whose action is close to
an element T' € P with T' < Ej in the sense that

(12) /S u(O)*/\T‘ < %

Assume now that two elements 17,75 € P with T; < Ey satisfy the above
estimate. Then o
2
By assumption, o < 79 — v < vy and it follows again from the definition of v, that
Ty = T5. Hence the element T' € P satisfying T < Ep and the estimate (12) is
unique and the proof of Theorem 1.1 is complete. O

= 0.

|T17T2|<%+

From the definition of the constant v it follows for the center action A(w) of a
long cylinder w meeting the hypotheses of Theorem 1.1, that

either A(u) =0

or

=
<)
N

Yo-

In the first case the j—holomorphic cylinder is close to a constant map as the next
result shows. Fix a Riemannian metric g on M and define an associated R-invariant
metric g on R x M by

g((h, k), (W' K")) = hI' + g(k, K').
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We have

Theorem 1.2. Let Ey, vy, v and o be as in the previous theorem and let hg > 0 be
the number guaranteed by the Theorem 1.1. There exists for given € > 0 a number
hi1 > hg, so that for every R > hy and every finite energy cylinder v = (a,u) :
[-R,R] x S* = R x M satisfying

S

A@) =
E(u

/ u*d\ < 7,
[-R,R]x St
the following holds,

u([-R+ h1,R—hy] x §') C B.(1(0,0)).

0
Ey

N

Postponing the ~proof we would like to point out an immediate consequence.
Since most of the J-holomorphic cylinder @ of Theorem 1.2 lies in a compact part
of R x M which, equipped with the 2-form w = d(p)\) where ¢’ > 0, is a compact
symplectic manifold, the familiar theory in the compact case initiated by Gromov
[4] is applicable.

In contrast to the case A(@) = 0, a long J-holomorphic cylinder having small
area but positive center action is close to a cylinder over a periodic orbit of the
Reeb vector field and has a well defined shape. This is our main result.

Theorem 1.3. Let Fy and 7y be the positive numbers introduced above and denote
by ho the number guaranteed by Theorem 1.1 and associated with the constants
0<v <y and 0 < o <9 —r. Then there exist positive constants &y, Cy, p and
v < min{4dm,2u} such that the following holds. Given 0 < & < &g, there exists a

constant h > hy such that for every R > h and every j—holomorphic cylinder
= (a,u): [-R,R xS" - RxM
satisfying
Au) >0
E(u) < Eo

/ u*d\ < 7,
[~ R,R]x S1

there exists a unique (up to phase shift) periodic solution x(t) of the Reeb vector
field X having period T = A(ﬂ) < Ey satisfying

/ u(O)*)\—T‘<z and
s 2

In addition, there exists a tubular neighborhood U = S' x R?" around the periodic
orbit ©(R) = S x {0} such that u(s,t) € U for all (s,t) € [-R+ h,R— h] x S
Using the covering R of S' = R/Z, the map u is in the local coordinates R x U
represented as

u(s,t) = (a(s,t),ﬁ(s,t),z(s,t))
= (T's + ap + a(s,t), kt + 9o + D(s, 1), 2(s, 1)),

/ u(s)* A — T’ < 7o, for all s € [-R, R).
S1
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where (ag, %) € R? are constants. The functions a, U and z are 1-periodic in t and
the positive integer k is the covering number of the T-periodic orbit represented by
z(Tt) = (kt,0,0). For all multi-indices o and for all (s,t) € [-R+h,R— h] x S*
the following estimates hold

P o coshlus]
< R At i B
0%2(s, O < Ca 0% SR~ )
and
0°G(s, )|, |0°0(s, )7 < Co- 02 __coshlys]
o ’ “ cosh[v(R — h)]

For the next theorem we view M as embedded in R™ for some large m. On the
loop space C°°(S1,R™) there is a translation-invariant metric d which induces a
metric on C*°(S!, M). As an immediate consequence of Theorem 1.3 we have

Theorem 1.4. Let Ey, vy be as introduced in Theorem 1.1 and let 0 < v < 7.
Then for given € > 0 there exists a constant h > 0 such that the following holds true.
For every R > h and every finite J-holomorphic cylinder i = (a,u) : [-R, R]xSt —
R x M such that

A(u) >0
E(u) < Eo

/ u*d\ < 7,
[—R,R]xS1

the loops t — u(s,t) satisfy

u(s, ) € us (U(O, ))
for all s € [~R+h, R—h]. HereU.(u(0,-)) is the e-ball around the loop t — u(0,t)
in O (S, M).

Corollary 1.5. Under the assumptions of Theorem 1.4 there exists for given e > 0
a constant h > 0 so that for every R > h and every finite energy cylinder u = (a,u) :
[-R,R] x S — R x M satisfying

A(u) >0

E(u) < Eo

/ u*d\ <7,
[~ R,R]x S

the following holds. There exists a periodic orbit x(t) of the Reeb vector field X
having period T < Ey such that the loops t — u(s,t) satisfy

u(s,”) € Us(x(T")) and u(0,-) € Ueyo(x(T+))
foralls € [-R+h,R—h].
We point out that the neighborhoods U/, are not required to be S'-invariant.
Therefore, Corollary 1.5 implies, in particular, that the 9-variable in the local

coordinates of Theorem 1.3 turns very little inside an arbitrary long cylinder as
long as one stays away from the boundary at a distance larger than h.
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In Section 4, Theorem 1.4 will be used in order to prove a compactness result for

sequences of J- -holomorphic finite energy maps, which is important in the symplectic
field theory of [2].

2. PROOF OF THEOREM 1.2

The first ingredient of the proof of Theorem 1.2 is a well known a-priori estimate
due to M. Gromov. Fix a smooth map ¢ : R — [0, 1] satisfying ¢’ > 0. Then
the 2-form w = d(pA) is a symplectic form on R x M compatible with the almost
complex structure J. By a result of Gromov for which we refer to [14] (Chapter II,
Theorem 1.3), there exist constants ro > 0 and C' > 0 such that the following holds
true. For a j—holomorphic curve u : S — R x M defined on a compact Riemann
surface S with boundary, and an interior point p € S\ 95, satisfying u(p) € {0} x M
and w(0S) N B, (u(p)) = 0, we have

/ u*w > C-r?for all 7 € (0, 7).
w1 (B (3m) )

Using the R-invariance of the almost complex structure J and the definition of the
energy E one immediately extends the result to all of R x M as follows. For a
compact Riemann surface S with boundary, an interior point p € S\ 95 and a
J-holomorphic map % : S — R x M satisfying u(0S) N B, (u(p)) = 0, we have

(13) E(ul > C -r? for all r € (0,7)].

~1(B,a(p)) )

The second ingredient is the following set of properties of long j—holomorphic cylin-
ders having vanishing center actions.

Lemma 2.1. Recall the constant Ey and . Choose 0 < v < vy and0 < o < yg—7
and let hg > 0 be the associated constant guaranteed by Theorem 1.1. Given § > 0
there exists a constant h > hg such that for every R > h and every j—holomorphic
cylinder @ = (a,u); [~ R, R] x S* — R x M satisfying the hypotheses of Theorem 1.1
and having center action A(w) = 0, the loops u(s) have the following properties,

(i) diam (u(s)) <6
(i) [Aue(s)] < 6

for alls € [-R+h,R— h].

Proof. We start with the proof of (i). Arguing indirectly we find a constant dy9 > 0,

a sequence R, > n + ho and a sequence U, = (an,Up) : [~ Ry, Ry] X S' = R x M
of J-holomorphic cylinders satisfying
E(u,) < Ey

/ wydh <y
[-Rn,Rp]x St

g
Uy (0)* X —
/51 A <2

diam ,,(s,) > do

<
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for a sequence s, € [—R,, +n, R, —n|. Using the R-invariance of J we may assume
that s,, = 0 for all n. Define the sequence

Up(s,t) = (an(s,t) — an(0,0), uy (s, t))

of J- -holomorphic curves. Then, by the arguments of Theorem 1.1, a subsequence
of ¥, converges in Cf2, to a J-holomorphic cylinder v = (b,v) : Rx S' - Rx M
having the following properties

E®@) < Ey
/ vidA =0
Rx St

Ay@u

diam (0(0)) > &o.

(14)

g
S3

Hence v is, in particular, a non constant finite energy cylinder having vanishing
dM-energy. We conclude from Proposition 3.11 in [8] that ¥ is a cylinder over a
periodic orbit of period 0 < T' < Ey. Consequently,

/ v(0)*AN=T >~ >~
S1

in contradiction to (14). Hence diam (@(s)) < & for all s € [-R + h, R — h]. The
second statement in Lemma 2.1 is proved the same way. The proof of the lemma
is complete. O

Let now € > 0 be given as in Theorem 1.2. Then we choose § > 0 and 0 < r < rg
so small that

(15) 20 < Cr? and 4041 < ¢g/2.

With h as in the lemma, the J-holomorphic curve @ : [-R, R] x S' — R x M with
R > h, satisfying the hypotheses of Theorem 1.2 has the properties diam(ﬂ(s)) <d
and |A(ui(s))| < 6 on [-R + h,R — h]. This implies, using the definition of the
energy E and Stokes’ theorem

(16) E(t]{—g4n,r-nxs') < 20.

If the conclusion of Theorem 1.2 is not true for this h,we find a point (sg,tp) €
[-R+ h,R — h] x S! satisfying

d(u(so,t0), u(0,0)) > .
From diam (u(s)) < & we deduce
d(u(so,t),u(0,t")) > e —26
for all t,#' € S'. Choose a point s; between 0 and sy so that

d(u(s1,t), ulso,t')) = = — 46

N M N| ™

d(u(s1,t),u(0,t")) > = — 46
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for all t,#' € St. Since r < £/2 — 45 we can apply the a-priori estimate (13) to the
open ball B,.(u(s1,t1)) and hence conclude

E(U][—pin,r-nxs1) = C 1.
This implies by (16) that C - r? < 26 in contradiction to the choice in (15). This

contradiction shows that (s, t) € B.(u(0,0)) for all (s,t) € [-R+ h, R — h] x S*
as claimed in Theorem 1.2.

3. PROOF OF THE MAIN RESULTS

The proof of Theorem 1.3 will follow from a sequence of lemmata. We first show
that a finite energy cylinder having positive center action is close to a periodic
solution of the Reeb vector field X if its area is sufficiently small.

There is a natural action of S' on C>°(S', M) defined by (2™ «xy)(t) = y(t+9)
for €™ ¢ S'. We choose an S'-invariant neighborhood W in the loop space
C°° (S, M) of the finitely many loops t — z(T't), 0 < t < 1, defined by the periodic
solutions z(t) of X having periods T' < Fy. Moreover, we choose the neighborhood
W so small that it separates these distinguished loops from each other.

Lemma 3.1. Let Ey > 0 and vy > 0 be as defined in the introduction. Given any
St-invariant neighborhood W C C*® (Sl, M) in the loop space of the loops defined
by the periodic solutions of X having periods T < Eo and given v € (0,70), there
exists a constant h > hg (the constant hg is guaranteed by Theorem 1.1) having

the following property. For every R > h and for every j—holomorphic cylinder
= (a,u): [-R,R] x St — R x M satisfying

A(u) >0
E(u) < Ey

/ u*d\ < 7,
[—R,R]x S
the loops t — u(s,t) satisfy

u(s,-) €W  foralls € [-R+h,R— h].

(17)

Moreover, with T = A(u) being the center action, the loops u(s) will be in the S*-
invariant neighborhood of a loop t — x(Tt) associated with a T-periodic orbit x(t)
of the Reeb vector field.

Since W separates the loops of the periodic orbits having periods T < Ey,
all these loops u(s,-) for s € [-R + h, R — h] are contained in the neighborhood
component of W containing precisely one of the distinguished loops defined by a
periodic orbit (2, T") having period T' < Ey. From A(X) = 1 we deduce immediately

(18) T = / x(T-)* A
Sl
Hence, given € > 0 we can choose W so small that

(19) /S u(s,.)*A—T’ <e.

for all s € [-R+ h, R+ h].
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Proof. Arguing by contradiction we find a constant v € (0 70), a constant o <
Yo —7, & sequence R, with R,, > n+ hg, and a sequence of J- holomorphic cylinders

Up = (an,up) : [~Rn, Ry] x S* — R x M having positive center actions and
satisfying

E(u,) < Ey
2
(20) / wydh <y

[-Rn,Rp]x St

and
(21) un(3n7 ) gw

for some sequence s,, € [-R,, + n, R, — n|. By assumption, the center actions are
positive and hence A(u,) =T, > 7y so that we deduce from (9)

/ Un(8)*A> v —v—0=1g9>0
Sl

for all n and all s € [-R,, R,].

In view of the R-invariance of .J we may assume that s,, = 0 for all n. In that
case, of course, the finite energy map is defined on [~R,, — s, R,y — s,] x St. In
any case the left hand boundary converges to —oo and the right hand boundary to
+00. Define now the sequence of maps v,, = (by, v,,) by setting

611(8775) - (an(svt) - an(0,0),un(s,t)).

The maps v, are still j—holomorphic maps since J is R-invariant and satisfy (20)
and (21). We claim that the gradients of 7,, are bounded uniformly in n. Indeed,
otherwise a bubbling off analysis produces as in [5] and [11] a non constant finite
energy plane

u:=(a,u):C—-Rx M.

According to the results in [5] and [6], the projection into M has a T-periodic
solution z(t) of X as asymptotic limit so that

u(Re*™) — z(Tt)

as R — oo, uniformly in ¢, and one shows using the estimates (20), that

R—o0

T:/ z(TH)*A = lim u(ReQM')*)\*/ urd\ < v < 7.
St St C

However, according to the definition of =y, a periodic solution having period T < ~q
does not exist. Therefore, the gradients of v,, must be uniformly bounded. From
gradient bounds one concludes bounds for all derivatives using elliptic regularity
theory, see [13]. Consequently, by Ascoli-Arzela’s theorem, a subsequence of ¥,
converges in C7°

oc?

22 Up — 0 in C2 (R x ST, R x M).
loc
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The limit & = (b,v) : R x S — R x M of the subsequence is a J-holomorphic
cylinder having the properties

E(@) < Ey

v dA
(23) /RXSl
/ v(s,)* A >¢eg forall s €R.
Sl

N

v

The last property shows that v is non constant. Since the energy E(v) is finite, we
know from the results in [6] that the projection v into M converges as s — +00
to periodic orbits x4 of X having periods Ty < Ey so that v(s,t) — x4 (T1t) as
§ — o0, uniformly in ¢. So,

(24) Ti:/ 2+(Tx)*A = lim v(s, ),
S1

s—too 1

and applying Stokes’ theorem we conclude
|T+—T,|:/ v*dA < v < .
Rx St

By the definition of 7y, the constant  is smaller than the difference between any
two distinct periods in (0, Ep], so that T_ = T and hence

/ v d\ = 0.
Rx St

Non constant finite energy cylinders having d\-energy equal to 0 are classified in [8].
From Proposition 3.11 in [8] we deduce that ¥ must be a cylinder over a T-periodic
orbit z of the form

v(s,t) = (Ts+c,z2(Tt+d))

for some constants ¢ and d. In view of (24), T =T_ =T}
z(T - +d) belongs to W. From (22) we obtain, setting s = 0,

R (0,-) = v,(0,:) = v(0,-) = 2(T - +d).

Since the loop z(T - +d) lies in the interior of W, this contradicts u,(0,-) € W
required in (21). The proof of Lemma 3.1 is complete. O

< Ey so that the loop

In view of Lemma 3.1 we can fix a non-degenerate periodic solution x(t) of period
T < Ep and study J-holomorphic cylinders @ = (a,u) : [-R,R] x S* — R x M
whose projections into M satisfy
u([-R,R] x S') cU
for a small tubular neighborhood U of z(R).

For our study of long cylinders with positive center action we need special co-
ordinates as in [6]. In the lemma below we denote by Ao the standard contact
form

Ao =dV+ Y widy;
i=1

on S! x R?" with coordinates (9,1, 22, ..., Tn, Y1, Y25 -« > Yn)-
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Lemma 3.2. Let (M, \) be a (2n+1)-dimensional manifold equipped with a contact
form, and let x(t) be a T-periodic solution of the corresponding Reeb vector field
&= Xx(z) on M. Let T be the minimal period such that T = kT for some positive
integer k. Then there is an open neighborhood U C S' x R?™ of St x {0} and an
open neighborhood V.C M of P = {z(t) | t € R} and a diffeomorphism ¢: U — V
mapping S* x {0} onto P such that

(25) A= [ o,
with a positive smooth function f: U — R satisfying
(26) f=7 and df =0
on St x {0}.

The proof can be found in [6]. Since S' = R/Z we work in the covering space
and denote by (9,z,y) = (I, 21,2, ... Tn,Y1,Y2, - -+ ,Yn) € R?"TL the coordinates
where ¥ is mod 1. The contact form A in these coordinates is equal to

(27) A=["Xo

with a smooth function f : R*"*! — (0,00) defined near S' x {0} and periodic in
9, f(9+1,2,y) = f(9,z,y) and satisfying (26). The Reeb vector vector field
X = (X0, X1, ..., Xan)

has the components

1 = 1 1
Xo= 5 (f+2 w0nf), Xi= 5 0uf —i0sf), Xitn=—50uf
fori =1,...,n. The vector field X is periodic in 9 of period 1 and constant along

the periodic orbit z(R),
1
(28) X(9,0) = ;(1,0).
The periodic solution is represented as
(29) z(Tt) = (kt,0),

where T = k - 7 is the period, 7 the minimal period and k the covering number of
the periodic solution.

Lemma 3.3. Let Ey > 0 and v9 > 0 be as in the Introduction. For every N € N,
0 >0 and 0 <y <~ there exists h > 0 having the following properties. For every
R > h and for every J-holomorhic cylinder i = (a,u) : [-R,R] x S? - Rx M
satisfying the properties listed in (17) of Lemma 3.1, the following holds true for
the representation

u(s,t) = (a(s,t),9(s,t), 2(s,t))
of the cylinder in the local coordinates above. For all (s,t) € [-R+h, R — h] x S!,
0%[a(s,t) — Ts]| <6
0% [9(s,t) — kt]| <0
for the derivatives satisfying 1 < |a] < N, and
|0%2(s,t)| <6
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for all 0 < |a] < N. Here T is the period and k the covering number of the
distinguished periodic solution sitting in the center of the tubular neighborhood.

Proof. Arguing by contradiction we assume the existence of a sequence of numbers
R,, > 2n and and a sequence of J-holomorphic maps @, = (an,un) : [—Rn, Rn] X
S — R x M satisfying for all n,

/ urdX\ < .
[-R,,R,]x St

Moreover, representing the maps u,, in local coordinates by
aﬂ('S» t) = (an(57 t)a ﬁn('S» t)a Zn(sa t))v

we assume the existence of a number dy > 0, a sequence (s,,t,) € [-R, +n, R, —
n] x 81 and a multi-index o in 1 < |a| < N, satisfying
(30)

o“ [(an —Ts,9, — kt)} (Snytn)| = do.

We define the translated sequence v, : [-n,n] x St — R x M by
Un(s,t) = (bn(s,t),vn(s,t)) = (an(s + Snyt) — an(Sn, tn), un(s + sn,t)).

Since J is R-invariant, the maps v,, are j—holomorphic and satisfy the energy esti-
mates

n
[—=n,n]x St

E(v,) < Ey and / vid\ < 7.
Since v < 7o one concludes as in Lemma 3.1 that the sequence v,, has uniformly
bounded gradients on [—n + 1,n — 1] x S* and hence possesses a Cr. converging
subsequence. Its limit ¥ = (b,v) : R x S — R x M is a J-holomorphic cylinder
having the energy bounds

E(w) < Ey and / v d\ < 7.
Rx St

In addition, due to (30), the map ¥ is non constant. Therefore, arguing as in
Lemma 3.1, ¥ is a cylinder over a periodic orbit z(¢) of period T’ < Ey and hence
of the form ¥(s,t) = (T"s + ag, 2(T"t)). In view of the estimate (19), the period
T’ is close to the period T of the distinguished periodic orbit z(t). Since this
periodic orbit is non-degenerate, there exists a tubular neighborhood U of z(R)
which does not contain any other periodic orbit having period close to T. Hence
choosing the tubular neighborhood sufficiently small we conclude that 77 = T and
z(Tt) = xz(Tt), so that in the local coordinates of Lemma 3.2,

v(s,t) = (T's + ag, kt + Vo, 0)
for two constants ag and ¥9. From v,, — v in C, we conclude, setting s = 0, that
o [(an —Ts, ¥, — kt)] (Snytn) — (0, O)

for || > 1 in contradiction to (30). Similarly, the last estimate in Lemma 3.3 is
proved assuming that

(31) |aa2n(snatn)| Z 60
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for some o in 0 < |a| < N and some §y > 0. Arguing as above we find, since the
limit map © has its z-component equal to zero, that
0%z (Sp,tn) — 0
contradicting (31). The proof of Lemma 3.3 is complete. O
Corollary 3.4. If u = (a,u) : [-R, R] x S* — R x M satisfies the assumptions of
Lemma 3.3, then
[ utsra=1+00)
Sl
for alls € [-R+h,R— hl.

Proof. From the lemma we conclude

0
Eu(s, ) = (k,0) + O(9).

At the distance O(6) from the periodic orbit, we have
Ak,0) = 1Ag(k,0) + O(3) = TkA(1,0) + O(6) =T + O(9),
and the corollary follows. O

Next we briefly recall from [6] the Cauchy-Riemann equations for the represen-
tation

ﬂ(s,t) - (a(sat)7u(5at)) - (a(svt)7ﬂ(57t)’z(sat))
= (a(s,t),ﬂ(s,t),x(s,t),y(s,t))
= (a(s,t),ﬂ(s,t),azl(s,t), oz (s, 1),y (s, 1), . . ,y"(s,t)).

of a j—holomorphic cylinder in the local coordinates R x R?*+! of our tubular
neighborhood given in Lemma 3.2. On R?"*! we have the contact form \ = f - \g.
At the point m = (t,z,y) € R?"*1 the contact structure &,, = ker),, is spanned
by 2n vectors

E; = ey, Eitn=—mie1 +e11iqn, i=1,...n

with e, ...ea,11 denoting the standard basis of R*"T1. We denote by J(m) the
(2n) x (2n) matrix representing the compatible almost complex structure on the
plane &, in the basis {El, e Egn}. The symplectic structure dA|¢,, is, in the basis
{El, . Ezn}, given by the skew symmetric matrix function f(m)Jy, where

Jo = [121 Iod} '
Therefore, in view of the compatibility requirement, the complex multiplication
J(m) has the properties
(32) Jm)? =—-1d, Jm)TJoJ(m)=Jy, —JoJ(m)>0.
In particular, JpJ(m) is a symmetric matrix. It follows that
(z,y) = (x,—JoJ (m)y)

is an inner product on R?" which is left invariant under J(m),

(J(m)a, J(m)y) = (z,y).
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Denoting by
X = (X0, X1,...,X2,) ERxR*™
the Reeb vector field associated with A\, we define, abbreviating z = (z,y) € R?",
Y(t,z) = (X1(t, 2),..., Xon(t, 2)) € R*™.
Since X (¢,0) = (1/7,0) we have
Y(t,z) = D(t,2)z,

with the matrix function

(33) D(t,z)z/o dY (¢, pz)dp,

where d is the derivative with respect to the z-variable. In particular, if z = 0,
(34)

awlylf c awnylf 8ylylf. e aynylf
_ LU O o Oenf Ol o O

D(t’ O) B dY(t’ 0) B T2 - $1$1f cee _aévnwlf _a’vlylf te _awl’yn ’
—Opianf o —Owpwn,f —Owpyf o —Ompy.f

the last matrix being evaluated at (¢,0). We introduce the (2n) x (2n) matrices

depending on u(s, t),
(35) J(s,t) = J(u(s,t)) = J(ﬂ(s,t), z(s, t))
S(s,t) = [a; — asJ(s,t)]D(u(s,t)).

Writing 7mus + J(u)mu; = 0 in the above basis (Ej) of the contact plane &, at
m = u(s,t), one sees as in [6], that the Cauchy-Riemann equations (3) for the
representation u(s, t) = (a(s,t),9(s,t), z(s,t)) € RxRxR?" in the local coordinates
of Lemma 3.2, become the following partial differential equations.

(36) zs + J(s,t)z + S(s,t)z=0
and, with z(s,t) = (m(s,t),y(s,t)),

as = (ﬁt + i:m@w) f(u)

i=1
a = — (195 + Zxﬁsyi)f(w
i=1

It will be convenient to decompose the matrix S(s,t) into its symmetric and anti-
symmetric parts with respect to the inner product < ,—JOJ(s,t)-> on R?" intro-
ducing

(37)

™
—
VCIJ
~+
=

I

[S(s,t) + S*(s,t)]
(38)

Q
—
fl.)

~+
=

I

[S(s,t) — S*(s,t)].

N = N =
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Here S* denotes the transpose of S with respect to the inner product < ,—JoJ (s, t)>
Explicitly,

S* = JJoST JoJ,

where ST is the transpose matrix of S with respect to the Euclidean inner product
(+,+) in R?". With this notation, the equation (36) for z(s,t) becomes

(39) zs + J(s,t)z + B(s,t)z + C(s,t)z = 0.

The operator A(s) : Wh2(St, R?") C L2(S1,R*) — L2(S!,R?") is defined by

A(s) = fJ(s,t)% — B(s,t).

The operator A(s) is self-adjoint with respect to the inner product < ,->S in L?
defined for z,y € L?(S',R?") by

1
<x7y>s ::/O <x(t), —JOJ(u(s,t))y(t)>dt.

The norms

]} = (z.2),
are equivalent to the standard L?(S*, R?")-norm denoted by H . || Indeed, there
exists a constant ¢ not depending on s such that

1

(40) Sl <l < el
for all z € L2(S!,R?").

Lemma 3.5. For every 0 <~ < 7o there exists a constant h > 0 such that for every
R > h and every J-holomorphic cylinder u : [—-R, R] x S* — R x M satisfying the
conditions (17) in Lemma 3.1, the following holds true.

Ifu = (a(s,t),u(s,t)) is the representation in the local coordinates and A(s) the
associated operators, then there exists a constant n > 0 such that

14)e]l, = nlle]],
for all s € [-R+ h, R — h] and all £ € WH2(S1,R?").
Proof. Arguing by contradiction we assume the existence of a sequence of numbers

R,, > 2n and a sequence Uy, = (ap,up) : [—Rp, Bp] x ST — R x M of j—holomorphic
cylinders satisfying

E(u,) < Ey

/ wyd\ <y
[=Rn,Rp] xSt

/ updX > ¢g for all s € [-R,, R,] and some g9 > 0.
Sl
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Representing u, in local coordinates as w,(s,t) = (an(s,t),9n(s,t), 2,(s,t)) we
have the associated operators

d
41 An(s) = —=Jn(s,t)— —
(41) (5) = —uls, 1)
where J,,(s,t) = J(un(s,t)) and where S,(s,t) and hence By(s,t) is defined by
replacing in the definitions the map % by the map w,,. We assume that there exists
a sequence s, € [—R, —n, R, +n], & € WH2(S1 R?") such that

(42) [énll, =1 and [[An(sn)éall, — O
Proceeding as above we introduce the translated maps v, = (bn,v,) by defining

(43) Un(8,t) = (bn(s,t),v,(s,t)) = (an(s + Snyt) — an(sn, 0), un(s + sp, t))

B (s,1),

for all n and (s,t) € [-n,n] x S1. Again v, is a J-holomorphic cylinder having the
energy bounds

E([,) < Ey and vrdh < 7.

n
[—=n,n]x St

It follows as in the previous lemma,
(44) Up — 0 in CR2(R x SR x M),

where v is a cylinder over a distinguished periodic orbit x(t) sitting in the center of
the tubular neighborhood, hence having in the local coordinates the representation

(s, t) = (Ts + ag, kt + 99, O)

with two constants ag and . Setting s = 0 in (44) we deduce
0
§an(sn,t) —0

0

gan(sn, t)—-T
ﬁn(sn, t) — kt + 7.90

Zn(8n,t) — 0

as s — oo, uniformly in ¢. As a consequence, in view of (32)-(35) and (38), one
finds

B»,L(Sn,t) — TJ(k’t + 190,0) . dY(k‘t + Yo, 0)
To(5mst) — J(kt + Do, 0)
as n — oo, uniformly in ¢. Since ||.J, (s, ~)§||S = ||§HS for every € € L?(S*,R?") and

since the s-norms are equivalent to the L?-norms, there exists a constant C' > 0
such that for all n and ¢ € WH2(S1, R?")

(16) Sl < NAntondel] + [1Basns el

Consequently, the sequence &, in (43) is bounded in W12, Since W12 is compactly
embedded in L2, a subsequence of ¢, converges in L?. Therefore, by the assump-
tions (42), the limits (45) and the estimates (46), the subsequence (still denoted by
¢,) is a Cauchy sequence in W12(S1 R?") so that

& — € in WH2(ST R™).

(45)
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From
Ap(s0)€n = —Jn(5n,)en — Bp(sn, )én — 0 in L?(S', R?")

and (45) one concludes that & solves the equation

d
ZE(t) = Ty (x(Tt))€(1),

where we have used that in our coordinates the periodic solution is represented as
x(Tt) = (kt + 99,0). Since the linearized flow of the Reeb vector field X leaves
the splitting TM = RX @ & invariant, and since £ # 0 we have found a second
Floquet multiplier equal to 1 so that the T-periodic orbit z(¢) is degenerate. This
contradicts our assumption that all the periodic solutions having periods T' < Ejy
are non degenerate. The proof of the lemma is complete. O

In the next lemma we estimate the L?-norms for smooth loops z(s) defined by

z(8)(t) := z(s,t)

1
- / 12(s, 0)[2dt
0

Lemma 3.6. There exists dg > 0 such that for every 0 < § < o there exists
constants h > 0 and p > 0 with the following property. For every R > h and every
J-holomorphic cylinder @ = (a,u) : [-R, R] x S* — R x M satisfying the properties
(17) we have for the representation u = (a(s,t),9(s,t),z(s,t)) in local cordinates
the estimates

and use the notation

for the L2-norm.

2O < G QW (ll || sinh{u(r — 5)] + Hz<r>||2smhm<r+s>])
~cosh[us]
<o (=) tr) |} - S
cosh|[ps]
<52cosh[ur]

for all s € [—=r,r] and r = R — h. The constant ¢ occurs in the equivalence relation
(40) for the norms. The last estimate follows from lemma 3.3.

Proof. Let 6 be as in Lemma 3.3 and Lemma 3.5 and choose R > h. Repeatedly we
shall make use of Lemma 3.3 to make § smaller and so h possibly larger. We consider
in the local coordinates the J-holomorphic cylinder @ = (a(s, t),9(s,t), 2(s,t)) on
[—7,7] x ST with r = R — h. We define the function g(s) for s € [—r,7] by

(47) g(s) = %Hz(s)”i = /0 (2(s,t), —JoJ (s, t)z(s, t))dt.

To prove the result it suffices to show that
(48) g"(s) = 1?g(s)

for some constant p > 0 and all s € [—r,r|. Indeed, assume that g satisfies the
estimate (48) and introduce the function

f(s) = Ae™#° + Be!?|
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where the constants A and B are chosen so that

f(=r)=g(=r) and [f(r) =g(r).

Explicitly,

1) = gy (907 st = o)+ g sinblur + ] )
We claim
(49) g(S) < f(S)a s € [_T’ T]'

To prove the claim we observe that f”(s) = u?f(s). Hence, the function h(s) =
g(s) — f(s) satisfies h”’(s) > p2h(s) and h(—r) = h(r) = 0. We have to prove that
h < 0 on [—r,r]. In order to do so we assume that I C [—r,r] is an interval on
which h > 0 and h = 0 at the boundary points. On I the function h is convex
and hence attains the maximum value at the boundary points where the values are
equal to 0. This implies h = 0 on I. Consequently, h(s) < 0 on [—r,r] proving the
desired estimate (49). It remains to prove (48).

In order to derive the inequality (48) we shall differentiate the function g. Using
equation (39) for z(s,t) and recalling that the matrix JoJ(s,t) is symmetric with
respect to the Euclidean inner product < ,'> while C(s,t) is anti-symmetric with
respect to < ,fJOJ(s,t)~> we obtain

1

1 1
g'(s)zl/ <z3,—J0Jz>dt—|—1/ <z,—J0st>dt—|—1/ (z,—JoJsz)dt
2 /o 2 Jo 2 Jo
1
= <zs7z>s+%/ <z7—J0J5z>dt
0

1 1
= (A(s)z,2), + 5/ (z,—JoJsz)dt.
0
We differentiate the function g once more and use the fact that the operator A(s)
is self-adjoint with respect to the inner product <~, ~>S on L?(St,R?"),
g’ (s) = QHA(s)zHi — (A(s)2,Cz), — 2(A(s)2, JJz), + (Cz,J Jsz),
(50) 1 !
— §<z, JJssz>s +/0 <—Jszt — Bz, —Jon>dt.
We reformulate the last term containing z;. Recall (32). By taking the derivative
of JTJ()J = JO in S,
JTJod + T Ty ds = 0.
Using this identity and recalling the operator A(s)z = —J(s,t)zz — B(s,t)z we
obtain, with the inner product < ,~> in R?"?, the pointwise identity
(=Jsze, —Jodz) = (A(8)z, JoJsz) + (Bz, JoJsz).

Integrating and recalling J? = —1d,
1
(51) / <—Jszt — Bz, —JOJz>dt = <A(s)z, JJSz>S + <Bsz, z>s — <Bz, JJSZ>S.
0

Recall that for the derivatives of the solution u, the estimates |8§“u(s,t)’ < 4 for
a > 1 hold true by Lemma 3.3. Consequently, the derivatives in s of the matrices
B(s,t) and J(s,t) contain factors estimated by J, which we can choose as small as
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desired. Denoting by O(J) a positive function satisfying O(5) — 0 as § — 0, we
therefore have

(52) |[Js(s, )], [Jss(s,0)], [Bs(s, )] = O(6).
We must show that also
(53) |C(s,t)| = 0(9).
Recall that
1
O(Sv t) = 5 [S(Sa t) - S(Sv t)*}
= S [D= 11D JoJ) = S [ID ~ T D" ).
The first term contains a; which, by Lemma 3.3, is estimated by |at(s7 t)’ < 6. To
estimate the second term we observe, using J2 = —Id and JI = —Jy, that
JD — JJoD" Jy = JJo[(JoD)" — (JoD)].
Define the anti-symmetric matrix R := (JoD)T — (JyD). Since JoD(t,0) is, in view

of (32) a symmetric matrix we have for R the representation

R(Y,z) = [ /O 1(323)(19,72)(17] 2.

Here 9, R stands for the derivative of R with respect to the second variable z. Since
|z(s,t)] <9, by Lemma 3.3, we have verified the estimate (53) for C(s,t). Finally,
recalling form Lemma 3.6 that HA(S)SHS > 77||§Hs we can estimate ¢g”’(s) in (50)
using (51), (52) and (53) for ¢ sufficiently small as follows
2 2
9"(s) 2 2| A(s)z], = O@)[|A(s)z]., - |12l = O]l

> 2| A(s)z], - (|A(s)2]], = O@)|2]l,) = O@)]|=]|

2
21l 2
> ug(s),
with p? = 1?2, provided § is sufficiently small. We have verified the desired inequality
(48) and the proof of Lemma 3.6 is complete. O

For the L?-norms of the higher derivatives we find the same estimates.

Lemma 3.7. Given N € N and 0 < v < ~9. Then there exist constants §g > 0
and Co > 0 such that for every 0 < 6 < do there exist constants h >0 and p > 0
having the following property. For every R > h and every J-holomorphic cylinder
u = (a,u) : [-R,R] x St — R x M satisfying the requirements (17) of Lemma 5.1,
the representation u(s,t) = (a(s,t),9(s,t),2(s,t)) in local coordinates admits the
following estimates for the partial derivatives in s,

5 cosh[us]

[022(s, )|

< a’ d
= cosh[ur]

for all s € [—r,r] withr = R—h and 0 < a < N.
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Proof. Fix N € N and denote by W the column vector

az(s,t)
s2(s,t
W (s, t) = ( )
852.(3,15)

For a given k, the derivative 0% z(s,t) satisfies the equation

Dz =—3" (’;) [(857) (0 10,2) + (85 B) (942) + (95C) (51)]

=0

= (J0,0%z + BOY2) §3<:>ak (95'yz) — ii() (05B)(957"2)

=1 =1

-3 (e

Hence the vector W solves the equation
(54) OW + JO,W + BW + CW + AOW =

where we abbreviated the (N + 1) x (N + 1) matrix functions
j:diag[J,... ], E:diag[B,--- ,B],

C 0 0 0 0 0 0 0

i C 0 0 A, 00 0

C=| Co Ca1 ¢ o 0 A= | D2 Az 0 0

Cnny Cnn-1 -+ Cng C Anny Axn-1 -+ Anxi 0
where

Amz(ﬂix QJ:G)@B+QQ

for 1 <1< k < N, with the matrices B(s,t) and C(s,t) defined in (38), and with
J(s,t) defined in (35). We introduce the operator A(s) in L?(S*, R#*(N+1) by

N d N
As)¢ =—J—¢-B
()¢ = —J 7.6 — B¢
for £ € W2(S1, R?(N+1) Denoting by Jo the block-diagonal matrix

‘/]\0 = diag[JOaJOa"' 7‘]0]7

we introduce the family of s-dependent inner products and corresponding norms
1
<x7y>s = / <x(t), —JOJ(s,t)y(t)> dt
0
2
HmHs = <£L',.’£>s
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for z,y € L?*(S',R*N+1)  The operator A is self-adjoint with respect to the
s-dependent inner product < , ->s in L?. By Lemma 3.5,
(55) 1AG)E]], = mll<ll,
for £ € W12 with a positive constant 7.
Introducing the loops W(s) = W (s, ) we define the function

1

1 2 1 ~
o) = 5IWOIE =5 [ Vs, =R T(s.0W (s,

Proceeding as in Lemma 3.6 it suffices to prove
(56) g"(s) = p?g(s)
for all s € [—r,r] where r = R — h with some positive constant p.

Taking the derivative of g one obtains
"(s) = (We, W)+ % /01<W, ~JoJ W )dt.

For the second derivative one finds, using J2 = —Id,

67 g"(6) = (W W), + W2 = 2(Wo, TAW), = S(W.TTW),.

Our solution u(s,t) satisfies, in view of Lemma 3.3, the estimates [0%u(s,t)| < 0

for @ > 1. Hence the matrices J and J ss contain factors which are estimated by 4§,
in the following chosen sufficiently small. Denoting by O(d) a positive function sat-
isfying O(0) — 0 as 6 — 0, we have the estimates |< , <W, JJSW>S} <

5)(||W||j + HW@Hj) Consequently,

S

(53) 9"(5) 2 (Wes, W), = 0@ ([W][; + W2 1)
In order to estimate the first term we differentiate equation (54) in s and obtain

(Wes, W), = (A(s)We, W) — (AW, W) — (T Wi, W) |

(59) - ~ .
— (AW, W>S —(B,W, W>S — (CW, W>s —{(CW, W>S.
In view of the proof of the previous lemma, |6 (s,t) | = 0(9), so that the last
three terms in (59) are estimated by O (‘ ) In order to estimate

the two terms <jsWt, W>s and <A5Wt, W>s contamlng the first derivative of W in
t we multiply equation (54) by j, and using J?=— Id, obtain the equality

(60) (Id~JA)W, = JW, + JBW + JCW.

Since the matrix entries of A are derivatives of J(s,t), we have |jA| = O(0) so that
the matrix (Id—jA) is invertible if § is sufficiently small. With ‘(Id —jA)_1’ <
(1- |jA|)71 one concludes

(61) Well, < € W5+ Wil 1)-
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Consequently,
<j;Wt’ W>s’
| <A5Wtu VV>g ’

oE (WS +[Iw.ll,)
OE) (W, + [Wl2)-

<
<

In order to estimate the term (AW, W>s in (59) we differentiate the function
(A(s,t)Wy(s, 1), *j})j\(87t)W(S,t)> in ¢ to obtain
%(AWS, ~TodW) =(AWy, = JoJW ) +{ AWy, —To W)
H(AW,, = Jo W )+ (AW, = Jo TWy).

Integrating in ¢ over [0, 1] the left hand side vanishes in view of the periodicity in ¢
and, using J2=— Id, one has

(62) (AW, W>s = *<Ath,W>s + (AW, fzﬁW)S - <AW9,Wt>S
so that, by (61),
(AW, W), | < 0@ (W2 + W)

Summarizing the estimates for the term <Wss, W>s in (59) so far we have, in view

of the selfadjointness of the operator A(s),
(63) (Was, W), > (W, A)W), = O@)([W][7 + [ W]2)-

In order to estimate (W, A\(S)W>S we first solve the equation (54) for A\(S)W and
find, using |A , |5| = O(0) and using the estimates (61) for W4, if § is sufficiently
small,

(W, As)W) = | Wy = (W, CW) | — (W, AW,
(64) > (1-0@) W - 0@
> Wil - o)W’

It remains to estimate HI/VSHS from below. We first claim that for § sufficiently
small,

(65) 14(s)¢ = Agll, = (n/2)J¢]],
for all s € [—r,7] and all £ € WH2(S, R2*N+1) with the constant 1 occuring in
(55). To prove the claim we note that, using J?=— Id,

A(s)é — AE = (1A —AJ) A(s)€ — AJTBE.

Using again |Aﬂ = 0(9), the matrix (Id fAﬂ is invertible and we find, recalling
the estimate (55) for the operator A(s), if § is sufficiently small,
[ = g, = [|(d=a0) "7 A, - 0@,
2 (1+0)nllé]l, — o)l
= (n/2)]l¢ll,
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as claimed in (65). Using once more equation (54) for W, we can estimate, using
(65) and choosing ¢ sufficiently small,

W]l = [[AW — AW, - [[CW |
> (n/2=0®) - [|W|, = (n/4) - [|W].,.
From (57), (62), (63) and (65) we finally conclude

(66)

') = 504 = 00 ||

1
> 402 S |[W = ig(s)

with u? = (n/4)?/2, provided ¢ is sufficiently small. This is the desired estimate
(56) and the proof of Lemma 3.7 is complete. O

In the following lemmata the constants C,, are independent of § and h. However,
h depends on the choice of § in 0 < § < dg and h — oo as 6 — 0. From Lemma 3.7
we deduce immediately L2-estimates for all derivatives.

Lemma 3.8. Under the same conditions as in Lemma 3.7,

o cosh[us]

o =(s, )"

< Ca -0
cosh|[ur]

for all derivatives 0% = 091072, 0 < |a| < N, for all s € [—r,r] with r = R — h.
The constants C, do not depend on 6 and h.

Proof. Let W (s,t) be a vector from Lemma 3.7. It solves the equation(54). Mul-
tiplying (54) by J and using J? = —1d we find, by Lemma 3.3, and recalling

’A| = 0(0), the estimate

COS S 1/2
2M) +0(8)|aW (s,

S

o, <2t

Consequently, for all «, we obtain for the first derivatives in ¢, if § in Lemma 3.3 is
sufficiently small,

2 cosh[ps]

00 M OLg - 62—,
” 105 2(s, )Hs Lo cosh|pr]
Taking more derivatives of equation (54) in ¢, the statement follows by induction
from Lemma 3.7. O

Using the Sobolev estimates we deduce from Lemma 3.7 and Lemma 3.8 imme-
diately the desired pointwise estimates.

Lemma 3.9. Under the same conditions as in Lemma 3.7,

h
|aaz(s7t)|2 <C, 62 coshlps]
cosh[pr]
for all 0 < || < N and for all s € [—r,7] and t € S* withr = R—h. The constants
C, do not depend on 6 and on h.
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We turn to the functions a(s,t) and ¥(s,t) in the coordinate representation of
the J-holomorphic cylinder # : [-R, R] x S — R x M in Lemma 3.7. They are
smooth solutions of

as = (19t + i -Tiatyi> f(9,2)

i=1

- <195 + Z xiasyi) f(ﬁv Z),
=1

where z(s,t) = (z(s,t),y(s,t)). Moreover, f(t,0) = 7 and f.(t,0) = 0. Conse-
quently,

ft,z) =7+ [/Olfz(t,az) da]z =7+ [/01 [/Olafzz(t,Aaz)dA}z da}z

=7+ (b(t,2)z,2).

(67)

Introduce the functions @ and J by

a(s,t) =a(s,t) —Ts
(68) ~
I(s,t) = (s, t) — kt.

The functions @ and 9 are 1-periodic in ¢. This follows from Lemma 3.3 and the
representation z(Tt) = (kt + ¢,0) of the distinguished periodic orbit. Recalling
T = 7k, equations (67) become

Gy — 10 = Tin&gyi + <19t + Z a:iatyi> (b(t, 2)z, z)
j i=1
1 n
+ at Zl‘ asyz - ;(195 +zzzlxzasyz) <b(t,Z>Z,Z>~

Introducing w(s,t) by

(70) w = @ ,

the equations (69) take the form

(69)

7 = 0 -7
(71) ws +Jwg=h, J= (1/7_ O) )
where h(s,t) is the right hand side of (69). It is quadratic in z so that, in view
of Lemma 3.9, the map h(s,t) satisfies the following estimates for the derivatives
0<al <N,
cosh|[ps]

o < .62 .
(72) |0%h(s,t)] < Cq - 6 cosh[r]

The next lemma is inspired by J. Robbin and D. Salomon [18].

Lemma 3.10. Assume w(s,t) and h(s,t) are smooth, 1-periodic in t and solve the
partial differential equation

(73) ws + Jw, =h  on [—r,r] x S!
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for some r > 0. Assume, in addition, that

1
(1) /0 w(s,t)dt =0

(1) [05h(s, )||” + [|0ehs, )||* < f(s)

for a smooth function f satisfying f"(s) = (2u)%f(s), with some constant u > 0.
Then, choosing 0 < v < 2u and v < 4w we have for all s € [—r,7]

1 2 c
o]

< simb[207] <ﬂ(7") sinh[v(r — s)] + B(r) sinh[v(r + s)]),

where
B(=r) = =||w(=r)|* + bf (=)
B(r) = %Hw(r)”2 +bf(r)

with a positive constants ¢ and b = b(v) independent of r and s.

Proof. In terms of the operator A, defined by
~d
A=J—

dt’
the equation (73) looks as follows,
(74) w' + Aw = h,
where during the proof prime denotes ds and dot denotes 0;. The operator A
is self-adjoint with respect to the inner product (-,-) in L? defined by <x,y> =
fol (x(t), = JoJy(t)) dt for z,y € L2(S*, R2"). The spectrum of A is equal to 277
and A is non-degenerate when restricted to the closed subspace of functions having

mean value equal to 0. Denoting by | - |2 = <~, > the corresponding norm in L? we
define

1
als) = glu(s) P
Differentiation in s gives in view of the equation (74) for w,
o =(w,w') = (w,h— Aw).

Together with |Ah| < C|h|, where C' > 1 is a constant, we obtain for the second
derivative of o the estimate

o(s) = 2|Aw|* = 3(Ah,w) + (w, ") + |h|?
> 202m)* | — [wl - 1| = Clw| - |h)

2 .
> sl — Auf? — S { I+ [hf? )
> (1672 — 2A)1|w\2 = 0—2{ W2+ [}
- 2 2\

for every A > 0. Choosing A > 0 small one concludes, using assumption (ii), the
estimate

(75) a(s) = v?a(s) — af(s)
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for v < 47, with a constant @ > 0. Choose v < 2y and define

(76) B(s) =a(s) +bf(s), b= (O
Then
(77) a(s) < B(s).

From (75), (76) and f”(s) = (2u)%f(s) we deduce
B"(s) = v*B(s).
Consequently, arguing as in Lemma 3.6 we find the desired estimates and the proof

of Lemma 3.10 is complete. O

As a consequence we have

Lemma 3.11. Under the assumptions of Lemma 3.7 we fit N € N. Then there
ezist constants C,, such that for all derivatives

0% =980?, s >1,]a| <N

the following estimates hold for the functions a and 9 introduced in (68),

5 cosh[vs]

o~ 2 oy 2 .
e, ", 030 < - - S

for all s € [—r,r] where r = R — h, and where 0 < v < 2u, v < 47 is the constant
introduced in Lemma 3.10 and where p is as in Lemma 3.7. The constants Cyo, do
not depend on § and h.

Proof. The function w is a solution of (71). Abbreviate

v = 0% = 9510, w.
Since as > 1, the mean values over a period vanish and v solves the equation

Vs + jvt =0% =:g.
In view of (72),
(78) [9xa(s. )|+ [Drgs. ) |* < Co - 62 SRS

cosh[2ur]

with different constants C,. We have assumed that § < 1. Choosing f(s) equal
to the right hand side, the assumptions of Lemma 3.10 are met. By Lemma 3.3,

Hv(—r)“2, v(r)H2 < 6%, and the desired estimates follow from Lemma 3.10. O

Lemma 3.12. Under the assumptions of Lemma 3.7 and for fited N € N the
following estimates hold true

o cosh[vs]

182[0(s,-) — Dol||*, (|02 [a(s, ) — ao)||” < Cu -6

" cosh[vr]

forall s € [-r,r] and 0 < a < N, wherer = R—h and 0 < v < 2u, v < 47 is
the constant introduced in Lemma 3.10. The constants (ag, Vo) are the mean values
over a period at s =0,

1 1
ag :/ a(0,t) dt, Y :/ [9(0,t) — kt] dt,
0 0

and the constants C,, do not depend on & and on h.
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Proof. Recall from (70) the function w(s,t) = (a(s,t),J(s,t)) and abbreviate v =
0dw, 0 < a < N. It satisfies the equation

Vg + jvt =g
with g(s,t) = 0%h(s,t). Subtracting the mean values, the function

1
v(s,t) = v(s,t) 7/0 v(s,t) dt

solves the equation

1
R
0

1
/ v(s,t) dt = 0.
0

(79) [5(s,1)[% < ||050(s, )||* = ||8so(s, )||° < Ca - 6

and satisfies

Therefore, by Lemma 3.11,

cosh[vs]

cosh[vr|’

Abbreviate the mean values

als) = /O1 o(s, t)dt.

Then v(s,t) — a(0) = ¥(s,t) + [a(s) — a(0)] where v and a(s) — a(0) are orthogonal
in L?(S1) so that

(80) [o(s,-) = a(O)||* = ||5(s, )||* + |au(s) — a(0)[>.

The term ||0(s, )H2 is estimated in (79). In order to deal with the last term we
integrate equation (71) for v over a period and find, in view of the periodicity in

time,
1 1
/ vs($,t) dt:/ g(s,t) dt.
0 0

Consequently, recalling the estimate (72),

’ Cy - 62 s
— = ! < =2 7 .
a(s) — a(0)] /0 o/(1) dr| < coshlur] /0 coshlur] dr
Ca : 52 .
S coshlr] |sinhls]|.

Hence, if s € [—r, 7],

C?.5* sinh®[us] _ G- 0' coshl2us] _ CZ-6" coshlvs]
p?  cosh’[ur] © p?  cosh[2ur] T p?  coshlvr]’

|a(s) — a(0)]* <

We have used that the function cosh[2us]/cosh[vs] is increasing on [0, 7], since
v < 2p. Assuming 0 < 1, the desired estimates now follow from the estimate (79)
and from (80) above. O

By means of the Sobolev embedding theorem one concludes from Lemma 3.11 and
Lemma 3.12 the following pointwise estimates.
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Lemma 3.13. Under the assumptions of Lemma 3.7 the following estimates hold
true for all (s,t) € [—r,r] x ST withr = R—h,

_ cpcosh[vs]

|[“)“ [a(sj) —Ts— ao] |27 % [19(37t) — kt — 190] |2 < Oy,

cosh[vr]’

0 < |a] < N, with the constants ag and ¥y defined in Lemma 3.12, and with
0 <v<2u, v <A4mw as introduced in Lemma 3.10. The constants Cy, do not depend
on § and h.

With Lemma 3.13, the proof of Theorem 1.3 in the introduction is complete.

4. APPLICATION

The following results will have applications in the compactness proof of sequences
of j—holomorphic finite energy maps, which will be important for the symplectic
field theory in [2].

We begin by introducing several concepts. In the following Sy and S_ are
two compact disk-like Riemann surfaces with smooth boundaries. Their complex
structures will be denoted by j; and j_. Let oy be interior points of S+ . Then
a noded surface is obtained by identifying in the disjoint union S_ U S, the two
points o and oy. The noded surface obtained this way is denoted by S and its
node by o.

Definition 4.1 (Deformation). A deformation of a compact Riemann surface
(A, ) of annulus type is a continuous surjection map

f:A—=S
onto the nodal surface, so that f=1(0) is a smooth embedded circle, and
frANf o) = S\ {o}

is an orientation preserving diffeomorphism. On S\ {o} we have the pushed forward
complex structure f,j

We consider a sequence of compact Riemann surfaces (S, j,) of annulus type
whose moduli converge to oo,

mod(Sy, jn) — 0.
On this sequence of surfaces we consider a sequence
Uy = (an,un) : (Snajn) —-RxM

of J-holomorphic finite energy maps. Let & = (a,u) : S\ {o} — R x M be a
J-holomorphic finite energy map having the negative puncture at oy € S; and the

positive puncture o_ € S_ and assume that their asymptotic limits are the same
periodic orbit of the Reeb vector field.

Definition 4.2 (Convergence modulo R). The sequence uy, : (Sp, jn) — Rx M
of J-holomorphic maps is said to converge to u : S\ {o} — R x M if there exists a
sequence of deformations fr : (Sn,jn) — (S,J) satisfying

(i) un - ft —wu
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(ii) (fn)*]n — J+
in Cis. (S \ {ox}).

We will next introduce a second notion of convergence related to the notion of
asymptotically marked points. Let R be a Riemann surface and let » € R be an
interior point. An asymptotic marker for r consists of a choice of an oriented real
line 7 C TR in the tangent space at r. The oriented line 7 together with the
underlying point r will be called an asymptotically marked point.

Given the Riemann surface R with an asymptotically marked point 7 there is a
distinguished class of holomorphic coordinate systems around r, called compatible
with the asymptotic marker and defined as follows. We take any compact disk-
like neighborhood D with smooth boundary around r. Then we take the unique
biholomorphic map o from the closed unit disk D onto D mapping 0 to r so that
the tangent T'0(0) maps 1 € R to an (oriented) basis vector in 7. We note that for
two such coordinate systems ¢ and 7 compatible with the asymptotic marker, the
linearized transition map at 0, D(o_1 o 7') (0) : C — C, acts via multiplication by
a positive real number.

Assume now that o = (a,v) : R\ {r} — R x M is a J-holomorphic finite energy
map and assume that r is a non removable positive puncture. Moreover, assume
that the associated asymptotic limit is a non degenerate periodic orbit of the Reeb
vector field. Let 7 be an asymptotic marker. Then there is a special class of
holomorphic polar coordinates around r, compatible with the asymptotic marker
and defined as follows. We take a holomorphic coordinate system o : D — D
around r which is compatible with the asymptotic marker as described above and
define the holomorphic map h: RT x S — D\ {r} by

h(s,t) = 0(672”@“”) .

If one considers the composition v - h, then v - h(s,t) will converge in C*°(R) as
s — 00 to a parametrization of the asymptotic limit. The limiting loop [t — y(t)]
is independent of the choice of o as long as ¢ is compatible with the asymptotic
marker.

If the puncture r is negative, we take the holomorphic polar coordinates A :
R~ x St — D\ {r} defined by

h(s,t) = 0(62”(8”“) .

We consider now a special finite energy map @ = (a,u) : S\ {o} — R x M,
where S is the noded surface introduced above with the node o = o_ = o, where
0+ € S4 and o_ € S_. We assume that oy is a negative and o_ positive puncture.
Moreover, the negative asymptotic limit of u|g +\{o;} coincides with the positive
asymptotic limit of u[g_\(o_}. We assume, in addition, that o1 are asymptotic
marked points. If hy are negative holomorphic polar coordinates at o, compatible
with 05, and if h_ are positive holomorphic polar coordinates at o_ compatible
with 0_, we finally require that

lim w-h_(s,t)= lim w - hi(s,t)

$§—00 §——00
for all t € S1. A finite energy surface u : S\ {0} — Rx M having all these properties
is called compatible with the asymptotic markers.
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Definition 4.3 (Directional convergence modulo R).

Assume that the finite energy surface t = (a,u) : S\{o} — RxM is compatible with
the asymptotic markers as described above. The sequence Uy : (Sp,jn) — R x M
is called directionally convergent to w : S\ {o} — R x M for the given asymptotic
marked points 0F if there exists a sequence f, : S, — S of deformations onto the
nodal surface S and a sequence W, : [—R,, R,] x S' — S,, of biholomorphic maps,
where 2R, = mod(Sy, jn) — 0o, with the following properties,

(i) up - fr?l —u
(ii) (fn)*]n — Jx

n C’ﬁfc(Si \ {oi}). Moreover, we require that the sequences of mappings e,
defined by

€n >

e fol(2) = (R, 0)  for z€ Sy \{oy}
Vo f712) + (R,,0)  for z€ S_\{o_}

3 3

=V
e,(z2)="

do converge as n — o0, in the sense that
er —et in Op(Sy \ {o4},R™ x SY).
L—ein O (S-\ {o—},RT x S).

€n

Then the limit maps et : S; \ {01} = R™ x St ande™ : S_\{o_} — RT x S!
are necessarily biholomorphic, and in particular, inverse maps of holomorphic polar
coordinates. Defining the associated holomorphic coordinate systems vy : D — Si

by setting v+ (0) = o1 and (ei)_l(s,t) = vy (eF27 ) on RT x S, we require
that vy are compatible with the asymptotic markers.

Since e are convergent, it follows from the properties of holomorphic mappings
that the limiting maps e* are biholomorphic. This implies, in particular, that given
any h > 0, the preimage ¥, ! - f,"1(0) of the node, which a priori is a circle in
[~R,, R,] x S, is actually contained in [~R,, + h, R,, — h] x S if n is sufficiently
large. As a consequence, the composition f, - ¥, is defined on the complement of
[~R,, + h, R, — h] x S* if n is sufficiently large. Consequently,

Up = Up(—Rp + 8,t) = up - fn_1 . (fn o \I/n(—Rn—l—s,t))

is well defined for every s > 0 and sufficiently large n. Moreover, the right hand
side converges to the map u - (e7)~! : Rt x S — M. Hence, introducing the
translations 7,(s,t) = (s + a,t), we have

Up > Uy o T_p, —u - (e7)"1 in O (RT x S, M).
Similarly,
Up > Uy o Tp, —u - (e7)7F in CR(R™ x S, M).

We will make use of all these considerations in order to prove the following unique-
ness statement.

Proposition 4.4. If u, converges directionally to u and to v, then

u=v-@r on ST\ {oxr}
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for two biholomorphic mappings ¢+ : S+ — Si satisfying ¢4 (0+) = ox and
Tpi(0+)0+ = e - 04

for some 6 € R.

Proof. Denote the data for the convergence to @ by (f,,V,,e*) and the corre-
sponding data for the convergence to ¥ by (gn, ®n,d™). We note that &, - ¥,
is a biholomorphic map of the cylinder [—R,,, R,,] x S'. As such it has necessarily
the form (s,t) — (s,t + ¢,), considered mod 1 in the second argument. Hence it
is a rotation o, of the cylinder. After taking a subsequence we may assume that
¢, — c. Recall that

Up = Uy = TR, — U = (e_)_1
Up o Py o TR, — VU o (df)f1

in C°(R x S', M). On the other hand, since ®,! - W,, converges to a limiting

rotation o of the cylinder, we deduce from u,, - ¥,, - 7_p, = (up, « Py, « 7_g,) °
(g, - ®,1 - W, - 7_g, ) in the limit as n — oo,

n
u-(e) t=v-(d) .o
Similarly,
ue(eN)t=v- (@)t o

The desired result now follows from the compatibility of the holomorphic coordinate
systems defined by et and d* with the asymptotic markers. O

The main result of this section is the following compactness result.

Theorem 4.5. A convergent sequence u, has a directionally convergent subse-
quence.

Proof. By hypothesis, there is a sequence of deformations f, : S, — S so that
Up o 7t — win C2,(S\ {o}). Fix a point ¢ € S and choose biholomorphic maps
U, : [-Ry, Ry] x ST — S, satisfying ¢ = f,, © ¥,,(Rp,0). The maps ;1 - f-1:
S \{o+} — [~ Rn, Ry] x St are injective and holomorphic if the target is equipped
with the standard complex structure and the domain with the structure induced
from j, on S, via the push forward by f,,. The boundary 0S5, is mapped to the
upper boundary of the cylinder. A standard bubbling-off analysis will show that
the gradients of W,-! - f-! are uniformly bounded and hence the higher derivatives
as well.

Lemma 4.6. The gradients of W% - -1 are uniformly bounded on compact subsets

of S+ \ {ot}

Proof of Lemma 4.6. In order to simplify the notation we may assume that Sy is
the closed unit disk D C C equipped with the standard complex structure, that
oy =0,and Ut o f-1: D\ {0} — [-R,, R,] x S*. Indeed, take a biholomorphic
map ¢ : ST — D satisfying p(o;) = 0. If D is equipped with the standard complex
structure i and S, with j, we consider the composition W1 - f—1 - © defined on

D\ {0}. Abbreviating by Jn the complex structure induced from (fn)«Jjn via the
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push forward by ¢, we conclude from (f,,)ujn — j in C22(Sy \ {04 }) that j, —
in C22.(D\ {0}).

Hence we may assume that the maps W1 - f-1: D\ {0} — [-R,, R,] x S are
embeddings and holomorphic if the target is equipped with the standard complex
structure and the domain with j, satisfying j, — 4 in C(D \ {0}). Define

gn : D\ {0} — [-2R,,,0] x S! by
gn(2) =01 f71(2) = (R, 0).

The boundary 9D is mapped by g, onto {0} x St. To prove the lemma we argue
by contradiction and assume the existence of a sequence z, € D \ {0} satisfying
|Vgn(zn)| — oo. We first assume z, — zo for an interior point of zy € D \ {0}.
Proceeding as in [5] we find a sequence of positive numbers &, — 0 satisfying
€n|Vgn(z,)| — oo and

IVgn(2)| < 2|Vgn(zn)| for |z, —z| < ep.
If the R-components of g,(z,) are bounded, we introduce the rescaled maps
Gn(2) = gn(zn + 2/mn) for |z| < eprp,
where 7, = |Vg,,(2,)]. The maps g, satisfy
[Vgn(0)] =1
(81) [Van(2)] <2 for |z] < epry
TGn = jn="1° TGn.

In view of the gradient bounds for g, and in view of the convergence En — 1
in C2(D \ {0}) it follows from the last equation, that we have uniform bounds
also for the higher derivatives of g,. Hence, using Ascoli-Arzela’s theorem, we may
assume after taking a subsequence that the sequence g,, converges to a non constant
holomorphic map v : C — R~ x S' in C2°(C,R™ x S'). The map v is holomorphic
with respect to the standard complex structure on the domain and the target. Since
the gradient of v is bounded, it has a removable singularity at co. Identifying the
half-cylinder R~ x S* biholomorphically with D \ {0} and denoting the extension
again by v we have a non constant holomorphic map v : $2 — D C C. However, in
view of maximum principle for holomorphic maps, the map v has to be constant.

If the R-components gy, 1(2y) of gn(2,) are unbounded, we consider the following
rescaled maps g,

gn(2) = gn (zn + z/rn) — (gn’l(zn)70) for |z| < enrp.

Again the maps g, satisfy the properties listed in (81). Application of Ascoli-
Arzela’s theorem produces this time a subsequence g, which converges to a non
constant holomorphic map v : C — R x S!. Identifying the cylinder R x S*
biholomorphically with the 2-punctured Riemann sphere and denoting by v also the
extension over the removable singularity at oo, we get a non constant holomorphic
map v : S? — §2\ {point} = C, which is not possible.

Assume next that the bubbling off sequence z,, converges to a boundary point so
that z, — z9 € 0D. We have to distinguish two cases depending on the behavior of
the sequence 7, - dist(z,,, D). If the sequence r,, - dist(z,, dD) is not bounded, then
the same bubbling off analysis as above leads to a contradiction. To treat the second
case, we assume that 7, - dist(z,,0D) — d € [0,00) and make a biholomorphic
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change of coordinates. Let ¢ : Hy — D\ {—zp} be the biholomorphic map defined
on the upper half-plane by

1
= , zeH,.
o) = 20—, 2 H,

Then ¢(0) = zp and ¢(R) = 9D\ {—2p}. Using the old notation g, for the compo-
sition g,, - ¢ we consider a sequence of embeddings g, : Hy \ {i} — [-2R,,0] x S*
having the property that g,(R) C {0} x S'. The bubbling off sequence z, now
satisfies z,, — 0 and r, - dist(z,,0H) — d € [0,00). Abbreviating d,, = r,Imz,,
the rescaled maps g, (z) defined by

In(2) = gn (zn +(z—i- dn)/rn) for z € B. ., (i-dp) N Hy,

have bounded gradients and so, using Ascoli-Arzela’s theorem as above we obtain
a non constant holomorphic map v : Hy — R~ x S satisfying v(R) C {0} x S!.
With the biholomorphic map % : R~ x S' — D\ {0} we find the holomorphic
embedding w =1 - v - =1 : D\ {—20} — D\ {0} satisfying |w(z)| =1 for |z| = 1,
z # —zp. Since the gradient of w is bounded, the singularity at —zg is removable
and the extension w satisfies |w(—zp)| = 1. Therefore, we arrive at a non constant
holomorphic map w : D — D\ {0} satisfying w(9D) C dD. Applying the maximum
principle to the holomorphic map z — 1/w(z) on D we conclude |w(z)| =1 on D
so that w must be constant. With this contradiction, the proof of Lemma 4.6 is
complete.

O

In view of Lemma 4.6, perhaps going over to a subsequence, the maps z +— W1 -
It (2) = (Rn, 0) converge in C22.(S4 \ {o+}). The limit mapping e : Sy \ {04} —
R~ x S! is biholomorphic and maps ¢ to the point (0,0). Similarly, we find a
subsequence of the sequence of maps z — W1 - f-1(2) + (R,,0) which converges

in C2.(S-\ {o_}) to a biholomorphic map e~ : S_\ {o_} — RT x S. These maps

loc
determine the asymptotic markers as follows. We define the associated holomorphic

coordinates vy : D — Sy by v4(0) = oy and (e¥)7!(s,t) = vy (eF™ (1)) on
RT x S! and set o4 = Twi(0)R. It remains to show that the asymptotic limits
coincide in the sense that

(82) lim w - (e7) " (s,t) = lim w - (e?)7!(s,¢).

§—00 §——00

For this we observe that the right hand side of
Up - \I]n:un ° fn_l ° (fn ° an)

is well defined for points in a given distance from the boundary of the cylinder
[~R,, R,] x St if n is sufficiently large. By the above discussion we conclude the
convergence

Uy ° “Iln ° TR, = (un ° fn_l) ° (fn ° \IIn ° TRn) —Uu- (€+)_1
in C2(R™ x ST, M) and
Uy, ° \Ijn ° T—-R,, — (un ° f;l) ° (fn ° \Ijn ° T—Rn) —Uu - (67)71

in Cp2 (R x S, M). From this it follows that the energies of the cylinders @, - ¥,, :
[~ R, R,] x ST — R x M are bounded and, moreover, that for given hy sufficiently
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large and 0 < vy < 7,

/ Uy © \Iln)*d)\ <

[~ Rp+hi1,Ry—hi]x St

for all n. In addition, A(w, - ¥,) > 0. Having verified all the hypotheses of
Theorem 1.4 we conclude from the estimates in Theorem 1.4 that for given € > 0
there exists a constant h > 0, so that for all n, d(un o U, (s,t),up - \I/n((),t)) <e
for all s € [-R,, + h, R, — h]. This implies after passing to the limit, that for large
Ra

d(u - (e7) " (R,t),u - (e") "' (—R,t)) < 2e.

Since € was arbitrary we have proved the required identity (82) and the proof of
Theorem 4.5 is complete. (I

Remark 4.7. We should finally point out, that the notion of directional conver-
gence does not depend on the choice of the disks near the node. Indeed, consider a
sequence Uy : (Sp,jn) — R X M converging directionally to w : S\ {o} = Rx M
for the given asymptotic marked points 0=. Let S' be obtained by taking in ST
disk-like neighborhoods D* of o* having smooth boundaries and gluing them at the
node o = ot = 07, so that S’ = DT Uy —,— D~. In addition, assume that S and
S’ have the same asymptotic marked points 0. Denoting by S!, C S,, the annulus
type region having the boundaries f,;*(0D") and f, *(0D~) we define v, = Un|s:,

and v = ulg. Using the methods developed in this section one can verify that the

directional convergence of T, to (u,0%) implies also the directional convergence of

Un to (U,07F).
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