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1 Introduction

Let M and N be smooth compact connected Riemannian manifolds with-
out boundary. Assume N is isometrically embedded into R for some large
[ €N For 1< p< oo, we define

WLP(M,N) = {u € W'(M,R),u(z) € N forz € M a.e.} .

As a subset of W1P(M, ]Rl_), it inherits the strong and weak topology.
From the calculus of variations, the following two mapping spaces are of
interest,

Hé’p(M, N) = the strong closure of C°®°(M, N) in W?(M, N),
HyP(M,N) = {u € W'?(M, N),3 a sequence u; € C*(M, N)
such that u; — u in WHP(M, ]Rl_)} .
Clearly we have
(1.1) HgP(M,N) C Hy?(M,N) C W“?(M, N).

Lots of effort has been devoted to determine whether the above inclusions
are strict or not and to give an exact description of these spaces. One
should refer to [8] for a brief sketch of the history and detailed references.
Especially, from [16], [4], [3], [8] and [9] we know for 1 < p < dimM,
HgP(M,N) = WHP(M, N) if and only if m,|(N) = 0 and M satisfies the
([p]—1)-extension property with respect to N (see [9] for definition). In ad-
dition, when 1 < p < dimM, p ¢ Z, we have Hy;’(M,N) = H”(M,N).
But not much is known for the case p € Z. One of the aim of this paper
is to settle down this question for the case p = 1. More precisely we have

THEOREM 1.1 Let M and N be smooth compact Riemannian manifolds
without boundary, then H;",I(M, N) = Hé’l(M, N).

Combine this result with the theorem on strong density property of
smooth maps, we have
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THEOREM 1.2 Assume M and N are smooth compact Riemannian mani-
folds without boundary and dimM > 2, then the following three conditions
are equivalent,

o Hj' (M,N)=WbH(M,N);
o Hy'(M,N)=WH(M,N);
[ ] 7T1(N) = 0.

We shall see later that the key point for p = 1 is that for a weakly
convergent sequence in L', no concentration could happen due to the
Vitali-Hahn-Sacks theorem in measure theory. One may refer to Section
1.2.4 of [6] for more information.

In view of Theorem 1.2, when 71 (N) # 0 and dimM > 2, smooth maps
are not weakly sequentially dense in Wh! (M, N). But it was proved in
[15] and [14] that for any smooth compact Riemannian manifolds M and
N, smooth maps are dense in the sense of biting convergence for the
gradient of maps in W (M, N) (for the definition of biting convergence,
one may refer to Section 1.2.7 of [6]). In proving this result, they first use
maps with canonical singularity to approximate any map in the strong
topology, then connect the singular sets of those approximating maps and
modify them along the connecting set. This idea was used earlier in [2]
to give an analytical description of H§’2(B3, S2). The other aim of the
present paper is to take another approach, which is different from [15]
and [14] but closely related to [4] and [7], to recover the above result.

THEOREM 1.3 Let M and N be smooth compact Riemannian manifolds
without boundary, then for any u € WHY(M, N), we may find a sequence
uj € C°(M, N) such that u; — u in L' (M), |du;| 1y < e(N)|du| 1 (ar
and du; — du a.e. on M.

Finally, we should mention that a more important reason to pursue
Theorem 1.1 to 1.3 is that it shades lights on understanding the blowing
up behavior for a sequence of smooth maps with uniformly bounded p
energy for 2 < p < dimM, p € Z. We note that some important progress
was made recently for the case p = 2 in Section 7 of [15], see also [10]
for a generalization of weak sequential density result in [7] and further
developments.

The paper is written as follows. In Section 2, we will prove Theorem
1.1. In Section 3, we will prove every map in W' (M, N) can be strongly
approximated in L'(M, N) by a sequence of smooth maps with uniformly
bounded energy and the differentials converge almost everywhere.
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2 Hy'(M,N)=Hg" (M,N)
Before proving Theorem 1.1, we look at a special example.
EXAMPLE 2.1 Assume n > 2, then Hé’l( n,Sh = Hé{,l( nSh.
To understand the situation more clearly, we present two proofs here.

FIRST PROOF OF EXAMPLE 2.1: We use the following characteriza-
tion of Hé’l(Bl, S1) proved in [5]. That is for any v € Wb (By, S1), u lies
in Hy'(By, ') if and only if d(u'du?) = 0 in distribution sense. If we are
given a u in Hé[’,l(Bl, S1), then we may find a sequence u; € C*°(By, S!)
such that u; — » in W1!(B;). From compactness we know u; — u in
LY(By). After passing to a subsequence we may assume u; — U a.e..
It follows from Proposition 1 in [6], Section 1.2.4 that u}du? — u'du?
in L', hence uldu? — u'du? in distribution sense and 0 = d(u}du?) —
d(u'du?), also in distribution sense. This implies d(u'du?) = 0, and hence
u € Hg (B, SY). |

SECOND PROOF OF EXAMPLE 2.1: We use the methods of lifting in
Sobolev spaces. Assume u € H;I’,l (B, S'), then we may find a sequence
uj € C*®(By, S') such that u; — u in WH(By). For each j, from the
simply connectedness of By, we may find a p; € C®(B;,R) such that
uj = ei and 0 < f—Bl ¢; < 2m. Since du; — du in L', it follows from
Theorem 2 in [6], Section 1.2.4 that du; is equi-integrable and hence
dyp; is equi-integrable too because |dy;| = |du;|. On the other hand, it
follows from [p [dyj| = [p, |du;| that [p |dp;| is uniformly bounded.
From Theorem 2 in [6], Section 1.2.4, after passing to a subsequence we
may find a 1 form f*dz) such that dp; — f¥dzy in L'(By). Since @, is
uniformly bounded in W'!(By), after passing to a subsequence, we may
find a ¢ € L'(B)) such that ¢; — ¢ in L' and a.e., hence dp = f¥dzy
and this implies ¢ € W11(B;). Clearly we have u = €*#, this shows u lies
in Hy'(By, SY). |

To deal with the general situation, we need some techniques of generic
slicing for Sobolev functions and topological information carried by a
Sobolev mapping from Section 3 and Section 4 of [9].

Assume M is a n dimensional Riemannian manifold without boundary,
the parameter space P is a m dimensional Riemannian manifold, T is a
d dimensional Riemannian manifold without boundary and D C T is a
domain with compact closure and Lipschitz boundary, and the dimensions
satisfy m +d > n. Given a map H : D x P — M, we assume it satisfies
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(Hy) H € Lip(D x P) and [H(-,£)] ) < o for any £ € P.

Lip(D
(H3) There exists a positive number ¢; such that Jg(z,&) > ¢ H™TY
ae. (z,6) € D x P.

(H3) There exists a positive number ¢y such that H™4="(H~1(y)) < ¢,
for H™ a.e. y € M.

We also denote H”(¢) = H¢(xz) = H(z,£). For convenience, we recall
the following simple but useful fact from Lemma 3.3 in [9].

LEMMA 2.2 Let M, P, T,D be the same as described above, given a map
H : D x P — M satisfying (H1),(Hz) and (H3), then for any Borel
function x : M — R =R U {£o0}, with x > 0, we have

[ anm) [ xHeenanie) < 'e, [ xwan )
P D M
Especially for any Borel subset E C M, we have

[ A BN (E) < o et ().

If in addition, H"(E) = 0, then Hd(Hgl(E)) =0 for H™ a.e. £ € P.

The crucial step in proving Theorem 1.1 is the following lemma. One
should compare it with Proposition 4.1 and Theorem 4.1 in [9].

LEMMA 2.3 Assume M and N are smooth compact Riemannian man-
ifolds without boundary and N is isometrically embedded into R, n =
dimM. u; € WHY (M, N), u € WHY{(M, N), u; — u in WHY(M). K is
a finite rectilinear cell complex, P is a m dimensional Riemannian man-
ifold, H : |K| x P — M s a map such that for any A € K, H|axp
satisfies (Hy),(H2) and (Hs), then after passing to a subsequence, we
have x1,Hu; = X1,Hu a-€. on P.

For reader’s convenience, we recall that as defined in [9], for a generic
£ € P, x1,mu(§) is equal to the homotopy class [u o He| g1 (] g1 -

PRrROOF OF LEMMA 2.3: We may find an €y > 0 such that V5. (N) =
{y\y € R',d(y, N) < 2¢0} is a tubular neighborhood of N. Let 7 be the
nearest point projection.

Without losing of generality, we may assume u; — w a.e. on M. We
claim that for any o > 0, when 4 is large enough, we may find a P,; C P
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such that H™(P,;) < a and X1,#u; = X1,H,u 00 P\P,;. This clearly
implies the lemma.

Since u; — u in Wh1(M), it follows from Theorem 2 in [6], Section
1.2.4, that for any £ > 0, we may find a § > 0 such that for any F C M
with #"(E) < §, we have [, |du;|dH"™ < ¢ for any i € Nand [, |du|dH" <
€. From Egorov theorem, we know for any 0 < d; < d, there exists a closed
subset G C M such that u; — w uniformly on G and H"(M\G) < 41,
denote B = M\G.

For any A € K, d = dimA, it follows from Lemma 2.2 that

/P HA(HZH(B) N A)AH™(€) < e c20.
Hence for v > 0, if we denote
Py = {&\¢ € PHYH;(B)NA) >},
then H™(PL) < ¢;'cy 16;. Tt is clear that for & € P\P}, we have
(2.1) HUHH(BNA)) <,
we may assume v < 2H%(A), then for such an £, we have
(2.2) HIH; (G N A)) > %H‘i(A) > 0.
On the other hand, it follows from Lemma 2.2 that
[ amm(©) | 1t o He) @) s (He ()t z)
o [ d(€) [ 1(dw) (He(a)) xo (He(w)dH (@)

coct'es [ ldui(w)xs()di (1)

< cocl_lch.

IA

VAN

If we denote
pr={acen e H)@H) >},
HZ ' (B)NA
then H™(Pa;) < cocflczfy_le. Similarly, if we denote

PX = {6\6 € P, ,/H_I(B)QA |d(u o Hf)($)|de((E) > ’Y} ’
14



6 F. HANG

then H™(P%) < coc; 'cay~'e. For i large enough, we have |u; —ulpeo(g) <
2. If we set

Pi= | (PiUPKUPA,i),
AeK?

then for J; and & small enough, we have H"(P, ;) < a. Now for any A €
K1, if dimA = 0, then it follows from (2.2) that |u;(He(z)) — u(He(z))| <
2 for z € A, £ € P\P,; and i large enough, if dimA = 1, then for
& € P\P,;, we have Hl(Hgl(g N A)) > 0. In addition, for each interval
I Cc Hg Y(B) N A, it follows from the definition of Pr; and P% that
oscru; < <y and oscyu < . We may assume v < %Q’ then we clearly
have |u;(H¢(z)) — u(He(z))| < & for any z € A. This clearly implies
u; o He||g1) ~ uo He||g1). The claim follows. |

We remark that the key point in the above proof is that in the weak
convergence in L' (not in LP, 1 < p < o0), concentrations could not
happen due to Theorem 2 in [6], Section 1.2.4.

PROOF OF THEOREM 1.1: Assume u € Hé[’,l(M, N), then we may
find a sequence u; € C*®°(M, N) such that u; — u in W1(M). It follows
from the proof of Lemma 2.3 that on “generic” 1 skeletons M* of M, u/
has a continuous extension to the whole M, then it follows from Remark
6.2 in [9] and [3] that u must be in H;’I(M, N). |

PROOF OF THEOREM 1.2: It follows from Theorem 1.3 in [8] that
Hé’l(M, N) = WHY(M, N) if and only if 71 (N) = 0 (note that because
N is path connected, M satisfies the 0-extension property with respect to
N). Clearly Theorem 1.2 follows from this fact and Theorem 1.1. |

3 Density in other senses

In this section, we shall prove Theorem 1.3. Our method depends essen-
tially on the following interesting lemma.

LEMMA 3.1 Let N be a smooth compact m dimensional Riemannian

manifold without boundary, then for 0 < € < %, we may find an open

subset V. C N such that
e H™(V;) < c¢(N)g;

o There exists a Lipschitz map ¢. : N — N\V. such that ¢c|y\y, =
idy\y, and |dg.| < 4N
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e There ezxists an open subset U. C N such that N\V, C U, and U,
is diffeomorphic to the open unit ball.

We shall give two proofs for this useful fact. The first one depends
on some theorems about the relations between cut locus and the conju-
gate locus and the regularity of cut locus. But it is conceptually clearer.
The second one is more elementary and uses the so called deformations
associated with the dual skeletons as in [9].

FIRST PROOF OF LEMMA 3.1: If m = 1 or N is diffeomorphic to
S?, then the conclusion of Lemma 3.1 is trivial. Hence we may assume
m > 2 and N is not diffeomorphic to S2. It follows from a theorem of A.
Weinstein in [17], which gave a negative answer to Raunch’s conjecture,
that we may find a point p € N and a Riemannian metric g on N such
that on N,, the cut locus and conjugate locus are disjoint. Without
losing of generality, we may replace the original metric on N by this new
one. For e € N, with |e| = 1, let p(e) be the positive number such that
p(e)e is the cut point along the direction in e. It follows from [11] that
p is a Lipschitz function. Let C = {te\e € Np,|e| = 1,0 <t < p(e)},
then for any & € C, |(d(ezpp)e) ' < ¢(N). We may define a map 9 :
C — BT by 4(¢) = p(%)_lf. It is clear that v is a bi-Lipschitz map
with [¥]rip(c), [w_l]Lip(B—l) < ¢(N). For 0 < e < £, we define a function
ne : [0,1] = [0,1] by

P — t, for0<t<1—¢;
ne(t) = W’ forl —e<t<I1.
Then we may define a Lipschitz map S, : By — Bj by setting S.(¢) =
ng(|£|)%. Clearly [SE]Lip(B_l) < C(Eﬂ) Now let V. = expp(wfl(Bl\Bl_E))
and ¢. : N — N be defined by

pe(ezpy(§)) = 6$pp(¢_1(55(¢(§)))) for any & € C.

It is clear that ¢. is continuous. On the other hand it follows from the

uniform estimates of |(d(expy)¢) 1| that ¢, is Lipschitz on N with |d¢.| <
@. The existence of U, as needed in the lemma clearly follows from the
construction above. |

SECOND PROOF OF LEMMA 3.1: Fix a smooth triangulation of N,
namely h : K — N. For each A € K, we pick up a point ya € Int(A).



8 F. HANG

Now we are going to use the notations and results in Section 6 and Ap-
pendix B of [9]. Hence we have | - |o,#?, #°(z,¢) for 0 < |z]p < 1 and
0 < € < 1. Fix a maximal tree T of K!. For 0 < ¢ < %, denote
X, = {z\z € |K|,|zlo > €}, Y- = TU X.. X, has #|K°| components,
each component corresponds to one of the vortex in K and is bi-Lipschitz
equivalent to the close unit ball with the vortex sent to origin. This plus
the fact that 7" is a tree shows for any 0 < ¢ < %, we may find an open
set Uz D h(Y:), such that U, is diffeomorphic to the open unit ball. Now

let us look at the identity map i : Y% — Y% , since % is homotopic to a

constant map. It follows from the proof of Proposition 2.2 (Homotopy
Extension Theorem) that we may find a Lipschitz map ¢ : |K| — Y1
2

such that 9|y, =i. For 0 < e < %, we define two maps G. : |K| — |K]|,
2
H. :|K|— |K| by

z, |‘T|O =0
G.(z) = #(z,27 e zlg), 0<|z|o <e
QSO(.’L',]. - %)7 € S |‘T|0 S 1
and
Z, |$|0 =0
H.(z) =4 ¢°(z,2¢|z|o), 0<|z|o < % )

¢*(,1-2(1 = )1 = |z]o)), 3 <zl <1

It follows easily from Appendix B in [9] that G. and H. are Lipschitz
maps and inverse to each other, in addition, we have |[dG.| < c(s—K) and
|dH;| < ¢(K). Let 9.(z) = H.(¢(Ge(z))) for z € |K|, then 1. is a
Lipschitz map with |dy,| < C(Eﬁ In addition, from the construction we
know 9. (|K|) C Y; and for any z € Y, , we have 9.(z) = z. Now let
V. = h({z\z € |K]|,|z|o < e}\T), ¢ = ho 1. o h™!, then the estimate
of H™(V,) follows from Appendix B in [9]. The property of ¢. and the
existence of U, follows from the arguments above. |

PrROOF OF THEOREM 1.3: Denote n = dimM, m = dimN and as-
sume N is isometrically embedded in R' for some large [ € N. Fix a
small g > 0 such that Vo, (N) = {y\y € R, d(y,N) < 2¢0} is a tubular
neighborhood of N. Let 7 be the nearest point projection. We define a
map H : N x B! — N by H(y,&) = n(y + &) = He(y) = HY(€). We also
assume that g¢ is small enough such that for each { € B.j, H¢ : N - N
is a diffeomorphism with |dH|, |dH | < ¢(N), Jgv(€) > ¢(N) > 0 for

£ €B.,y€ N, and ?—lllm((Hyl)*l(yg)) < ¢(N) for any y;,y2 € N.
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Given a map u € WH! (M, N). For any € > 0 small enough, we may
find the corresponding V;, ¢. and U, as in Lemma 3.1. For ¢ € B,,, we
denote V, ¢ = Hgl(Vs) We have the following

| (enari(e)

€0

= [ @) [ v (Helu@)an" @)

@y " o _
<o) [ (@) [ (D €) gco €)aHT(E)
= o) [ (@) [ (o)) @) )
< oM, N)H™(V.)
< c¢(M,N)e,

and

F\
g

© ], 1@l @

a'(€) [ 1du(@) (He(u(z))dH" (@)

€0

— [ anr@) /B \du(@) | xv. (He (u(z)))dH! (€)

0

S

<o) [ @) [ |dula) v (He(w(@)) Tpeco (€)aH'(0

= o) [ (@) [ ldu(a) v ()M (D) @) dH" o)
(N)H™ (Ve)|du| 1 (ary

<c
< e(N)|du| g1 (arye-

It follows from (3.1), (3.2) and the mean value inequality that we may
find a £ € B, such that

(3.3) H (0" (Veg)) < (M, N)e,

and

(3.4) / |duldH™ < ¢(N)|du| g e
u= (Ve e)
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Let uc(z) = Hgl(qﬁg(Hg(u(x)))) for z € M, then u, = u on M\u™' (V)
and it follows from (3.3) and (3.4) that

/ | :/ |du|+/ \du|
M M\u=H(Ve ) u™ 1 (Vee)

c(N
< ldulpy(ary + (s)/w ,1dul
u €,€

S c(N)|du|L1 (M)-

Jowe—u= [ ju-u
M u(Veye)

< (N (u™ (Vep))
<c(M,N)e—=0 ase—0".

Also we have

Because H™({ue # u}) < ¢(M, N)e, we know for a sequence of positive
numbers ¢; — 0, du,; — du a.e.. On the other hand, since im(u,) C
N\V.¢ CH, ¢ 1(U,), which is diffeomorphic to the open unit ball, it follows

from the standard convolution argument that u. € Hél(M ,N). Hence
we may find a sequence v; € C®(M,N) such that v; — u in L'(M),
|dvi|prary < e(N)|dul1(ary and dv; — du a.e.. |

At last we shall make some remarks on why we emphasize that the
set U in the conclusion of Lemma 3.1 need to be diffeomorphic to the
open ball, instead of just being bi-Lipschitz equivalent. The following ex-
planation about the continuity of composition operator in Sobolev spaces
makes things clear.

Assume 1 < p < oo, f € Lip(R,R), @ C R” is an open bounded subset
with Lipschitz boundary, then for any u € WHP(, R), fou € WHP(Q, R)
and we have the following chain rule,

f'(u(z))Ou(x), if f' exists at u(zx);
0i(f o u)(z) :{ O,( (ol otherwise. @
Define a map F : WHP(Q,R) — WHP(Q,R) by setting F(u) = f owu. If
f € CYR,R)N Lip(R), then it is not hard to prove that F is a continuous
map. On the other hand, it was proved in [12] that as long as f is
Lipschitz, F is always continuous on WP (Q).

Things change essentially for vector valued case (see [13] and [1]).
Assume m > 2, f € Lip(R™,R), @ C R" is an open bounded subset
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with Lipschitz boundary, then for any u € WP(Q,R™), we still have
fou € WIP(Q,R), but the chain rule is much more subtle, it was proved
in [1] that if for z € Q, we define an affine space T, ;, = u(z) + duz(R"),
then we have for a.e. = € Q, f|r, , is differentiable at u(z) and

d(fou)y = d(flTu,w)u(.’,C) o duy.

Of course when f € CY(R™,R) N Lip(R™), we still have d(f o u), =
dfy(z) © dug for a.e. z € ). The main subtle thing for general case is
if f is only Lipschitz, then it is only differentiable a.e., and a large part
(especially, a measure positive part) of £ may be sent into the bad set by
u. Define a map F : W'P(Q,R™) — WP(Q,R) by setting F(u) = f o u.
If f € CYR™,R) N Lip(R), then it is not hard to prove F is continuous.
In general F' need not be continuous if we only assume f to be Lipschitz.
To see this we observe that by the usual extension theorem for Lipschitz
functions, we easily deduce that there exists a f € Lip(R?,R) such that
[flLipwe) < 4 and for any j € Z, z € R, f(z,277) = 277 5in(2/z). Then
£(,279) - 0 in W;g, (R). In fact 0y f(-,277) = cos(27z) -+ 0 in L}, (R).
On the other hand, if we set u;(z) = (z,277) for j € N, then u; — (z,0)
in C*°(R). The above fact just shows f o uj - f ou in W2 (R).

Acknowledgment. I would like to thank Professor Fanghua Lin for
his very kind encouragement.
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