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ABSTRACT. We will classify the path connected components of spaces of Sobolev
maps between manifolds and study the strong and weak density of smooth maps
in the spaces of Sobolev maps for the case the domain manifold has nonempty
boundary and Dirichlet problems.

1. Introduction. This is a sequel to [6, 7, 8]. The main aim is to classify the path
connected components of spaces of Sobolev maps between manifolds and study the
density of smooth maps in the space of Sobolev maps similar to those in [7] for the
case domain manifold has boundary and Dirichlet problems. We will emphasize
those analytical techniques different from the no boundary cases. These techniques
have their own interest in variational problems for maps between manifolds.

2. Some preparations. Let M be a smooth compact Riemannian manifold. At
the beginning of section 2 of [7], we used Lipschitz triangulation to mean that
one has a simplicial complex K and a bi-Lipschitz map h : |[K| — M. Sometime
the name “Lipschitz triangulation” can be confused as “a triangulation which is
Lipschitz”. To avoid this, we will use the name “bi-Lipschitz triangulation” instead.
Similar conventions apply to bi-Lipschitz cubeulation and bi-Lipschitz rectilinear
cell decomposition. For basics about rectilinear cell complex and simplicial complex,
we refer readers to [17] (appendix II) and [10]. For basics of homotopy theory, we
refer readers to [16].

Let (X, A) be a pair of topological spaces, that is, X be a topological space and
A be a subspace of X, Y be a topological space and f € C(A,Y), we write

Cr(X,Y)={uc C(X,)Y):uly=f}, [X,Y;flaga=Cr(X,Y)/ ~raa.
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For u € Cf (X,Y), we use [u],, 4 to denote the corresponding equivalence class in
[Xv Y? f}rel,A'

If in addition, (X, Xy, A) is a triple of topological spaces i.e. A C Xy C X, then
we may define an equivalence relation ~x, re1.4 on Cf (X,Y) by

U~ Xgrel AV S Ulx, ~rela U]y, foru,veCp(X,Y).

We write [X\XO ,Y;f]relA =Cy(X,Y)/ ~xyrera. Foru € Cp(X,Y), we denote

[u]XU’rel.A as the corresponding equivalence class of u in [X|X0 Y f} LA It is

clear that [X,Y; f], 4 = [X|x Y5 fl, 4- Moreover, we have a natural injection

i [X|Xo ,Y;f]rel‘A — [X0,Y5 fliera [U]erel.A = [“|Xo]rel‘,4’

here u € Cf (X,Y). We identify [X|X0 7Y;fhel_A as a subset of [Xo,Y; f] ., 4
through this injection. In particular, for any v € Cy (X,Y), [u] Xo.rel.a 18 identified
with [u|X0Lel_A.
Definition 1. Let (X1, X5, A) be a triple of topological spaces, X, Y be topological
spaces, f € C'(A,Y)and i: X; — X be an embedding such that (X, (X3)) satisfies

the homotopy extension property with respect to Y. Given an a € [X 1] P & f] el A

if for any representative u € «, u| X, © i~! has a continuous extension to X, then
we say « is extendible to X with respect to Y.

2.1. k-extension property. Let (X, X, A) be a triple of topological spaces such
that X is compactly generated, X, and A are closed subsets of X, (X, X,) and
(X0, A) satisfy the homotopy extension property. Then we know (X, A) satisfies
the homotopy extension property too. Let Y be an arbitrary topological space.

At first we will define a map between homotopy classes which will be useful
in Section 5.1. Assume f,f’ € C(A,Y) and H is a homotopy from f to f’ i.e.
H e C(Ax][0,1],Y) such that H (a,0) = f(a), H(a,1) = f'(a) for a € A; in
another way, H is a continuous path in C' (A4,Y) from f to f/, we will define a map

pa [ Xl Vil goa = [ Xl Y] )
For any u € Cy (X,Y), let
_ u(x)’ xGX,tZO;
uH(x,t)—{ H(z,t), z€A0<t<1,

then ug € C((X x {0})U (4 x[0,1]),Y). By the homotopy extension property,
we may find an extension of ug, namely w € C (X x [0,1],Y). Let v (z) = w (z,1)
for z € X, then v € Cp (X,Y). We let upy be the map which sends [u]y . 4 to
[U]Xo,rel.A'

We have to show pp is well defined. For ¢ = 0,1, let u; € Cy(X,Y) such
that ug ~xg.re1.4 41 . Then we may find a map Hy € C (Xo x [0,1],Y) such that
Hy (2,0) = ug (x), Ho(z,1) = uy (x) for z € Xy and Hy (z,t) = f (z) for z € A,
0 <t <1 We have

i gt (2,1) = u; (), re X, t=0;
CHADY T H (2,t), zeA0<t<1,
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and w; € C (X x[0,1],Y), a continuous extension of u; ir. Let v; () = w; (x,1)
for z € X. We will show vy ~x, re1.a v1. To achieve this, let

wo (z,1—3t), x€ X, 0<t<
wy (z,t) =< Hp(z,3t—1), $€X0,1<t§%;
wy (z,3t —2), w€Xg,5<t<1
’Uo(x), QS'EX(),t:O;
ws (z,t) =9 f'(z), z€A0<t<L
v (), z€Xp,t=1,
then we have w2|(X0X{071})U(AX[071]) ~ ws. In fact, the map
vo (), € Xo,t=0,0<s<1;
' (x), reA0<t<20<s<1;
H(z,s—3t+1), r€AZ <t§i,0§s§1,
D (x,t,8) = H(xz,s), weA <t§§,0§s§1,
H(z,5+3t—-2), z€A?2 §t<1—§0§s§1,
f(x), m€A1—7§t§10§s<1;
vy (z), xEXo,tzl,Ogsgl

gives the needed homotopy. Using the homotopy extension theorem, we may find
a continuous extension of w3, namely wz € C (X x [0,1],Y). ws is the needed
homotopy for vg ~x; rel.a V1.

If f,f,f" € C(AY), Hy is a homotopy from f to f’ and H, is a homotopy
from f’ to f”, then we may define the homotopy from f to f”, namely Hs * H; by
_ Hi (a,2t), a€A0<t§§
H2*H1(a’t)_{ Hy(a,2t—1), a€AL<t<1

We have the following equality:

HHyxHy = WHy © LWH, - (2)

If f,f' € C(A,Y), Hy and H; are two homotopies from f to f’ such that
Hy ~ Hy rel. A x {0,1}, then we claim

HHy = HH, - |:X|X0 7Y;f]re1,A - [X|Xo ’Y; f/]rel.A . (3)

Indeed, let H : A x [0,1]2 — Y be a continuous map such that H (a,t,0) =
Ho (a,8), H (a,1,1) = Hy (a,1) fora € A,0< 1 < 1 H (a,0,5) = f (a), H (a,1,5) =
f'(a) forae A, 0<s<1. Given u € Cf (X,Y), define

_ u(x), reX,t=00<s<1;
F(x,ts)—{ H (x,t,s), reA0<ts<1.
It follows from homotopy extension property that F' has a continuous extension to
X x [0, 1]2, namely F € C (X x [0, 1}2,Y). Then

ity ([ xgrera) = [F 10 g a = [F D] g4 = o ([l o) -

The claim is verified.

It follows easily from (1) and (2) that if f, f' € C'(A,Y) and H is a homotopy
from f to f’, let H (a,t) = H (a,1 —1t), a € A, 0 <t <1 be the homotopy from f
to f, then we have both uz o iy and pg o pgr are identity maps. This implies pg

is a bijection and ,u;Il = g
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Next let us discuss some basics about pairs of spaces. Assume (X, A) is a pair
of topological spaces. A continuous map from (X, A) to (Y, B) means a map f €
C(X,Y) such that f(A) C B. A homotopy of maps f,g between pairs (X, A)
and (Y, B) means a continuous map H : (X x [0,1], 4 x [0,1]) — (Y, B) such that
H (z,0) = f (), H (z,1) = g (z) for z € X. Similar to lemma 2.1 of [7], we have

Lemma 1. Let (X, A) and (Y, B) be pairs, ¢; : (X;,A;) — (X, A) be homotopy
equivalence between pairs for i = 1,2. Here (X;, A;) is a relative CW complex.
Assume f,g: (X, A) — (Y, B) are continuous maps, k € Z, k > 0. If fo (j>1|X{C is
homotopic to g o ¢1|Xf as maps from (Xf,Al) to (Y, B), then fo ¢2‘X§, is homo-
topic to g o ¢2|ng as maps from (Xf,Ag) to (Y, B). Here XF means the k-skeleton
of (X;, A;).

Proof. Let 9; : (X, A) — (X, A;) be a homotopy inverse of ¢; as maps of pairs.
By the cellular approximation theorem (p77 of [16]) we may find a cellular map
¢ : (X9, A2) — (X1, A1) such that ¢ is homotopic to 9 o ¢o rel. Ay. Considered
as maps from (Xé“, Ag) to (Y, B), we have

fodalxy ~ [fodrovhodalyy~ fodroplx,~ godiop|xs
~  godroprod|yr ~ godalxy.
O

In particular, if (X, A) is a relative CW complex and f,g : (X,4) — (Y,B)
are continuous maps such that f|y i ~ g|y« as maps between pairs (X k,A) and
(Y, B), then we say f and g are k-homotopic as pairs. It follows from Lemma 1 that
this definition does not depend on the specific choice of the relative CW complex
structure on (X, A). Similar to usual homotopy equivalence between pairs, we have
k-homotopy equivalence between pairs which are relative CW complexes. In the
same line as lemma 2.2 in [7], we have

Lemma 2. Let (X, A) and (Y, B) be relative CW complexzes, Z be a topological
space and g € C(B,Z). Assume k € Z, k>0, ¢ : (X,A) — (V,B) isa (k+1)-
homotopy equivalence between pairs. If for any v € C (Yk‘H, Z) with v|z = g, we
may find v € C(Y,Z) such that |y« = v|yr, then for any u € C (X*,Z) with
ul 4 = go |y, there exists aw € C (X, Z) such that U|y. = u|yw.

Proof. We may find a continuous map ¢ : (Y, B) — (X, A) such that ¢o¢ is (k + 1)-
homotopic to idx and ¢ o v is (k + 1)-homotopic to idy, both as maps of pairs.
By the cellular approximation theorem, we may assume both ¢ and ) are cellular
maps. Let i be the map from X* to X**! such that i () = z for any z € X*.

We claim that ¥ o¢ ~ i as maps of pairs from (Xk7 A) to (Xk‘H, A). Indeed since
0P| i1 ~ idx|yr+r as maps of pairs from (Xk“'l,A) to (X, A), we may find
a continuous map Ho : (X*+1 x [0,1], A x [0,1]) — (X, A) such that Hy (z,0) =
¥ (¢ () and Hy (x,1) = 2 for x € X**1. By the cellular approximation theorem,
we may find a cellular map H : (X" x[0,1],4 x [0,1]) — (X, A) such that
H (2,0) =4 (¢ (x)) and H (z,1) = z for z € X*1. Since H (X* x [0,1]) € X**1,
the claim follows. For any v € C (Xk“, Z) with u|, = go¢|,, we may define
v(y) = u(P(y)) for y € Y**'. Then for y € B, v(y) = g(6 (¥ (y))). Since
p ol ~idp, we see vz ~ g. By the homotopy extension property we may find
a continuous extension of g to Y**1 namely w, such that w is homotopic to v. By
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assumption, we may find a w € C (Y, Z) such that w|y» = w|y«. Using homotopy
extension property again we see there exists a T € C (Y, Z) such that 7]y, = v|ys.
Now it follows from the above claim that T o ¢|yx = w09 0 ¢|yx ~ u|y. and hence
u| y» has a continuous extension to X. O

Now let us introduce the following

Definition 2. Let (X, A) be a relative CW complex, Y be a topological space,
feCAY), keZ, k>0. If for any u € Cy (Xk+1,Y), u| y» has a continuous
extension to X, then we say (X, A; f) satisfies the k-extension property with respect
to Y.

It follows from Lemma 2 that the k-extension property does not depend on the
specific choice of relative CW complex structure on (X, A).

Let (X, A) and (Y, B) be relative CW complexes, ¢ : (X,4) — (Y,B) be a
cellular map, Z be a topological space, g € C (B, Z) and k € Z, k > 0. We define a
map

Ve [Yk+1’Yk ’Z;g]rcl.B - [Xk+1‘Xk ’Z; go ¢|A]rcl.A
as follows : for any v € Cy (Y’”l, Z), set Vg ([v]ykJel_B) = [vo@lxr]yxr e a It
is easy to see that vy is well defined. The next lemma will help us understanding
the set of equivalence classes defined above.
Lemma 3. Let (X,A) and (Y,B) be relative CW complezxes, Z be a topological
space and g € C (B, Z). Assume k € Z, k>0 and ¢ : (X, A) — (Y, B) is a cellular
map which is a (k + 1)-homotopy equivalence between pairs. Then

I/d) : [Yk+1|yk ’Z;g:l'r'el.B - [Xk+1‘Xk 3Z7 go¢|A:|’rel.A
is a bijection.
Proof. Let ¢ : (Y,B) — (X, A) be a (k+ 1)-homotopy inverse of ¢. By the cellu-
lar approximation theorem, we may assume v is cellular. Since ¢ o ¢ is (k + 1)-
homotopic to idy as maps between pairs, we may find a continuous map H €
C (Y1 x [0,1], B x [0,1]) — (¥, B) such that H (y,0) = y, H (y,1) = 6 (4 (3))
for y € Y**1. By the cellular approximation theorem, we may assume H is cellular.
Now we have maps

Vg Vo

[Yk+1|yk 7Z§g]r61.3 - [Xk+1|xk 25 g0 ¢|A]rel‘A - [Yk+1|yk A 90¢0¢\B]

We claim the composition of the above two maps, vy, o vy is equal to

MgOH‘Bx[O,l] : [YVICJFI}Y’C ’Z; ‘g]rel.B - [Yk+1|Y’“ ’Z; god)owlB]rel‘B ’

In fact, if v € Cy (V¥ Z), then vodothlyii € C gogoy| (Y**1,Z), in addition,
we have a map

rel.B’

= _ U(y)7 Y eyk+17t:0;
@y, 1) { o(H(y1)), yevho<t<l

By the homotopy extension property, we may find a continuous extension of w,
namely w € C (Y** x [0,1], Z). By definition, we have

MQOH‘Bx[O,l] ([v}Y’C,rel.B) = [w ( s 1)]Yk,rel.B = ['U ° ¢ ° w‘Y’Prl]Y’c,rel.B

= vy (Vqs ([U]Y’CJGLB)) ’

The claim follows.
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Using the fact

. k+1 . k+1 .
NQOH‘BX[UJ] . [Y ’Y’“’Z’g]rel,B — [Y |Y’°’Z’go¢ow|3]rel.3
is a bijection, we see

Vgt [Y]H_l‘yk,Z;g} _>[Xk+1‘X]€’Z;go¢|A]

rel.B rel. A

must be injective and

vp i [ XM Zigodlal g a —= (Y e Zigododlp]

must be surjective.
Applying above assertions for g replaced by g o ¢|, we see

Vy - [)(IHJIX’C ’Z; go (b‘A]rel‘A - [Yk+1|Yk ’Z; go¢ow|B]rel‘B

is also injective, hence it must be a bijection. This together with the fact

. k+1 . k+1 .
MgOH‘BX[O,l] : [Y ’Y’“’Z’g]rel.B - [Y ‘Yk’Z’go¢o¢|B]rel.B
is a bijection imply that

Vg [Yk+1|yk,Z;g} — [Xk+1|Xk?Z;go¢|A]

rel.B rel. A

is a bijection too. O

In the future, we will also need the following fact.

Proposition 1. Let Y C R™ be a compact subset which is a Lipschitz neighborhood
retractor i.e. there exists an open set Y C V. C R™ and a Lipschitz map r: V — Y
such that r(y) = y fory € Y. Let X be a compact metric space and A be a
closed subset. Assume f € Lip(A,Y) such that there exists a v € C(X,Y) with
v|, = f, then for any € > 0, there exists a u € Lip(X,Y) such that u|, = f and
lu(z) —v(z)| < e for x € X. In particular, when € is small enough, we have u ~ v
rel. A.

Proof. Choose an gy > 0 such that {z € R" : dist (z,Y) <ego} C V. Let &1 =

ﬁ. Fix a wy € Lip (X,R") such that wi|, = f and a wy € Lip (X,R")
TlLip(v)
such that |wy () —v (z)| < &1 for € X (see lemma 2.3 of [7]). Let

J= cL U={zeX:dist(x,A) <d},

[wilpipx) + [Welpipoo +17
then for x € U, there exists an a € A with d (z,a) < §, this implies
lwy (2) — w2 (z)| < Jwy (2) —wi (a)| + Jwy (@) — w2 (a)] + |wz (a) —wa (2)] < ey
Choose n € Lip (X,R) such that 0 < n < 1, n|, =1 and 77|X\U = 0, then for
r € X, let
w(z) =7 (x)w (z) + (1 —n(x))ws (z) = w2 (z) +n(z) (w1 (z) — w2 (2)).

)
We see that |w(xz) —ws (z)] < 3eg;. This implies |w(x) —v(z)| < 4e
when ¢ is small enough, hence w(z) € V. Let u(z) = r(w(z)) for z
then v € Lip(X,Y) and u|, = f. In addition, for z € X, |u(z)—v(z)] =
r(w (@) —r@@)| < [rlupen lw@) —v@)] < 4,6 £ 5§ < e Take
H(z,t)=r((1—-t)u(x)+tv(x)) forz e X,0<t<1, weseeur~vrel. A. O

H
m A
™
(=)
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3. Construction of maps with suitable transversality. Let M™ be a smooth
compact Riemannian manifold without boundary and assume M™ C R!. In [7],
when applying the results on slicing of Sobolev functions on M, the nearest point
projection plays an important role. In fact, for eg = ¢ (M) > 0 small enough,

Vaey (M) = {y € R" : dist (y, M) < 220}

is a tubular neighborhood of M. Let mp : Var, (M) — M be the nearest point
projection. Define

U M x Bl — M :(y,€) = ma (y +€).

If A is a rectilinear cell and h : A — M is a Lipschitz map, then the map H :
A x BL — M given by H (z,§) = ¥ (h(x),£) satisfies (Hy), (Hz) and (Hj) in
section 3 of [7] (see the beginning of section 4 of [7]). This fact plays a crucial role
in discussing the homotopy of Sobolev maps between manifolds (see section 4 of [7]).
However, the method of using the nearest point projection is not very convenient
for the Dirichlet problem. In this section, we describe some other methods of
constructing maps satisfying (H), (Hz2) and (H3) in section 3 of [7] and will apply
them to the Dirichlet problem later.

3.1. Manifolds without boundary. Let M™ be a smooth compact Riemann-
ian manifold without boundary. We claim that we may find smooth vector fields
Xy, -+ ,X; on M such that

span{Xy (p),---,X;(p)} = M, for every p € M. (4)

Here M, means the tangent space of M at p. In fact, for any p € M, we may find
n smooth vector fields, X, 1,- -, Xp., such that X, 1 (p),---, X, , (p) are linearly
independent in M,,. By continuity, we may find an open neighborhood U (p) such
that for any ¢ € U (p), Xp,1(q),--- , Xpn (q) are linearly independent in M,. By
the compactness of M, we may find p1,--- ,pm € M such that U, U (p;) = M.
Then {X,, ;:1<i<m,1<j<n}is a collection of vector field satisfying (4).

If X is a smooth vector fields on M, let ¢x+ : M — M, t € R be the flow
generated by X, that is MXT‘Z(I’) = X (¢x,.(p)) and ¢x,(p) = 0. Then we may
define

®: M xR — M:(p,&) = dx,¢10¢x,20 - 0¢x, ¢ (p). (5)
It is clear that ® is a smooth map and for any p € M,

0
260 (0. 351,

this implies that d®, 0 ({0} x R}) = M, and there exists some constant ¢ =
¢(M) > 0 such that the Jacobian Jgr (0) > ¢ (M) for any p € M. Here O (§) =
® (p,&) for p € M, € € RL. Hence we may find a g9 = ¢ (M) > 0 such that for

every p € M, Jor (§) > @ for [¢] < &o.

>:Xi(p) for 1 <i </,

Lemma 4. Assume py € M, & € RY, p1 = @ (pg, &) and

dq)(ﬂo’ﬁo) ({0} X Rl&g) = M;Dw

then there exists open neighborhoods U (po,&o), U (po), V (p1) and a bi-Lipschitz
map

¢:U (po,&) — U (po) x V (p1) x B
such that
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(1) ¢ (p7 E) = (p7 @ (pa 6) » g (5)) fOT’ (pa 5) el (p()vgo)‘ .
(2) ¢~ (p,g,¢) = (¥ (.4,€)) for (p,q.C) € U (po) x V (p1) x By "
(3) @ (¢~ (p,q,¢)) = q for (p,q,¢) €U (po) x V (p1) x B{ ™.
Proof. Choose a base of R} , namely e1,--- ,¢;. Let e',--- ¢! be the corresponding
dual base. Without losing of generality, we may assume d®,, ¢.) (0,€1) ,- -+, d® (. ,) (0, €xn)

generates Mpl. Choose f1,---, fl=m e ¢ (RZ,R) such that fi(€) — 0 and
dfﬁlo :en+l fOI"L':172’... 7lfrn“ DeﬁnegazMle *)MXMXlen by

sﬁ(p,ﬁ): (p,q)(p,g),fl(g),--- 7fl(§))

It is easy to see dp(p,.e0) + Mp, X Réo — M,, x M,, x R is a linear isomorphism,
hence we may find an open neighborhood U; (po, &o) such that ¢ (U; (po,&o)) is open
and |, (po.£o) 18 @ diffeomorphism from U; (po, o) to ¢ (Ur (po,&o)). By shrinking
Ui (po,&o) a little bit, we may assume <p|U1(p07£0) is a bi-Lipschitz map. Choose
open neighborhoods U (pg), V (p1) and € > 0 such that U (pg) x V (p1) x BL™" C
¢ (U1 (po, €0))- Let U (po, &) = 15, (po.eo) (U (p0) X V (p1) x BI™) and

¢(pa€) = (p7q)(pa§)7ifl (g)? 7%]01_” (§)> ;
we get the lemma. O

Lemma 5. Assume A is a rectilinear cell of dimension d and h : A — M is a
Lipschitz map. Define H (x,§) = ® (h(x),€) forx € A, £ € BL, then H satisfies
(H1), (Hz2) and (H3) in section 3 of [7] , that is,
(1) H € Lip(Ax B ,M) and [Hﬁ]Lz‘p(A) < (M) [y for any § € BL . Here
H¢ (z) = H (z,§) for x € A.
(2) There ezists a positive number ¢ (M) such that the Jacobian Jy (z,£) > ¢(M),
H ace (2,) e Ax B .
(3) There exists a positive number ¢ (M) such that

-+ (Hf1 (p)) <c(M)yH*(A) ([h]Lz‘p(A) + 1)d+l_"

forpe M.

Proof. (1) and (2) are clearly satisfied. To prove (3), fix a po € M, for any (p,§) €

M x Elgo, since Jgr (§) > ¢ (M) > 0, by Lemma 4 we may find open neighborhoods
U(p, &), U(p), V(®(p,&)) and a bi-Lipschitz map

bpe U, &) = U(p) x V(2 (p, &) x B

such that
bpe(a;m) = (¢,2(q,m),9p¢ () for (¢,m) €U (p,§),
St (@1,02,0) = (a1, ¥pe (@1,42,0)  for (q1,92,Q) € U (p) x V(@ (p,€)) x By "

By compactness, we may find (p;,&;) € M X Eio for i =1,2,--- ,k such that

k
—l
M xB,, c|JU(pi&).

=1
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For convenience, we write ¢; = ¢p,.¢,, §i = Gp,.¢> Vi = ¥p,,¢,- We claim

C~=

H_l (pO) - {(wiz (h(‘r) vavC)) HEES Aac € Biinﬂh(‘r) € U(pz)7p0 € V((I) (pmfz))} :

1

.
Il

) € H ' (po), then for some i, (h(x),£) € U (p;,&). We have
h (), po, i (§)) and 1; (h (x), po, gi (§)) = &, hence

(x’§> = (x’wi (h (33) » Po, 9i (f))) .

The claim follows. (3) clearly follows from the claim. O

In fact, if (z,¢
¢i (h(z),8) = (

3.2. Manifolds with boundaries. In this subsection, we always assume M™ is a
smooth compact Riemannian manifold with boundary. Let V be a product neighbor-
hood of OM and ¢ : V — dM x [0,1) be a diffeomorphism such that ¢ (p) = (p,0)
for any p € OM. We may write ¢ (p) = (r(p),7 (p)), where r : V. — OM is a
smooth retraction and 7 : V' — [0, 1) is a smooth function. Recall the double of M,
D (M), is defined as

D (M) =M x{0,1} /{(p,0) ~ (p,1) : p € OM}.

Let Vb = {[p,0],[p,1] : p € V}. We may define maps iy : M — D (M) by io (p) =
[p,0] forp € M;i;: M — D (M)byiy(p) =[p, 1] forpe M;4¢: Vp — IMx(—1,1)
by & ([p,0]) = (r ()7 (1)), ¥ ([p,1]) = (r (p),—7 (p)) for p € V. We still denote
the first component of this 1 as r and second component as 7. The differentiable
structure on D (M) is given such that ig,i; are smooth embeddings and ¢ is a
diffeomorphism. We identify M as a subset of D (M) by 4.

Fix a n € C* (R,R) such that 0 <n <1, n(t) =1 for [t| < § and 5 (t) = 0 for
t| > 3. Let

d
X 7 ) =0 (07),,,, (0.5 ) forpe Vil <1

and X|[ppr)\ 15, = 0, then X is a smooth vector fields on D (M).
We claim that there exists X1, -, X;, smooth vector fields on D (M), such that

X1 :X,
span{Xi (p), -+, Xi(p)} =D (M), foranypeD(M); (6)
Xo(p), -, Xi(p) € (OM),, for any p € OM.

Indeed, given any p € D (M). If p € D (M) \OM, then we may find smooth vector
fields Xp1, -+, Xpn such that X, 1 (p), -+, Xpn (p) is linearly independent and
Xp,i|6M =0for 1 <i<n. Ifpe dM, then we may find smooth vector fields
Xp1,+ Xpn such that X1 = X, X, (q) € (OM), for 2 < i <n and g € OM,
and Xp1(p), -, Xpn (p) is linearly independent. In both cases, we may find an
open neighborhood U (p) such that for any ¢ € U (p), Xp1(q), -+, Xpn (q) are
linearly independent. Since UpepU (p) = D (M), we may find pq,--- ,pp € D (M)
such that U, U (p;) = D (M). Now {X,, ; : 1 <i<m,1 < j<n}is the collection
of vector fields we want. Note that X must lie in this collection by our choice.
Define

®:D(M) xR - D(M): (p,&) — dx,6100x,6200dx, ¢ (P)- (7)

It is clear that for any p € D (M), d®, ) ({0} x Rf) = D (M), and there exists
some constant ¢ = ¢ (M) > 0 such that the Jacobian Jgr (0) > ¢ (M) for any p € M.
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We may find a § > g9 = g9 (M) > 0 such that for every p € M, Jo» (§) > @ for
€€ RL, €] < gp. In the same line as Lemma 5, we have

Lemma 6. Assume A is a rectilinear cell of dimension d and h : A — M is a
Lipschitz map. Define H (z,£) = ® (h(z),§) forz € A, £ € Béo, then H satisfies
(H1), (H2) and (Hs) in section 3 of [7] , that is,
(1) H € Lip(A x BL,,D(M)) and [Hﬁ]Lz‘p(A) < ¢(M) [h] a) for any € € Bl .
Here He (x) = H (x,€) for x € A.
(2) There exists a positive number ¢ (M) such that the Jacobian Jy (x,£) > ¢(M),
H ae (z,) € AxBL .
(3) There exists a positive number ¢ (M) such that

HH (H (p) < e (M)H(A) ([h]up(m + 1) d+l_"

for p e D(M).
For convenience, denote ]Rl+ =[0,00) x RI=L. Let
M, =MU{¢p~" (p,t): p€ M, —eo <t <0},

then we know
®(MxRy)cM, &(MxB.)cCM,.,.

Besides the map ® defined in (7), another map is also of interest. To describe it,

we claim that there exists smooth vector fields Y7, --- ,Y; on M such that
B M,, when p € M\OM;
span (0 0} ={ o\ ey e o )

Indeed, this may be proven directly or we may choose p € C> (D (M), R) such that
{p =0} = OM, then let

Yl = pX1|M>Y2: XQ‘M;"' 7}/1 = Xl|M7

here X1, -+, X; satisfies (6).
Define

UM xR — M:(p,&) ¢y, g1 0¢y, 200 by,et (P), 9)

then
M,,  when p € M\OM,
AW p.0) ({0} x Ro) = { (aMp)p, when p € OM. (10)

4. The case domain manifold has a nonempty boundary. In this section,
we always assume M" is a smooth compact Riemannian manifold with a nonempty
boundary, N is a smooth compact Riemannian manifold without boundary and it
is embedded into R!. For 1 < p < o0, let

WP (M, N) = {u e Whe (M, RZ> ‘u(z) €N ae. z € M} :

The aim of this section is to classify the path connected components of W (M, N)
and study when smooth maps will be dense in WP (M, N). These questions have
been answered in [7] for the case domain manifold has no boundary. We will follow
closely arguments in [7], present main statements and discuss some proofs when
necessary.
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4.1. Homotopy of Sobolev mappings. Assume 1 < p < n, u € WP (M, N),
K is a finite rectilinear cell complex, the parameter space P is a m-dimensional
Riemannian manifold and H : |[K| x P — M is a map such that H|,, p satisfies
(H1), (Hz) and (Hs) in section 3 of [7] for any A € K. Assume k is a nonnegative
integer and k < p, we want to define a measurable map

X = Xkt P = “K[”]

Kk,N} c [|[K*|,N].

We note that the map defined here is the same as the one defined in section 4 of

[7] but we emphasize its image lies in [|K[p N}, a subset of [|Kk| ,N]. This

Mises
modification makes y conceptually clearer.

To define such a x, we note that by lemma 3.3 and corollary 3.1 of [7], we may
find a Borel set E C P such that H™ (E) = 0 and uo He € W' (K, N) for any
£ e P\E.

If p is not an integer, it follows from Sobolev embedding theorem that u o He| | K]
C (‘K[m ,N), then we let

x (&) = [uonHmmdlml ~

We note that under the identification of “K[p] H\K"’\ 7N} as a subset of HKk ,N]7

X(g) = {'u,o H£||Kk|:|~
If p is an integer and 0 < k < p, then by lemma 4.4 of [7], for £ € P\E, we may
find a g € C(|KP|, N) n WP (KP N) such that 9l rr—1| = w0 He| gy, then we
let
x(§) = [9]|Kk| :

Note that under the identification of [|K”H|Kk| ,N] as a subset of [|K*
X(g) = |:uOH§||Kk|:|~

If p is an integer and k = p, then we let © be the map defined in lemma 4.5 of
[7] and define

aN]7

x(§) =6 (“OH§||KP|> for £ € P\E,

one should compare this with lemma 4.5 and lemma 4.6 in [7].

Same proofs as in section 4 of [7] show that x is measurable. Moreover proposition
4.1 and lemma 4.7 in [7] remain true if we assume the domain manifold has a
nonempty boundary. We will use those notations in Section 3.2 below.

Given 1 <p <n,u € WHP (M, N). Assume K is a finite rectilinear cell complex,
h :|K| — M is a Lipschitz map. Define H (z,€) = @ (h(z),{) = He (x) = he (x)
for z € |K|, £ € B, NRY.. It follows from Lemma 6 and (the boundary version of )

lemma 4.7 in [7] that X[,)_1 #,, = const a.e. on Béo N Rﬁr. We denote this constant

a5 1 (1) € [ K| 0y N] € [P N,

Using this definition of uy , (h), one sees easily the boundary version of lemma
4.8 and lemma 4.9 in [7] remain true. In the same line as definition 4.1 and theorem
4.1 in [7], we have

Definition 3. Assume 1 < p < n, u,v € WHP (M, N). If for every bi-Lipschitz
rectilinear cell decomposition b : K — M, we have uy , (h) = vy, (h), then we say
u is ([p] — 1)-homotopic to v.
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Theorem 1. If 1 < p < n, u,v € WHP(M,N) and A > 0, then there ezists a
positive number € = € (p, A, M,N) > 0 such that |du|Lp(M),|dv\Lp(M) < A and
lu—v|pp(ar) < € implies u is ([p] — 1)-homotopic to v.

4.2. Path connected components in WP (M, N). Recall that for two maps
u,v € WHP (M, N), we write u ~, v to mean there exists a continuous path in
WP (M, N) connecting u and v. If p > n, then it is known ([3, 13]) that we have
a natural bijection [M,N] — W'? (M,N)/ ~,. For 1 < p < n, the boundary
version of theorem 5.1 in [7] is also valid. That is

Theorem 2. Assume 1 <p <n, and u,v € WP (M,N). Then u ~y, v if and only
if u is ([p] — 1)-homotopic to v.

Proof. The necessary part follows from Theorem 1. For the sufficient part, assume
we have u,v € W1P (M, N) such that u is ([p] — 1)-homotopic to v, we want to show
u ~p v. Indeed, take a bi-Lipschitz triangulation h : K — M, we may find a £ €
BL NRY such that uohe,vohe € WHP (K, N) and uo h5||K[p],1| ~ Vo h5||K[p],1‘.
Here hg = ®coh. Let 4 = uo ®¢, v = uo ®¢, then @ ~p u, v ~, v. In fact, the
map t +— u o @y gives the needed path. Note that o h,voh € WP (K, N) and
o h\|K[p],1| ~ To h||K[p],1|, it follows from the same arguments as in the proof of

theorem 5.1 of [7] that @ ~, 0. Hence u ~, v. O

Using Theorem 2, we may easily classify the path connected components of
WP (M, N). Indeed, assume 1 < p < n, take a bi-Lipschitz rectilinear cell de-

composition of M, namely h: K — M, and let M = h (|K\Z) for 0 < i < n, then
we have two bijections

(MW ON] e Lip (MPLN) [ ~agios gy — W (MUN) /
Mpl= ’

The left pointing arrow is the usual one and the right pointing arrow can be de-
scribed as follows: take any u € Lip (M[”},N)7 let f=wo h|‘K[p]|, fix an interior

point for each of the cell in K, and let f : |[K| — N be the map deriving from f
using homogeneous degree zero extension on each of the cell with dimension bigger
than or equal to [p] + 1. Let @ = f o h™!, then the right-going arrow sends the
equivalence class of u to the equivalence class of u. In particular, WP (M, N) is
path connected if and only if [M [p] | wipl—1 0V ] has only one element. This is clearly
the case when either M or N is ([p] — 1)-connected. The proof of these statements
are the same as those in section 5 of [7].

On the other hand, in the same line as proposition 5.2 and corollary 5.4 of
[7], we know if 1 < p <mn, u € WHP(M,N) and h : K — M is a bi-Lipschitz
rectilinear cell decomposition, then u may be connected to a smooth map if and
only if ux , (h) has a continuous extension to M with respect to N; in particular,
every map in WP (M, N) can be connected to a smooth map if and only if M
satisfies the ([p] — 1)-extension property with respect to N. As an example, it is
easy to see that for a M3 with nonempty boundary, it satisfies 1-extension property
with respect to any N, hence for any 1 < p < 3, every map in WP (M3, N) can
be connected to a smooth map. This recovers theorem 0.4 of [2].

4.3. Strong and weak density of smooth maps in WP (M, N). Recall that
Hé’p (M,N) = {ueW?"P(M,N): there exists a sequence u; € C*> (M, N)
such that u; — w in WP (M7 Rl)} ,
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H\l,\’,p (M,N) = {ue€W?"P(M,N): there exists a sequence u; € C* (M, N)
such that u; — w in WP (M7 ]Rl)} ,

and

RP>(M,N) = {ue€W"P(M,N): there exists a smooth rectilinear cell
decomposition of M, h: K — M, and a dual n — [p] — 1

skeleton L™ P~ s t. v is C* on M\h (L"_[p}_l)} .

It is known ([13]) that when p > n, we have Hg” (M,N) = Hy’ (M,N) =
WP (M, N). For 1 < p < n, one has

Theorem 3. Assume 1 < p < n, then RP"*° (M, N) is dense in WP (M, N).

Proof. Let u € WYP (M, N), then for u o ®¢ — u as £ — 0 in R, Fix a smooth
cubeulation of M, h : K — M such that each of the cell in K is a normal cube. It
follows from Lemma 6 and (the boundary version of ) lemma 4.7 in [7] that for a.e.
e Bio NRY, we have uo ® € WP (K, N). For such &, the proof of theorem 6.1

of [7] shows uw o ®¢ € RP->° (M, N). Hence u € RP> (M, N). O

The same arguments as in the proof of theorem 6.2 in [7] or theorem 5.4 in [8]
give us

Theorem 4. Assume 1 < p < n, h : K — M is a bi-Lipschitz rectilinear cell
decomposition, M* = h (|K*|) fori >0, L IPI=1 s one of the dual (n — [p] — 1)-
skeletons, and u € WP (M, N) such that u is continuous on M\h (L"~PI=1).
Then u € Hé’p (M, N) if and only if u|,,;m has a continuous extension to M. In

addition, if for some o € [M,N], we have u|y;, € &y, then we may find a
sequence u; € C* (M, N) such that u; — u in WP (M, N).

In the same line as theorem 6.3 of [7], it follows from Theorem 3 and Theorem 4
that

Theorem 5. Assume 1 < p < n, then Hé’p (M,N) = WP (M, N) if and only if
) (N) =0 and M satisfies the ([p] — 1)-extension property with respect to N.

If 1 < p <mn and p is not an integer, or p = 1, then H\l,(]p (M,N) = Hé’p (M, N).
Indeed, given any u € Hy? (M, N), let @ : D (M) — N be defined by @ ([p,0]) =
a([p,1]) = u(p), then @ € Hy" (D(M),N). Tt follows from [1, 7, 4] that @ €
Hg? (D (M), N), and this implies u € Hy” (M, N).

On the other hand, it follows easily from Theorem 1 and Theorem 2 that if
1<p<n uc H\l,\’,p (M,N) and h : K — M is a bi-Lipschitz rectilinear cell
decomposition, then uy , (h) has a continuous extension to M with respect to N, in
addition, u may be connected to a smooth map by a continuous path in W1? (M, N).

Ifue Whi (M, N), then i : D (M) — N, defined in the paragraph after Theorem
5, lies in W1 (D (M), N). Tt follows from [11, 4] that we may find a sequence
u; € C*(D(M),N) such that |4; —u|p )y — 0, di; — du ae. on D (M)
and |dt;| o pary) < € (V) [dUlpopary)- Let wi = @iy, then [u; — ulpipary) — 0,
du; — du a.e. on M and |dug|p,pp) < ¢ (N) |dulp,(pp)-
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If n >3, h: K — M is a bi-Lipschitz rectilinear cell decomposition, then we
claim

Hy/” (M, N)
= {u€eW"?(M,N):ug>(h) has a continuous extension to M w.r.t. N}
= {u € W2 (M, N) : u may be connected to smooth maps} .

Moreover, if u € W2 (M, N) and o € [M, N] satisfies a o hlig1| = ug,2 (h), then
we may find a sequence u; € C°° (M, N) such that u; — win W% (M, N), du; — du
a.e. and [u;] = a. Indeed, take a v € Lip (M, N) such that [v] = a.. Since uy o (h) =
@0 h g1 = vg,2 (h), we know u may be connected to v by a continuous path in
W12 (M, N). Letw,v : D (M) — N be the double of maps u and v as in the previous
paragraph. Then we may connect v and v continuously in W12 (D (M), N). It
follows from [5], which is based on an important local result in [12], that we may
find a sequence w; € C> (D (M), N) such that w; — u in W2 (M, N), du; — du
a.e. and [u;] = [0]. Let u; = T;|,,, then clearly u; satisfies all the requirements.

For 3 < p < n, p € N, it remains a hard problem to characterize Hé\}p (M,N).
Under the additional assumption that N satisfies the p-vanishing condition (see
definition 8.4 of [8]), we know

Hy (M, N)
= {ueW" (M,N):ugs(h) has a continuous extension to M w.r.t. N}
= {u € WYP (M, N) : u may be connected to smooth maps} ,

here h : K — M is a bi-Lipschitz rectilinear cell decomposition. Moreover, if
u € WHP (M, N) and a € [M, N] satisfies o hfjpep-1) = up,p (h), then we may
find a sequence u; € C* (M, N) such that u; — u in WY (M, N), du; — du a.e.,
|du;| < c¢(p, M, N)|dul|p,(ps) and [u;] = . This may be proved using @ : D (M) —
N and theorem 8.5 in [8], just the same way as in the previous paragraph. We
remark that the method in [5] reduces the problem for general target N to a local
question. There is also a very interesting recent work for W13(B4,5%) in [9].

5. Dirichlet boundary conditions. In this section, we always assume M" is a
smooth compact Riemannian manifold with a nonempty boundary, N is a smooth
compact Riemannian manifold without boundary and it is embedded into R!. Let
g0 = g (V) > 0 be a small positive number such that

Vas, (N) = {y e R : dist (y, N) < 2@0}

is a tubular neighborhood of N. Denote 7y : Vagz, (N) — N as the nearest point
projection. Assume 1 < p < oo, p € C (OM,N)N WP (M, N), we let

W;JD (M,N) = {u S WlJ’ (M7N) : u|6M = L‘0} !

The aim of this section is to classify the path connected components of Wé’p (M,N)
and study when continuous W1? maps are dense in Wé“’ (M, N). We will use those
notations from Section 3.2.
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5.1. Homotopy of Sobolev mappings. In this subsection, we will study the
topological information carried by a Sobolev map. These issues were studied sys-
tematically in [15]. We will use somewhat different methods to obtain the main
conclusions in section 4 of [15] as well as some generalizations. We shall closely
follow section 4 of [7].

Let X be a compact metric space, A C X be a closed subset and f € C (A, N),

then [X, N; f] ., 4 is countable. Indeed, since C¢ (X, N) C C (X, RZ), which has a

countable topological base, we may find a countable dense subset N of Cf (X, N).
If u € Cf (X, N), we may find a v € N such that |u(z) — v (z)| < g for z € X. Let
H(x,t) =an (1 —t)u(z)+tv(z)) for x € X,0 <t <1, then we see u ~ypep 4 v.
The countability of [ X, N; f] ., 4 follows. This countability is needed later to discuss
the measurability of maps into [X, N; f] . 4-

Assume 1 < p < n, u € W' (M,N), C C M is a subset such that u|, €
C (C,N), K is a finite rectilinear cell complex, Ky C K is a subcomplex. It follows
that (K, Ko) is a relative complex with k-skeleton (K, Ko)k = K*UKj. Assume P™
is a simply connected smooth Riemannian manifold of dimension m, H : |[K|x P —
M is a map such that H|,, p satisfies (Hy), (H2) and (H3) in section 3 of [7] for
any A € K and H (|Ko| x P) C C.

Let k1 and ko be nonnegative integers such that k; > ko. Given &1,&; € P, we
want to define a map g, ¢, from

“K’“ U K, N;uo He,

||‘K’“2UKO| ’ ‘|K0|:|rcl.|Ko|

to

K" UKy ,N;uo He,

||K0|L6L|KO| :

Choose a continuous curve & () in P such that £(0) = &, £(1) = &. Let ¥ :
|Ko| % [0,1] — N be given by X (x,t) = u(H (z,£(t))) for x € |[Ko|, 0 <t < 1. It
follows from simply connected connectedness of P and the discussions in Section 2
that the map uy from

H|K"‘2UK0|

k .
(19 0ol 5 B

to

[|K’“1 U K, N;uo He,

||KO|:| rel.| Ko| ’
does not depend on the specific choice of the path £ (-). Hence we define this map

as [le,,¢, - It is easy to see that for £1,£2,83 € P, gy .¢, O they.e, = s g -
Fix a point £, € P, we want to define a measurable map

|’|Kk2UK0| ’

_ . p ‘K[”] UK, H :
X = Xk,H,|Ko|,u _’{ O K rur

N?UOH£O|KO] :
rel.| Ko

Indeed, it follows from lemma 3.3 and corollary 3.1 of [7] that we may find a Borel
set E C P such that H™ (E) =0 and uo He € WP (K, N) for £ € P\E.
If p is not an integer, by Sobolev embedding theorem we see u o Hf|\KkuKo\ €

C (‘Kk U K0|), then we let

X () = heo g ([UOH5||K[”]UKO| |KFUK,| rel.K0> .
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We remark that, under the identification made in Section 2,

X (§) = pgo e ([“ ° H5|KkUKULe1.Ko) '

To prove the measurability of y, we observe that it follows from corollary 3.1 in
[7] that if we set @ (£) = wo He, then w € LP (P,W"? (K,N)). It follows from
Lusin’s theorem that for any ¢ > 0, we may find a closed subset F' C P such
that H™ (P\F) < € and u|, € C (F,W"? (K,N)). Given & € F, we may find
a neighborhood U (&) in P, such that for any & € U (§1), we may find a path
€(-) in P from & to &3, such that for any 0 < ¢t < 1 and any = € |Kp|, we have
lu(H (x,£(t)) —u(H (z,&))] < &. On the other hand, by Sobolev embedding
theorem, we know if U (£;) is small enough, then |u (H (z,&2)) — u (H (z,&))] < &
for any x € |Kk’ We claim

Mgz, <[UOH51|IKkUKO|]rcl.|K0|> = |:UOH§2||KkuKO‘]
In fact, let ¥ (x,t) = u (H (z,£ (1)) for x € |Ky|, 0 <t <1, and

Sy (@,t) = mn (L= t)u(H (2,6)) + tu(H (2,8)))

for z € |K* U K|, then we know |¥ (2,t) — 31 (z,t)| < & for € |Kol, 0 <t < 1,
this implies 3 ~yq1 |5, x {0,1} 21||K0|X[0’1]. By the discussions in Section 2, we have

ez, <|:’LL o He |KkUK0|:|rel.|Ko|> f ([u ° H§1||KkUKO}rel.Ko)

= uo H
MElI\KO\X[O,l] <[ §1||KkUKO:|rel.Ko>

= [UOH&

rel.| K| '

k .
||K UK0|:| rel.|Ko|

Hence

Heo &1 <|:UOH£1||KkUKO]rc1.KO> = Héot (/1'52751 ({UOHgllKkUKO}rCI.KO)>

Heo o (|:’U, °© H€2|K,€UK0:|rel.Ko) .

This shows y is locally constant on F. The measurability follows.

If p is an integer and 0 < k < p, then by lemma 4.4 of [7], for £ € P\E, we
may find a ¢ € C(|KP U Kp|,N) N WHP (KP U Ky, N) such that 9l r-10r,| =
uo H5||Kp,luK0|. Define

X (&) = heo ¢ ([9]\KkuKol,rc1-|Kol) '

Under the identification made in Section 2, we have

X(g) = Hgo.€ (|:uo H§|KkUK0:|rel.Ko) '

For the case p is an integer and k = p, we need some preparations. Let K and
Ky be the same as above and f € C (|Ko|, N) N WHF (Ko, N). We want to define
a map

©: {ve W (KFUKN) vl =f} — [[KF UK,

N f] rel.|Ko| *
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Indeed, it follows from lemma 4.4 of [7] that we may find an e = ¢ (k, K, Ko, N, u) >
0 and a w € C(|K*UKo|,N) n WhF (K* U Ko, N) such that wl g1y, =
V] 105, and [0 — Wl g,y < € Then we define © (v) = [w],g g, - By
lemma 4.4 of [7], © (v) does not depend on the choice when ¢ is small enough. Hence
© is well defined. In addition, it follows from corollary 4.1 in [7] that © is a locally
constant map. For £ € P\E, define

X () = e (9 (“ © HfhKP\UIKol)) '

Then similar arguments as before show that y is a measurable map.
A similar argument as the one for proposition 4.1 in [7] gives us

Proposition 2. Assume 1 < p < n, k is a nonnegative integer, u,u; € WP (M, N),
C C M is a subset such that u;|, = u|, € C(C,N), K is a finite rectilinear cell
complex, Ko C K is a subcomplex. Also assume P™ is a simply connected smooth
Riemannian manifold of dimension m, & € P is a given point, H : |K| x P — M
is a map such that H| . p satisfies (Hy), (Hz2) and (Hs) in section 3 of [7] for any
A € K, and H (|[Ko| x P) C C. If either

e 0<k<pandu; — uin WP (M,N);
or
e 0<k<pandu; —uin WH? (M, N),

then after passing to a subsequence we have Xy m,|Ko|u; — Xk, H,|Ko|u @-€- on P.

Next we want to introduce the ([p] — 1)-homotopy class of a Sobolev map. As-
sume we have the same p,u,C, K, Ky, P,§y and H as in the assumption of Propo-
sition 2. If we know k < [p] — 1, then we claim

Xk, H,|Ko|,u = const  H™ a.e. on P.

The proof of this claim follows from the arguments for lemma 4.7 in [7] with minor
modifications.

Let1<p<n,ue W;’p (M,N), K be a finite rectilinear cell complex, Ky C K
be a subcomplex, and h : |K| — M be a Lipschitz map such that h (|Ky|) C OM.
Denote R = (—00,0] x R'™1. Let H : |[K| x (BL, NRL) — M, (see Section 3.2
for definitions) be the map given by H (z,£) = ® (h(z),§) = P¢ (h(z)) = he (z).
Let C = {v~'(q,t): q € OM,—co <t <0}, then H (|Ko| x (B, NRL)) C C. We
define @ : M., — N by u|,, = u and E(z/)_l (q,t)) = ¢ (q) for g € OM and —gg <
t < 0. Then w € W'» (M,,,N) and 7|, is continuous. Let {& = 0 € B, NRL,
then it follows from the previous paragraph that X[p_1 m, K, = const H ae.
on B! NRL. We denote this constant as uy , x| (k). Note that uy , k. (k) €

[p] . . . .
[|K UK0|||K[p]_1UKO‘ ,N; o h||K0| |K[p]71UK0|,mL|KO|, which may be identified

,N;po h“Kol]rel.‘Koy

This homotopy class behaves well topologically. Indeed, if 1 < p < n, u €
W(;’p (M, N), K is a finite rectilinear cell complex, Ky C K is a subcomplex. hg, hy :
| K| — M are two Lipschitz maps such that hg (|Ko|), k1 (| Ko|) C OM and we may
find a homotopy g : |K| x [0,1] — M from hgy to hy with g (|Ky| x [0,1]) C IM.
Let ¥ (z,t) = u (g (z,t)) for € |[Ky|, 0 <t <1, then we have

as a subset of [‘K[p]_l U K

1 (U o] (ho)) = g p11co) (B1) - (11)
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In fact, first we observe that we may assume g is a Lipschitz map. To see this, we
note that it follows from Proposition 1 that there exists a map g1 € Lip (|Ko| % [0,1],0M)
such that g1 (0.1y = 9jxo1x 0,1} A0 91 ~rel Ko [ x (0.1} 9l iko)x[0,1) Let 91 (2,0) =

ho (), g1 (z,1) = hy (z) for x € K, then clearly g1 ~re1 k(% {0,1} 9l(|K|x{0,1})0(|Ko|x[0,1])-
By homotopy extension property, g1 has a continuous extension to | K| x [0, 1], still
denoted as g;. Applying Proposition 1 again, we may find go € Lip (| K| x [0,1], M)

such that g2 ) q0.1)0(10 x0.) = Itl(xq0.1)u( Ko x (0,1 A0 g2 ~ g1 rel
(K[ x {0,1}) U (|Ko| x [0,1]). Clearly we may replace g by go. Next, define a

new rectilinear cell complex K by
K={Ax{0},Ax{1},Ax[0,1]:AecK}.
Then ‘f{‘ = |K|x[0,1]. We may find a Borel set E C B!, \RL with H! (E) = 0 and

for any £ € (Bé0 ﬂRl_) \E, uoge € WP (I?,N). Observing that @ o g¢ (x,0) =
uo (ho) (z) and Wo g¢ (z,1) =uo (h1), (x) for x € K, using lemma 4.4 of [7] when
p € N, we see '

Hs {UO ho) ‘ = [Uo(hl) ‘ ]
' ( |K[p 1UK0| rel.| Ko ¢ ‘K[P]*1UK0| rel.\Ko\’

here 3¢ (z,t) = w (g¢ (z,t)) for x € |[Ko|, 0 <t <1. We claim

hq —
uo (h ‘
Ho.¢ </”'Z1 (_ ( 0)5 |K[p]1UKO|:|rel‘|Ko|>>
= ux Mgog |:uo hO ‘ :| .
|K 1UK0‘ rel.| Ko

In fact, let
_ (P (ho (z),(1-2t)€)), z€|Ko|,0<t< 4
Ao (2,1) = { B(@ (g2 —1),0), wvelKol L<t<l,
(P (g(x,2t),8)), I€|K|0§t§%;
At = { (@ (s (2), (2~ 200)) welKo| A<t
LA

we see easily that Ao ~rel|xy|x{0,1 The claim follows from discussions in

Section 2. Hence we have

ho
Hs | Mo, {uo (o) ‘ }
( E( |K ~1UKo| rel.| Ko|
hy u
= Hy, [UO(hl)‘ } |
¢ < 3 |K[p]—1UKO| rel.| Ko |

this clearly implies px (wg p, x| (R0)) = Ui . 50| (R1)-

Besides the above stated homotopy invariance, we have the following statement.
Assume 1 < p < n, u,v € Wé’p (M,N), K is a finite rectilinear cell complex and
K, C K is a subcomplex, and h : (|K|,|Ko|) — (M,0M) is a Lipschitz map. If
h:|K| — M is a homeomorphism, & (|Ko|) = OM and uy k.| (h) = v p K| (R),
then for any finite rectilinear cell complex L, a subcomplex Ly C L and a Lipschitz
map g : (|L|,|Lo|) — (M,0M), we have uy , 1, (9) = v p.|1o| (9)-

To prove this statement, we may assume L = LPI=1 U Ly. Observe that by
the cellular approximation theorem, we may find a g9 € C(|L|, M) such that
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9 ~rel.|Lo| 0 and go (|L]) C h (|K[T’]*1 U K0|). This shows h~! o g¢ is a continuous
map from (|L|,|Lo|) to (|K[p]*1 UKo|,|Ko|). We may find a Lipschitz map f :
(ILI,|Lo|) — (|K®=1 U Ko, |Ko|) such that f ~ h~' o go as pairs from (|L|, |Lol)
to (|K[p]*1 U Ko|,|Kol). This implies ho f ~ go ~ g as pairs from (|L|,|Lol|) to
(M,0M). 1t is clearly true that uy 1, (ho f) = vy p 1, (Ro f). This and (11)
implies . p. || (9) = Vg.p,|Lo] (9)-

Definition 4. Assume 1 < p < n, u,v € Wé’p (M,N). If for any bi-Lipschitz
rectilinear cell decomposition h : K — M with Ky C K, the subcomplex such that
h(|Ko|) = OM, we have uy p k,| (h) = V4 p K, (), then we say u is ([p] —1)-
homotopic to v rel. OM.

Similar arguments for theorem 4.1 in [7] give us the following

Theorem 6. If1 < p <n, u,v € W;’P (M,N) and A > 0 with |d<p|Lp(aM) < A,

then there exists a positive numbere = € (p, A, M, N) such that \du\L,,(M) , |dv|Lp(M) <

A and |u —v|p, 5y < € tmply that u is ([p] — 1)-homotopic to v rel. OM.

5.2. Path connected components in W;’p (M, N). Recall that for any two maps
U,V € Wi;p (M, N), we write u ~p rel.om ¥ to mean we may find a continuous path
in W)? (M, N) connecting u and v. When p > n, it is known ([3, 13]) that there
is a natural bijection [M, N;¢| . opr — Wi’p (M,N)/ ~pretom- For 1< p < n, in
the same line as theorem 5.1 in [7], we have

Theorem 7. Assume 1 < p < n, and u,v € W;vp (M,N). Then u ~p reLom v if
and only if u is ([p] — 1)-homotopic to v.

To prove this theorem, we need to do some preparations.

Lemma 7. Assume 1 < p < 0o, K is a finite rectilinear cell complex, Ky C K is a
subcomplez and f € C (|Ko|,R)NWYP (K¢, R), then there exists au € C (|K|,R)N
WP (K, R) such that Ul =1
Proof. For each A € K, take an interior point ya € intA. For x € A, let |z|, be
the Minkowski norm of z with respect to ya i.e.

|z|, =inf{tcR:t>0,2 —ya €t(A—ya)}.
We will define w on |K| by induction. For z € |Ky|, we let u(x) = f (z). For = €
|K°|\ |Ko|, welet u () = 0. Then clearly u € C (|K° U Ko| ,R)nW'P (K° U Ko, R).
Assume for some i > 0, we have a u € C (|K’ U K0| ,R) nwhrp (Ki U KO,R) such
that ulj,,, = f, then for any A € K™\ (K'U Ko), welet u (z) = |z], u (yA + T

[EIN
for z € A, then clearly u € C ( Kty KO‘ ,R) nwhp (K”‘1 U KO,R). After finite

many steps, we get u € C (|K|,R) N W'P (K, R) such that ul g, = f- O

Lemma 8. Assume 1 < p < oo, K is a finite rectilinear cell complex, Ko C K
is a subcomplex and f € C (|Ko|, N) N WYP (Ko, N) such that there exists a v €
C(IK|,N) with v, = f. Then for any e > 0, there exists a w € C (|[K[,N) N
WP (K, N) such that ul g, = [ and [u(z) — v (x)| <e forx € |K|. In particular,
this implies u ~re1 K,| v when € is small enough.

Proof. By Lemma 7, we may find a v; € C (\K| ,R[) n whp (K, Rz) such that
Utljg, = f- By lemma 2.3 of [7] we may find a vo € Lip <|K| ,Rl) such that

)
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lvg (x) — v (x)| < § for 2 € |K|. By continuity, we may find an open neighborhood
of |Ky| (open in |K]) such that for any = € U, there exists a x9 € |Ko| with
lv1 (z) —v1 (20)] < § and |v(z) —v(2z0)] < §. In particular, this shows for any
z €U, |v (z) —v(x)] < §. Choose a function n € Lip (|K|,R) such that 0 <7 <1,

n}l\Ko\ =1 nlgnw =0 "Let w(z) = n(z)vi (z) + (1 —n(2))ve (2) for z € |K],
then

jw () — v (x)] < (@) v (@) —o (@) + (1 =n(2))|v2 (2) —v(2)] < 2

When & < 2y, we let u(z) = 7y (w(z)) for z € |K|, then u € C(|K|,N)nN
WLP (K, N) and

Iu(w)—v(w)lé\U(w)—w(:v)lﬂw(w)—v(m)l§2|w(w)—v($)lﬁg<€-

O
Lemma 9. Assume 1 < p < oo, K is a finite rectilinear cell complex, Ky C
K is a subcomplex, f € C( | 0|,N) ﬂWl’p(Ko,N) and u,v € C(|K|,N)n
WLP (K, N) such that u|‘ = v| Kol If u ~rer ko) v, then we may find
a H € C’([O,l],C(|K|,N) p(K N)) such that H (0) = u, H (1) = v and

H )| |g, =f for0<t<1.

Proof. The argument is very similar to those for part (3) of proposition 2.3 in [7].
The only difference is that we need to use Lemma 8 at suitable place instead of part
(1) of proposition 2.3 in [7]. O

Proof of Theorem 7. The necessary part follows from Theorem 6. To prove the
sufficient part, we will use notations from Section 3.2 and Section 5.1. Assume
we have u,v € WP (M,N) such that u is ([p] — 1)-homotopic to v. Take a bi-
Lipschitz triangulation h : K — M and let Ky C K be the subcomplex such
that h(|Ko|) = OM. Let u,v € WP (M,.,,N) be the corresponding extension
maps, then we may find a £ € Béo N RL such that @ o ke, o he € WHP (K, N)
and ﬂohguK[P],luKOl ~rel.| Ko th§||K[P]*1UKO|' Let & = (0’52’... ’gl)’ then
he + K — M is still a bi-Lipschitz triangulation with he (|Ko|) = OM. Let
u = EO¢X7£1|M and U = Uo¢x |, (see Section 3.2), then we know u,v €
Wé’p (M,N) and & ~p rel.om U, U ~prelom v. Indeed, the map t — o Py 41
gives the needed path. Observe that @ o he/, v o hey € WHP (K, N) and

By

uo h£'||K[p]*luK0| ~rel.|Ko| vo h§/‘|K[P]*1UK0| )

arguments similar to those in the proof of theorem 5.1 in [7] show @ ~p e1om
(one needs to use Lemma 8 and Lemma 9 when necessary). This implies u ~y, re1.00s
. O

Next we will identify all the path connected components of W;’p (M,N) for
1 < p < n. First we claim there exists a smooth triangulation h : K — M and a
subcomplex Ko C K such that h (|Ko|) = OM and o hl g, | € WP (Kg, N).

Indeed, take an arbitrary smooth triangulation h : K — M and a subcomplex
Ko C K such that h(|Ky|) = OM. For any £ € {0} x RI"L, & : M — M is a
diffeomorphism such that ®¢ (OM) = IM (see Section 3.2), hence he = D¢ oh is still
a smooth triangulation of M with he (|Ko|) = OM. On the other hand, it follows
from (6), Lemma 5 and corollary 3.1 of [7] that for H'~! a.e. £ € BL N ({0} x R'™1),
¢ 0 hel g, € WHP (Ko, N). The claim follows.
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Take a bi-Lipschitz rectilinear cell decomposition h : K — M and a subcomplex
Ko C K such that h (|Ko|) = OM and o h| € WP (Kg, N). Denote

X =Whp (K[p] U Ko, N) N Cpon) (‘K[Pl U KO) ,N) .

We may define an equivalence relation on X' by: for f,g € X, f ~x ¢ if and only
if there exists a H € C ([O, 1], wtep (K[p]_l U KO,N) nc (‘K[”]_1 U K0| ,N)) such
that H (0) = f||K[p]fluK0|7 H(1) = g||K[p],1uK0| and H(t)||1{0| = <poh||K0| for
0<t< 1.

We have a natural map

T &) ra— [M[p} - 8M‘M[P1*1U8M ’N“p] rel.OM

given by I'y ([f]y) = [fo h71|Mlplu8M]M[p]fluaM,rel.aM for any f € X. We claim
that I'y is a bijection. Indeed for any u € C, (M[p} U oM, N), it follows from
Lemma 8 that we may finda g € C' (|K[”] U K0| ,N)ﬂWl’p (K[p] U Ko, N) such that
9lixo) = # 0 hljio a0 g ~ret o) O h‘|K[P]UK0|' Hence I'y ([9]x) = [ulpsim-10000,reons-
This shows I'y is onto. On the other hand, if fi, fo € X such that I'y ([f1]y) =
T'1 ([f2]y), then f1\|K[p],1UKO| ~rel.| Ko| f2||K[p],1UKO|. It follows from Lemma 9
that fi ~x fo. Hence [f1]y = [f2] 4. This show I'; is an injection.

Pick up an interior point ya € intA for each A € K. For any f € X, we want
to define inductively a f € W'P (K, N) such that ﬂ\K[rluKo\ = f. First we let
f=fon |K[p] U Ko‘. Next for any A € K[PI+1\ (K[p] U Ko), f has been defined
on OA, then on A we let f be the homogeneous degree zero extension of ﬂ oA
with respect to ya. Then we do similar things for A € KPI2\ (KP+1y K,).
Keeping this procedure, we finish after finite many steps. Let u = f o h~!, then
uwe Wh* (M,N). Tt is clear that u x| (h) = [f]‘K[p],luK0|7rel_‘K0|. We define a
map

Ly: X/ ~vx— WOP (M,N)/ ~preLom

by I'a ([f]x) = [ul, re1.00 for any f € X. It follows from Theorem 7 that I'; is well
defined. We claim I'; is a bijection too. Indeed if f1, fo € X such that T's ([f1] ) =
I ([f2] 5 ), then by Theorem 7 we know [f1]|K[I’]—1UK0|,re1.|K0| = [fﬂ|K[P]—1UK0|,re14|Ko|’

It follows from Lemma 9 that fi ~x fo. Hence [fi], = [f2]5. This shows I's is an
injection. On the other hand, if v € Wé;p (M, N), then

Vg p. Kol () € “K[p]UKo N;(poh||KO|

rel.| Ko|

Take a f € WP (KIPlU Ko, N) N Cpohl ey, (| KU Ko|, N) such that

H|K[p]—1uKo|’

[f]|K[p]—luK0 rel.|[Ko| = V#.p,|Kol (h),

the existence of such a f follows from Lemma 8. Let u = f o h™', then u €
WP (M, N) and uy p i, | (h) = [f]|K[p]71UK0 rel.|Ko| = V#.p. Kol (h). This implies
I ([f]x) = [v], rer.oar- Hence I'z is onto.

Sum up the discussions above, we get

Proposition 3. Assume 1 < p < n, h : K — M is a bi-Lipschitz rectilinear
cell decomposition and Ky C K is a subcomplex such that h(|Ko|) = OM and
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poh| ik, € WP (Ko, N). Let X and ~x be defined as above, then we have two
natural bijections

[M[p]uaM‘ RE FRVVRER WP (M,N) [ ~pretom,

N; }
m—10an " L eront
I'1 and 'y are described abowve.

In particular, it follows from Proposition 3 that W;W (M,N) # 0 if and only if

[MPTOOM| 1m0 N5 6] o0r
ment that o has a continuous extension to MPIUAM. This fact was proved in [15]
(see theorem 4.1 in [15]).

For the question on when a map in Wé;” (M, N) can be connected to a continuous
map in W1 (M, N) by a continuous path in W» (M, N), we have

# (), and the latter is equivalent to the state-

Proposition 4. Assume 1l <p<mn,u € Wé*p (M,N), h: K — M is a bi-Lipschitz
rectilinear cell decomposition and Ko C K is a subcomplex such that h (| Ko|) = OM.
Then u may be connected to a map in C (M, N)NWLP (M, N) by a continuous path
in WP (M, N) if and only if uy k.| (h) is extendible to M with respect to N.

Proof. Assume u ~, o100 v for some v € C (M, N)N Wé)p (M, N). It follows from

Theorem 7 that ty.pxco| (h) = Viepo) () = [Uo h||K[”]UK°| | K P11 UKo xel. | Fo|

This clearly implies uy , x| (h) is extendible to M with respect to N. On the
other hand, assume uy , |k, (h) is extendible to M with respect to N, then we may

find a v € C, (M, N) such that [v o h||K[p]7luK0|:| 1| Kol

rel. 0
from Lemma 8 that we may find a f € C (|[K[, N)NW"? (K, N) such that f||KO| N
@ o h| g, and f ~rel || voh. Let w = foh™, thenw e C (M, N)NWgP (M,N)

and w#’p"Ko‘(h) - |:f||K[p]UKO|}|K[p]*1uKo|areL|Ko\ - {UOh||K[p]71UK0drel.\Ko\ B

Ut p.| Ko (h). This implies © ~yp vel.onm W. 0

= Uy p|K,| (h). It follows

Corollary 1. Assumel < p <n. Then every map in Wé’p (M, N) can be connected
by a continuous path in WP (M,N) to a map in C (M, N)NWL? (M,N) if and
only if (M,0M; ) satisfies the ([p] — 1)-extension property with respect to N.

Proof. Fix a bi-Lipschitz triangulation h : K — M and a subcomplex Kqg C K
such that h (|Ko|) = OM and @ o h| | € WHP (Ko, N). Let M' = h (|K[). As a
relative CW complex, we have (M, 8M)i =M'UOM.

If (M, OM; ) satisfies the ([p] — 1)-extension property with respect to IV, then for

any u € WL (M, N), g p 50 (h) € [ |K0U Ko Ni 90 i, |

H|K[P]*1UK0‘ ’ rel.| Ko|

is extendible to M with respect to N, hence u may be connected to a map in
C(M,N)N Wj;p (M,N).

On the other hand, assume every map in W;’p (M, N) can be connected to a
map in C(M,N) N WP (M,N), then for any v € C, (MPLUOM,N), let f =
v0h||K[p]uKO|, we have f € C(|K[p}UK0‘,N) and f|‘KO‘ = apotho‘. By
Lemma 8 we may find a g € C' (’K[p] u K()’ ,N) nwhe (|K[”} U Ky ,N) such that
9|\K0\ = <poh|‘K0‘ and g ~rel ik, f. Let g € WLP (K, N) be the map we get by
doing homogeneous degree zero extension on higher dimensional cells as described
before Proposition 3 and u = go h™!, then u € Wé’p (M,N) and uy |k, (h) =
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[g]|K[P]—1UK0|,rel.\K0\ = [f]|K[p]—1uKo|,rel.\Ko\' Since u may be connected to a map in
C(M,N)NWSP? (M, N), it follows from Proposition 4 that [f}|K[P]*1UK0|,reL|K0\
extendible to M with respect to N. In particular, v|,,-15,, has a continuous

extension to M. This shows (M,dM; ) satisfies the ([p] — 1)-extension property
with respect to V. O

is

5.3. Density of continuous W'” maps in WP (M, N). The following spaces
are of interest in the calculus of variations :

HJ% (M, N)
= {ue W;’p (M, N) : there exists a sequence u; € W;’p (M,N)NC (M,N)
such that u; — w in WP (M, Rl)} ,
and
H.%y (M,N)
= {ue W' (M,N) : there exists a sequence u; € Wé’p (M,N)nC (M, N)
such that u; — u in W7 (M,R")}.
It is known ([13]) that when p > n, we have H;’fé (M,N) = H;’,Z\)zv (M,N) =
Wé’p (M,N). To deal with the case 1 < p < n, we need to discuss the defor-
mation with respect to the dual skeletons for a relative rectilinear cell complex
(K, Kyp). We follow closely section 6 of [7]. Let K be a finite rectilinear cell complex
with dim K = m and Ky C K be a subcomplex, then (K, Kj) is a relative complex

with (K, Ko)i = K'U K. For each A € K, we fix an interior point ya € intA.
Denote Y = (ya)ac k- Given an integer 0 <k <m — 1.

Forz € ’(K, Ko)¥|, we let |2| g, 1, = 1. Then for each A € (K, Ko)"™\ (K, Ky)" =
KM\ (K, Ky)" and z € A, we set

T —Ya
EZIN
here |z], is the Minkowski norm of x with respect to ya. Next we define || , for
x € A with A € (K, Ko)k+2 \ (K, KO)kJr1 similarly. Keeping this procedure going,

after finite many steps, we get a function [-[ , on [K].

For 0 <e <1, we let F’;(O’E = {m €K x|k, p = E}, then

|$‘K0,k = |33|A Yya +

)

Ko,k

k
K= J Thyer T = (K. K0)|.

0<e<1

Denote L™+~ = F’;(mo. We call L™~#~1 as the dual m —k — 1 skeleton of (K, Ko).
Next, we define inductively a map

Shon {7 € K120 < fal g <1} — Ty = | (K Ko)'|.

For = € ‘(K7 Ko)k‘, let % | (z) = 2. For z € ‘(K, Ko)k“‘ \ ’(K, Ko)k‘ with 0 <

2], < 1, there exists a unique A € (K, Ko)"™\ (K, Ko)* such that z € intA.
We let

¢II€(0,1 (v) = ¢§(0,1 <ZUA + - yA) .

‘x|A
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k42

In the next step we deal with points in ’(K , Ko) similarly. After finitely many

steps we get the needed (b’;(o)l
Now we will define a map

e {we K20 < ], < 1} % (0,1) — |K].

We write d)’;(o (x,e) = ¢]I€(0,E (z), then d)’;(o (z,1) is defined for 0 < |z[y, , < 1. For

x € ‘(K, Ko)kﬂ‘ with 0 < |z[, , <1, there exists a unique A € (K, Ko)"! such
that = € intA, then we set

e
¢];<0($a€):yA+W(x—yA) for 0 < e < 1.
A

If for some k42 < i < m, ¢f, (x,¢) has been defined for z € ‘(K, Ko)ifl‘ with

0 < |2]x,, < 1and 0 < & < 1, then for any & € ’(K, Koy |\ | (¢, ko),

exists a unique A € (K, Ky)" such that = € intA. We let

1— |z|
Ko,k

o4k T—Ya €
ot o 50 ) )

After finitely many steps, we get the needed cb’}( As in appendix B of [7], for §,¢ €

P, (@,€)

(0,1), ¢’}(0,E|F,;< . is a bijection from I'%. ,.6 10 FK  and its inverse is gf)KO)
0>

k
FKO €

Similar to (6.9) in section 6 of [7], for 0 < § < ¢ < 1, we may define a map
Fiose Kl — K| by

x, when € < [z[g , <L
FIk(U ()= (i)ZKO (x,e)_,l when 6 < |x\K07k < 6;.
" bk, (x,é € \$|K07k) , when 0 < |x|KO’k < 9;

x, when |z, , = 0.

Assume K is a finite rectilinear cell complex with dim K = n and for any = € K,
there exists a A € K with dimA =n and x € A. Ky C K is a subcomplex with
dim Ko < n — 1. For each x € K, we take a point ya € intA. Let YV = (ya)acx-
Fix an integer 0 < k < n— 1. Then similar arguments as those in appendix B of [7]
show that

(P) 1" ({ € K 2l < €}) < (K Ko, D)t for0<e< )
(Py) 0< (K, Ko, Y) ' < ’d|'|K07k‘ < (K, K, Y) H"ae. on|K];
(Ps ’dFIk{ se (@ )’ <c(K, Ko, ))
(
(

EP for5§|x|Kk§€§%;

Py
Ps

> 55
For0<d<e< 2’J<¢k | ) SC(K7K0ay) (g)k Hn_l a.e. OHF];{[)’g.

Kq,d rk

)
)
) ‘dFKoée( )‘SC(K,KO,J))% for |:v|K p<6<e<y
)
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For 1 < p < n, we denote

R (M,N) = {uue W;’p (M, N), there exists a smooth rectilinear cell
decomposition h : K — M, a subcomplex Ko C K such that
h(|Kp|) = OM and a dual (n — [p] — 1) skeleton of (K, Kj),

namely L™~ P1=1 guch that u|M\h(Ln,[p],l) is continuous}.

Theorem 8. Assume 1 < p < n, then RE (M, N) is strongly dense in WP (M, N).

Proof. Let K = {all faces of [0,1]™}, where m is a large natural number. If h: K —
M is a smooth cubeulation, K C K, Ky C K is a subcomplex with h (|Ky|) = OM,
ue WL (M,N) and woh € WP (K, N), then the proof of theorem 6.1 in [7]
shows u € RY, (M, N).

Given any u € W;’p (M, N). Fix a smooth cubeulation h : K — M, K C K,
Ky C K is a subcomplex with h (| Ko|) = OM. We will use notations from Section
3.2. Let u: M., — N be the map given by u|,, = u and u (¢"* (¢,t)) = ¢ (q) for
q € OM and —¢ <t < 0. Then wo ®¢|,, — uin WP (M,N) as R' 3 £ — 0. For
H ae. &€ Béo NRL we have 7o he € WP (K, N). Let ¢ = (0,52,-.' ,fl), v =
o ¢X751‘M’ then we know v € W)? (M, N) and v o he € WP (K, N). Note that
he : K — M is a smooth cubeulation and hes (|Ko|) = M, we see v € RY (M, N).
Hence u € R} (M, N). O

There is another way to prove Theorem 8. Since this method will be used again
later in determining H ;’,%V (M, N), we present it here. We claim that for any u €
Wi’p (M, N), there exists a smooth cubeulation h : K — M and a subcomplex
Ky C M such that K C K = {all faces of [0,1]™}, h(|Ko|]) = OM and uoh €
WP (K, N).

Indeed, fix a smooth cubeulation h : K — M and a subcomplex Ky C K such
that K C K and h(|Ky|) = OM. Consider the map ¥ : M x R! — M defined in
(9). Denote H (z,&) = ¥ (h(x),&) for x € |K|, £ € Rl. Assume A € Ky, then it is
clear that for any v € A, dH(, o) (Am X Ré) = (aM)h(w)7 here A, means the tangent
space at = of the smallest affine space containing A. Hence for some €1 > 0, we know
dH ;¢ (AI X Ré) = (OM) gy ¢) for z €A, £ € Bl . Assume A € K\K( and z €

A. If h(z) ¢ OM, then it is clear that dH, ) (Az X Rh) = M. If h(z) € OM,
then since dh; (A;) is not contained in (OM),,,, we know dH(, ) (A; x Rf) =
Mjp,(z) too. Hence when ¢1 is small enough, we know dH; ¢ (Az X Ré) = Mg z,6)
forxz € A € € Béel. It follows from implicit function theorem arguments as those
in Section 3 that when €; is small enough, for A € Ko, H|y, 5 @ A X Bél — oM
€1
satisfies (H1), (Hz) and (H3) in section 3 of [7]; for A € K\ Ky, H‘AxBél :AXBL —
M satisfies (Hy), (Hz) and (Hj3) in section 3 of [7]. Next we want to show this implies
for H a.e. £ € BL ,uoHe € WP (K, N). Here He (z) = H (2,€) = ¥e (h(2)). It is
clear that He : K — M is a smooth cubeulation with H (|Ko|) = OM. The claim

in the previous paragraph follows. To prove the required genericity statement,
we follow the arguments in the proof of corollary 3.1 in [7]. Choose a sequence

u; € C*™ (M,RZ) such that u; — w in WP (M) and w;|,,, — ¢ in WHP (OM). It
follows from lemma 3.4 in [7] that for H' a.e. £ € BL, uo He¢|, € WP (A) and
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u; o He|, — wo He|, in WP (A) for any A € K. This implies for H' a.e. £ € BL,
and A € K, tr (uo He|,) = wo He|,,, hence uo He € WP (K, N).

Next we study when a map in R (M, N) lies in H;’fs’ (M,N). We have the
following

Theorem 9. Assumel <p <mn, h: K — M is a bi-Lipschitz rectilinear cell decom-
position, Ko C K is a subcomplex such that h (|Ko|) = OM. Denote M' = h (|K*|).

(M,0M) is a relative CW complex with i-skeleton (M,0M)" = M*UOM. Assume
L"PI=1 s o dual n — [p] — 1 skeleton of (K, Ky), u € WAP (M, N) such that u is
continuous on M\h (L"~PI=1). Then u € Hi”%(M, N) if and only if ulyr onpe!
has a continuous extension to M. In addition, if for some a € [M,N;¢|, . on

we have {U|(M,6M)“’]} rel.OM
C (M,N)NW,? (M,N) such that u; — u in W (M, N) and [ui],.; 9ps = -

= a|(M PITOICE then we may find a sequence u; €

Proof. We follow the arguments in the proof of theorem 5.4 and theorem 5.5 in [8].

We use notations in Section 3.2. Let @: M., — N be the map given by @|,, = u
and @ (1/1*1 (q,t)) = (q) for ¢ € OM and —ey < t < 0. For &1 > 0 small enough,
define H (z,&) = @ (h(z),¢) for z € |K| and £ € B, NR.. Take {§ = 0. It

. Ifue HY2 (M, N), th
viio] L E o5 (M, N), then we may

find a sequence u; € C'(M,N) N WLP? (M, N) such that u; — u in WP (M, N).
Let @; be defined similarly, then u; — uw in WP (M, N). Since X, m,ko|a; =

follows that X[, 1,1k, = {U o h|‘KpuK0|]

w; © hjgp , it follows from Proposition 2 that after passing to a subse-
|KPUKo| rel.| Ko |

quence, for ¢ large enough, we have [ul o h|‘KpuK I] = {u o h|‘KpuK |] .
Ol rel.| Ko| Ol rel.| Ko|

This implies u|( M,oM)P) has a continuous extension to M by the homotopy exten-
sion property.

To prove the inverse, we use the idea in section 4 of [14], but with the deformations
with respect to the dual skeleton of (K, Ky) constructed at the beginning of this sub-
section. We point out two modifications of arguments in the proof of theorem 5.4 of
[8]. For convenience, denote k = [p]. Choose a v € C,, (M, N) such that [v],; 50 =
a. Let go=voh and f = uoh. Then we may find a g € C (|K|,N)N WP (K, N)

such that ¢ = f on {xe |K| : |:U|K0JC > %} and g ~yel|K,| 90- Indeed, since
go|{le0 (2o} el Ko f|{|$|K0 R it follows from homotopy extension property
that we may find a g; € C (|K|, N) such that gl|{‘z‘K0,k2T16} = f|{|x|K0’kz%ﬁ} and

91 ~rel.|Ko| 90- By proposition 2.3 of [7] we may find a go € Lip (|K|, N) such that
lg2 () — g1 (x)| < &p. Choose a function n € C* ([0,1],R) such that 0 < n < 1,

nljsq) = Land nljg 1 = 0. Let g (2) = n (Jolie, ) S @)+ (1= (Il ) ) 92 (@)
for z € |K]|, then g3 € C (|K\ ,Ri) nWhe (K,Ri) and |gs () — g2 (z)| < &p. Let
g (x) = 7N (g5 (), then we get the needed map.
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For 0 <e <1 let

f(l‘), €< |$‘Ko,k;
! d)];(mlz\f k (@) 2" < |I|K0J€ <
fe () =
g ¢k Izl g ks (33) s 0< |$|KO k < 262;
Ko, 458 ’
g(z), || g, & = 0.

Let uc = f- o h=%, then the same proof as the one for theorem 5.4 in [8], using the
deformation with respect to (K, Kg), shows u. — u in WP (M, N). Tt is clear that
uEGC(M,N)ﬁW$’p(M,N) and [uc] g o0 = Q- O

It follows from Theorem 8 and Theorem 9 that

Theorem 10. Assume 1 < p < n and W)? (M,N) # 0, then H;’%(M, N) =
WLP (M, N) if and only if mp) (N) = 0 and (M, N; @) satisfies the ([p] — 1)-extension
property with respect to N .

Since the proof is almost identical to the one for theorem 6.3 in [7], we omit it
here. We remark that theorem 1bis in [1] should be replaced by the above statement,
similar to that theorem 1 in [1] should be replaced by theorem 6.3 in [7].

If 1 <p < n and pis not an integer, or p = 1, then it follows from similar argu-
ments as in [1, 7, 4] that H;’)Z\)N (M,N) = H;:g (M, N). On the other hand, it follows
easily from Theorem 4.1 and Theorem 4.2 that if 1 < p < n, u € H;’\’N (M,N),
h: K — M is a bi-Lipschitz rectilinear cell decomposition and Ky C K is a sub-
complex with h (|Ko|) = OM, then uy p k| (k) is extendible to M with respect to
N. In particular, u may be connected to some maps in C' (M, N) N WL? (M, N).

If © has a continuous extension to M, then it was proved in [11] that for any
u e Wl (M,N), we may find a sequence u; € W2' (M, N) N C (M, N) such that
du; — du a.e. and |u; — ufp1 () — 0.

If n >3, h: K — M is a bi-Lipschitz rectilinear cell decomposition and Ko C K
is a subcomplex such that h (|Ky|) = M, then we have

H% (M,N)
= {ue W;’2 (M,N) : ug 2 K, (h) is extendible to M with respect to N}
= {ueW)?(M,N): umay be connected to a map in C' (M, N) N W) (M,N)}.

Moreover, if u € WL?(M,N) and a € [M,N] 5, satisfies ao W rroro =
U 2| K,| (h), then we may find a sequence u; € C' (M, N) N W2 (M, N) such that
u; = win Wh2 (M, N), du; — du a.e. and [u;],.) 5oy = @ Indeed, by the discussion
after the proof of Theorem 8, we may find a smooth cubeulation h:K — M and
a subcomplex Ko C K with h (‘IN(OD = &M such that wo h € W2 (K,N). It fol-
lows from the arguments in [5] (based on a local result in [12]) that we may find a
sequence u; € C (M, N)NW2? (M, N) such that u; — u in W"? (M, N), du; — du
a.e. and (], o0 =

For 3 < p < n, p € N, it is still a hard problem to characterize H\%‘}I,’so (M, N).
Nevertheless, we remark that the arguments in [5] reduce the problem to a local
one. There is also a very interesting work for W3(B%,5?) in [9].
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