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1 Introduction

Topological solitons (vortices) arise in a variety of physical problems and have been the
subject of much study over the last four decades or so. Among the best known examples are
domain walls and magnetic bubbles in a ferromagnetic continuum, vortices in superfluids and
superconductors, topological defects in liquid crystals, as well as skyrmions, monopoles and
instantons which are particle-like solutions in generic models of high-energy physics. The
present work addresses the static theory for some simplified model of planar ferromagnets
and antiferromagnets. The motivation of such a study comes from attempting for a rigorous
mathematical justification of dynamical laws of magnetic vortices formally derived in [1], [2]
etc.

The magnetic vortices have been studied extensively for ferromagnets and weak ferromag-
nets. In both cases a nonvanishing magnetization develops in the ground state, albeit by a

!Supported by the Dean’s Dissertation Fellowship
2Supported by a NSF grant



different physical mechanism, which allows then detailed experimental investigations. In con-
trast, direct experimental evidence for pure antiferromagnetic vortices is absent. Nonetheless,
theoretical arguments suggest that such vortices should exist for essentially the same reason
as in ordinary ferromagnets, even though the governing dynamical equations are sufficiently
different.

Though the best known examples of topological magnetic solitons are magnetic bubbles
observed in abundance in ferromagnetic films with an easy-axis anisotropy [3], the experi-
mental situation is also relatively less clear in ferromagnets with an easy-plane anisotropy
(planar ferromagnets) for which the relevant solitons are theoretically predicted to be half
bubbles or vortices. It turns out the energy functional controlling the statics of planar
ferromagnets and antiferromagnets are essentially the same, see for examples [1], [2] and [4].

To describe this simplified model, we let QO C R? be a bounded open connected domain
with smooth boundary. Define S' = {z\z € R*,2* = 0, (z')? + (2?)? = 1}, $? = {z\z €
R3, (z1)? + ()2 + (2®)2 = 1}. Let g : 0Q — S! be a smooth map of degree d. Let
H, (Q,5%) = {u\u € H'(Q, 5%),ulan = g}. For any u € H, (€, 5%), we let

(1.1) IL(u) = /Q% {\Vu|2 + @} dz, €>0.

The energy functional (1.1) supposedly controls the statics of planar ferromagnets and an-
tiferromagnets. As in [1], [2], [4], we are interested in the behavior of critical points of I, as
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e — 0F. If we replace S? by R? and (i) by (1_2@2) , then the problem becomes the familiar
simplified model of the Ginzburg-Landau theory for superconducts.

For the Ginzburg-Landau energy functional, the asymptotic analysis for minimizers (or
even more general critical points) has been carried out in [5] and [6]. There are numerous
developments since these works, see the lectures [7] by the second author (for a brief de-
scription of the state of art before 1995), and higher dimensional analogous. Though our
analysis follows closely the seminal work of [6], there are many new subtle difficulties. A
simple reason for that is we are now working with S2?-valued maps. This nonlinear, noncon-
vex constrain in the variational problem (1.1) gives rise to similar difficulties for the study
of harmonic maps. In other words, we have to deal with both infinite energy concentrations
and finite energy bubbling. Our first result is the following (see Theorem 2.1)

Theorem 1.1 Suppose Q C R? is a bounded connected open domain with smooth boundary.
Let g : 90 — S be a smooth map of degree 0, and denote

(1.2) M, = {u\u e H, (2,5 ,/Q |Vul|? = inf /Q |Vv|2} :

vEH}(Q,S1)



Then there exists an €, = €.(g,2) > 0 such that for any 0 < € < e,(g,?), any u. minimizes
I. on H, (Q,5%), we have u} = 0 and u. € My. Moreover M, is a finite set of smooth
maps.

We note that Theorem 1.1 is somewhat different from Theorem 1 in [5]. In [5], the minimizers
u. can only approximate the limiting harmonic map ug in the space C% for any «a € (0,1)
(not in C?!). Tt is also clear that the image of u. in their case can not be in S' except it is
a constant. The reason for this difference is because S! is a totally geodesic submanifold in
S? but not in R2.

When the degree d # 0, as in [6], the minimum energy is going to oo as ¢ — 0. We
have (see Theorem 4.1)

Theorem 1.2 Suppose Q C R? is a bounded open simply connected domain with smooth
boundary. Let g : 0Q — S be a smooth map with deg(g,0Q,S') = d > 0. For a sequence
Ug,;, minimizers of I, on Hgl(Q, S?), e; — 07, after taking a subsequence if necessary, there
exists d distinct points a1, -+, aq € ) such that

d
Ue, —> Uy = (H 2 “La@),o) in C2 (M {ay, -, aq}).
j=1

e
1z — aj|

Here h, is harmonic in Q and u.|sq = g. Moreover, for § > 0 small, x € Q\ UL, B;s (a;)
and k € Z, k > 0, we have

D63 ()| < c(k,6,9,Q) e Tmamer,

More informations about the locations of the so called vortex points aq,---,ay and some
precise asymptotic formulas will be described in Theorem 4.2.

One of the key points involved in applying “BBH”-asymptotic analysis to our problem
is the following gradient estimate (see Theorem 3.1).

Theorem 1.3 Suppose Q) C R? is a bounded open domain with smooth boundary, and sup-
pose g : O — St is smooth. Then there exists ¢, = £,(g,Q) > 0, ¢ = ¢(g,) > 0 such that
for any 0 < e < &,(g9,9), any u. minimizing I, we have |Vu.(z)| < @ for z € Q.

Indeed this gradient estimate is also true for solutions with image lying in half sphere (see
Proposition 6.3), which need not be a minimizer. Theorem 1.3 is the starting point in the
proof of Theorem 1.2 (even though one may use other arguments, see [8]). We may use the
techniques in [6] after having this gradient estimate. Moreover, it gives better understandings
of minimizers.



The study of the existence and stability of special solutions to the Euler-Lagrange equa-
tion (2.1) of I, would also be quite helpful for understanding the dynamics of vortices.
Especially for the problem
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(1.3) —Au= (|Vu\2 + M) u— 2—63, on B, wu(z)=(e%0) forx € dB,,

here u € C* (B_f, 52), g € N. We have the following (see Proposition 5.1, Proposition 5.3
and Proposition 5.4)

Proposition 1.1 There ezists a unique f = f. 4 defined on [0, 1] such that f (0) =0, f (1) =
2 and u.q = (sin f (r) €2, cos f (r)) is a smooth solution to (1.3). In addition, [ satisfies
0< f(t) <%, f'(t)>0for0<t<1. Foranye >0, uc, is strictly stable, hence a local
minimizer. If ¢ > 2, then for 0 < e < e(q), ue 4 is unstable.

The existence of solutions in Proposition 1.1 is done by reducing (1.3) to ordinary differential
equations. The stability result is studied along the same line of the work of [9] for the
Ginzburg-Landau model. However, there are again some new technical difficulties. Due
to the nonlinearity introduced by S2, the second variation formula contains certain first
order terms, unlike the one in [9]. These difficulties are overcome by a careful study of the
qualitative property of f; , in the above proposition.

One of the most interesting aspects of our problem is the so called energy quantization
phenomenon similar to [10]. If we have a map u € C* (R?, S?) satisfying

(1.4) —Au = (|Vu\2 + (u3)2> u—u’es

on R?, then do we have < [o, (u)? € Z? If u decays fast enough at oo, then this is the case,
in fact we have (see Proposition 6.1)

Proposition 1.2 Suppose u € C*® (R?,5?) satisfies (1.4) on R?, u®> — 0 as |z| — oo and
there exists ¢ > 0 such that

(1.5) / (|Vu|2 + (u3)2> <clogr forr>2,

r

then [g (u3)? = 7d?, here d is the degree of % at oo, u' = (ul,u?). Moreover

|D*u3 (2) | < c(k,u)e~® ¢>0, c(k,u) >0, foranyk >0,

c(k,u)
||

|DFu (z) | < for k> 1.

If we write u' + iu? = pe'¥9*Y) outside ball Bg,, then |V (z)| = O (L)

z|?
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We point out, if u € C* (R?, S?) locally minimizes I;, then it satisfies the growth conditions
in Proposition 1.2 (see [11]) and hence the quantization property is correct. Another impor-
tant case for such quantization to be valid is when the image of u lies in the closed upper
half sphere. That is (see Proposition 6.4)

Theorem 1.4 Suppose u € C™ (R?, 5?) satisfies (1.4) onR?, u® > 0, liminf ;o |Vu(z)| =
0, fr» (u®)* dz < 00, then either u* =0 or

()] < e(we T, [Vud(@)] < c(u)e T, [Vu(z)| < % / () dx = 7,

R2

here d is the degree of ﬁ at oo, u' = (u',u?).

We shall present various examples so that such energy quantization may be false. It is
obvious that there are much rich classes of entire solutions of (1.4) than the one studied in
[10].

In forthcoming works of authors (also joint with Jalal Shatah), we should apply the static
theory developed here to the study of dynamics of magnetic vortices.

The paper is written as follows. In Section 2 below, we prove when the degree of g is
zero and ¢ is small enough, then the minimize of I, is in fact a minimizing harmonic map
to S. Section 3 proves the gradient estimate for minimizers. In Section 4, we use the
gradient estimate proved in Section 3 and arguments from [6] to prove the convergence of
minimizers away from |d| vortex points. We also present some asymptotic formulas for this
convergence. Section 5 studies special solutions to the Euler-Lagrange equation of I, and the
stability property of these solutions. In Section 6 we present several results on the energy
quantization.

After the present work was accepted, we learned from S. Serfaty an earlier work by N.
Andre and I. Shafrir: “On nematics stabilized by a large external field”, Rev. in Math Phys.,
Vol. 11, No. 6, 1999, 653-710. In that paper authors studied many similar issues. However,
we noticed that one of the key point in the proof, the gradient estimates (see our Theorem
1.3), was not fully explained and verified. They also did not discuss these energy quatization
results as well as Liouville type theorems.

2 The Case deg(g,09,S') =0

In this section, we shall study the behavior of minimizers of I, as ¢ — 0% for the case
deg (9,09, S') = 0. Before we proceed, we would like to establish some basic properties for
minimizers.



Lemma 2.1 There exists at least one u. € Hgl(Q, S?) which minimizes I.. All minimizers
are smooth and satisfy

u3)2 P .
(2.1) —Au, = (|Vu5|2 + Q) Ue — 8—;63 in Q,  Uelgn = 9.

-2
Here e3 = (0,0,1).

Proof The existence follows from the direct method in calculus of variations. The smooth-
ness of minimizers follows from [12]. In fact, it follows from [13] and [14] that every critical
point of I, is smooth. [

Lemma 2.2 Suppose u. is a minimizer of I., then either u®> = 0 in Q or u2 > 0 in Q or
ud <0 in Q.

Proof Let u, be a minimizer of I.. Put v(z) = (u;(x), uZ(z), [u(x)]), then v € Hy(Q,5?)
is also a minimizer. From Lemma 2.1 we know v is smooth and it satisfies

3\2 3

—Av? = (|VU|2 + (v 2) > v® — v—z, v® >0, 13|50 = 0.
£ £

It follows from the Harnack inequality that either v = 0 or v > 0 in Q. If v3 = 0, then

ur=0.1fv*>0in Q, then u? >0in Qoru? <0in Q. O

Now we may state the main theorem of this section.

Theorem 2.1 Suppose Q C R? is a bounded connected open domain with smooth boundary.
Let g : 000 — S be a smooth map of degree 0, and denote

(2.2) M, - {u\ueﬂg(a,sl),/ﬂ\vm?: inf /Q|Vv|2}.

vEHL(Q,S1)

Then there exists an €, = €.(g,2) > 0 such that for any 0 < € < e,(g,?), any u. minimizes
I, on H; (2, S%), we have u} = 0 and u. € M,. Moreover M, is a finite set of smooth maps.

Remark 2.1 We note that in Theorem 1 of [5], the minimizers u. can only approximate the
harmonic map ug in the space C1* for any a € (0,1). It is also clear that the image of u, in
their case can’t be in S* except it is a constant. This difference of our result from theirs is
due to a simple geometric fact that S is a totally geodesic submanifold of S? but not of R?.

We use the idea in Lecture 1 of [7] to show Theorem 2.1.



Lemma 2.3 Suppose g, Q are as in Theorem 2.1, then Mg is non-empty and compact in
H'(Q).

Proof Since the degree of g is zero, we may find a smooth extension % : {2 — S', then from
the direct method in calculus of variations we know M, is non-empty. Put

(2.3) A= inf / |Vol|?.
Q

vEH(Q,87)

Suppose u; € My, then [, [Vu;|> = A, this implies that we may find a subsequence which
is still denoted as u; such that u; — u for some v € H'(Q). Hence u € H;(2,S") and

(2.4) / Vul” < liminf/ V> = A
Q J=eo Ja

From (2.4) we get [, |[Vul?> =\, u; = v in H'(Q) and u € M,. O

Corollary 2.1 Under the assumption of Theorem 2.1, we have for any ¢ > 0, there exists
6 =06(g,Q,¢) > 0 such that foru € My and E C Q, we have [, |Vu|* < & whenever |E| < 4.

Lemma 2.4 Under the assumptions of Theorem 2.1, for any €9 > 0, there exists a 1o =
ro(g, 2, €0) > 0 such that for every minimizer u. and every x € Q we have

[ o,
Bry(2)NQ2 3

if 0 < e <eug, 9, e0).

Proof From Corollary 2.1 we know there exists a 79 = (g, ,&0) > 0 such that for + € Q
and u € My,

(2.5) / Vul? < 20
By ()NQ 2

If the conclusion of Lemma 2.4 were false, then there would exist £; — 0, u; = u., minimizing
I, and z; € Q such that
2 ()"
(2.6) \Vu;|* + —5— > eo.
BTO (a,‘j)ﬂﬂ €

J

After passing to a subsequence we may assume z; — x,. On the other hand, for every
v € Hy(Q,S"), we have

(2.7) /Q|wj|2+ (u;) §/9|Vv|2.

2
&j
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After passing to a subsequence again we may assume u; — w in H'(Q2), u; — w in L*(Q).
Jo(u3)? < &% [ IVu* — 0 implies w® = 0, hence w € H (2, S"). Also from [, |Vw|* <
Jo IVv[?, we know [, [Vw[*> = X and w € M,. M, and X are defined in (2.2) and (2.3).
Taking v = w in (2.7), we have
< [ 1vuP
Q

(2.8) /Q\VujP + ()

(2.9) / Vw|* < liminf/ |Vu,;|? < limsup |[Vu,|* < / \Vwl?.
—00 ;

J—00

Hence [, |Vuj|2 — [, [Vw|?, the latter fact implies u; — w in H'(Q). Going back to (2.8)

we get fQ Ej — 0. Gathering all these facts, we have

u)?
(2.10) / [V |* + ( JQ)
By (z)NS &

2 2 2 (U3)2 5
:/ Y +/ (Va2 — [Vl )+/ N Vul?.
By (z)NS By (z)N9 By (z)N9 5 By (4)NQ2

(2.6) and (2.10) together implies fBTO(x*)m |Vwl|? > &, this contradicts with (2.5) because
w € M,. Hence the conclusion of Lemma 2.4 follows. [

Lemma 2.5 Suppose u : Q — S? is smooth and
u3)? U
—Au = <|Vu\2 + ( 2) ) u— —es,
€ €

where e3 = (0,0,1). Denote e.(u) = 3 [|Vu|2 + @] , then

(u?)?
gt ’

2
(2.11) —Ne.(u) = 4e.(u)® — | D*ul® - 8—2\Vu3\2 -

and hence —ANe.(u) < de.(u)?.

Proof For each k= 1,2 or 3, we have
3

u
—AuF = 2e, (u)u* — ?(5:',,“,
A = |D?ul? O + L (12 + P
e.(u) = |D*ul —i—Z u’ 0; u+6—2(| u’l” 4+ urAu’),
1,J

plugging in the equation of v we get the conclusion. [

8



Lemma 2.6 Ifv € C®(B,), v >0, —Av < v? on B,, then there exists a ny > 0, such that
[z v < mo implies

c
supv < c][ v < —Mo-
B% B, r

Here ¢ and ny are absolute constants.

Proof By scaling we may assume 7 = 1. Put K = max|;<i(1 — |z])?v(z). We claim K <1
Otherwise K > 1, choose oy € B; such that (1 — |xg])%v(z¢) = K. Set 0 = 1 — |z|, then for
z € Bz (x0), v(z) < L ow(z) = %v(mo + ﬁm) is well defined on Bj. It satisfies

1
—Aw < w?, w<1on By, w(0)=-, / w:/ v(x)dz < np.
4 B B_ao_(x0)
2VK

Hence —Aw < w. From mean value inequality we know w(0) < ¢ fBl w < cng. Here ¢ is an
absolute constant. Choose 7y small enough such that cny < i, we get a contradiction. Hence
K <1. On B; we have v(z) < 16. —Av < 16v. So again by mean value inequality we get

v(z) <cfz v<cfpv<en O
4

Corollary 2.2 Under the assumption of the Theorem 2.1, there exists a €, = €.(g,€) > 0
such that for 0 < e < ¢e,(g,9Q), any u. € Hgl(Q, S%) minimizing I. and K any compact subset
of Q, we have

(u?)”

sup (|Vug|2 + —2> < (g, K).
K £

Proof This follows from Lemma 2.4, Lemma 2.5 and Lemma 2.6. [J
Now we do the estimate up to boundary.

Lemma 2.7 Under the assumption of Theorem 2.1, there exists a €, = €.(g,€) > 0 such
that for any 0 < e < e,(g,Q) and any u. minimizing I, we have

3\2
sup (192 + 5 < clo.,
Q 15

Proof From Lemma 2.2 we may assume u® > 0. We prove Lemma 2.7 by a contradiction
argument. If the Lemma 2.7 were false, then there would exist £; — 0, u; = u,; minimizing
I, such that
3)2
(“j)

(2.12) sup (\Vuj|2 + —% > = K; — oo.
Q 8]'
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Suppose the maximum is reached at z; € Q. From the Corollary 2.2 we know x; must go

to 0f), we may assume x; — x, for some z, € 0§2. By the arguments in Lemma 2.4, after

3)2
passing to a subsequence, there exists a u € M, such that u; — win H'(Q) and | (132) — 0.
J

Denote z} as the closest point to x; on 0. By rotation and translation, we may assume
z; =0 and the tangent line of 9f2 is the coordinate line {z? = 0}, hence a:; = 0. Put

X /
7; = v/ Kje; >0, Uj(x) = U’j( K_)’ Y = v Kjz;.
J

vi)?
For e, (v;) = 3 [|ij\2 + (T]; }, we have e, (v;)(y;) = 3 and e, (v;) < 5. First we ob-

serve y]? — 0, otherwise we may use Lemma 2.6 to get a contradiction. Then we observe
that 7; must go to zero, otherwise we may use standard elliptic estimates and the fact
meQj er;(v;) = 0 (€ is the domain of v;) to get a contradiction. From v} < 7; we know

supg, v} — 0. Put v} + v = p;ei on By N then p; is very close to 1 and we have

(2.13) div(p;Ve;) = 0, Dpj — pi|Vé;° = —2pjer; (v)).

Since ¢; is smooth on 0§2; N By and converges to constant, we have

(2.14) (Vojlca(ing,) — 0.

Set r; =1 — p;, then we have

(2.15) riloa;nm, =0, 1; >0, —Ar; < p;|Ve;|* < 6; = 0 in By N Q.

We also know 7; — 0 uniformly. A barrier argument tells us

(2.16) |ij|L°°(BQij%) < oy,

where o; — 0. Since

(2.17) —Avj-’ < v;’, v?|39j032 =0, v;-’ — 0 uniformly,

similar arguments tell us
(2.18) |VU?‘L°°(GQJ-HB%) < B

where ; — 0. From (2.14), (2.16) and (2.18) we get e, (v;) < ;, 7; — 0 on 99 NB:. Now
by the mean value inequality near the boundary (see chapter 8 of [15]) and —Ae, (v;) <
2e.; (vj) in Q;, we get

1
5 = en(v)(y) <c / er; () +75 | =0,

B1NQ;
3 J
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a contradiction. [
Proof of Theorem 2.1 By Lemma 2.7 we know for 0 < ¢ < £,(¢g,2) and any u. mini-
mizing I, we have

3\2
2.19) sup (WUEP ¥ @) < aol9,9).
We may assume ¢,(g, 2) < 1( ok then for 0 < ¢ < &,(g,2), we have
Co\9,
1 (ul)”
Now since
3 1 2 (“2)2 3 3
(2.21) —Aul+ | = = [ Vil + =5 u; =0, uZlsn =0,
€ €

it follows from maximum principle and (2.20) that u? = 0, then it is clear that u. € M. To
see M, is finite, we define

(2.22) Hy = {u\u e H; (2,5") is a harmonic map to S'} .

Fix a uy € My, then the map from H; (defined the same way as in (2.22) by replacing
g with 1) to H, given by u — (ug-u) (complex multiplication) is a bijection. Let 02 =
Ui_oCj, Co, - -+, Cp are connected components of d€2. Then for any u € H;, u = €' with
¢ € C* (Q,R), a harmonic function satisfying ¢|c, = 0, ¢|c, = 2k;m, k; € Z for 1 < j < n.
Let ¢; € C*° (ﬁ, ]R) be the harmonic function on Q with ¢,|c, = i, for 0 < k < n, then

n
(2.23) = 2kmp;.

7j=1
Since V1, ---, Vi, are linearly independent, we may find a real number ¢ > 0, such that
for any aq,---,a, € R,

n
(2.24) /\V(a1g01+---+an<,0n)\2 >c) al.
Q

=1

For the u € H; above, by (2.5) and (2.6) we have
(2.25) /\vuﬁ :/ Vo> > ) k.
0 Q s
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For any v € My, v = ug - u with u € H,, then for the ¢, k; corresponds to u, we have

(2.26) cZkf. g/qu §2/ |vu0\2+2/ Vol 32/ Vg |? + 2,
=1 Q Q Q Q

here A is defined in (2.3). (2.26) implies #M, < co. O

3 Gradient Estimate for Minimizers

In this section we shall prove a gradient estimate for minimizers.

Theorem 3.1 Suppose ) C R? is a bounded open domain with smooth boundary, and sup-
pose g : 0Q — S' is smooth. Then there exists e, = £,(g,Q) > 0, ¢ = ¢(g,Q) > 0 such that
for any 0 < € < e,(g,9), any u. minimizing I., we have |Vu.(z)| < @ for z € Q.

We shall prove in Proposition 6.3 that this gradient estimate is true for all solutions lying

in half sphere, which need not be a minimizer. Both proofs will be helpful for the future

development. We also note that the map ¢ in Theorem 3.1 is not necessary of degree zero.
We need to establish several Liouville type theorems before proving the gradient estimate.

Lemma 3.1 Suppose u is a continuous subharmonic function on R% which is bounded from
above, then it is a constant.

Proof This is a well-known fact for R?> which is not true for R®, n > 2. The reason for
this difference is because the fundamental solution of the Laplacian in two dimension is
essentially different from higher dimensional ones. One may prove the lemma by a simple
comparison with logarithm function. [J

Lemma 3.2 Suppose u : R?2 — S? is a smooth harmonic map with u® > 0, then either
u = const or u(x) = (cos(z),sin(z),0), where 1 is a harmonic function on R?.

Proof From the harmonic map equation we know —Au?® = |Vul?u® > 0. Hence —u? is

subharmonic on R%. Because it is bounded, from Lemma 3.1 we conclude u® = ¢, a constant.
If ¢ > 0, then ¢|Vu|? = —Ac = 0 implies u is a constant. If ¢ = 0, then v®> = 0 and the
image of u is in S'. Since R? is simply connected, we know u(z) = (cos ¥(x),sin(z),0) and
1 is a harmonic function. [J

The following is an easy calculation.
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Lemma 3.3 Suppose U is an open subset in a m dimensional Riemannian manifold M,

u € C®(U,S"Y), p € CX(U,RY), define u(z,t) = S o, (1) = [, |Varu(, 1),
then

6'(0) =2 [ [(V (30 9)u—2(u- )¢ — o) V) + |V (¢~ (u- 0)u) 7] dur
U
If in addition we know u is a harmonic map, then
#'0) =2 [ [I9(7) P = Vo™ ] dua

Here ©7 = ¢ — (¢ - u)u. If, in addition, ¢" (0) > 0 for all p € C® (U, R"), then we say u is
stable.

Lemma 3.4 If u : R2 — S? is a smooth stable harmonic map with u® > 0, then it is a
constant map. Especially any locally minimizing harmonic map from R? to a half sphere is
a constant map.

Proof If u is not a constant, then from Lemma 3.2 we know u (z) = (cos v (z),sin® (x),0)
and 7 is a nonconstant real harmonic function. From Lemma 3.3 we know for any n €
C> (R?,R), by taking ¢ = (0,0,7), we have

(3.1) / VP — 2 IVuf? > 0.
RQ

Fix a 9 € C° (R?,R) such that

0<n <1, mlg =1, mnolr2\s, =0.

In (3.1), set n(z) = nr(z) = no (%) for R > 0 and let R — oo, we get [i, [VY[* < ¢, an
absolute constant. Hence 1) = const, a contradiction. [

We shall prove in [11] that any minimizing harmonic map from R? to S? is a constant
map, here S2 need not have the standard metric.

Remark 3.1 The condition »® > 0in Lemma 3.4 can’t be dropped because any holomorphic
or anti-holomorphic map from R? to S? is stable. In fact, a theorem of A. Lichnerowicz says
every holomorphic or anti-holomorphic map from a compact Kéhler manifold to another
Kéhler manifold is energy minimizing in its homotopy class (see Theorem 4.2 in [16]). If
we examine the proof closely, one can easily show that without the compactness condition
on the domain manifold, any holomorphic or anti-holomorphic map is energy minimizing
in its homotopy class if we only consider those homotopies supported in a compact subset.
Especially this shows holomorphic or anti-holomorphic maps between Kahler manifolds are
always stable harmonic maps.
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We will use Lemma 3.4 to classify all the blowing up maps of certain equations later. Indeed
we only need the following version, which is slightly different from the above one. We present
it here because the proof will be quite helpful for further development.

Lemma 3.5 Let u(x) = <6i(co+c1m1+02x2)

,0), where ¢y, c1, co are real constants, either ¢y or

¢y 18 monzero, then u is not locally minimizing for I, (see (1.1) for definition) on R2.
Proof By contradiction. If u is locally minimizing I;, without losing of generality we may
assume u(z) = (ei’\wl,O), A > 0. Choose a map w : [0,2] x [0,1] — S? such that w is
Lipschitz and

2m gl 2m
w(0,8) = w (5t :M&UzﬂQm,w@m=<e,® for0<t<1,0<s< .

Consider for [ > 0, I; = {x\O <zl < 27”, 0<a?<Il+ 2}. For z € I;, define

w(x) if0<2%<1,
v(z) =< (1,0,0) if1 <a2?<Il+1,
w(zhl+2—-2%) ifl+1<22<]+2

Then v;|ar, = ular,, hence I;(u) < I (v;). In other words 27 A(l +2) < 2[;(w). Let | — oo,
we get a contradiction. Another way to prove the lemma is the following. If u is locally
minimizing, then for every R > 1, define vg : B — C by

on (@) = 4 (B=la)+ (o] = R4 1eilorarsa) iR 1< o] <R,
R 1 if 2| < R—1.

It follows from formula (5.11) that I; (T o vg, Br) < ¢(c1,¢2) R. Here T is the stereographic
projection defined in (4.1). Hence 3 (¢i + ¢3) R?> = I (u, Bg) < ¢(c1, ¢2) R. Letting R — oo,
we get a contradiction. [J

Lemma 3.6 Denote Hy = {z\z € R?, 2% > 0}, the open upper half plane. Supposeu : Hy —
S? is a smooth harmonic map, which is stable in Hy. If, in addition, u® > 0, u|sy, = const,
|Vu(z)| <1, then u = const in H,.

Proof We have —Au(z) = |Vu(z)|?u(x). For any sequence h; — oo and [;, define
uj(z) = u(x' +1;,2> + hy), for z € H;, H; = {z\z € R*, 2> > —h;}.

Then
~Au;(w) = [Vuy(2)uj(z),  [Vuy(z)| <1in Hj.
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Hence for any o € (0,1) and r > 0, |uj]c1a;) < (o, 7). From Schauder theory we know
after passing to a subsequence u; — v in C®(R?), v € C* (R?, 5?). Since u; is stable, from
Lemma 3.3 we know for any ¢ € C° (H;,R?),

[ 19 03990 = (6 = (a0 [V > 0.

J

Letting j — oo, we get for any ¢ € C®° (R%,R?),

[ (9 60= 000 P = (l¢ = (- 9)") IVoP) da 20,

that is v is a stable harmonic map on R?. Furthermore u? > 0 implies v* > 0. From Lemma
3.4 we know v must be a constant. Hence Vu;(xz) — 0 in C*°(R?). This tells us that

(3.2) lim (sup |Vu(:c1,:c2)|) =0.

z2—00 \ z1eR
Now let us look at the Hopf function
©(2) = |01ul* — |Gaul* — 2i(01u - Bour).

We know it is a holomorphic function on the upper half plane (see [17] Section 1). Imy is
harmonic and it is zero on {z? = 0} because u is constant on this line. It is also bounded
because |Vul| is. Hence Imyp = 0. From Cauchy-Riemann equation we know Rey = ¢, a
constant. From the limit in (3.2) we know ¢ = 0. Hence |0;u|> = |0u|?. Sine u is a constant
on {z% = 0}, we know

(3.3) Ou(z',0) = dyu(z',0) = 0.

Put @(x) = u(z) for 22 > 0 and a(x) = u(z', —2?) for 2> < 0, then from (3.3) we know @
is a harmonic map on R? with @* > 0. If @ is not a constant, from Lemma 3.2 we know
t(z) = (cos(x),sinyp(x),0) and 9 is a harmonic function. From the bound of |Vu| we
know 1 must be linear and |Vi| = |Vi¢| = a > 0. This contradicts with the limit in (3.2).
Hence % is a constant and we get the lemma. [J

Proof of Theorem 3.1 Without losing of generality, we assume u> > 0 by Lemma 2.2.
Suppose the conclusion of Theorem 3.1 is not true, then we may find e; — 0, u; = wu,,
minimizing [, such that

Kj = gjsup |Vu,;(z)| — oc.
TEQN
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Choose z; € Q such that £;|Vu;(z;)| = K;, define
K

(3.4) vj(x) = u; (xj + %m) forz € Qy, Q; = . (Q —z;).
J J
Then
T AV
(3.5) —Av; = (|ij| + #) v + szeg on €, |Vv,;(z)| <1, |Vv,;(0)] =1.
j j

There are two cases we are going to discuss. The first case is Q; — R? as j — oco. In this
case, from (3.5) we get for any o € (0,1), any 7 > 0, [vj|c10z) < (o, 7). Hence we may
assume v; — v in C*(R?) after passing to a subsequence. We have v € C* (R?, 5?%) and
|[Vu(0)| = 1.

Claim 3.1 v is a locally minimizing harmonic map on the whole plane.

Proof of Claim 3.1 In fact, for any r > 0, w € H'(B,,S?) such that w|sp, = v|sp,. For
0<d<1, set

w (%5 when |z| < (1 —9)r,
wis(T) = { I (ﬁf'v (rﬁ) + m;#vj (7‘1>> when (1 —0)r < |z| <.

|

Where I1(¢) = £ for £ € R®. Set

€]
w (%) when |z < (1-0)r,
v (ri) when (1 —§)r < |z| <.

|

ws(z) =

We have w;; — ws in H'(B,). Since w;;|ap, = vi|ap,, we know
(v})?
K?

/ Vw;s
r J

Let j — oo, we get [, [Vw;|* > [ |Vv[%. Let § — 0, we have [, [Vw|*> [, [Vv[?. This
proves Claim 3.1.

Now vg-’ > 0 implies v®> > 0. It follows from Lemma 3.4 that v is a constant. This
contradicts with [Vv(0)| = 1.

The second case is 2; — H, H is a half plane. After rotation we may assume H =
{z\z € R?* 2* > —a}, where a is a nonnegative number. Since on 9, the v; is simply a
dilation of g, we have for any r > 0, « € (0,1), |vj|01,a(m) < ¢(a,r,g,9). Hence v; = v

in C*® (ﬁ), veC™® (ﬁ, SZ). It is constant on 0H. Similar argument as before shows v is a
locally minimizing harmonic map in H, also v* > 0, [Vv(0)| = 1. From Lemma 3.6 we know
v is a constant, contradiction. [

3 42

o, (wis) / 2

+ 2> |V,|? +
K? B
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4 The Case deg(g,dQ,S!) #0

In this section, we shall discuss the case when we have a topological obstruction, that is, the
case when deg (g, 092, S') # 0.

Theorem 4.1 Suppose Q C R? is a bounded open simply connected domain with smooth
boundary. Let g : 0 — St be a smooth map with deg(g, 00, S') = d > 0. For a sequence
Ue,;, minimizers of I, on Hgl(Q, S%), e; — 07, after taking a subsequence if necessary, there
exists d distinct points aq,---,aq € S such that

d
T =05 ez . o ()
Ue, = Uy = (]1:[1 Me ha( ),0) in Coo(Q0\{a1,---,aq})-

Here h, is harmonic in Q and u.|sq = g. Moreover, for § > 0 small, x € Q\ UL, B;s (a;)
and k € Z, k > 0, we have

D63 () | < c(k, 8, 9,Q) e Tmamer

Remark 4.1 We note that the convergence of minimizers u, to u, away from the vortices
is in C*™ topology, unlike the C1*® convergence in [6]’s case. The reason for this difference is
explained in Remark 2.1.

We shall determine the location of a4, - - - , a4 after proving this theorem. Recall the following
important annulus lemma proved in [10],

Lemma 4.1 (Annulus Lemma from [10]) A = A,,,, = B;,\B,,, u € H'(A,R?), |u| >
o >0, LfA (1-|u®)’ <K, d= d€9(| 0B, ) forro <1 <11, u= pel V) where p = |ul,
(NS Hl(A R) is a well defined function, then

2d?
/|Vu|2>27rd210g— /|Vp|2+—/|V1/J|2 (f+—)

Lemma 4.2 Suppose 0 C R? is a bounded open simply connected domain with smooth
boundary, and suppose g, : 02 — S? satisfies
1
g2
and g. — § uniformly on 9. Here deg(g, 0%, S') =0, g = (¢*°,0) on 0Q. We denote @q to

be the harmonic extension of itself from 09 to Q, @y = (€%°,0) on Q. Suppose . minimizes
I in H; (92, 5?), then

0 (gg)QdS + |Ge| 51 (00) < K,

1
m%%mmﬁ,—/
Q
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Proof Denote

29" 2% 1y
4.1 I': R — S7{(0,0,-1)}, T, =( , ) :
(4.1 @01} 1) = (e T T

This is the standard stereographic projection. If we use I'"! as the coordinate, then the
metric on S? is given by

4 1 1 2 2
ggr = ——— (dy Rdy + dy” ® dy )
(1+[y?)*
Denote g. ="' 0§, g ="' 0 g. We want to construct a comparison function v, = n,e*%.
For convenience let d (z) = dist (z,09) for any x € R?. There exists a § > 0 such that for
any x with d (z) < 0, there exists a unique ¢ (z) € 02 such that |z — ¢ (z) | = d(z). For

z € Q, let

d(z) _ d) i
42) =] Er(-2) @), i@ <e
1, if d(z) >
It is clear that 7, — 1 uniformly on . Simple computations show
1
(4.3) / (V|2 < e(K,Q)e, 8—2/(1 —n.)? < (K, Q)e.
Q Q

On the other hand, on 99, we may write g. = |g.|e’¥ such that ¢, — ¢y uniformly. We
denote ¢, to be the harmonic extension of itself from 0¢2 to 2. It follows from interpolation
inequality that ¢, — ¢ in H' (). By considering the minimum property of %, and choosing

[' o v, as a comparison map we get
4 11— |v2\?
— _Vu.l? 4+
1+ |vsl2)2| = (1 + [ve|?

1

(4.4) /|Vag\2+—2/ (ai’)Qs/

Q & Ja Q
4 1 [(1—n? 2 4n?

= V.2 + n2| Ve, +—( E) SCK,Q&‘+/7EV52.

/ (Vn* +3196.) + 5 () | < et [ 2 v

(L+n2)°
Suppose @, — @ in H'(Q), taking a limit in (4.4) we get

(45) [war< [ val = [ var,

Since @ € H; (2, S"), (4.5) implies & = @y. Note it follows again from (4.4) that

(4.6) limsup/ |V126|2§/|V120|2.
Q Q

e—0t

(4.6) implies @, — @ in H'(2). Going back to (4.4) we get % [, (@3)° = 0. O
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Lemma 4.3 Under the assumption of Theorem 4.1, there exists a ¢ = ¢(g,2) > 0 such that
for any 0 < e <1, any u, minimizing I, we have

1
(4.7) I.(u;) < mdlog E + c(g,9).

Proof Choose a w € C* (B, 5?) such that w(z) = (,0) for z € dB;. Pick up d different
points in €2, namely ay,-- -, aq4, fix a p > 0 suitably small, let 2, = Q\ U?Zl B,(a;). Define

G:00 — St as
g(x) x € 09,
(w 0) x € 0B,(a;).

lz—aj]’

9(z) =
Since deg(g, 0€2,, S*) = 0, we may find @ : Q, — S smooth and @|sn, = §. Now define

(z) z € Q,,
20) @ € By(a;)\Bilay),

(?) T € Bg(aj).

—

ve(z) =

g

Then I, (u.) < I.(ve) < md logé +¢(g,9). O
Now let us state the Pohozaev identity.

Lemma 4.4 Suppose D C R? is a bounded open domain with piecewisely C' boundary. Let
_ 3)2
u € C®(D,S?%) satisfy —Au = (|Vu|2 + (1—2)) u— 1;—363, then

1

g2 Jp

1
(u3)2 + —/ (z-v)|0,ul’ds =
2 Jop

1/ (a:-u)\aTuPds—F%/ (z-v) (u3)2ds—/ (- 7) (Oyu - Oru)ds,
2 Jop 2¢ Jap aD

here v s the unit outer normal and 7 is the unit tangential vector in positive direction.
Suppose D 1is strictly star-shaped with respect to 0, i.e. there exists a > 0, p > 0 such that
|z| < p for x € D and x -v > ap for x € 0D, then

3\2, @P 2 P 3)2 PP 2
(u®)” + 1 /8D|8,,u| ds§262 aD(u) ds+(a+2)/aD|8Tu| ds.

1
g2 Jp

Proof Multiply the equation by 278;u, then do integration by parts. OJ
We also need the following comparison function from Lemma 2 on p130 of [5].
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|m|2 Rr2

Lemma 4.5 For R >0, e >0, w.(x) =e #r , then
2
—Auw, + = = L (1 - ﬂ) e
€

In particular if 0 < e < %R, then —Aw. + % > 0 on Bg.

Proof of Theorem 4.1 At first we have
1
(4.8) / (Vul|® + 5_2/ (ug’)2 <c(g,Q2) forany 0<e<1.
Q Q

In fact, if we denote u. = (ul,u?), then it follows from [18] and [19] that

g g

1 (u?)? 1 1—|ul]?
_v 112 £ d :/_V 112 £ d
/92| wf o= [ Vi

1 1
2/—\VU'E\2 (1= e’ dx>7rdlog——c(g,Q)
02 4e2

This inequality and (4.7) imply (4.8).

To simplify the notations, we will use u. to denote u.,. By Lemma 2.2, we may assume
u? > 0. Denote S; = {z\z € Q,u(z) > i}. For z € S., we may have Ay = Ao(g,Q) > 0
such that

(4.9) /B (“2)22 L .o

e@nn €2 (g, Q)

This follows from the gradient estimate in Theorem 3.1, |Vu,| < M for € small. S, C
Uses. By (), from Vitali covering lemma we know there exists 5, - --,2%_ € S. such that

Se € U, Bsage(22) and By, (f) are mutually non-disjoint. This together with the inequal-
ities (4.8) and (4.9) tell us N. < ¢(g,€?). After an induction argument we may assume

ke
S. c|UBu(af), af € S., ke <c(g,Q), A=A(g,Q), |af — 25| > 5Ae for i # j.
=1

We may assume k., = k after passing to a subsequence. We also assume ¢ — z,; € €. Let
ai,--+,a; be the different points in z,q, - - -, 24,. Choose a smooth, bounded, connected open
set Q' such that Q C ', also fix a smooth map g : '\ — S* such that §|sq = g. Any map
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u: © — S? such that u|sq = g can be considered as a map on Q' by setting ulgno = g- Fix
a & > 0 such that § < dist(€, R*\Q'), § < 1|a; — a;| for i # j. When ¢ is small we have

l
Uy
4

1C-
&

From the gradient estimate we know

deg (1,085 (20) | = |5 | Ye (), | < c(g,).

21 JoB,. (a5 ULl

Here u. = (ul,u?). By passing to a subsequence we may assume

g1 e

deg (U’:-:: 6B)\s(xzs)) = di7 i=1---, k and deg (Ué,aB%(.@f)) =Ki, t=1,- 'al-

Fix an 1, set A; = {j\1 < j < k,2; — a;}, then Y., d; = ;. Define
Q7 = Bs(a:)\ | Bxe(25).
JEA;
By Lemma 4.1 and an inductive argument we have, for : = 1,---,/, that
0
(4.10) / ) \Vul|? > 2n|k;|log — — c(g,9).
Qs €

i

As in [6], we have k; > 0, for i = 1,---, 1. Indeed, from (4.10) we know

! I
0
(4.11) Z/ Vul” > 2mlog = Y |ki| — c(g,Q), Q= UQ”
i1 /00 €=
Compare this inequality with (4.7) and let ¢ — 0% we get
! I
D lmil<d=3 r
i=1 i=1

which implies 3>'_, [ki| — ki < 0, and hence x; > 0.
Combining (4.7) and (4.11) we see

d
1
(4.12) (Vul|? +/ Vul|? < 27rdlogg +¢(g,9), Qs = Q,\UBJ((I
o A P
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e (X\{a1,---,a}) and u. — u, almost everywhere. From
Jo (u3)® < ¢(g,Q2)e? we get u? = 0. Since

We may assume u, — u, in H}

div (u, A Vul) = u. A Au. =0 in Q,
taking a limit we get
div (u, AVul) =01in Q\{a1, -, aq}
Hence from [13] we know u, is a smooth harmonic map into S' on Q\{ay,---,aq} and

U] 90 = g-

Next, we verify each x; > 0. In fact, we already know k; > 0, if for some 7, k; = 0,
then choose a Ry > 0 such that Bg,(a;) is contained in ' and it doesn’t contain other
singularities. After passing to a subsequence we may assume for some R € (£, Ry),

3\2
/ Vu+ B <
0Bg(a;) €
for some c¢ independent of ¢, u. — u, uniformly on 0Bg(a;). From Lemma 4.2 we know
1

~2
€ JBg(a)

this contradicts with (4.9) because Bg(a;) contains at least one point of S.. This shows each
k; is positive. In fact each k; is exactly equal to 1. To see this, we use Lemma 4.1 to obtain

!
1
(4.13) Vu,|> > 2#2/{? logg —c(g,9Q).
it i=1
On the other hand, by the lower semi-continuity we have
1
(4.14) |Vu,|?> < 27rdlog 5+ c(g, Q).
%

Combining (4.13) and (4.14) then letting § — 0% we get >_. k2 < >_. k;, hence Y _.(k7 —k;) <
0 and this forces k; = 1, | = d. Via Lemma VI.1 of [6], p63 and (4.14) we have q; € 2, for
i=1-.d.

From the above arguments we know u, = (Hd 279 gih(z) O), where h is a harmonic

3=1 |z—a;]| ’
function in Q\{ai, -, aq}, and u,|gq = g. Denote a = (ay,---,aq). Fix a suitably small dy
we have from the proof of Lemma 4.1 that

) 1
[ vupzemies el [ vhE - o.00)
As 50 (ai) o 2 As,50(ai)
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for 0 < 0 < &p. This together with (4.14) imply
/ IVh|* < ¢(g,9Q,a), fori=1,---,d.
Aa,so(ai)

The latter fact implies A is of finite energy on the whole 2 and hence it is harmonic in 2
and fully determined by its boundary value. We call it h,, then u, = (Hd 279 giha(z) 0).

J=1 |z—aj]

Now pick up any point z € Q\{ay, - -, aq}, and for suitably small R > 0,

(Ug’)Q . 1
o 0, ue — u, in H (Bgr(z) N Q).
BR(Z‘)OQ

This together with Lemma 2.3, Lemma 2.4 and the proof of Lemma 2.5 imply

(1.15) sup (\WEF + ﬂ) <elg,0,9), ;=0\ Bilas).

Qs

Fix a § > 0 small, since
1 3)?

We conclude from (4.15), for € small enough, that

1 2 (“3)2 1
5‘_2_ (|Vu5| + 2 2 4—82011 Qg

Since u? < 1 and u2|sq = 0, by the comparison function in Lemma 4.5 and the equation
(4.16) we deduce

0 <ud(z) < e 16 for z € Q.
The standard elliptic estimates and Sobolev inequality yield that
ul|cra(as < cla, 9,9, (5)67@ for a € (0,1), e small.
On the other hand, by the first two equations we get
lug|cre(ay) < c(a, g,%,6).

An induction argument along with the Schauder estimates yield the conclusion of the theo-
rem. []

Now we want to locate the points aq, - - -, ag and get more information for the asymptotes.
We have the following
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Theorem 4.2 The d-tuple a = (ay,---,aq4) in Theorem 4.1 minimizes the renormalized
energy W(g,,b), b € Q4 (see section 1.4 of [6] for definition). We also have

in the sense of distribution, and
1
I.(u.) = mdlog = + dvo + inf W (g, ,b) + o(1),
€ beQd

Yo will be explained later in Lemma 4.6. The minimizers have uniformly bounded p energy
forany1 <p<2i.e.
[ue|wie) < c(g,Q,p) for 0 <e < 1.

For the third coordinate, we have
| i) < clg, Q).

Denote h(z) = < L ) For any € > 0 and r > 0, let

m:

I(e,r)= inf  L(u), I(e)=I(1).

ueH}(B;,5?)

Then I(g,7) = I(%) and we have the following
Lemma 4.6 For 0 <t < t,

to

1
Especially for any 0 <t <1,

1

I(t) < wlog; +I(1).

We also know the limat

1
Yo = lim I(t) —Wlogg

t—0+

extsts.
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Proof For 0 < t; < ty, define
1 1
(ﬁa ) fOI' g S |$| S Ea

) =
u(z) { minimizer for I; on H,{(B%,SQ) for |z| < %

Then we have

1 t 1
I(ty) =101, ) < Ii(u) :7Tlogt—2 +1I(1,—
1

to
= 7log = + I(t,).
: Ly =miog 2 4 110

Hence I(t) — 7 log% is nondecreasing in ¢. Suppose u, minimizes I, then from (4.5) we have
[5, [Vuc|* > 2mlog ;- — ¢, where c is an absolute constant. Hence I(e) —mlog; > —c. O
Proof of Theorem 4.2 First we give an upper bound for I.(u.) by choosing a comparison

function. For by,---, by, d different points in €, denote uy(z) = <H?:1 %e“‘b(w), 0), here

hy is harmonic in Q such that uy|gg = ¢g. Choose a p suitably small, for each j, we know

up(z) = (;:Zj'ei@i(w),O) on B,(a;) and ©; is a harmonic function on B,(b;). For ¢ > 0,

o > 0 small, define

( up(z) if z € Q\ Uj:1 B, (b)),
: lz=bj|—(1-o)p
z—b; 1 ©j(bj)+——"5,——(0;(2)-6;(b;)) i
ve () = 4 (Iwbﬁ- ( ' )’0 if 2 € By(b)\B1-0) (b)),
minimizing I, in Hl( iy o) 0) (Bi—o)p(b), S?)  if x € B1_g),(b;)-
L [z—bj| ’
By the fact
1 1
(4.17) —/ |Vup|? = mdlog — + W (g, Q,b) + o(1)
2 Ja\uL, Booy) p

and Lemma 4.6 we know
1
(4.18) I.(ue) < I.(ve) < mdlog ot W(g,8,b) + dyo + i (e, 0, p) + a(0, p) + a3(0),

and
lim ai(e,0,p) =0, Jim, as(0,p) = 0, lim ay(0) = 0.

The lower bound is obtained through another comparison argument. Denote

d
T—= Qi ih(a
u*(x) = (H mezha( )’0) .
j=1 J
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For p > 0 small, o > 0 small, fix j, we know u,(z) = <|’;:Z§|ei®j(m), 0) on a disk around a;.
Define

H(ﬁﬂgm%@y+%;muﬂ if 2 € B(110)p(b5)\Bp(b5),

p
We (x) = ’ (1420)p—|z—b;]

i e+ T (O (x)—0O (b
(:ca] . ( i (bj)+ op (©;(z)—6,( J))),O) ifre B(1+20')p(bj)\B(1+o')p(bj).

|z—aj]

Here I1(§) = % for £ € R®. From the Lemma 4.6 we know

1 -
IE(U’E) 2 5 |VU/E‘2 + md logg + d70 - ﬁl(ga g, p) - /82(05 :0) - /83(0))
2,
and 5 5 3
lim /31(610-5 10) = 05 lim /82(01 10) = Oa lim /83(0) =0.
p—0t o—0t

e—0t

here Q, = Q\ U?:1 B,(a;). From Theorem 4.1 we know

1
(419) L) >3 | |Vuf?+mdlogt +dy— Bie,0.) = Bolos p) = Balo)
2

> Wdlogé +W(g,Q,a) = Bi(e,0,p) — Pa(o, p) — Bs(0),

and
li =0, li =0, li = 0.
i Arleiore) =0, li falop) =0, Ny fi(o)

Combine (4.18) and (4.19), we get
W(g, Q: U,) < W(g: Q: b) + 71(85 g, :0) + 72(0-: :0) + 73(0-)’

and
lim 71(5’0-’ p) = 07 lim 72(0-’ p) = 0: lim 73(0-) = 0.
p—0t o—0t

e—0t

Let ¢ — 0%, p — 0" then 0 — 0T, we get W(g,Q,a) < W(g,Q,b). This proves the first
assertion in Theorem 4.2. It follows from (4.7) and (4.10) that

d

|VUE¢|2

log L — 2%25%.
[ j=1
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Now choose a p > 0 suitably small, it follows from Lemma 4.4 that
1

e ()" + g/ Oy *ds = g/ |0 ue|*ds + 2—’)2/ (u®) ds.
> IEne) 285(a;) 9By (ay) €2 Jo,(ay

By Theorem 4.1 we know

1
(4.20) Jim —2/ (u2)? = —g/ |0, u.[*ds + g/ |0-u.[*ds.
=0 &k J By(aj) 8By (a;) dB,(a;)

:vfaj
|z—aj|

On a small disk around a; we write u,(z) = ( ¢'©i(@) O), under the polar coordinate we

know

2 2
P 1
. / (107 = 10,u. ) ds = & ( / (—2 (1+0;(p.0))" ~ (2:0;(p, 0»2) de)
8B, (a;) 0 p

1 27 2 27
=7+ 5/ (899;(p,0))* db — %/ (8,9;(p,0))*db = ,
0 0
here we have used the Pohozaev identity for ©; in the last step. Hence via (4.20) one has

1 2
lim —/ u ) =
k=00 gi By(aj) ( k)

The latter fact together with Theorem 4.1 imply

32 d
(us’“) — T Z da;
Jj=1

2
€k

in the sense of distribution. The asymptotic formula of I, (u.) follows from (4.18) and (4.19).
The fact |u?|g1(q) < (g, Q) follows from (4.8). The W'?-estimate for u, follows from (4.12)
and the Holder inequality. [

5 Radial Solutions

In this section we shall study some special solutions of the equation (2.1). The study of
these solutions would be helpful in the understanding of the dynamics of vortices. First let
us look at the following boundary value problem,

(u3)® u? ,
(5.1) —Au=||Vu*+ U e on By, u(z)= (e"’,0) forz € 0B,
here u € C* (By,5?), g € N.
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Proposition 5.1 There exists a unique f = f. , defined on [0,1] such that f (0) =0, f (1) =
2 and u = (sin f (r) e’ cos f (1)) is a smooth solution to (5.1). In addition, f satisfies
0<f(t)<EZ f/(t)>0for0<t<l.

Proof Existence : Suppose u = (sin p (r) ', cos p (r)), then

2

L(u)=nr /0 1 (Tp' () + Tsin® p (r) + M) dr,

and we call this functional as J. (p). Set

/ 1 ™
V= {p\pEHzloc(O,l),\/?p €L2(0,1),7Fp6L2 (0,1) and p(1) = 5}-

Since
1

pl < [ @+ [ o) - (o) i

r

(e (o))

one has p € C ([0, 1]) and p (0) = 0 for any p € V. Choose a minimizing sequence for J, in V,
say p;, then by the basic properties of trigonometric functions, we may assume 0 < p; < 7.

Since sin p; > %pj > 0, one deduces sup; fol r (p;-)2+ %p? < 00. Assume p; — fin H}, (0,1),
then f € V and f is a minimizer. It must be smooth and it satisfies

(52) ﬂ+§+(l-ﬁ)mﬂf:o

g2 r2 2

This means the u corresponding to f is in H' (B, S?) and satisfies (5.1) in B;\{0}, hence
on the whole B; by a standard removable singularity theorem for such equations.

Uniqueness : Suppose f satisfies (5.2) and f (0) =0, f (1) = 5. Weclaim that 0 < f < 7.
To see this we define ¢ () = f (ce’) for t € (—oo,log ], then

1
(5.3) ¢" (1) = (¢ — e”)sinpcosp, p(~00) =0, ¢ (log g) = g
Choose a ty such that |¢ (¢) | < § for any ¢ <ty < logg. Then either ¢ (¢) > 0 for all ¢ < £,
or ¢ (t) < 0 for all t < to. In fact, if it is not the case, then there exists a t; < ¢y such that
¢ (t1) = 0. From the uniqueness theorem of o.d.e. we know ¢ (t1) # 0. If ¢’ (1) > 0, then
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¢ (t) < 0 for t < t; and very close to t;, one easily deduce ¢ (t) < 0 for any ¢ < ¢; from (5.3).
Hence ¢" (t) < 0, this combines ¢’ (1) > 0 imply that ¢ (—o0) = —o0, a contradiction.
Similarly ¢’ (1) < 0 also leads to a contradiction. Let us assume ¢ (¢) > 0 for any ¢ < t,,
then ¢ (t) > 0 for t < to. We claim ' (¢) > 0 for any ¢ < log £, then it follows 0 < ¢ (t) < Z.
Indeed if ¢’ vanishes at some points, set ¢; = inf {t\t < log é, o' (t) = 0}. If t; <loggq, we see
¢ (t1) € (km + %, km 4+ ) for some nonnegative integer k. By the choice of ¢; we know there

exists t3 < 1o < t1 such that ¢ (t2) = k743, ¢ (t3) = 2kn+1—¢ (t1). On [ta, t1], since " (t) >
(¢* — €'2) sin  cos p we get ()" = (> — ) sin® @[, > ()" = (¢* — ) sin” @)y, Similarly
we get (¢')° — (¢% — e22) sin @, > (¢')> — (¢ — €*?) sin? ¢|,,. These two inequalities imply
¢' (t3) = 0, a contradiction. Hence t; > logg, ¢ (t1) € (km, km + 2) for some nonnegative
integer k. Similar arguments show that ¢ will be oscillating around k7 with decreasing
amplitude after ¢;. Hence it would not reach 7 at log %, we again lead to a contradiction. If
¢ (t) < 0 for t < tg, then the above arguments also lead to a contradiction. Hence we get
the claim. Set ¢ (t) =  — ¢ (—t), ¥ = ¢ ', then ¢ is a map from [0,%) to [—log1,00),

D)
which satisfies

™

(5.4) " (z) = (¢* — ) () sinz cosz, ¥ (0) = —log é, ) (5) =00, ¥’ > 0.

Given two different solutions, say fi, fo, we may assume ¢ (log %) > @y (log %) > 0. Hence
¥h (0) > 17 (0) > 0. We observe that when ¢y > 11,

(55) (=) (@) > (¢ — e7) ((65)° + vl + (W))°) (W% — ¥} sinw cos .

Thus we get ¢4 > 9} on [0,Z), ¢ > t; on (0,Z). Choose an o € (Z,Z) such that

' 1%
to = 19 () > 91 (@) = t; > —logq. Define ¢y (t) = ¢y (t — to + t1) for t > ¢y, then

(56) B (1) = (2 - ) T2 (o g2y T2
Since ¢4 (t) = (e7 — ¢?)sin g cos d2, 1 (1) = ¢ (ba) = , @) (t2) > @) (t2), we deduce
1 (t) > ¢2 (t) for ¢t > t5. Hence ¢y (¢) =5 (¢) = ¢ (t2) — ¢ (2). 1 (1) = 8} (t2) — @5 (t2) > 0.
The last statement contradicts with the fact ¢, (t) — § as t — oo. O

The main point in the above proof of uniqueness is to consider inverse functions. In
fact, equation (5.3) corresponds to a pendulum with changing gravity, 2¢ corresponds to
the angle between the pendulum and the upward vertical line. The reason for considering
inverse functions becomes clear after looking at this model. These types of equations also
appear in the study of equivariant harmonic maps. One may refer to [20], for example.
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Now we go back to the equation
(5.7) —Nu = (|Vu|2 + (u3)2) u— u'es

on the whole plane for u € C* (R?, 5?). For ¢ € N fixed, if u = (sin f (r) ", cos f (r)), then
the equation (5.7) changes to

a ¢*\ sin2f
(5.8) f+7+<1—r—2> 5 = 0.

To avoid the singularity at 0, we set ¢ (t) = f (e) for t € R, then

(5.9) ¢" = (¢* — €*) sin p cos .

Proposition 5.2 There ezists a unique f = f, defined on [0,00) such that f(0) = 0,
f(o0) =% and u = (sin f (r) €', cos f (r)) is a smooth solution to (5.7). In addition, f
satisfies 0 < f(t) < 5, f'(t) >0 fort > 0.

Proof Existence : We look at (5.9) under the additional conditions ¢ (—oc) = 0, ¢ (00) =
?. For any a € R, by Proposition 5.1 we have a ¢, defined on (—oc,a] such that ¢} =
(¢° — €*) sin @, €08 Pq, Yo (—0) =0, g (a) =Z,0 < ¢, < Z. We also know 0 < ¢, (t) < Z,
¢! (t) > 0 for t < a. From the bounds on ¢, and the equation it satisfies we deduce that any
order derivatives of ¢, are uniformly bounded for a large on any finite interval. Hence we
may find a; — oo such that o, — ¢ in C*° (R). The limit ¢ satisfies (5.9) and 0 < ¢ < 7,
¢’ > 0. Next we want to show ¢ is nontrivial.

Claim 5.1 There ezists an o > 0 such that ¢, (logq) > a for a > ay = log2q.

Proof of Claim 5.1 Tf it is not the case, then assume ¢, (logq) < « for some a > 0 small
and a > log2q. Since ¢! < ¢®sinp, cos p,, we have ()> — ¢®sin® @, is decreasing and
hence (¢,)” < ¢®sin? .. ¢, (logq) < gsina < qa. @, (ag) < a + qa (ag —logq) < ¢ (q) .
From ¢ < —3¢%sin ¢, cos ¢, for t > ay we know (¢',)* + 3¢2sin® ¢, is decreasing, so 3¢> =
(") + 3¢ sin? pa]a < (¢))° + 3¢%sin® 4|4, < ¢(g) @2, this gives a contradiction when o is
small enough.

Claim 5.2 There erists a f > 0 such that ¢, (logq) < 5 — 3 for a > ay = log 2q.

s

Proof of Claim 5.2 Suppose ¢, (logq) > § — 3 for some a > a¢ and § small. Denote

v = ¢, (logq), then ¢} (1) > v —c(g) B for logg < ¢ < ao and hence 5 > c(q) (v —c(q) )"
which implies v < ¢(g) 8. ¢q (log2) > Z —c(q)v > Z —c(q) B, but for ¢t < log¥, ¢! (t) >
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3¢% _: 1\2 3¢% ;.2 sl : 112 3¢% .. 2
“L-sin ¢, cos p,. Hence (p)” — “L-sin® ¢, is increasing. 0 < (¢})" — “Lsin® @oligz <

v? — ¢(q), and this implies 1 < ¢ (g) 8? which can’t be true when  is small enough.

Now by Claim 5.1 and Claim 5.2 we obtain o < ¢ (loggq) < 7 — 3, hence ¢ is not a
constant function. We deduce that ¢' > 0,0 < ¢ < %, ¢ (—00) =0, ¢ (0c0) = 5. It follows
from the comparison function in Lemma 4.5 that ¢ is exponentially decay at —oo, hence by
a direct computation we see u = (sin f(r) e cos f (7")) has finite energy on Bj;. Finally by
the removable singularity theorem we know u is a smooth solution of (5.7).

Uniqueness : At first we observe that the arguments in the uniqueness part of Proposition
5.1 tell us 0 < f < 7 for any f a solution to the problem. If we have two different
solutions, say fi1, fo, then we have the corresponding ¢, (o. If there exists a t; € R such
that ¢1 (tg) = 2 (to), we may use the proof of the uniqueness part in Proposition 5.1 to
get a contradiction. In fact, one only need to replace (—oo,logl] by (—oc,t,]. Without
losing of generality, we assume ¢, > ¢;. Choose a € (Z,%) such that ¢, (o) > logg, set

12
t1 =@ (@) > 0y (@) = ty. Define @y (t) = g (t — t; +t3) for t > t;. Then

(5.10) @y (t) = (¢° — 62(t+t2_t1)) sin @y cos @y > (¢* — €*') sin ¢ cos @s.
Since @7 (t) = (¢° — €*') sin g1 cos 1, G2 (11) = 1 (1) = @, we get ¢ (t2) = @ (t1) < @) ()
In fact if @y’ (t1) > ¢ (t1), then by the Taylor’s expansion formula we would have @, () >
@1 (t) for ¢t > ¢, and very close to t;. But when ¢y > 1, we have @4 (t) > ¢} (t), thus one
deduces that @, (t) > ¢4 (t) for t > t; and @), (t) — ¢ (t) is strictly increasing. It contradicts
with the fact @, (t) — 0, ¢} (t) — 0 as t — oo. Now the fact ¢} (t2) < ¢} (¢1) and the
arguments in the proof of the uniqueness part of Proposition 5.1 (especially (5.5), (5.6)) give
us another contradiction. [

We will study the stability properties of those solutions given in Proposition 5.1. For
degree 1 solutions, we have

Proposition 5.3 Ifq =1, then the radial solution given in Proposition 5.1 is strictly stable,
hence a local minimizer.

For higher degree solutions, we have

Proposition 5.4 If ¢ > 2, then for 0 < ¢ < e(q), the solution given in Proposition 5.1 is
unstable.

Here we basically use the idea presented in [9]. Some preparations are needed. First we
would like to establish some qualitative properties of the function f in Proposition 5.1 and
5.2.

Lemma 5.1 The function f in Proposition 5.1 satisfies f € C* ([0,1]), f*) (0) = 0 for
0<k<gqg—1and f9(0) > 0.
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Proof Define a function g on [—1,1] by setting g (r) = (=1)? f (—r) for =1 < r < 0 and
g(r) = f(r) for 0 < r < 1. It follows from the proof of Proposition 5.1 that g is smooth,
hence f is smooth on [0, 1]. By using the Taylor expansion in (5.2) we get the conclusion. [

Lemma 5.2 The function f in Proposition 5.2 satisfies f € C* ([0,00)), f* (0) = 0 for
0<k<qg—1, f9(0)>0 and 5— [ 9 are exponentially decay at oo, for any 1 € N.

Proof The proof of the first part of Lemma 5.2 is exactly same as in Lemma 5.1. The
exponentially decay property follows from equation (5.9) and a comparison argument using
the function in Lemma 4.5. [

We note the method in the above proof is the same as that in the proof of Lemma 2.2 in
[21], which is the first step for the shooting method.

By scaling we may assume the parameter ¢ = 1, but the domain changes from the unit
ball to the ball with radius R = % To employ the arguments in [9], we use the stereographic
projection I as defined in (4.1). Given a map u : Br — S%\ {(0,0,—1)}, denote v =T 'ou,
then

(5.11) I (u) = %/B (1Vu?+ (")) da :/B m (\wm %) dz.

We call this functional as J (v). Then for any w € H} (Bg,C), we have

|Vw|? 8(v, w)(Vv, Vw)  2|Vv|?|w|?
s1m row=1f [ R
By L(1+[v[?) 1+ v?) (1+v[?)
A —(eP)w* | 12]VeP(v,w)? | 42— |v]) (v,w)Z} d
(14 o2y’ (1+ 02" (1 +[v2)*
Note that the solution in Proposition 5.1 corresponds to v = p (r) €%, here p = tan Ien) and
2
it satisfies , , ,2 , \
2 1—
(5.13) —( e 2)— P 3+<q——7“>7p3p=0
(1+p?) 1+ %) r (1+ %)
(5.13) is equivalent to
2,0,0,2 ,0, q2 1— p2
5.14 = - — ——1 .
(5.14) FP=17 p? T * 72 1+ p2'0
By Lemma 5.1 and Proposition 5.1, p has the following properties
(5.15) peC®(0,R]), pP(O0)=0for0<k<qg—1, p9(0)>0,
and
(5.16) 0<p(r)<1l, p(r)>0for0<r<R.

We shall need the following elementary lemma later.
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Lemma 5.3 72p? + r2p"? — ¢?p? is a strictly increasing function in r. In particular rp? +

rp’z—@ > 0.

Proof Denote ¢ (r) = r?2p® + r?p” — ¢*p?, by equation (5.14) we obtain

4pp’ 4pp’
Py 2
this together with ¢ (0) = 0 implies 9 (r) > 0. Going back to the equation (5.17), we
conclude that v is strictly increasing. [J

From Proposition 6.2 and Lemma 5.3, we may deduce that the radial solutions u., =
(sin feq (1) € cos f. , (7")), where f., is the function in Proposition 5.1, satisfy u., —

(0,0,1) in C* (B;) as ¢ — oo for any fixed € > 0. Moreover |u.,— (0,0,1) [oc(5,) = O (l>,

q
for any r € (0,1). Indeed the quantity 7?f2 4+ r?f"? — d? 2 (see formula (21) in [9]) could be
used to give a simple proof of Theorem 2, part (b) in [9].

Now we proceed the proof of the stability of degree 1 solutions. We follow closely the
method in [9]. In contrast to the second variation formula in [9], the formula (5.12) has
additional first order terms.

Proof of Proposition 5.3 Denote @ (w) = J" (v) (w). To show Q (w) > O“wﬁlg(BR,C)

some « > 0, we only need to show @ (w) > 0 for any w # 0. Indeed if this is the case, set

for

o = inf {Q (w)\w € Hy (Bg,C) , |w|gi (5,0 = 1} :

a > 0. If @ = 0, then there exists w; € Hy (Br,C), |wjlpi(ppe = 1 and Q (w;) — 0. We

may assume w; — w in Hy (Bg, C), then @ (w) = 0. This implies w = 0, w; — 0 in L* (Bg).
Since Q (w;) — 0, it follows |’ B %dm — 0, and we obtain a contradiction. Thus o must

be positive. Now for any w € H} (Bg, C), we write it as

(5.18) w = Z an (1) e™,

nez
then
1 R
(5.19) —/ W:Z/ rlan () |2dr.
2 Br = Jo

(5.20) L wur=3 [ (10,007 + e ) ) 4
. 27_‘_ B w —neZ ) T an T 7"2 Qp \T T.
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/)4 [

2rp
(1+p?)°
By integration by parts and using the equation (5.14), notice also that the quantities in
(5.19) and (5.20) are finite, we get

(@an+ 1m0) (9 (00 01) + 5 (A= )+ (0 )|

(5.22) %Q (w) = /0

Z| nl"F p) anan|

neZ nez

2r (p’2 + f—j)

2
B 2)3 Z‘n‘

(1+7%) nez
+ 1+ ) (2|Re (a1) | +;\a1+n+al_n|>
c >4 Re(a?) +25 R d
_m (%nmﬂ + Re (a}) + ; €(a1—na1+n)>] r
’ gy Aal 2
2/0 ane; | 1+,02)2 27;0:2‘”'

2r (2 + ”—2)
2 e

3
(1 + pz) nEL

2(rp2+7‘,0'2+’;—2+¥)§: 2
z |a1n + T’ +
(1+p?) —

8p?

EREE (lao|” + Re (aoaz))] dr

4 (rp2 +rp? — g) ,
arpy el
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v

[

4|a2| 1 2
+ a
Z| p2)2 r(1+p2)2 Z |an]

neZ
rs)

3
(]‘ + p2) neZ

2(rp +rp? 4+ & +2”) % )
n —-n| 3 R d .
1t 2 Z‘CLH— + 1| ( ) 5 (|az|” + Re (agay)) | dr

Here we used Lemma 5.3. Set

bo=ao, b12(2|an|2> ; b2=a2,

n#0,2
then R 112 112 /112 2 2
1 r([bp|* + |6} + |b bi|? + 4[b
(5.23) 8—Q(w)2/ [ (0 + 1P + 1P | [+ 4l
T 0 (1+p?) r (14 p?)
w7 4E) ra-g
r p’) 2 2 2
= + bol? + |br[? + [b
1+ 1+p) (1ol [exf* + o)
2(7",0 +rp? 4+ & +2”) 82 -|
14 2
+ bo + by|? — ———— (|b2|? + Re (bobs)) | dr-.
(1+p?)"* o+ bal” r(1+ p2)° (12 (b 2))J
Define
B b by ? 2 (0”+5) ra-p
5:24)@: () = T U2 B E.0) PR
o |+ r( ) L+ ()

We want to show for any real valued nonzero b, € H}_ ((0, R]), if fOR (7"|b’1|2 |b1‘ ) dr < oo
and b; (R) = 0, then @Q; (b;) > 0. To do this we need the following

Lemma 5.4 v = p(r) e is the unique minimizer for J in the class

= {5\o =g (r)e?, 5 € H (Bg,C),g(R) = p(R) =1}.
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Proof We see there is at least one minimizer by the direct method. For any ¥ in £, we have
R 2 2\2
i r g (1 —1g*) 0
J (0 :47r/ — 1P+ =5+ —T | dr>J(lg(r)|e?).
®) o (1+]g2)? ( r? 4 ( )

If ¥ is a minimizer, then so is |g|e?” and hence |g| satisfies (5.14) with p replaced by |g|. By
considering 2 arctan (|g|) and using the uniqueness part of Proposition 5.1 we know |g| = p.
But if g = |gle, then we have |¢'|? = |g|” + |g|%|¢'|?, hence g = p, D =v. O

Lemma 5.4 yields

Q1 () = 57" (0) (i) > 0.

If for some nonzero real by, Q1 (by) = 0, then

rb), ! 2r b 1 1— p?
(525) - ( 12 2) - IO 213 + <_ - ’/’) 71023[)1 = 0.
(1+p?) (1+p) r (1+p%)

Note also by (0) = by (R) = 0. Multiply equation (5.25) by p and equation (5.13) by by, after
integration by parts we get b} (R) = 0, this implies b; = 0, and we obtain a contradiction.
Hence () is strictly positive. To deal with the remaining part, we define

4by|?

(5.26) QQ(bO,zb):/O [(% (|b6\2+|b’2|2)+m

1+ p?)

2r (p'2 + é) r(1—p?)
1+ p?)° (1+p2)°

(bo]? + [b21*)

20t
T

2

2(rp2+rp’2+ﬁ+ )_ 3
’ [ S

(1+p?)" r(1+p2)° (

+ |bs|” + Re (bob2)) | dr-

Another equivalent form for @) is the following

R r /|2 /|2 4(7‘p2+7‘,0’2—pr—2)
(5.27) Q2 (bo, bo) =/0 1t ) (I5o]” + 1851) + 1t 2" Re (bobs)
N (_ 2rp*p”? o (p' +2p - 1) N 2p* ) e
i+, 0+t )
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2 2 12 4 2 2 1 4 —9 4

(_ rop” T(p+p4 ) | p4)|b|z]dr_
(1+0?) (1+p?) r(1+p?)

For real valued by, by, we denote

(5.28) Q2 (bo, b2) = Q2 (bo, —b2) -
Then from Lemma 5.3, we know

Q2 (bo, b2) > Q2 (|bol, [ba]) -
Set

m = inf {@2 (bo, b2) \bo, bs € HL_((0, R],R) ,bo (R) = by (R) = 0,/Rr (05 +b3) = 1}-

If by, by are minimizers, then we may assume by > b2~2 0. In fact one simply replaces by by
max{|bo|, |b2| } and by by min{|bg|, |b2|}, the value of Q); decreases under this process because
of (5.26), (5.27), (5.28) and Lemma 5.3. The minimizers by and b satisfy

rby )’ 2rp’p” r(p'+2p" -1 2p"
(529) m’f’b():—<7022> +<— ,0p24 (,0 p24 ) i 24)b0
(14 p?) (1+p?) (1+p?) r(1+p?)

2 (rp2 +rp? — ’;—2>
by.

(14 p?)*
_ b\ 2rp°p” | r(p'+20° 1) 42"
(1+p?) (1+p?) (1+p?) r(1+p?)
2 (rp2 +rp? — ’;—2>
_ b.
1+ p2)* ’

If we define A = 2322 >0, B =%k > 0, then
rA’ )' (27“(1—/)2) PP r(pt 4’ —1)  2(1 —pz))

53y mrA=—-—|— | + + + A
31 (a7 T+@  Gre)  raas)

2(p? -1

2= g
r(1+p?)
rB Y\’ 2rp'? r(1— p?) 2

(532) mrB = — (m) =+ (—( - + 3) B

+p 1+p2)° (142" r(1+p)
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2(p =1

N (p )3

r(1+ p?)
Denote A4; = p' >0, By = 2 > 0, then

(5.33) 0:_<%>'+<27‘(1—p2)p’2 T(p4+402—1)+2(1—p2)>A1

1+ p? (14 p2)° (1+ 02" r(1+p2)
20 -1
r (14 p2)°
_ (Bl N (2 r(=p) 2
(5.34) 0 <(1 n p2)2> + ( 1+ ,02)3 1+ /02)3 + r(l+ /02)3) B
2071
r(1+p?)°

Multiplying (5.31) and (5.32) by A; and Bj respectively, and multiplying (5.33) and (5.34)
by A and B respectively, then after integrating by parts, we get

R
—m/ r(AA, + BB;)dr = % (A; (R) A" (R) + B, (R) B' (R)) .
0
Observing A and B reaches minimum at R, we get m > 0. If m = 0, then A’ (R) = B’ (R) =
0. The latter fact together with (5.31), (5.32) shows A = B = 0. Hence by = by = 0, we
obtain a contradiction. Grouping the above two results together, also using (5.23) we get
Q (w) > 0 for any w # 0. Finally to prove u is a local minimizer, we only need to observe
I, (@) = I (@', %% |a3|) and the continuity of the map which sends @ to (', @?,|u?|). O
Proof of Proposition 5.4 Suppose ¢ > 2. For each R > 0, we have

up = (sin frg (%) e cos fig (%)) , u= (sinf, (r) e’ cos f, (r)),

vp=T"loug=pr(r)e?’, v=T"tou=p(r)e?.

Here I' is the stereographic projection defined in (4.1) and f%,q, fq are the solutions in
Proposition 5.1 and 5.2 respectively. From Proposition 6.2 we know for any Ry > 0,

sup [Vug (z)| <e,
|z|<Ro,R>Ro+1

here ¢ is an absolute constant. Following the proof of Proposition 5.2 one gets ug — w in
C* (R?, S?). Hence for any w € H' (R?, C) with compact support, J" (vg) (w) — J" (v) (w)
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as R — oo. To establish the instability, it suffices to find a w € H' (R?,C) such that
J" (v) (w) < 0. The idea for choosing such a w is from [22]. We take

/ /
w = (ﬂ + QP) eila—20 (ﬂ _ QP) ei(q—|—2)0’

by Lemma 5.2 we see p = tan %q satisfies (5.14) and

(5.35) peC®([0,00), pPO0)=0for0<k<qg—1, p“(0)>0.
Moreover,

(5.36) 0< p(r) <1, p'(r) >0 for r >0, 1 —p, p¥) exponentially decay at oo, | € N.

From these we conclude w € H' (R?, C). Plugging v and w into (5.12), using (5.14), (5.35)
and (5.36) we get

(5.37) %J" (v) (w) = — /0 h %m« <.

This completes the proof. [J

6 Quantization

In this section we shall study the solution of equation (5.7) on the whole plane for u €
C™ (R?, §?) satisfying certain growth condition.

Proposition 6.1 Suppose u € C™ (R?, S?) satisfies (5.7) on R?, u® — 0 as |z| — oo and
there exists ¢ > 0 such that

(6.1) / (\Vu|2 + (u3)2> <clogr forr>2,

r

then [g (u3)® = 7d2, here d is the degree of ﬁ at oo, v’ = (u',u?). Moreover,

|D*? (z)| < ¢ (k,u) el ¢>0, c(k,u) >0, foranyk >0,

If we write u' + iu? = pe'¥9*Y) outside ball Bg,, then |V (z)| = O (L)

z|?
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We note that those radial solutions given in Proposition 5.2 satisfy all conditions in Propo-
sition 6.1 and [, (u®)* = m¢®.
Proof of Propositz'on 6.1 We start with the following

Claim 6.1 [, (u d:v < 00.

Proof of Claim 6.1 Denote ¢(r) = [, [|Vu\2 (u 3)2] ds. For r > 4, we have

clogr > / [IVUI2 + (U3)2] dz = /0 $(p)dp

" o(p)p
2 dp > - 10 r inf
op GP= gl \Rp@paﬁ()

hence inf ;. ,<, pd(p) < 2c. We may find a sequence r; — oo such that r;¢(r;) < 2c. From
Lemma 4.4 we know

(6.2) / (u3)2+2/ |8uu|2ds:z/ |8Tu|2ds+f/ (u®)? ds.
B, 2 Jom, 2 JoB, 2 JomB,

Hence
o T 2 Ty
/ @< [ (e )< Bt

this implies [, (u daz < ¢ < oo.
By assumptlons we may choose Ry > 0 such that |[u*(z)| < I on R*\Bg,, then u' =

ul +iu? = pe'¥, where p = |[u/| > ?, © = df + 1, d is the degree of u'/|u'| at oo, ¥ is a
single-valued smooth function on R?\ Bg,. Computation shows div (p?V¢) = 0.

Claim 6.2 f]R2\BR VY < oc.
0

Proof of Claim 6.2 Denote Ag = Bg\Bg,, Vg = 1, then

ﬁ faBR

/ P> (dVO+ V) - Vi = [ div(¢¥p*Ve)

AR

AR
_ _ 209 10 _ 200 _
- (/z?BR /BBRo) ’ o v /BBRp O (0= ) ds = )

Here we use the fact | B pQg—’fds = 0, which follows from

/ 0 wds = / u' x O,u'ds = / div (u' x 01, u' x Gyu’) dx = 0.
dBg ov dBg Bg

40



Since [, VO - Vipds =0, we get

2 2 2 M
[ o< [ G s+ [ 0= ) 9w+ et

By Holder and Poincaré inequalities we have

R
| 15ele—unlas <5 [ (vupds,
OBgr OBR

and

1

</AR |V¢|2>2 < c(u) (/AR |w|2>2

/ |Va|? < COR/ \Ve|2ds + c(u).
AR

OBRr

=
-

oo fwas g (], )

It follows that

Since [, |V¥|? < c(u)log R, by choosing generic R we get fR2\BR IVy? < c(u) < oo.
0
Claim 6.3 [,, |Vu*|? < 0.

Proof of Claim 6.8 In fact, multiplying the third component’s equation by u* and integrat-
ing by parts we get

312 3\2 2 N2\ / 32 5 0u? B 5, Oud
/AR|Vu| + (uv?) —/AR(|Vu| +(u))(u) —i—/aBRu gds /BBROu%dS.

Hence

1—2(u 3 3
[ A2 vy = [y ver s [ w2 [ 0%,
Ar 1 — (u3) A oBp OV 9B, ov

2d2 3 3 %
< 7o ( 3)2+2/ ‘V1/"2+/ U?’aids—/ u?’alds < c(u)+<R/ |Vu3|2ds> )
R AR dBg ov 0Bk, ov 9B

Choose Rj — oo such that R; [,, [Vu’[*ds < 2c independent of j, then [p, [Vu®? < c(u).
J

For p we have
3)2 | vy3(2
/ |V,0|2=/ (u) | u2‘ < 00
R2\Bg, R2\Bp, 1— (u?)
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One observes that

, 2p?  2p2d0, ,
0 =10, + 0+ 2O 4 204 (0l = 0p)* + 7 ()

Also by (6.2) one sets

/ (u3)2 =nd’+ R,

r

where
%
IR| < c(u) (r/ (|Vp\2 + [Vy|* + [V + (u3)2) ds + (r/ |V7,b|2ds) ) :
B, 0B,
Using the fact fR2\BR V2 + |V |2 + |Vud]? + (u3)® < oo, we may find r; — oo such that
0
f{/ (196l + [ + [V + (%)) ds = 0.
aB,,

Hence [y, (u®)’dz = md?. Next we look at e(u) = [|Vu|2 + (u3)2]. Fix a z, let R = |z,
and for § > 0 small, R > 2Ry, we have

/ val = [ VUl [Vpf2 + p2|V (db+ )
Ba115)rR\B(1-5)R B115)R\B(1-5)R

1+6
0

< 47d*log +/ (Vud)? + |Vp|* + 2| V.
1- Bat+s)rR\Ba-s)r
. 2 . .
Since fRQ\BRO \Vud|? + |Vp|2 + 2|VY|*> + (v®)” is finite, one can make fB(1+6)R\B(1—5)R e(u)
arbitrary small if one takes R sufficiently large and ¢ sufficiently small. Using Lemma 2.3
and Lemma 2.4 on Bsg(x), we get e(u)(x) < ‘C("Q Hence |Vu( )| < % Next we let Ry be

large enough such that for |z| > Ry, |Vu(z)[2+(u3(z))” < 3, then from the third component’s
equation and the comparison function in Lemma 4.5 we get u3(z) is exponentially decay at
infinity. The estimate of |Vu3(x)| follows from the standard elliptic estimates. By scaling,
Schauder theory and induction we get the estimates for | D*u| and | D¥u?|. We note 1 satisfies

2Vp -V

(6.3) ===

= f on R*\Bg,,
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where |f (z)| < ¢(u)e . Consider the Kelvin transformation of 1 defined by ¢ (z) =
Y (|$|2) forx € B ~ , then

1 ~
64) 7 =Fon B0}, Fo) =gt () [ w0 [ wuR <o

Ry
We also have |V (z)| = #|V1/} (#) |. Since |f(z)] < WYe =1 — 0 as z — 0, from
removable singularity theorem we get 1) € C' (B;) and |V¢ (z) | = O (#) O

Remark 6.1 Suppose we have a u € C* (R?, S?) satisfying (5.7) and [g, [Vu|*> < oo, then
u must be a constant which is equal to (0,0,1) or (0,0, —1) or a point in S'. In fact we may
get a L*™ bound of Vu by Lemma 2.3 and Lemma 2.4. Multiplying the equation of third
component by u® and integrating by parts we get

/ \Vu?? + (u3)2 = / (\Vu|2 + (u3)2> (u3)2 —|—/ u?0,ulds.
Br Br 0Bg

By choosing a sequence of generic R which goes to oo, one can obtain

/R2 (u3)2 (1 — (u3)2) dzr < oo.

This last statement and the gradient bounds implies either [y, (u®)* dz or [, (1 - (u3)2) dz

must be finite, now by using (6.2) for generic r, we get the conclusion.

The next proposition shows any smooth solution of (5.7) with image in open upper half
sphere satisfies gradient estimate.

Proposition 6.2 Suppose u € C* (By, S?) satisfies (5.7) on By, u® > 0, then either u® =
or |Vu (z)| < 51 Jor @ € By, here c is an absolute constant.

Proof Suppose the proposition were false, then we might find a sequence u; € C* (E, S 2)
satisfying (5.7) on By, u} > 0, u3 not identically zero and

K; = sup (1 —|z|) [Vu, (z) | = oo.
€ B1
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By Harnack’s inequality one has u;” > 0 in Bj, hence the first eigenvalue of the operator
-+ (1 - (\Vuj\z + (u3)2)> on B, with Dirichlet boundary condition is positive, for any
0 < r < 1. This implies for any ¢ € C° (By),

(6.5) REE /B (1Vaf? + (u3)?) w2,

Choose z; € By such that K; = (1 — |zj|) |Vu, (z;) |, put 0; = 1 — |z, define v, (z) =
U (a:j + ;‘(—ij) for z € Bg;, then

o? (U?-’)Q o2}

—AU]' = ('VUJ‘2 + JKZJ V; — ;{2] €3 on BK].,

J J

1

1 — l2l
K;

Vo, (@) | < Vo 0)] =1, o} >0.
Hence \Uj|cl,a(3—r) < c¢(a,r) for 0 < o < 1, r > 0. After passing to subsequence we may
assume v; — v in C* (R?). Then v € C* (R?, S?) and

—Av=|Vv|Pvon R, |Vo(z)|<1, 2*(@=)>0, |Vu(0)|=1L.

By Lemma 3.2, v (z) = (ei(c°+clml+c2$2), 0), Co, €1, Co are real constants and ¢ 4+ ¢2 = 1. On

the other hand, by choosing suitable ¢ in (6.5) we have for any R > 0,

2

o
/ Vo, |? = / Vu,|* < ¢+ -4 R?,
Br B . Kj

%R(%
where c is an absolute constant. Letting 7 — oo, we get fBR |Vv|? < ¢, hence mR? < ¢ for
any R, contradiction. [J
For gradient estimate up to boundary, we have the following proposition which in fact
deals with more general solutions than Theorem 3.1.

Proposition 6.3 Suppose Q C R? is a bounded open domain with smooth boundary and
g:0Q — S* is a smooth map. If u, € C* (S0, S?) satisfies (2.1) and ul > 0 in €, then for
0<e<e.(g,9), we have [Vu (z) | < 922 for z € Q.
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Proof Suppose, to the contrary, there were a sequence €; — 0, and a sequence u; = u.,,
solutions of (2.1) such that u} > 0 in Q and that

K; =¢jsup |Vu; (z) | = oo.
€N

Then the eigenvalue argument in Proposition 6.2 implies for any ¢ € C° (Q),

(6.6) /WW+—>/OWW+%¥>M

Choose z; € Q such that K; = ¢;|Vu, (z;) |, define ; = I;—j (Q—2xj), v, (z) = u, (xj + L :r)

KJ
for z € Q_j, then
(u5)° vj
—Av; = | |Vu,|* + vj + on €,

K2 K2 Rl

Vo; (z)| <1, [V (0)|=1, »}>0.

If Q; — R?, then |Uj‘cl,a(3_,) < c¢(ayr) for 0 < a < 1, r > 0. Hence after passing to

subsequence we may assume v; — v in C* (R?). Then v € C* (R?, 5?) and

~Av=|Vv|Pvon R, |Vo(z)|<1, |[Vo()|=1, *()>0.

We deduce from Lemma 3.2 that v (z) = (ei(COJ“ClmlJrc”z),O), o, C1,Co are real constants

such that ¢? + ¢3 = 1. On the other hand, by choosing suitable 1 in (6.6) we have for any

R >0,
RQ
[owup=[ vuP <esers
Br 5 @) K;

J
J

Letting 7 — o0, we get fBR |Vu]? < ¢, hence we obtain a contradiction. If Q; — H, H
is a half plane, after rotation we may assume H = {z\z € R?*, 2> > —a} for some a > 0,
then v; — v in C* (H). v € C* (H,S?) and v|sp is a constant in S'. Since v is a smooth
harmonic map from H to S%, v >0, |[Vv (z) | < 1 and |Vv (0)| = 1, and since (6.6) we get,
for any ball Bg (zo) such that Bsg (x9) C H, we have the estimate

(6.7) / Vo2 <.
Br(xo)
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Here c is an absolute constant. The Hopf function ¢ = [01v|*> — |0yv]? — 21 (Oyv - Dyv) is
holomorphic and bounded, Im (¢) = 0 on 0H, hence ¢ = const. But from (6.7) we know
fBR(CEO) lp| < ¢ for any Bs, (z¢) C H, this implies ¢ = 0. Hence dyv = 0 on 0H. v = const
by the uniqueness of Cauchy problem. This contradicts with the fact |Vo (0)| = 1. O

Proposition 6.4 Suppose u E C°° (R?,S?) satisfies (5 7) on the whole plane, u® > 0,
liminf ;o0 |Vu(z)| =0, [g. (u d:v < 00, then either u®> =0 or

08(0)] < el (90 (0)| < elwle R, (Vua)] < T, [ () do = e

here d is the degree of % at oo, u' = (ul, u?).

Proof 1If u? is not identically zero, from Harnack’s 1nequahty we know u® > 0. Proposition
6.2 tells us [Vu (z) | < c. This and the fact that [, (u * < oo imply u?® (z) — 0 as |z| — oco.
Hence one has |[Vu? (z) | — 0 by the elliptic estlmates

Claim 6.4 [, |Vu’(z)[?dz < co.

Proof of Claim 6.4 In fact from the third component’s equation we get

3
Vil + (u*)? = / (u?)? (|Vu|2 + (u3)2) +/ u3aids
B B, oB, OV

< C/RQ () + ¢ (T/aB, (u3)2ds)

Choosing generic r, we get [, [Vu?|*> < ¢ [o, (u ? < o0.

o=

u3 ?
Consider the Hopf function ¢ = (|0jul? — |82u| ) — 2 (O1u - Gyu), then 22 = 6(6z) .

. L, o)
Claim 6.5 | * —5-— (z) | = 0 as |z| — oco.

z

Proof of Claim 6.5 Fix a positive number ry, then for |z| > ry, we have

1 0 (U3)2 ( )2 3v7,,3
ot g < [P e s (090) - )
< o(v) + cry sup | (u*Vu?) (z — y)|.

To yEB'rO

Letting |x| — oo then ry — oo, we get Claim 6.5.

5, is holomorphic and bounded, so it must be a constant. From the

o)

condition lim inf|y| o [Vu(z)| = 0 we know ¢ = — x =5~ and ¢ — 0 as |z| — oo.

Now ¢ — L %
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Claim 6.6 |Vu(z)| — 0 as |z]| = oo.

Proof of Claim 6.6 Choose any z; — 00, let v;j(z) = u(z; + z), then after passing to
subsequence v; — v in C* (R?), then v € C* (R?, 5?) and

—Av=|Vu[*v, v¥z)=0, |Vu()<e

Hence v(z) = (ei(”°+clzl+62z2),0). From [01v;(z)|> — |02v;(z)]* — 0, 81v;(z) - Davj(z) — 0,

we know |01v(z)[2 — |Gav(x)? = 0, d1v(z) - Dev(z) = 0. Thus 2 — 3 = 0, c1¢p = 0, and
consequently ¢; = co = 0. Hence v is a constant map and we get Claim 6.6.

Claim 6.7 [u3(z)| < c(u)e~ .

Proof of Claim 6.7 Choose o > 0 such that |Vu(z)[? + (u3(z))” < 2 for |z| > ro. For any
|z| > 2ry, we have

—Aud + (1 — | Vul* — (u3)2) =0, 1—|Vu>- (u3)2 =z i on B (2).
lo|

By comparison arguments using the function in Lemma 4.5 we obtain |u?(z)| < e~ 1. This
proves Claim 6.7.

|z|

We note elliptic estimates imply then |Vu?(z)| < c(u)e™ 1.

u32
Claim 6.8 |g0(x)\:\i*6( ) (z)| << for |z| > 1.

Tz 0z — |z|?

Proof of Claim 6.8 Let R = |z|, by the decay property of u® and |Vu?| at oo and

i*a(u?’) (I):/B LL(U?,) (x—y)dy-i—/ 17 (u3)2(x—y)d8

TZ 0z Ty 0z 9B g Ty R
2

[ Wy,
R\Bp T (y' + iy?)2

one gets

|E* 0z

This proves Claim 6.8.

Claim 6.9 There ezists a c(u) > 0 such that |Vu(z)|

IA
&
£

Ky

S

E)

\Y%

—_
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Proof of Claim 6.9 Choose z; — 00, let r; = |z;|. Define v;(z) = u (z; + Zx) for z € B;.
Then

2 r2 v
_AUj = <|V’Uj|2 + ZJ (U?)2> v — ZJU3€3’ |’U?($)| < c(u)e_s% on Bj.

Let K; = supj,<; (1 - [z|) [Vv; ()| We claim that K; remains bounded. Otherwise one

would have a sequence of K; — oo, and a sequence of points y; € 31 such that K; =

(1 —|y;1) [Vv; (y;) |. Denote o; =1 — |y;|, and define w;(z) = v, (y] + 2 ) for z € Bg,.
Then ) s 2,2

ag:T> 2 T

sy = (19w + 5% ()7 ) w, - Pduten,

j

J

i

Vwi(@)| < ——7, [Vw;(0)] = 1, [wj(z)] < c(u)e™®.

_ Ll
KJ

Thus |wJ|Cla(B ) <c(a,r) for 0 < @ < 1,7 > 0. We may assume w; — w in C* (R?), then
w € C*(R?,5?%) and
—Aw = |Vwlw, w* =0, |[Vw(z)| <1, |Vw(0)| = 1.

Therefore w(z) = (ei(c°+clw1+cﬂ2), 0), where ¢, c1, ¢, are real constants, ¢? +c5 = 1. On the
other hand

o212 r O
o) = 2o, 0) | = 1 (v = ) (5 3 (15 + ) )|
o2

c(u)fj2 — 0,

022 r o; o}
10yw; (z) - Byw;(z)] = 4JK; | (Byu; - Dou;) <xj + 5] (yj + ?]]x>> | < c(u)fz2 — 0.

J

Hence |0,w(z)[> = \agw( )2, alw(x) - Oyw(x) = 0. The latter implies ¢? — ¢z = 0, c1cy = 0,

which contradicts with ¢ + 02 =1, and Claim 6.9 is proved by going back from v; to w.
The quantization of fRQ dx follows from Proposition 6.1. [J
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