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Many current scientific and mathematical problems requitaraful combination of analysis and computa-
tion. Modern computing power allows the simulation of coitgied nonlinear PDEs modeling physical phe-
nomena, often when little has been proved rigorously ahbmeitequations themselves. This clearly benefits
modern research, but care must be taken to ensure the &aseabf numerics and the mathematical viability
of PDE models. Today's scientist must often understand ti@imathematics of the nonlinear phenomena they
study and the practical details of computation.

My research interests lie on this boundary between rigonsathematical analysis and the design of numer-
ical methods. Highlights of my past achievements include:

1. Analysis of fourth-order PDESs used for image denoisingjicluding some of the first rigorous results
for equations of their type.

2. Numerical analysis that lead to significant improvement®f a new method for computing PDES on
surfaces.

3. Analysis of coarsening in discrete evolution equationsdm image processing, population dynamics,
and granular flow.

Although these topics touch a wide range of mathematicdlagtipns, each requires an understanding of nonlin-
ear PDEs and the ability to design and implement practicalerical methods. | discuss each of these achieve-
ments in sections 1-3 then move on to discuss current psoget future goals in Section 4.

1 Nonlinear diffusions for image processing.

Work in fields as far-reaching as medicine, astronomy, atidmeal security requires the retrieval of data from
images. These images often include high frequency noigenthat be removed before any data analysis. Re-
cently mathematicians and engineers have turned to nanllPBESs for this denoising process, using PDEs for
insight in the development of numerical algorithms that rhaydirectly used on digital images. In some cases
the PDEs are actually ill-posed with little known about thegilutions, but even lacking a complete theory for the
equations, discretizations (the primary interest for mpibns to digital images) are typically well defined.

This section focuses on my doctoral work, which concernedattalysis of new nonlinear fourth-order PDEs
recommended by engineers for image denoising. These PDsshraictures similar to an ill-posed second-
order PDE, for which discretizations have been succegstided for image denoising. The work discussed
in this section mainly focuses on the analysis of the foortter PDEs in the continuum, but | return to their
ill-posed second-order analogue in Section 3, where | dsooy recent analysis of a related class of ill-posed
nonlinear diffusions.

1.1 Second-order PDEs for image denoising

Twenty years ago, images were denoised by linear filterifg¢hvis equivalent to using the noisy image as an
initial condition for the heat equation. Although successt removing noise, linear filtering also blurred edges,
so researchers turned to nonlinear diffusions like

U = 0-(g(|0uf) D), (1)

where the functiorg(s) is small for larges, thus minimizing diffusion near the edges of images [21, Z&je
function u represents the intensity of the processed image, wilh timet = 0 being the initial unprocessed
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image. Time serves as an artificial variable correspondinthe amount of processing done. The two most
successful examples of (1) are therona-Malik Equationwhich typically has
B 1

1+(3)

with 1/k scaling like the pixel size, antbtal Variational (TV) flowwhereg(s) = 1/s.

a(s)

(2)

1.2 My contribution: Rigorous analysis of fourth-order nonlinear diffusions

Although effective at denoising, discretizations of (1itally produce piecewise constant images, giving “bldcky
results. Attempts to preserve continuous color gradiertisd experiments with fourth-order diffusions like

U + O (g(Au) OAu) = 0, (3)

introduced in [24], and the higher-order analogue of TV flatvaduced in [19]:

Cu
LH—AD-(m)_)\(f—u). 4)
Prof. A. Bertozzi (UCLA Mathematics) and | proved the first analytical results for some of these new
fourth-order diffusions. In [14], we used energy methods to prove well-posedness lafsa ofH?! diffusions

for image processing. In [7], we proved that (3), witlgiven by (2) has smooth solutions locally in timeRs,

and globally in time irR. Since fourth-order PDEs have no maximum principle, ourysigkelies on aentropy

of (3). Thisentropyis an integral of the solution with bounded growth. We show that the integral’s controlled
growth implies that solutions must maintain a certain amadfimegularity. This technique has also been used to
prove regularity results for solutions of PDEs related ®dlgnamics of thin films [4, 6], and in [7] we examine
a link between (3) and thin film equations. Our regularityufssfor (3) were surprising, since the equation bears
much resemblance to the ill-posed Perona-Malik equatinblished in [7, 14, 15])

Prof. Bertozzi and | worked with Prof. S. Osher (UCLA Mathéits) and Dr. K. Vixie (Los Alamos Na-
tional Lab) to analyze (4). Computing (4) or its second-om®interpart requires regularizing the step function
H (Ou) = E—ﬂ' to avoid division by zero.We proved rigorous results for a class of regularizations othe
second and fourth-order TV equations. In particular, we showed that regularizations of (4) mustbesen
carefully, whereas most standard regularizations areusdedor second-order TYPublished in [8])

2 PDEs on surfaces

Phenomena in scientific areas including biology, fluid dyitamand electromagnetism may be modeled by
PDEs on surfaces. A portion of my postdoctoral work conagthe analysis and implementation of a recently
designed method for solving PDEs on implicit surfaces. tdbs this new method in Section 2.1 then discuss
my own contributions in sections 2.2 and 2.3.

2.1 Solving PDEs on surfaces.

Until recently, computing PDEs on surfaces required serfaarametrization or triangulation, both of which
have drawbacks; for example, parametrizations usuallyiregatching to connect different parametrization
neighborhoods, and triangulated surfaces lack well-défgeometric properties. Furthermore, convergence of
numerical schemes on triangulated surfaces remains le&gstood than convergence on Cartesian grids. To
avoid these difficulties, Bertalmio et al. [5] introduced athod for solving PDEs on general smooth geometries
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Figure 1: A moment in the evolution of the Cahn-Hilliard etjoia on the Stanford Bunny. The bunny is repre-
sented by a level set of a function in the embedding space.pQtations required only finite differences on a
Cartesian grid.

using only finite differences on a Cartesian mesh. By reptasgthe surfac&as the zero level set of a function
@ defined inRN, geometric properties such as the surface normal and mesatewe may be determined by
calculating derivatives o in the embedding space. Furthermore, computing the PDE lerign coordinates
only requires standard finite difference schemes in the ddibg space [5, 1, 26].

2.2 My contribution: Fourth-order PDEs on surfaces

| worked with Professors A. Bertozzi (UCLA Mathematics) andG. Sapiro (UMN Electrical and Computer
Engineering) to improve upon the methods of [5] to solve fouh-order PDEs on smooth surfaces of arbi-
trary geometry. The higher order equations introduce many challenges teabfdittle consequence for first
and second-order PDEs; for example, stability restristimm time stepping fourth-order equations require using
implicit schemes, unlike most previous work on solving PREsmplicit surfaces. We derived semi-implicit
schemes using convexity splitting ideas explored in [1]ab2l presented a new means of combining convexity
splitting schemes with ADI methods. We applied our methadmear fourth-order diffusion, the Cahn-Hilliard
equation (see Figure 1), and a recently derived model fdasartension driven flows on curved substrates.
(Published in [16])

2.3 My contribution: An improved Eulerian formulation

Despite its elegance, the method introduced in [5] has a fewlohcks. Since the Eulerian representation of
the surface PDE is defined on a larger domain in one higherrdifoe, one typically reduces computation by
working in a small band around the surface. Boundary camthtrequired for computation can adversely affect
numerical solutions, even though they have no effect onyinaolutions of the Eulerian representation. Any
initial data must be extended off of the surface to the ladgenain, and one typically requires the initial condition
to be constant normal to the surface to reduce discretizatimrs by minimizing variations in the solution off of
the zero level set. Unfortunately, the solution of the BalePDE does not retain this property at later times, and
as a result, long-time calculations of the PDESs often reguaiermittent re-extension of the data off of the surface
to offset the effects of both boundary conditions and diszaons that include points from different level sets
of @ [16, 26]. Finally, diffusion equations pose some troubke tteeir Eulerian representations are degenerate
diffusions in the embedding space (diffusion only occurgyént to the surface).

I introduced an improvement of the method that is no more difficult to implement, requires no re-
extension of the surface data, has simple boundary conditis associated with its Eulerian representation,
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Figure 2. The Allen-Cahn equation on the curved torus, cdetpusing only finite differences on a Cartesian
mesh. The interface between the black and white regionsrgoee motion by mean curvature.

and results in non-degenerate diffusion equations.| accomplished this by solving a different PDE in the
neighborhood ofS at points on the surface, this new PDE is identical to thatheforiginal method, but it
differs at points off the surface, where it takes curvatweshe different level sets of into account. The
modification’s advantages result from a distinguishingpprty of this new PDE: given initial data that is constant
in the direction perpendicular to the surface, the solut&iains this property for all later timegTo appear in

J. Sci. Comp. — currently published on-line: [13])

3 lll-posed nonlinear diffusion equations.

Section 1.1 introduced the Perona-Malik method for imageng, where the noisy image serves as the initial
condition for a centered discretization of (1) wilgiven by (2). Although this PDE is ill-posed for fixédn (2),
k is actually chosen to scale like/iiin applications to image processing denotes the grid/pixel size), and in
fact (1) is not théh — O limit of this discretization whek depends oh. Although (1) has been used for insight in
the behavior of Perona and Malik's method, the PDE is oftesieatling, and accurate analysis of their method
must focus on theliscretization

Similar relationships between discretizations and ikgubdiffusion equations arise in areas outside of image
processing; examples include a model of shear bands in algramedium [25] and a model for population
aggregation under local reinforcement [20]. Part of my gostoral work concerned analysis of discretizations
connected to these areas. | introduce the discretizatio8gdtion 3.1 and describe my analysis in Section 3.2.

3.1 Discretizations of ill-posed diffusions.

The standard discretization of (1) in one dimension is gfiyorelated to the system

gv_ ~ R(Vi41(t)) —2R(vi (t)) + R(vi—1 (1))
dt ' h2

which is a gradient descent of the energy

(5)

1 N—-1

B =g 3, fv) with f(s):/OSR(E)dE

in the discreteH ~1 norm. For convexf, Equation (5) is a convergent (hs— 0) approximation of the parabolic
eqguation

Mt = (R(V))xx- (6)
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Figure 3: The left figure showstaircasingin a discretization of the one-dimensional Perona-Malildatmpn (7)
with g(s) given by (2). Thicker lines denote later stages of evolutibime initial condition is a small perturbation
around a straight line with slopm = 3. The solution’s discrete derivative satisfies (5), whichidgfly behaves
as shown in the middle and right figures.

However, equations like (1) with the nonlinearity (2) arisem a special class afon-convexXunctionsf(s) that
are convex for smak and concave for large Letting R(s) = g(s)s andv = uy, a direct link may be established
between (6) and the one-dimensional restriction of (1)

= [0(6) U, (7)

For most initial data, the non-convexity ¢f causes the conserved total mass of then (5) to quickly
aggregate t& << N of thev;, forming spikesthat stay in place while changing size. Gradually some spike
disappear as the remaining ones grow, with the number oésyHk scaling like

<~ () @

The spikes in (5) corresponds to jump discontinuities icmiszations of (7). This coarsening process is well-
known in the image processing community, where the creafitime jump discontinuities is known ataircasing
(see Figure 3).

In granular flow, this coarsening corresponds to a decrgamimber of shear bands in the granular medium.
In population dynamics, it represents the growth of popatatenters, and in image processing it coincides with
a simplification of the processed image — at early stagesiihge stays close to the original noisy image, but in
later stages fine structures (including noise) disappeavirig only the largest features.

3.2 My contribution: Weak upper bound on the coarsening rate

Prof. S. Esedglu (U. Michigan Mathematics) and | proved a one-sided timeaveraged version of(8). Our
results also apply to a discretization o 7) and to a two-dimensional model for locally reinforced popuétion
aggregation. Our proof relies on a method introduced by Kohn and Otto ifj fé7proving weak upper bounds
on the coarsening rates of energy driven systems. Giventansyiength scale L and energy E, their method
requires only a dissipation inequality betwe%\and ‘fj—tE and a pointwise isoperimetric inequality relatibgo

E. These inequalities are combined with an ODE argument togpadime-averaged lower bound on the energy
that is conceptually equivalent to an upper bound on thesemimg rate. Although we follow the method of proof
outlined in [17], our problem required new arguments to prthe necessary isoperimetric inequalities, and the
discrete setting distinguishes it in a substantial way fiamevious applications of Kohn and Otto’'s method.
(Submitted for publication. Preprint available on-line: [ 10])
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4 Current projects and future goals.

I am currently involved in projects discussed below in sewdi4.1-4.2. In addition to these new directions of
research, | hope to investigate many unanswered questionyg past areas of research. | discuss these interests
in Section 4.3.

4.1 Curve motion

Prof. R. Kohn and | are studying the mathematics behind antlrcdeveloped method for calculating the arrival
time functionu of a curveC(s) moving with speed(s) > 0 normal to itself. This arrival time function formally
solves

[Cu| f=1 and Ou-0Of=0 9)

combined with the conditions
ux)=0 and f(x)=v(x) forxeC,

where the functionf gives the normal velocity of as it passes through Although computations of (9) are
successful and have a clear geometric meaning, the saut@ave discontinuities in bothu and f and are not
covered by current viscosity solution theory for Hamiltdéaeobi equations. We hope to develop a theory of
solutions for (9) analogous to standard viscosity solutf@ory. We are currently investigating connections (9)
shares with the infinity-Laplacian equation, the stat@tighysics concept of mold growth, and the motion of
triple points.

4.2 Schemes for conservation laws with cut cells

Many examples of compressible and incompressible floww@/dbmains with complicated boundaries (e.g. air
flow past a jet or space shuttle). One may compute on such derbgiembedding the boundary in a Cartesian
grid, leaving grid cells at the boundary that are much smétlen cells away from the boundary. These small
cells make standard numerical schemes for hyperbolic PDRsactical, since they require time steps that scale
with the size of the domain’s smallest grid cell. Accordinderger and Leveque developed finite volumbox
methodswith time steps that are not restricted by these small cld &l 3]. | am currently working with Prof.
M. Berger to develop similar methods for flux-interpolatischemes similar to ENO finite difference schemes,
which are typically easier to implement in higher dimensitiman finite volume methods [23]. We've recently
had success with a second-order flux-interpolation schemé Euler equations in two dimensions. Figure 4
shows results of this method on a nonuniform grid. The sche@EL condition depends only on a reference
cell sizeh, even though every third cell in each direction has a size &eth/10 andh/3. Our primary goal is

to apply these types of schemes to domains with embeddedianas.

4.3 Other goals.

Each of the problems discussed in sections 1-3 leaves opsiigus. This is a sampling of the problems that
interest me:

e Fourth-order PDEs for image denoising. New high-order PDEs continue to be introduced in the im-
age processing literature, but it remains to be seen whdllese methods significantly improve upon
the simpler second-order methods. | am interested in ainglydiscretizations of these PDEs much like
discretizations of their second-order analogues have bealyzed. | hope such analysis will increase
understanding of these new methods and shed light on theinterit.
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Figure 4: Each figure shows a computation of a two-dimensiBremann problem for the Euler equations on a
nonuniform grid using a flux-interpolation scheme that h&& condition depending only on a reference cell
sizeh, not on the smallest cell size. The left figure shows a stagbkdrevolution of four jump discontinuities
(one between each quadrant), and the right figure shows a stape evolution of four shocks. The initial
conditions correspond to configurations 3 (right) and &)lef[18].

e PDEs on surfacesl] would like to investigate a combination of the modified muattior solving PDES on
surfaces (discussed in Section 2.3) with curve/surfacéomok am also interested in examining improve-
ments of this method for surfaces with complicated geom®tri

e Coarsening of discrete ill-posed diffusions.The work discussed in Section 3.2 concerns only an upper
bound on coarsening rates. Prof. Esedo glu and | woulddilexamine the possibility of proving more
about these coarsening processes; for example we may btoghileve lower bounds for specific sets of
initial data. Such analysis could prove useful for thoseng coarsening of other systems.
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