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Abstract

The Poincaré-Betrand formula concerning two repeated Cauchy’s principal integrals
on a smooth curve in the plane is generalized to identities of singular integrals on
smooth hypersurfaces in higher dimensions.

Key words: Singular Integrals, Riesz Transforms, Poincaré-Bertrand Formula
1991 MSC: 65R10, 77C05

1 Introduction

The classical Poincaré-Betrand formula states that (see [6])

p.v.Ag:z (p.v./7 gif_’lg)dw) d¢ (1.1)
— % (2, 2) +L <p.v./V G _¢Z()§é;”)_ §)d§> dw,
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where 7 is a smooth arc or closed curve in the plane, z, &, w are all viewed as
complex numbers and ¢ is a Holder continuous function. The formula has been
generalized to accommodate fairly general conditions on v and ¢ by various
researchers (see [4,6] and the references therein).

In this paper we extend the formula to higher dimensions. We first note that
if v is a line segment, Cauchy’s principal integral is just the finite Hilbert
transform ([6]) of the given function, and the Poincaré-Betrand formula simply
computes the iterated finite Hilbert transform of the function ¢. Since the
Riesz transforms ([5]) are natural analogy of the Hilbert transform in higher
dimensions. For a bounded smooth domain €2 C R", we may consider the
iterated principal integral

o | 2 o e

A special case of our main result, Theorem 1.1 below, says for a sufficiently
smooth function f,

jZZ:lp.v/‘ M[ /‘ M )dy] dz

zZ—T Yy ,n-n+1
:/Ql /|Z "+1' Z_y|n+1d4f(y)dy+r(n;rl>2f(x).

Here T" represents the Gamma function given by
r()) = / Ple~tdt for A > 0.
0

We next note that for n > 2, up to a constant the Green’s function of the
Laplace operator on R"*! is given by

G(z,y) = T, (1.2)

and if we identify R" as the hyperplane R™ x {0} in R"*!, then for z, 2 € R",

Z—T 1
n+1—1—n

VE' G (2, 2).

|2 — |

Here V" denotes the surface gradient. Hence if M C R™! is a smooth
(curved) n-dimensional hypersurface, we may consider the iterated principal
integral

p.v. /M VYG (,2)- [p-V- /M VYG (z) f () du(y)|du(z),  (1.3)



where VM denotes the surface gradient. Our main result is stated in the fol-
lowing theorem.

Theorem 1.1 Assume n > 2, M™ C R"" is a smooth compact hypersurface
with or without boundary. For x,y € R"™ let G (z,y) = %, then for

T ey
l<p<oo, fel? (M),

pv. [ VEG@.2) [pv. [ VG ) f @ du)|dez) (1)

= [ v [ 94G (@,2) VG () ()] £ () e ()
4qntl
+———f(z)

n—1
r(s)
for a.e. x € M. Here 1 is the surface measure on M.

Remark 1.1 Our motivation to consider the extension of the formula in the
above form (1.3) comes from the study of scattering problems by open sur-
faces arising from various areas such as computational electromagnetics, fluid
mechanics and elasticity. The original Poincaré-Bertrand formula plays an
important role in constructing a second kind integral equation formulation for
the Dirichlet problem of the Laplace equation when the boundary consists of a
set of open curves in two dimensions (see [1] for details). Here we are looking
for stable, efficient, and accurate numerical algorithms for solving the Dirichlet
problem on open surfaces in higher dimensions. That is, if M has nonempty
boundary, g is a smooth function on M, we are looking for a continuous func-
tion u on R™ such that ul,, = g, u is harmonic in R"™"\M and u (z) tends
to 0 as x tends to infinity. We may assume for v € R"™ w(x) is in the
form of (1.3) for some unknown f, then Theorem 1.1 together with the kernel
estimate in Propositions 3.1 and 3.2 implies the Dirichlet problem is reduced
to an integral equation of the second kind.

A formulation which is more similar to the original Poincaré-Bertrand formula
(1.1) is as follows.

Theorem 1.2 Assume n > 2, M™ C R*""! is a smooth compact hypersurface
with or without boundary. For x,y € R, let G (x,y) = —Li=r. Assume

T fo—ym

O0<a<l, HeCY(M x M), then for every x € M\OM,

pv. [ VG (.2) - [pv. [ VG H ) du(p)|duz)  (15)

— /M {p_v, /M VMG (2,2) - VMG (z,9) H (2, y) dp (Z)} dp (y)

47Tn+1

+ ——H (z,2).
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The paper is organized as follows. In Section 2, we first describe some basic
notations and formulas to be used subsequently. We then derive some integral
identities related to Riesz transforms and some basic facts about singular in-
tegrals on hypersurfaces. In Section 3, we show that the kernel on the right
hand side of (1.2) is only weakly singular. This estimate is not only needed
later in proving (1.2), it also justifies the applicability of the formula in nu-
merical computation. In Section 4, we prove the validity of (1.2) for the case
f = 1. This is an important step toward the derivation of the general case.
This special case is proved by an approximation procedure together with a
somewhat lengthy calculation. After all these preparations, in Section 5, we
prove the above two main theorems.

2 Some preparations

As usual, if A and B are two quantities, we write A = O (B) to mean there
exists a constant ¢ > 0 such that |A| < ¢|B|, where ¢ depends only on some
unimportant ingredients (e.g. the hypersurface M). We also write A = o, (1)
to mean lim._,y+ A = 0. Note here A can depend on some other variables.

For 2y € R™ and r > 0, we denote the open ball B, (x¢) = {z € R™ : |z — x| < 1},
sometime to emphasize the dimension we use B () instead. We also write
B, = B, (0).

Let M™ C R""! be a smooth surface, v be the unit normal direction, the shape
operator A is given by

A(X)=Dxv for X € TM,

where D denotes the usual directional derivative. The eigenvalues of A are
called principle curvatures of M and the trace of A is the mean curvature i.e.
H =tr A. If f is a smooth function defined on an open neighborhood of M in
R™*! then on M,
of 0*f
AMf=Af-—HL — 2~
/ / v Ov?

Here AM is the Laplace operator on M.

Let xg € M be an interior point, then near xy, M is the graph of a smooth
function defined on the tangent space 7, M. More precisely by translation and
rotation, we can assume zo = 0 and the tangent plane is given by R"™ x {0},
there exists a ryp > 0 and a smooth function ¢ : E;TO — R such that near 0,
M is just the graph of ¢, moreover

o (u) = ;Zmuf +0 (|u|3) as u — 0.
i=1



Here k1, --- , Kk, are the principle curvatures of M at 0.

Let p be the surface measure on M. If f is a function on M, for every small
e >0, f is integrable on M\ B! (x4), then we denote

p.v. / fdu = lim fdp.
M

e=0" JM\BZ T (x0)

2.1 Some identities related to Riesz transformation

The Riesz transforms R; (j = 1,2,---,n) are defined by the formula (][5,
Chapter III])

INEE u;
wn =" L e (o) do

T2 n|u U|

for a function f defined on R”. In terms of Fourier transforms, the Riesz
transforms are given by

If h is a harmonic function on upper half space R’:"! with suitable decay
condition near infinity, then for 1 < 57 < n, we have

Rj (6n+1h (U, 0)) = a]h (u, 0) .

For € > 0, if we choose the harmonic function

h(x)= ,
(z) |a:—|—(0,~~,0,5)\"_1
then we get
€ U,
R 9 n+1 = 2 141
(|u\ —|—€2) 2 (|u\ —|—€> 2

Because Y7_) R;R;f = —f,

v [ ??)( e

Rn |u—v|”+l (’U|2+62> 2

Let € — 0T, then

n

Zp.v./ uj_yzzrl n+1dv—0 for u # 0. (2.1)
nlu—w

P [l




Indeed, fix a positive number § < ‘—g', we have

Uj — Uj Uj
p.v./Rn |u—v|"+1 5 HTHdv
(Iof* +¢2)
Uj — Uj Uj Uj

= — dv

n+1 n+1

e N (e N (T

U; — v, u; v
+ < ’ n]—i-l_ Tf—i-l) ’ rdv
Bs \ |u — | [ul (|v\2+52> >

/ Uj — vj du
n+1 n+l
R7\(Bs(u)UBs) ’U — Ul (|U|2 + 52) 2

Us; — V; V;
’ n]—i-l ‘U|7f+1dv

— p.V.
R Ju — vl

as ¢ — 0%, by dominated convergence theorem.
As a consequence we get the following fact which will be useful in Section 3.

Lemma 2.1 Let e; = (1,0,---,0) € R", then

1 1
7ndt:/ n ——du.
o (1+1¢) S ful™ 2"

PROOF. It follows from (2.1) that

U u — 2eq
V. . du =0
p ~/]R” |u|n+l |u - 261|n+1

By symmetry we see that

p.v. . 261 du = p.v. . 201 du = 0.
SR Ll = 26, S Jul™ = 26,7
Hence
0= lm | pugp /I’ILH-l L 26iz+1 u
e—0+ w <l € |u| |U — 2€1|

. 1 1 u — 2e;
zhmi/RnBV — T
e—0t 1 —n JueR"\Be |ul |u — 2eq|

ur<l1

1 / 1 it / 1 J
= < m il — n pown rau | .
n—1\Jet (14 1tf) S Jul" T u — 26,

ur1<1

du

And the lemma follows.



Another fact which will be useful in Section 4 is the following identity.

Lemma 2.2 Assume h € C* (R"™) has compact support, h (0) = 1. Let

R u— vl
then
lim (n+1)e” — ! g (u)du = At
. oe = - =l
oo JR <|u|2 + 62) (|u|2 + €2> (n—1)T (Tl)

PROOF. Since

> (R;R;h) (0) = —h (0) = —1,
7j=1
we have
2
(=) @ u; W —
—_— V. 1 V. —2 T h(v)dv | du=1.
Hence
u u—v it
/ _ p.v./ nh(v)dv) du = ——— +o0-(1).
e e ()
Using
u—v
Vg(u)=—(n-1) (p.v./ ——7h (v) dv)
R [u — v
and integration by parts we get
1 1 2 1 n+1
n—l Rn (n+ )gm_ ol g(U)duz%—i_OE(l)
(uf +22) % (juf +e2)" r(=)

And the lemma follows

2.2 Singular integral on a hypersurface

Assume M™ C R™! is a smooth compact hypersurface without boundary.
Denote

(Tf) (@) = pov. [ VG () f () due(v). (2:2)



In order to find out the most singular part of the kernel, we may assume
x = 0 and near 0, M is the graph of a smooth function ¢ (as described at the
beginning of Section 2), then

(1 —-n) (u,0) < c(M)

|u’n+1 — |u|n—1'

Vy G (0, (u, (u)) —

It follows from [3, Chapter IX, X]| that for f € C*(M), 0 < o < 1, Tf €
C* (M) and

|Tf|(1a(M) <c(M, ) |f|0a(M) :
On the other hand, for f € L? (M), 1 <p < oo, Tf € LP (M) and

|Tf|Lp(M) < c(M,p) ’f|LP(M) :

If M™ C R*"! is a smooth compact hypersurface with nonempty boundary,
M} € R™! is a smooth compact hypersurface without boundary such that
M is a domain in Mj. Again we have the operator T defined by (2.2). For a
function f on M, we may set

f(x), ze€M,
0, x € My\M.

fo(z) =

Then for 1 < p < o0,

T flrony = ‘p-V- /MO VG (2,9) fo (y) dp () o

< C(MJ)) |fO|LP(M0) - C(M,p) ’f|Lp(M)-

The next two lemmas are about the validity of the Fubini theorem when
singular integrals are involved.

Lemma 2.3 Assume M™ C R"™ is a smooth compact hypersurface with or
without boundary, 1 < p < oo, ® € LP (M x M), then for a.e. x € M,

pv. [ VG ) ([ 202 dn () du (o)
= [ (pv- [ VVC @) ® (2 dp ) ) i (2)

PROOF. At first we verify the identity for & € C*° (M x M). Indeed under



this assumption, for x € M\OM,

p.v. /M v, G (z,y) (/M ® (y,2)dp (Z)) dp (y)
= [ VG () ( /M ®(y.2) du(2) = [ ®(w.2)du(2)) du(y)
+/ (z,2) dy (2 / VMG (2,y) du (y)
~ [ au(: /vMG (2.9) (@ (4,2) — @ (2,2)) dpu ()
+/ ( T, 2 -pV/ \nlel :v,y)du(y))du(Z)
= [ (pv- [ VVG (@)@ (.2 dp () dia(2).
To continue we observe that
pv. [ VG @) ([ 2 2)du () du o)
<cMp)| [

<c(M,p) ’®|LP(M><M) J

L (M)

and

/M (p"’- /M V)G (x,y) @ (y,2) dp (y)) du (2)
< /M‘p.v. /M VG (z,y) ® (y, 2) du (y)

cOMp) [ 19 (52| a0, A1 (2
c(M,p) |(I)|LP(M><M) :

Because C*° (M x M) is dense in LP (M x M), the lemma follows.

L3 (M)

dp (2)

L (M)

<
<

Lemma 2.4 Assume M™ C R™ is a smooth compact hypersurface with or

without boundary, 1 < p < oo, p/ = ]%, ferLr (M), ge LV (M), then

[ 9@ (pv. [ V4G @y f @) du(w) du @)
= [ 1) (pv. [ VG (@y) g @) dn () duy).

PROOF. Denote

(Tg) () = pv. /M VY G (x,y) g (x)dp(x),



c(M,p) g, (- Hence by approximation to prove the

then ‘fg’Lp,(M)

lemma we only need to consider the case when f,g € C*(M). Under this
assumption we have for € > 0,

/9@ ( [ ens VG @y) £ (y) <y>) dn ()

|z—y|>e

— /Mf(y) (/xeM VYG (z,y) g(z)dp (93)) dp (y) -

lz—y[>e

Let ¢ — 07, we get the needed identity.

Finally we discuss an approximation of the singular integral by integral oper-
ators with smooth kernels. If M™ C R"*! is a smooth compact hypersurface
without boundary, for x € M, let v (x) be the unit normal direction, then for
€ > (0 small, we can define

(L1 (@) = [ V)G latev(@).y)f W) dul).
Then for 1 < p < o0,

T flrrary < ¢(Mop) | fl o)

and
T.f —=Tf in LP (M)
for every f € LP (M).

Later on we will need to know the asymptotic formula of A} G (x + v (z),y)
for y close to x. To this aim we can assume x = 0 and near 0, M is the
graph of a smooth function ¢ (as described at the beginning of Section 2). Let

y = (u, ¢ (u)), then

AyG(I-i—él/ (x),y)

:AyG(x+51/(gs),y)—H(y)aa(;(x+51/( ), y) — aG(1’+EV( ), y)
n—1 (n=1)Hu -Vo—yp- 6)

— oy
uP + (o +27] 1+ V6P [uf + (o + 2] F

(n*—1)(u- Vo —p—e)’

n+3 9

(14 Vel [lul® + (p+¢)*] 2

10



here ¢ = ¢ (u), H = H (u, ¢ (u)). Denote r = \/|u|” + €2, then

e =2 L B o )]

2
1 1 n+1e>? | ku? 9
mE T pntl [1 2 r2 +O(T> ’

[lul® + (0 + )]

u.Vgp—go—»s:—e—i-;Zmu?—l—O(rfﬁ).
i=1

Based on these formulas, we get

AV G (z+ev(z),y) (2.3)
n—1 m*=1e& (n-1)eXl,k n?—1eXl, ru?

T ogntl a3 T-n+1 + 9 yn+3
(n* = 1) (n+3) & XLy ki 1

* 2 s "+0 (r”1> ’

where r = y/|u|* + 2.

3 Estimate of the kernel

In this section, we consider the kernel K on the right hand side of (1.4) defined
by the formula

K (z,y) = p.v. /M VYG (2,2) - VMG (2,9) du (2) .

We show that the kernel is only weakly singular along the diagonal x = y.
The main results are summarized in Proposition 3.1 for the case of a closed
surface and Proposition 3.2 for the case of a surface with nonempty boundary.

3.1  Compact hypersurface without boundary

Proposition 3.1 Assume that n > 2, M™ C R*"! is a smooth compact hy-
persurface without boundary. For x,y € M, let

K (z,y) = p.v. /M VMG (2,2) - VMG (2,9)du (2).
Then
c(M) (loglz —yl[+1), ifn=2;

K (x, <
H 9 C(M)(W—Fl), if n > 3.

11



Here ¢ (M) is a positive constant depending only on M.

It is clear that we only need to verify the estimate when |z — y| is small. Using
notations in Section 2, we may assume x = 0, To M/ = R"x{0} and near 0, M is
the graph of a smooth function ¢ defined on By, . Let e; = (1,0,--- ,0) € R",
we may assume y = (2deq, ¢ (2de;1)). Using the expansion formula of ¢, we see
when |y| is small enough,

20 < |y|] < 2.14.

Note that in the integrand of the expression of K (z,y), we have two singular
points as z = x and z = y. The main idea of proving the estimate of K (z,y)
comes from the proof of Lemma 2.1: we divide the integral into two pieces
from the “middle” of x and y, each of which contains a singular point and
satisfies the needed estimate. More precisely, let

D ={(u,¢(w):uc B (6e1)},
D, = { u, o (u) :u € By (der) ,u <5}7
D, = { u, p (u)) :u € By (dey) ,u >5}.

—~ o~

Since on M\ D, both VG (0,2) and V¥ G (z,y) are uniformly bounded,

K(0,5) =0 (1) +p.v. /D VMG (0,2) - VMG (2,y) du (2)

+ p.v. /D VMG(0,2)- VMG (2,9) du(2).

We claim
O (logl), ifn=2,
}p.v. | VG (0.2) VYG (2 y)du ()| = (log3),ifn (3.1)
D, O(5%), ifn>3
M M O(log%), itn=2,
\p.v. [ 9YG0.2) VG (2 y) dpu(2)| = (3.2)
D, O(5%), ifn>3

This clearly implies Proposition 3.1.

Below we only prove (3.1). The verification of (3.2) is almost identical. To
derive (3.1), we scale the graph by %. More precisely, let

then

[ (W) < c(M)sful*, Ve ()| <cM)dlul, [V (u)| < c(M)o.

12



Let

N ={(u,¢ () s u € By (er),u <1},
7= (21,79 (2¢1)) .

N is simply the % dilation of D,;. Using integration by parts, we get

p.v. / VMG (0,2) - VMG (2, y) du (2)
Dy
1
= —np.v./ VYG(0,2) - VMG (2,7) duy (2)
0 N

5 [, G0 2 (50 dS () - 5 [ G 0.2 AYG ) duy ().

Here py is the surface measure on N and vgy is the outer normal direction
of N at ON.

We will show

1 oG
57 ), G 0.2) 5 (1) dS (2) (33
1 : _
:n—nl/ 12ndt+ O(logg), lfTL—Q,
0" et (14 Jtf?) O (5k2), ifn>3.
and
1 N _
i [ G(0,2) AYG (2,7) dpy (2) (3.4)
0" JN
—1 1 O(logt), ifn=2,
- nTAER” n—1 n+1du+ ( gé)
e [ D O(5%2). ifn>3

Once we have (3.3) and (3.4), the inequality (3.1) follows from Lemma 2.1
(note that the terms of order 3 cancels!).

To prove (3.3), we decompose ON into two pieces, namely

Y, = {(u,¢(u)) tu € BY s (er) ,uy = 1} = {(1,t,¢(1,t)) te 3;07;},
Yo = {(u, v (u)) : u € OB, 5 (1) ,uy < 1}

Using estimates of |V1)| we see that

5605 s ()

< .
Do < (M)

13



On the other hand, on ¥,

z=(Lt,9(1,1), teBy;,
dS () = 1+ |Ve|? — (9y0)%dt,
G(0,2) = (L4 +v?) 7

oy (VP 0) 0, 0100w, Ou)
ON =
VI+ VP + VP — (@)’
Hence
oG _
T (2,7)

(n—1) {1 + |V¢|2 - (81¢>2 + 101000 + - - - + £ 101900 — 01 (Y (1,1) — (261))}
I+ VOl T+ VP — 00 [+ [P + (@ (1L,6) ¥ (260))] *

Based on these formulas and estimates of 1) we see that when n = 2

1

= / G(0.2) 5 (2745 (2

/ro/é 1
T2

1

dt+0<log5>
L 2 L [P (L 24 (@ (L 1) — ¢ (2,0)%)

1 grofs 1 1

[ 0(1 )

62/—m/6 (1+12)° TE8S

1o 1 1

_(52/_w<1+t2)2dt+0<10g5>,

and when n > 3,

= [ G022 (zp)as()

n—1 1
o /Bf‘o‘ﬁs (14 1P +07) T L P+ @ (L) — 0 en)] T 1+ Vol
+0 ()

n—1 1 1

_ 5”/33 ¥ e |t|2>ndt+0 (W)
n—1 1 1

_ 57”/1@—1 7(1 " ‘t’2)ndt+0 (5”2> .

dt

Hence we get (3.3).

14



To prove (3.4), we note that

z= (w9 (uv), u€By;(e),ur <1,
dpy (2) = 1+ |V du,
(V’l?b,—l)

VI+IVe

n—1

G(0,2) = (Jul’+¢*) *,

vy (2) =

here vy is the normal direction of N. To find the formula of AVNG (z,7), we
note that

ANG (2,7)
_ oG G
= AG (Zay) - HN% (Z7y) - aV?V (Zay)
n—1

n+1

[lu—=2e1* + (@ (w) = (2e0))°] *
(n—1) Hy [ (u) — 9 (261) — (u — 2¢;) - V)]

R T e

(n® = 1) [¢ (u) — 9 (2e1) — (u —2e4) - V@/)]2+3 .

(1+ Vo) [Ju =261 + (¥ (u) — ¢ (261))°] 2

Based on these formulas, the estimates for 1) and the basic fact |Hy| < ¢ (M) 6
we can derive (3.4) by calculations similar as before.

3.2 Compact hypersurface with nonempty boundary

Proposition 3.2 Assumen > 2, M} C R"™ is a smooth compact hypersur-

face without boundary, M C Mg is a smooth domain in My. For x,y € M,
let

K (z,y) = p.v. /M VMG (2,2) - VMG (2,y)du (2) .
Then

¢ (M) (Jlog |z = Il + s pappapdn (2) +1) . ifn=2;
C(M) (W—FIMO\MﬁﬁdM(Z)—Fl)a an23

K (2, y)| <{

In particular,

[ 1K @9l din(9) < e (a1) (1 + llog d (2, 021) )

15



and
[ dn@) [ 1K @)l dn(y) < e(M) < oc.

The proposition easily follows from the estimate in the closed surface case.
Indeed let

Ko(a.y) =pv. [ VMG (2,2) - V20G (2,y)du (2).
then
Kl < Kool + [ | TG (0.2) 96 () (9
Mo\ M

1
<Ko @)l +e(n) [
0

|nd,u (2).

The first inequality in the proposition follows from this and Proposition 3.1.
Next we have

J V)l die(9)
<cOn+en [ aule) [ adnty)
§c(M)+C(M)/ 1+ |logd(z, M)]

Mo\M |z — 2"
< c(M) (1 +[logd (z,0M)[*) .

dp (2)

The last two inequalities in the Proposition 3.2 follows.

4 Poincaré-Betrand formula with a constant density
4.1 Compact hypersurface without boundary

The main aim of this subsection is to prove the special case of (1.4) when
the density function f = 1. It is an important step in deriving the general
Poincaré-Betrand formula.

Proposition 4.1 Assume n > 2, M™ C R"! is a smooth compact hypersur-
face without boundary. Then for x € M,

p-V-/M VYG (x,2)- [p-V-/M VYG (z,y) du (y)} dp (2)

= [ [pv. [ VMG (@.2) 96 Cyyan ()] du i) +

4ﬂ.n+1

16



Our main strategy to prove the identity is by an approximation procedure,
more precisely we will replace VMG (x,2) by VMG ( +ev (z),2) and check
what happens when ¢ — 0%. The advantage of this procedure is that we
can reduce the number of principal integrals in the expressions and apply the
Fubini type results in Lemma 2.3 and Lemma 2.4. After that by a lengthy and
careful local analysis we derive the needed identity through a limiting process.

Without losing of generality we may assume x = 0 and near 0, M is the graph

of a smooth function ¢ : By, — R (as described at the beginning of Section
2). Let e, = (0,-+-,0,1) € R*" and

K. (y) = p.v. /M Vin (—eepi1,2) - Vﬁ/]G (z,y)du(z),

K@) =pv. [ VG (0.2)- VG (2) dp(2).
M
It follows form Proposition 3.1 that K € L' (M). By Lemma 2.4,
/ K- (y) du(y)
M

— /M VMG (—cepyr, 2) - [p.V- /M VYG (z,y) du (y)} dp (2)

= p.v. /M VM@ (0,z) - {p.v. /M VMG (z,y)dp (y)] dp (z) 4+ o: (1) .

On the other hand we will show

/ K. (y) dps (y) =/ K@) du(y) + ———=
M M n—-1
and the proposition clearly follows from the above two equalities by letting
e — 0",

To prove (4.1), first we claim for every ¢ > 0,
+

This claim means interesting things happen only near 0. To prove the claim
we note that

/MmB"+1 VYG (—ceni1,2) - VYG (2,y) du (2)

5/2

i pv. / L VYG(0,2) - VYG (zy)du(z)  in L3P (M\BY),
MnNB

5/2
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and for any 1 < p < oo,

p.v./ VMG (—eeni1,2) - VMG (2, y) du (2)
M\Bn+1

5/2
V. / L VYG(0,2) VG (zy)du(z) in LY (M\BY)
M\B},

as e — 07. (4.2) follows.

Next we study K. (y) for y near 0. For 0 < § < 2ry, we write
D5 = {(u, ¢ (u)) :u e Bs}.

Fix a cutoff function n € C*° (R") such that 77|Bl/2 =1 and 7|, p, = 0. For
0 > 0 small, define a function hs on M by

n s 3 lfy:(u,(,O(U)),UEB(;,
hs (y) = (5> ,
0, otherwise.

For § > 0 small and y € D;, we have

K () =pv. [ VG (~eenin,2) VG (z,y) dp(2)

70

+ D, VMG (—eeni1,2) - VMG (2, y)du(2) .

Note that

/M\Dm VG (—zenir, 2) - VYG (2, y) dp () (4.3)

— VMG(0,2)- VMG (2,5) du(2)
M\Dy,

uniformly for y € Ds as ¢ — 0. Hence we only need to know what happens
for

p.v. /D VMG (—cepi1,2) - VMG (2,) du (2)

ase — 0.
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To continue we observe that

/ [p /.

VHG (—een, 2) - VG (1) du <z>] he () duly)  (44)
= vi\/lG (—56n+1, Z)

D " PV /M VYG (z,y) hs (y) du (y)} dp (2)

= | V'G(—ceni1,2) VI fs (2) dpu (2)

Dy

=—/ 5 (2) AYG (=ceni, 2) dp (2)

o S aumo ((—zens1.2))dS (2).

where
f5(2) = [ Gy hs (v) duy)

is the single layer potential and vpp, is the unit outer normal direction on
dDy,. For z € D5, , we can write z = (u, ¢ (u)) and

fi(:)= [ G(zv)hs () dn(v) (45)

The last equality is the definition of Fs. In particular, for z € D, , |fs (2)] <
¢(M)d, hence

/apr fs (2) oG ((—geny1,2))dS (2) = O (6) . (4.6)

ayaDTO
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On the other hand, by (2.3),
- /D f5 (2) AMG (—ceny1, 2) du(2) (4.7)

:(n_1)/ UL L Bt Vel
Bod (jul+e2) 7 (Juf*+e?) 7

ey ZF5 () 1+ [VePdu
2 _ 1 :
- Sy Ly )1+ [V
B

© (o +e2) ?

2 _
SV [ SRR g )1 Vel

o (Jul +e?) 7

+0(5).

Calculation shows that

/ S W )
cdu =
R (|u‘2 + 1) (A

Hence

1
_Fg(O)/Rn . ngldu—i—og(l)
(luf* +1
ntl
T2




and

3,,2

Sl By (u) 1+ [Vl du (4.10)

o (|u’2+€2) 2
n+1

/,
1 T2

h (n—i—l)(n—i—?))r(%rl

)F5 (0) +Oa (1)

Note that (4.8)-(4.10) implies the summation of those terms on the right hand
side of (4.7) containing principal curvature x;’s is equal to o. (1).

We still need to study the term

n+1)e? 1
/B ( ) —F — TEs Fg(u)\/1+|Vg0|2du

o (|u|2+52) 2 (|u|2+52) 2

which is “hypersingular”. We will show

n+1)e2 1
/B ( ) o — 1 | Fs (u) /1 + |Vl du (4.11)

0 (|u|2+€2) 2 (|u|2—|—62> 2
4t 5
= Oc o — 7).
(n_l)r(n;l)QﬂL (1)+O()+O<61>+O(6)

For this purpose we will compare Fj (u) with the single layer potential gs (u)
of the flat surface case given by

9s (u) :/B ﬂdu. (4.12)

First note that

n+1)e2 1
/B ( ) T | Fs (w) 1+ |Vg0|2du (4.13)

ol (Jul+e?) T (luf+e)
1 2
= (n + )€n3— ! Fs (u)du+ O (9).
B 2 =5 2 =
ol (Jul+e?) T (luf+e)
Next we observe that for a fixed 0 < a < 1,
c(M,«)
| foloraqany < (M, a) [hs|caan < —ga
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Hence
c(M,a)
|F5|Cl,a(§r0) S 670(
On the other hand, let gs be the single layer potential in the flat case defined
in (4.12), then
c(n)

|g5|cl,a(§m) < 5

It follows that

(Fs = 95) (w) = (F5 = 95) (0) +i5¢ (F5 — 95) (0)u; + O <|U| a) :

«
i=1 0

On the other hand using the Taylor expansion of ¢, we have

2172

[l = o* + (o (u) — ¢ (v))7]
=0 (0uf*+06°).

By = [ GNP de;‘Mwlm

Bs =N u—v|"

In particular,
(F5s—95) (0) = O (5°) .

Hence for e; > 0 small,

(n+1)e? 1
T arr | (Fs (u) — g5 (u)du  (4.14)
‘/BTO\BENS (|U‘2+52) 2 (|U‘2+€2> 2
20(5)+o<i2>,
and
(n+1)e&? 1

e arr | (B (u) — g5 (u)) du (4.15)

/3515 (lu+e2) 7 (luf+e?) 2
(n+1)e? 1
= (F5 — g5) (0) o =1 | du+ O (g7)
/B (luf?+e2) > (juf+e2) ?

= (Fs—95) (0) [ div % |du+0(9)

=10 (!u\2 —|—€2> 2
= (g) + O (1)
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Finally by Lemma 2.2,

n+1)e? 1
/B (2 ) - o | 95 () du (4.16)
0 (|u| +€2> 2 (’u| +€2) 2
n+1)e? 1
:/n : : nts - | 95 (u) du + O (9)
(I +2) > (P +e)
47Tn+1

= 5 +0.(1)+0(6).
(n—1)T (5%

Combining (4.13)-(4.16), (4.11) follows.

In view of (4.2)-(4.11) and Proposition 3.1 we have

/M K. (y) dp (y)
- /M K. (y) (1 — hs (y)) du (y) + /M K. (y) hs (y) dp (y)

4l 5
:/MK(y)d,u(y)Jr 2+05(1)+O(5)+0<>+O(5?)'

r(s) i

Hence

lim sup
e—0t

| K @dn )~ [ K @)dn () -

< (M) <5+52+£?>.

€1
Let 6 — 0%, then ey — 07, we get
4+l

which is exactly (4.1). And Proposition 4.1 follows.

| K dnw) = [ K @)du) + as e — 07,

4.2 Compact hypersurface with nonempty boundary

Here we derive the same identity for the case of a surface with nonempty
boundary.
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Proposition 4.2 Assume n > 2, M™ C R""! is a smooth compact hypersur-
face with nonempty boundary. Then for

pv. [ VNG (@.2) [pv. [ VG () duy) du(2)

- /M {p.v. /M VMG (z,2) - VMG (2,y) du (2)} dp (y) +

4ﬂ.n+1

for x € M\OM.

Basically Proposition 4.2 follows from Proposition 4.1. Indeed we may find a
smooth compact hypersurface without boundary, namely M7 ¢ R*! such
that M is a domain in M. For © € M\OM, the same argument as in the
proof of Lemma 2.3 gives us

pv. [ VG (r.2). [ [, TG G dn <y>] iz (A7)

<[ v [ VG () VG gy dn ()] du ().

Mo\M

By the Fubini theorem we have

/MO\M VG (z,2) - {/M VMG (2, y)du (y)} dp (2) (4.18)

_ /M l /MO\M VMG (z,2) - VMG (2,y) du (Z)] du (y) -

Using Lemma 2.4 we have

/MO\M VG (z,2) - [p.v. /MO\M VMG (2, y) du (y)] dp (2) (4.19)

= [p-V- /MO\M VG (2,2) - VIG (2,y) du (2)1 dp (y) -

Mo\M

Finally, it follows from Proposition 4.1 that

p.v. /Mo VMG (2, 2) - {p.v. /Mo VMG (z,y)du (y)] dpu (2) (4.20)

=/ [p.v. /MO VMG (z,2) - VMG (2,y) du (Z)] dp(y) + ——

Substracting (4.17)-(4.19) from (4.20), we obtain the identity in Proposition
4.2.
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5 Proof of the Poincaré-Betrand formula

After all the preparations in Sections 2-4, we can now easily verify Theorem
1.1 and Theorem 1.2.

PROOF. (Proof of Theorem 1.2) Since H is Holder continuous, we can show
that both sides of (1.5) are continuous functions in # when = € M\OM . Hence
we only need to verify (1.5) for a.e. z € M. We have for a.e. z € M,

p.v. /M VYG (2, 2) - {p-V- /M VG (2,9) H (2,y) dp (y)} dpu (2)

—pv. [ VYG(,2)- [ [ VG () (H (59) — H (2,2)) dp )] i (2
+ [ VNG @2) (H (22) ~ H (@.2)) [pv [ VG (9) du(w)] dp (2)
L H(x,2)pv. /M VNG (2, 2) - [p.v. /M VMG (z,y) du (y)} dp (2)

= [ [pv [ VG (@.2)- VHG (ey) (H (509) — H (2,2)) dp ()] e ()
[ o [ VY (@,2) VG () (H (2,2) = H (w,0)) dp ()] die(9)

FH (@) [ v [ TYG(0,2) - VHG (y) du (=) dp )
4l

()

= [ |pv [ VG @2) VG ) H (2 ) du ()| dp )
A sH (x,x).

)

Note that in the second step we have used Lemma 2.3, Lemma 2.4, Proposition
4.1 and Proposition 4.2.

H (x,z)

Theorem 1.1 is basically a corollary of Theorem 1.2.

PROOF. (Proofof Theorem 1.1) Since smooth functions are dense in L (M),
we only need to verify (1.4) for f € C° (M). Under this assumption, (1.4)
follows from (1.5) by choosing H (z,y) = f (y).
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6 Conclusions

We have generalized the classical Poincaré-Bertrand formula to the case of
singular integrals on smooth hypersurfaces in higher dimensions. The classical
Poincaré-Bertrand formula is fairly easy to prove since one may either apply
techniques from complex analysis or take advantage of the fact that the kernel
is a simple rational function. Our proof of the generalized formula is rather
lengthy. The main difficulties lie on the fact that we are dealing with much
more complicated kernels on curved hypersurfaces instead of flat Euclidean
spaces. The proof is based entirely on the local analysis and thus can be eas-
ily extended to handle other kernels with similar singularities. Specifically, we
may replace the Green’s function of the Laplace equation by the Green’s func-
tion of other elliptic partial differential equations (for example, the Helmholtz
equation). Finally, the formula is expected to be used in the construction of
second kind integral equation formulations for the open surface problems in
higher dimensions (> 3). This application is currently under investigation and
will be reported in a later date.
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