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Let 
 be a bounded smooth domain in Rn, � be the outer normal direction of @

and f 2 C1

�

� R� Rn;R

�
. The in�nite dimensional dynamical system de�ned

by

(1)
�
ut = �u+ f (x; u;ru) ; x 2 
; t > 0;
@u
@� = 0 on @
;

on suitable Sobolev spaces has attracted much interest (see [A, H] and more recent
references at the end of this note). Many e¤orts have been made to show the
complexity of its dynamical behavior (see some survey papers and recent articles
[DP, P1, P2, P3, Pr, PR, R] and the references therein). In particular, the following
nice result was proven in [P2]: if there exists a smooth vector �eld � on 
, � =
(�1; � � � ; �n) such that�

rank (� (x) ; @1� (x) ; � � � ; @n� (x)) = n for all x 2 
;
@�
@� = 0 on @
,

then for any smooth vector �eld X on Rn, there exists a smooth function f , such
that span f�1; � � � ; �ng is invariant under (1) and for any integral curve of X, c =
c (t), u =

Pn
i=1 ci (t)�i (x) is a solution to (1). Moreover, it was shown that such

kind of vector �eld always exists on a starshaped domain. The main result of this
short note is a classi�cation of all the domains on which one may �nd this type of
vector �elds. More precisely, we have

Theorem 1. Let 
 � Rn (n � 2) be an open bounded smooth domain, then the
necessary and su¢ cient condition for the existence of a smooth map F : 
 ! Rn
with

(2)
�
rank (F (x) ; @1F (x) ; � � � ; @nF (x)) = n for any x 2 
;
@F
@� = 0 on @
,

is that 
 is di¤eomorphic to B1 or B2nB1.
Remark 1. In fact, if 
 is di¤eomorphic to B1, then any solution to (2), F , must
have exactly one zero in 
. If 
 is di¤eomorphic to B2nB1, then any solution to
(2), F , does not vanish at all. These conclusions will follow from the arguments
below.

First we reduce the existence of such a vector �eld to the existence of vector �eld
with less restrictions.

Lemma 1. Let 
 � Rn (n � 2) be an open bounded smooth domain, if there exists
a smooth map G : 
! Rn such that

rank (G (x) ; @1G (x) ; � � � ; @nG (x)) = n for any x 2 
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and
dim span

n
G (x) ; im (Gj@
)�;x

o
= n for any x 2 @
;

here (Gj@
)�;x denotes the tangent map of Gj@
 at x, then we may �nd a smooth
map F : 
! Rn satisfying (2).

Proof. Let " > 0 be small enough such that the map

� : @
� [0; 3"]!
�
y 2 
 : dist (y; @
) � 3"

	
: (x; t) 7! x� t� (x)

is a di¤eomorphism. Let P = G � �. For any t 2 [0; 3"], let Pt (x) = P (x; t) for
x 2 @
, then we may assume " is small enough such that for any t 2 [0; 3"],

dim span
n
Pt (x) ; im (Pt)�;x

o
= n for all x 2 @
:

Let � : R! R be a smooth function such that

� (t) =

�
"; when t � "=2;
t, when t � 3"=2;

and �0 (t) � 0 for all t. De�ne
Qt (x) = Q (x; t) = P (x; � (t)) for x 2 @
, 0 � t � 3".

Then it is clear that for any t 2 [0; 3"],

dim span
n
Qt (x) ; im (Qt)�;x

o
= n for any x 2 @
:

Let

F (y) =

�
G (y) ; if y 2 
;dist(y; @
) � 2";
Q
�
��1 (y)

�
; if y 2 
;dist(y; @
) � 3";

then it is clear F satis�es all the requirements. �

Corollary 1. Assume 
1 is di¤eomorphic to 
2, and for 
1 we may �nd a solution
to (2), then we may �nd a solution to (2) for 
2 too.

To derive the necessary condition for the existence of a vector �led satisfying
(2), we will need

Lemma 2. Let 
 � Rn (n � 2) be an open bounded smooth domain, if there exists
a smooth map H : 
! Sn�1 such that

rank (@1H (x) ; � � � ; @nH (x)) = n� 1 for any x 2 

and

dim im (Hj@
)�;x = n� 1 for any x 2 @
;
then 
 is di¤eomorphic to B2nB1.

Proof. First we claim that each path connected component of @
 is di¤eomorphic to
Sn�1. This is clear when n = 2. If n � 3, since Hj@
 has full rank everywhere and
@
 is compact, Hj@
 : @
! Sn�1 is a covering map (see [M]). Since Sn�1 is simply
connected, we see each path connected components of @
 must be di¤eomorphic to
Sn�1. Indeed, the restriction of H to such a component serves as a di¤eomorphism.
To proceed, we observe that from the assumption on H, it follows from implicit

function theorem that for any � 2 Sn�1, H�1 (�) is a smooth one dimensional
submanifold of 
, moreover H : 
! Sn�1 is a smooth �ber bundle (see [M]). Fix
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a point x0 2 @
, let �0 = H (x0) and � = H�1 (�0), then we have an exact sequence
(see Theorem 6.7 of chapter VII in [B])

�n�1 (�; x0)! �n�1
�

; x0

�
! �n�1

�
Sn�1; �0

�
! �n�2 (�; x0) :

If n � 3, then both �n�1 (�; x0) and �n�2 (�; x0) vanishes, this shows �n�1
�

; x0

� e=Z
and hence 
 is di¤eomorphic to B2nB1. If n = 2, then since �1 (�; x0) vanishes and
�0 (�; x0) is �nite, we see �1

�

; x0

�
is again isomorphic to Z, this shows 
 must

be di¤eomorphic to B2nB1. �

Now we are ready to prove the theorem.

Proof of theorem 1. First if 
 = B1 or B2nB1, then G (x) = x satis�es the assump-
tion in the Lemma 1, half of the theorem follows from the lemma and Corollary 1.
On the other hand, assume for some 
, we may �nd a smooth map F satisfying (2).
For x 2 @
, choose a base for the tangent space of @
 at x, namely e1; � � � ; en�1,
then

rank (F (x) ; @1F (x) ; � � � ; @nF (x))
= rank (F (x) ; F�e1; � � � ; F�en�1; F��)
= rank (F (x) ; F�e1; � � � ; F�en�1) = n;

we see F (x) 6= 0 on @
. Moreover, it follows from the fact

rank (F (x) ; @1F (x) ; � � � ; @nF (x)) = n for any x 2 

that the zeroes of F in 
 must be isolated, hence only �nitely many, say x1; � � � ; xm.
Then for " > 0 small enough, let

U = 
n
m[
i=1

B" (xi);

we know
rank (F (x) ; @1F (x) ; � � � ; @nF (x)) = n for any x 2 U

and
dim span

n
F (x) ; im (F j@U )�;x

o
= n for any x 2 @U:

Let

H (x) =
F (x)

jF (x)j for x 2 U ,

then clearly

rank (@1H (x) ; � � � ; @nH (x)) = n� 1 for any x 2 U
and

dim im (Hj@U )�;x = n� 1 for any x 2 @U:

It follows from the Lemma 2 that U must be di¤eomorphic to B2nB1, hence 
 must
be di¤eomorphic to either B1 or B2nB1. �
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