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1. Introduction

The sparse grid method is a useful tool in the construction of algorithms for multivariate
problems such as approximation and integration. This method is based on algorithms for
univariate cases, and can be applied to different types of problems. It has several variations,
including the Smolyak algorithm [4] and the weighted tensor product algorithm [8].

Let us describe the Smolyak algorithm. We adopt the following notations. The set of
nonnegative integers is denoted by N, and N+ denotes N − {0}. If α is a vector, we denote
its j-th component by αj . Now we consider the problem of approximating the tensor product
operator S = ⊗dk=1Sk : ⊗dk=1Fk → ⊗dk=1Gk, where Sk : Fk → Gk are linear operators
between normed linear spaces of functions. Assume that for every fixed k, the operator Sk
is approximated by a sequence of algorithms Aik such that ||Aik − Sk|| → 0 as i → ∞. Let
q ∈ N+ and w = (w1, . . . , wd) for real numbers wk > 0. Then we take

(1) Aw(q, d) =
∑

α∈Qw(q,d)

∆α1
1 ⊗ · · · ⊗∆αd

d

as an approximation for S. Here ∆i
k = Aik − Ai−1

k , where A0
k = 0, and Qw(q, d) =

{
α ∈ Nd

+ :∑d
k=1wkαk ≤ q

}
.

The sparse grid method has been applied to integration and approximation for multivariate
functions with bounded mixed derivatives in many papers [1, 3, 5, 7, 8]. We are interested
in the worst case performance such as the error and cost of the method; see Section 2 for
relevant concepts. Many estimates on the error and cost depend crucially on the following
inequality

(2) ‖T1 ⊗ · · · ⊗ Td‖ ≤
d∏

k=1

‖Tk‖

for Tk = ∆i
k = Aik −A

i−1
k . In fact, if (2) is true, then we have the explicit error bound on the

error of the algorithm Aw(q, d) [2]:

e(Aw(q, d)) ≤ C · exp(−q + a) · expd(q − a),
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where a and C are constants depending on Aik, and expd(a) =
∑d−1

k=0
1
k!a

k. Here certain
assumptions on ‖∆i

k‖ are needed for the estimate (see Section 4). Another consequence of
the validity of (2) and these assumptions is as follows. Assume T1 = · · · = Td and w1 = · · · =
wd = 1. Then under the error demand e(Aw(q, d)) ≤ ε, we have the explicit bound on the
cost of the algorithm [7]:

cost (Aw(q, d)) ≤ β1

(
β2 + β3

ln 1/ε
d− 1

)β4(d−1)

ε−β5 .

Here, the βi are constants determined by Aik.
The main aim of this article is to look for reasonable conditions under which (2) is satisfied.

It is well known that the inequality is true when Fk and Gk are Hilbert spaces. Moreover,
in [2, 3], (2) is verified for some very special function spaces. Here we look at the practically
important case when Fk = W rk

p (Ik) and Gk = W sk
q (Jk). Here Ik and Jk are intervals; we

assume 0 ∈ Ik ∩ Jk without loss of generality.
For convenience, we use the following notations. Given α, β ∈ Nd, |α| denotes

∑d
k=1 αk, and

α ≤ β means αk ≤ βk for each 1 ≤ k ≤ d. If f = f(x1, . . . , xd), then f (α) denotes ∂α1
x1
· · · ∂αd

xd
f .

For r ∈ Nd, we have
⊗dk=1Fk = W r

p (I1 × · · · × Id)

which is the completion of C∞
c (I1 × · · · × Id) with respect to the norm

(3) ‖f‖ =
{ (∑

α≤r ‖f (α)([xα])‖pLp(Iα)

)1/p
if p <∞,

maxα≤r ‖f (α)([xα])‖L∞(Iα) if p = ∞.

Here [xα] denotes the vector whose j-th component is 0 or xj according to whether αj is less
than rj or equal to rj , and Iα denotes the set {[xα] : x ∈ I1 × · · · × Ik}. Obviously W 0

p = Lp
for p <∞ and W 0

∞ = C0, which is the space of continuous functions that vanish at infinity.
The concept of nonnegative algorithms plays an important role in deriving (2), and it’s

definition will be given in Section 2. We emphasize that the nonnegativity we will use is
essentially the same as the the usual nonnegativity of operators from Lp(X) to Lq(Y ) for
some measure spaces X and Y , and many common algorithms do satisfy such conditions (see
Section 4).

Now we may describe the main results of this paper. Assuming that Tk : Fk → Gk are
bounded linear operators, we may define the operator ⊗dk=1Tk : ⊗dk=1Fk → ⊗dk=1Gk (see
Section 2). Then under the norm (3), the inequality (2) holds in the following two cases (see
Theorem 1):

(i) 1 ≤ p ≤ ∞, 1 ≤ q ≤ ∞ and all Tk are nonnegative.
(ii) 1 ≤ p ≤ q ≤ ∞ (and Tk are arbitrary).

Besides the norm (3), we have the following useful norm

(4) ‖f‖ =
{ ( ∑

α≤r ‖f (α)‖pp
)1/p if p <∞,

maxα≤r ‖f (α)‖∞ if p = ∞.

We will show that (2) holds in the following two additional cases (see Proposition 1):

(iii) 1 ≤ p ≤ q ≤ ∞ and the norm (4) is used for the domain and range spaces.
(iv) 1 ≤ p ≤ q ≤ ∞, and we use the norm (4) for the domain space and the norm (3) for

the range space (or vice versa).
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Here, by saying that the norm (4) (or (3)) is used for the domain space, of course we also
assume every Fk uses the same norm (4) (or (3)) with d = 1 and r = rk. The same applies to
the range space. The convention will be used for the rest of the paper.

The results above, that the inequality (2) holds in cases (i) to (iv), extend earlier works in
[2, 3]. Indeed, in [2, 3], it was shown that (2) holds for the cases of p = 1 with 1 ≤ q ≤ ∞,
and q = ∞ with 1 ≤ p ≤ ∞.

Section 2 of this paper contains basic concepts related to our results. In Section 3, we prove
the main results. In Section 4, we discuss some applications.

2. Some preparations

In this section we recall some concepts from information-based complexity. We will also
describe basics of partial orders on vector spaces and tensor products.

2.1. Information-based complexity. Following [6], let F and G be normed linear spaces of
real functions of d variables, and S : F → G be a bounded linear operator. We are interested in
algorithms approximating S. Of particular interests are the function approximation problem
and the multivariate integration problem. The first problem deals with the approximation of
the embedding operator S(f) = f . The second problem corresponds to the approximation of
the integration operator S(f) =

∫
[0,1]d f(x) dx.

A linear operator A : F → G is called a (nonadaptive) linear algorithm if there exist gi ∈ G
and Li ∈ F ∗, i = 1, . . . , n, such that

(5) A(f) =
n∑
i=1

Li(f)gi for f ∈ F.

Here n is called the information cost, or simply, the cost of A. The worst case error of A is

e(A) = sup
‖f‖F≤1

‖A(f)− S(f)‖ = ‖A− S‖.

2.2. Partial orders and nonnegative operators. A partial order ≥F on a linear space F
is called compatible with the linear structure if the following holds: f ≥F g iff f − g ≥F 0,
and f ≥F 0 implies af ≥F 0 for a ≥ 0. A natural partial order on F = Lp(X) is defined as
f ∈ F, f ≥F 0 iff f(x) ≥ 0 a.e. x ∈ X. A natural partial order on F = C(X) is given by
f ∈ F, f ≥F 0 iff f(x) ≥ 0 for every x ∈ X.

An operator T : (F,≤F ) → (G,≤G) is called nonnegative if f ≥F 0 implies Tf ≥G 0. In
particular, the algorithm A in (5) is nonnegative if Li are nonnegative linear functionals and
g1, g2, . . . , gn from G are nonnegative elements.

2.3. Tensor products. Let Fk be linear spaces of real functions over sets Xk. The algebraic
tensor product F1⊗A · · ·⊗AFd is defined to be the subspace of the space of real functions over
X1 × · · · ×Xd spanned by {

∏d
k=1 fk(xk) : fk ∈ Fk}. It is easy to see that W r1

p (I1)⊗A · · · ⊗A

W rd
p (Id) is dense in W r

p (I1× · · ·× Id). Moreover, the norms (3) and (4) are cross-norms, that
is,

∥∥∏d
k=1 fk(xk)

∥∥ =
∏d
k=1 ‖fk(xk)‖.

Now let Tk : Fk → Gk be linear operators. We denote by T1 ⊗ · · · ⊗ Td the linear operator
from F1⊗A · · ·⊗AFd to G1⊗A · · ·⊗AGd such that (T1⊗· · ·⊗Td)(

∏d
k=1 fk(xk)) =

∏d
k=1 Tkfk.

The norm ‖ ⊗dk=1 Tk‖ is then determined by the norms on ⊗dk=1Fk and ⊗dk=1Gk. If Fk =
W rk
p (Ik), Gk = W sk

q (Jk) and Tk are bounded, then ⊗dk=1Tk can be uniquely extended to a
bounded linear operator from W r1,...,rd

p (I1 × · · · × Id) to W s1,...,sd
q (J1 × · · · × Jd).
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3. Main results

First let us consider the norm (3) on the tensor product spaces. We will use the strategy
of [2] to establish a natural isometry between W r

p and an Lp or C0 space (see Lemma 1 below).
For the norm (4), an embedding into an Lp or C0 space is established. These identifications
reduce the problems for W r

p spaces to Lp or C0 spaces, which we will handle directly.
For convenience, we introduce the following notation that will be used for the rest of the

paper:

LCp(X) :=
{
Lp(X) if p <∞,
C0(X) if p = ∞.

Lemma 1. Assume the tensor product spaces are equipped with the norm (3). Let d ∈ N+ and
rk ∈ N for k = 1, . . . , d. Then we may find a locally compact space M(I1, . . . , Id, r1, . . . , rd)
with a Borel measure having the following properties:

(i) M(I1, r1)×· · ·×M(Id, rd) = M(I1, . . . , Id, r1, . . . , rd) as measure spaces and topological
spaces.

(ii) There is an isometry

ur1,...,rd,I1,...,Id : W r1,...,rd
p (I1 × · · · × Id) → LCp(M(I1, . . . , Id, r1, . . . , rd))

that is natural, in the sense that

ur1,I1 ⊗ · · · ⊗ urd,Id = ur1,...,rd,I1,...,Id on W r1
p (I1)⊗A · · · ⊗A W

rd
p (Id).

Proof. Let Zk = {n0, . . . , nrk−1} be a set with rk elements. We assume Zk is disjoint from Ik,
and is equipped with the discrete topology and counting measure. For S ⊂ Ud = {1, . . . , d},
let M(S) = A1 × · · · ×Ad, where Ak = Ik if k ∈ S and Ak = Zk if k 6∈ S. We define

M = M(I1, . . . , Id, r1, . . . , rd) =
⋃
S⊂Ud

M(S).

Note that the union is disjoint. EachM(S) is equipped with the product topology and product
measure. The topology and measure on M is defined in an obvious way. It is easy to see that
(i) is true.

For (ii), let f ∈W r1,...,rd
p (I1 × · · · × Id). We must define u(f) = ur1,...,rd,I1,...,Id(f) on M . It

suffices to define u(f) on M(S) for every S ⊂ Ud. For that end, let

RS = {α ∈ Nd : αk < rk for k 6∈ S and αk = rk for k ∈ S}.

Let z ∈ M(S). Then there exists a unique α ∈ RS such that zk = nαk
for k 6∈ S. We

take u(f)(z) = f (α)([zα]). Obviously u is linear. Now let p < ∞. Then ‖u(f)|M(S)‖p =( ∑
α∈RS

‖f (α)([zα])‖pLp(Iα)

)1/p
. Notice that {α ∈ Nd : |α| ≤ r} = ∪S⊂Ud

RS , and that the

union is disjoint. Thus ‖u(f)‖p =
( ∑

S⊂Ud
‖u(f)|M(S)‖

p
p

)1/p = ‖f‖. The same holds for
p = ∞. Thus u is an isometric embedding, and hence the image of u is a closed subspace of
LCp(M). It is easy to check that u(

∏
k fk(xk)) =

∏
k urk,Ik(fk), i.e., u is natural.

It remains to show that u is surjective. We first show that urk,Ik is surjective for every k.
Let any g ∈ LCp(M(Ik, rk)). We define a function fg ∈W rk

p (Ik) as follows. If rk > 0, we take

fg(xk) =
rk−1∑
j=0

g(nj)x
j
k/j! +

∫ xk

0

(xk − tk)rk−1

(rk − 1)!
g(tk) dtk,
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and if rk = 0, fg(xk) is defined to be gk(xk). It is easy to check that urk,Ik(fg) = g. This
shows that urk,Ik is surjective. Now we have

u(W r1
p (I1)⊗A · · · ⊗A W

rd
p (Id)) = ur1,I1(W

r1
p (I1))⊗A · · · ⊗A urd,Id(W

rd
p (Id))

= LCp(M(I1, r1))⊗A · · · ⊗A LCp(M(Id, rd)),

which is dense in LCp(M). It follows that the image of u is also dense in LCp(M). Being
closed and dense in LCp(M), the image of u is LCp(M), i.e., u is surjective. �

Next we introduce a partial order on W r
p that is compatible with the linear structure.

Definition 1. The isometry ur1,...,rd,I1,...,Id from Lemma 1 defines a compatible partial or-
der ≥F on the space F = W r1,...,rd

p (I1 × · · · × Id), namely

(6) f ∈ F, f ≥F 0 iff
{
f (α)([xα]) ≥ 0 for a.e. xα, α ≤ r, if p <∞,

f (α)([xα]) ≥ 0 for xα ∈ Iα, α ≤ r, if p = ∞.

Note that ur1,...,rd,I1,...,Id is an order-preserving isometry.

Regarding the norm (4), we have the following lemma.

Lemma 2. Assume that the tensor product spaces are equipped with the norm (4). Let d ∈ N+

and rk ∈ N for k = 1, . . . , d. Then we may find a locally compact space N(I1, . . . , Id, r1, . . . , rd)
with a Borel measure having the following properties:

(i) N(I1, r1)×· · ·×N(Id, rd) = N(I1, . . . , Id, r1, . . . , rd) as measure spaces and topological
spaces.

(ii) There is an isometric embedding

vr1,...,rd,I1,...,Id : W r1,...,rd
p (I1 × · · · × Id) → LCp(N(I1, . . . , Id, r1, . . . , rd))

that is natural, in the sense that

vr1,I1 ⊗ · · · ⊗ vrd,Id = vr1,...,rd,I1,...,Id on W r1
p (I1)⊗A · · · ⊗A W

rd
p (Id).

Proof. Let N(I1, . . . , Id, r1, . . . , rd) = I1 × Zr1 × · · · × Id × Zrd , where Zm = {0, 1, . . . ,m},
which is equipped with the discrete topology and counting measure. Then (i) is clearly
true under this construction. For f ∈ W r1,...,rd

p (I1 × · · · × Id) and (x1, α1, . . . , xd, αd) ∈
N(I1, . . . , Id, r1, . . . , rd), we define

vr1,...,rd,I1,...,Id(f)(x1, α1, . . . , xd, αd) = Dαf(x1, . . . , xd), where α = (α1, . . . , αd).

Then (ii) can be easily verified. �

Definition 2. A Borel measure on a locally compact space X is called normal if the measure
of any nonempty open set of X is nonzero.

The product and (disjoint) union measures of two normal measures are normal. Hence the
measures on M(I1, . . . , Id, r1, . . . , rd) and N(I1, . . . , Id, r1, . . . , rd) are normal. Notice that if
dx is a normal measure on X then ‖f‖C0 = ‖f‖∞ (with respect to dx) for f ∈ C0(X). Thus

(7) ‖f‖LCp = ‖f‖p ∀p : 1 ≤ p ≤ ∞∀f ∈ LCp(X).

Now we proceed to study some inequalities in Lp spaces. First, we prove a version of the
generalized Minkowski inequality.

Lemma 3. Let (X, dx) and (Y, dy) be two measure spaces. Assuming 1 ≤ p ≤ q ≤ ∞, then
for any measurable functions f : X × Y → R ∪ {∞,−∞} we have

‖‖f‖Lp,x‖Lq,y ≤ ‖‖f‖Lq,y‖Lp,x ,

with equality holding if p = q.
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Proof. Without loss of generality, we may assume f is nonnegative.
The case p = 1 is the usual generalized Minkowski inequality. The case p = q follows easily

from the Fubini theorem. Hence we assume 1 < p < q ≤ ∞. Then

‖‖f‖Lp,x‖Lq,y = ‖‖fp‖1/p
L1,x

‖Lq,y = ‖‖fp‖L1,x‖
1/p
Lq/p,y

≤ ‖‖fp‖Lq/p,y
‖1/p
L1,x

= ‖‖f‖pLq,y
‖1/p
L1,x

= ‖‖f‖Lq,y‖Lp,x ,

where we have used the usual generalized Minkowski inequality in the third step. �

Next we derive a useful inequality under the nonnegativity assumption.

Lemma 4. Let X,Y and Z be locally compact spaces with Borel measures dx, dy and dz,
respectively. Let 1 ≤ p ≤ ∞, 1 ≤ q ≤ ∞ and 1 ≤ r ≤ ∞. Assume that T : LCp(X) → LCq(Y )
is a nonnegative bounded linear operator, and that f is a measurable function over X × Z
such that

‖‖f‖p,x‖r,z <∞.

Then
‖T (f(·, z))(y)‖r,z ≤ T (‖f(·, z)‖r,z) (y) a.e. y ∈ Y.

Proof. Let r′ be the conjugate power of r, that is, 1
r + 1

r′ = 1. Let u(y, z) = T (f(·, z))(y).
Then ‖‖u‖q,y‖r,z ≤ ‖T‖ ‖‖f‖p,x‖r,z < ∞, which implies that u(y, z) ∈ LrZ for a.e. y ∈ Y .
Thus

‖u(y, z)‖r,z = sup
‖ψ(z)‖r′=1

∫
Z
u(y, z)ψ(z) dz a.e. y ∈ Y.

For any nonnegative function ϕ ∈ L1(Y ) ∩ L∞(Y ), we have∫
Y
‖T (f(·, z))(y)‖r,zϕ(y) dy

=
∫
Y

(
sup

‖ψ‖r′=1

∫
Z
T (f(·, z))(y)ψ(z) dz

)
ϕ(y) dy

=
∫
Y

sup
‖ψ‖r′=1

T

( ∫
Z
f(·, z)(y)ψ(z)dz

)
ϕ(y) dy

≤
∫
Y
T

(
sup

‖ψ‖r′=1

∫
Z
f(·, z)(y)ψ(z)dz

)
ϕ(y) dy

=
∫
Y
T (‖f(·, z)‖Lr,z)ϕ(y) dy.

The inequality above follows from the nonnegativity of T . This yields that ‖T (f(·, z))(y)‖r,z ≤
T (‖f(·, z)‖r,z) (y) a.e. y ∈ Y . �

Now we may state and prove our main theorem.

Theorem 1. Let 1 ≤ p ≤ ∞ and 1 ≤ q ≤ ∞. Let rk and sk be nonnegative integers, and Tk
be bounded linear operators from Fk = W rk

p (Ik) to Gk = W sk
q (Jk) for k = 1, . . . , d. Assume

the norm (3) is used in this theorem.
(i) If at least d− 1 operators of T1, . . . , Td are nonnegative then

‖T1 ⊗ · · · ⊗ Td‖ =
d∏

k=1

‖Tk‖.
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(ii) If p ≤ q then for arbitrary Tk we have

‖T1 ⊗ · · · ⊗ Td‖ =
d∏

k=1

‖Tk‖.

Proof. Since the norms on the domain and range spaces are cross-norms (see Section 2), it is
easy to show that

‖T1 ⊗ · · · ⊗ Td‖ ≥
d∏

k=1

‖Tk‖.

To obtain the opposite inequality, we need Lemma 1. Let Xk = M(Ik, rk) and Yk =
M(Jk, sk). Using the isometries urk,Ik and usk,Jk

, we define an operator Uk from LCp(Xk) to
LCq(Yk) as Uk = usk,Jk

Tku
−1
rk,Ik

. Obviously, ‖Uk‖ = ‖Tk‖. Let T = ⊗dk=1Tk and U = ⊗dk=1Uk.
Then the property (ii) in Lemma 1 implies that Tur1,...,rd,I1,...,Id = us1,...,sd,J1,...,Jd

U . It follows
that ‖T‖ = ‖U‖ and thus ‖T‖ ≤

∏
k ‖Tk‖ iff ‖U‖ ≤

∏
k ‖Uk‖. Moreover, for each k, Tk is

nonnegative iff Uk is nonnegative since urk,Ik and usk,Jk
are order preserving.

The arguments above show that it suffices to prove the opposite inequality for tensor
products of operators from LCp to LCq. Now assume Tk are bounded linear operators from
Fk = LCp(Xk) to Gk = LCq(Yk) for some locally compact spaces Xk and Yk with normal
Borel measures, for k = 1, . . . , d. Notice that LC∞ = C0, which is not L∞ in general. However,
according to (7), we have the following formulas for the norms with 1 ≤ p ≤ ∞ and 1 ≤ q ≤ ∞:

‖Tk‖ = sup
0 6=fk∈Fk

‖Tk(fk)‖q/‖fk‖p

and
‖ ⊗dk=1 Tk‖ = sup

0 6=f∈F1⊗A···⊗AFd

‖(⊗dk=1Tk)(f)‖q/‖f‖p.

For (i), we only need to handle the case d = 2, the general case follows from this by a
simple induction argument. Without loss of generality, we may assume T2 is nonnegative. For
each f ∈ F1 ⊗A F2 we define a function f̄ on X1 × Y2 as

(8) f̄(x1, y2) = T2(f(x1, ·))(y2).

Then

(9) (T1 ⊗ T2)(f)(y1, y2) = T1(f̄(·, y2))(y1).

For any f ∈ F1 ⊗A F2, we have

‖(T1 ⊗ T2)(f)(y1, y2)‖Lq,y1,y2

=
∥∥‖T1(f̄(·, y2))(y1)‖Lq,y1

∥∥
Lq,y2

≤ ‖T1‖
∥∥‖f̄(x1, y2)‖Lp,x1

∥∥
Lq,y2

= ‖T1‖
∥∥‖T2(f(x1, ·))(y2)‖Lp,x1

∥∥
Lq,y2

≤ ‖T1‖
∥∥T2

(
‖f(x1, ·))‖Lp,x1

)
(y2)

∥∥
Lq,y2

(by Lemma 4)

≤ ‖T1‖‖T2‖
∥∥‖f(x1, x2)‖Lp,x2

∥∥
Lp,x1

= ‖T1‖‖T2‖‖f‖Lp,x1,x2
.

Hence ‖T1 ⊗ T2‖ ≤ ‖T1‖‖T2‖.
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For (ii), let p ≤ q. Again, we only need to deal with the case d = 2, from which the general
case follows by induction. Let f ∈ F1 ⊗A F2. Using (8) and (9) we have

‖(T1 ⊗ T2)(f)(y1, y2)‖Lq,y1,y2

=
∥∥‖T1(f̄(·, y2))(y1)‖Lq,y1

∥∥
Lq,y2

≤ ‖T1‖
∥∥‖f̄(x1, y2)‖Lp,x1

∥∥
Lq,y2

≤ ‖T1‖
∥∥‖f̄(x1, y2)‖Lq,y2

∥∥
Lp,x1

(by Lemma 3)

= ‖T1‖
∥∥‖T2(f(x1, ·))(y2)‖Lq,y2

∥∥
Lp,x1

≤ ‖T1‖‖T2‖
∥∥‖f(x1, x2)‖Lp,x2

∥∥
Lp,x1

= ‖T1‖‖T2‖‖f‖Lp,x1,x2
.

Hence ‖T1 ⊗ T2‖ ≤ ‖T1‖‖T2‖. �

Now we consider the norm (4) and cases when both (3) and (4) are used.

Proposition 1. Assume that Fk, Gk and Tk are the same as in Theorem 1 for k = 1, . . . , d,
and that 1 ≤ p ≤ q ≤ ∞.

(i) If the norm (4) is used for the domain and range spaces, then ‖T1 ⊗ · · · ⊗ Td‖ =∏d
k=1 ‖Tk‖.

(ii) If we use the norm (4) for the domain space and (3) for the range space or the other
way, then ‖T1 ⊗ · · · ⊗ Tk‖ =

∏d
k=1 ‖Tk‖.

Proof. We need only to prove ‖ ⊗dk=1 Tk‖ ≤
∏d
k=1 ‖Tk‖ as both (3) and (4) are cross-norms.

By Lemmas 1 and 2, we see that under either of the assumptions in (i) and (ii), we may
identify Fk and Gk as Banach subspaces of LCp(Xk) and LCq(Yk), respectively, for some
locally compact spaces Xk and Yk with normal Borel measures. As the identifications are
natural, ⊗dk=1Fk and ⊗dk=1Gk can be identified as Banach subspaces of LCp(X1 × · · · ×Xd)
and LCp(Y1 × · · · × Yd), respectively. Under these identifications, let us assume d = 2 and
f ∈ F1⊗F2. Then we can use the exactly same proof for Part (ii) of Theorem 1 to show that

‖(T1 ⊗ T2)(f)‖Lq ≤ ‖T1‖‖T2‖‖f‖Lp .

Thus ‖T1 ⊗ T2‖ ≤ ‖T1‖‖T2‖, and the general case follows from this by a simple induction
argument. �

4. Some applications

In this section, we discuss how to efficiently use the results from Section 3 for estimating the
error and cost of the sparse grid method for approximating S = ⊗dk=1Sk : W r1,...,rd

p (I1× · · · ×
Id) →W s1,...,sd

q (J1 × · · · × Jd), where Sk : W rk
p (Ik) →W sk

q (Jk) are bounded linear operators.
By Theorem 1 and Proposition 1, we have satisfactory conclusions for 1 ≤ p ≤ q ≤ ∞. For
p > q, we shall focus on nonnegative algorithms, which implies that the norm (3) will be
used. For simplicity of the presentation, we assume p < ∞ and sk = 0. Other cases may be
treated in a similar way.

The following simple statement shows there are many nonnegative algorithms.

Lemma 5. Let I and J be intervals (0 ∈ I ∩ J), r ∈ N+ and A : F = W r
p (I) → Lq(J) be a

linear algorithm that uses function evaluation i.e., A(f) =
∑

j f(xj)gj for some fixed xj ∈ I
and gj ∈ Lq(J). If gj ≥ 0 a.e., then A is nonnegative.
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Proof. Let f ∈ F , f ≥F 0. By Definition 1, we have f (k)(0) ≥ 0 for k < r, and f (r) ≥ 0 a.e..
It follows from

f (k)(x) = f (k)(0) +
∫ x

0
f (k+1)(t)dt

and a simple induction argument that f(x) ≥ 0 for x ∈ I. Thus A(f) =
∑

j f(xj)gj ≥ 0 a.e..
This implies the lemma. �

The Smolyak algorithm Aw(q, d) in (1) makes use of the tensor product operator ∆α1
1 ⊗

· · ·⊗∆αd
d with ∆i

k = Aik−A
i−1
k and A0

k = 0 for k = 1, . . . , d. Now we discuss conditions under
which the algorithms ∆i

k are nonnegative.
For convenience, for fixed k, we call a sequence of algorithms (Aik)

∞
i=1 from W rk

p (Ik) to
Lq(Jk) nested if there exists a sequence of information (Lk,j)∞j=1, a sequence of functions
(gk,j)∞j=1, and an increasing sequence (sk(i))∞i=1 of integers such that

Aik(f) =
sk(i)∑
j=1

Lk,j(f)gk,j for f ∈W rk
p (Ik).

It is easy to see that a sufficient condition for the algorithms ∆i
k to be nonnegative for all

i ≥ 1 is that the sequence (Aik)
∞
i=1 be nested with nonnegative Lk,j and gk,j . In this case, we

have

∆i
k(f) =

sk(i)∑
j=sk(i−1)+1

Lk,j(f)gk,j (sk(0) = 0).

On the other hand, when applying the sparse grid method, the property

(10) ‖∆i
k‖ ≤ CkD

i
k for some constants Ck > 0, Dk < 1 and for all i ≥ 1

is usually needed for every fixed k (see [2, 3, 7, 8]). The property (10) and the nonnegativeness
of ∆i

k are satisfied simultaneously if we generate the algorithms Aik as follows. Choose a nested
sequence of nonnegative algorithms (Bk(n))∞n=1 such that ‖Bk(n)− Sk‖ = O(n−vk) for some
constant vk > 0 as n→∞. Then we let

Aik = Bk(t(i)),

where t(i) = c1a
i + c2 ∈ N+(∀i ≥ 1) for some fixed constants a > 1, c1, and c2. For example,

we may choose t(i) = 2i−1, t(i) = (3i − 1)/2, or t(i) = (4i − 1)/3.
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