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1. Introduction

The Paneitz operator introduced in [P] has attracted some attention in con-
formal geometry recently. In particular its associated Q-curvature equation has
demonstrated its importance in four dimensional conformal geometry (cf. [CGY]).
According to Branson ([B]), this operator enjoys similar conformal covariance prop-
erties in dimenion three as well. However there are a number of features of this
equation that are quite distinct from its analogues in dimensions four and above.
In this dimension, the positivity of the Paneitz operator is an important issue. In
a previous paper [XY1], the analogue of the Yamabe equation is verified for the
conformal classes for which both the conformal Laplacian operator and the Paneitz
operator are positive. However the conformal classes of interests namely those that
are near the standard 3-sphere fail to be in this class. The main purpose of this ar-
ticle is to study the positivity issue for the family of conformal structures provided
by the Berger metrics.

Let (M, g) be a three dimensional smooth compact Riemannian manifold. The
Q curvature is defined by

(1.1) Q = −1

4
∆R − 2 |Rc|2 +

23

32
R2.

The Paneitz operator is defined by

(1.2) Pϕ = ∆2ϕ + 4 div (Rc (∇ϕ, ei) ei) −
5

4
div (R∇ϕ) − 1

2
Qϕ

for any ϕ ∈ C∞ (M, R). Here Rc denotes the Ricci tensor, e1, e2, e3 is any local
orthonormal frame. This operator satisfies the conformal covariant property. That
is, for any ρ ∈ C∞ (M, R) , ρ > 0, and ϕ ∈ C∞ (M, R) ,

(1.3) Pρ−4gϕ = ρ7Pg (ρϕ) .

In particular, if we let g̃ = u−4g for some u ∈ C∞ (M) , u > 0, then Q̃ = −2u7Pgu.
The analogue of the Yamabe problem is to find a conformal metric with constant
Q-curvature. The equation may be written as

(1.4)

{
Pgu = const ·u−7, on M,

u ∈ C∞ (M) , u > 0.

(1.4) has a variational structure. To describe it, let us introduce some notations.
For any u, v ∈ H2 (M), denote

(1.5) E (u, v) =

∫

M

(
∆u∆v − 4Rc (∇u,∇v) +

5

4
R∇u · ∇v − 1

2
Quv

)
dµ,

1
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here µ is the measure corresponding to g. For convenience, we also write E (u) =
E (u, u) for u ∈ H2 (M). It is easy to see that for any u, v ∈ C∞ (M), E (u, v) =∫

M
Pu · vdµ =

∫
M

uPvdµ. Let

(1.6) V =
{
u ∈ H2 (M) : u > 0

}
.

Since the Sobolev embedding theorem implies that H2 (M) ⊂ C1/2 (M), it is mean-
ingful to say u > 0 pointwisely. For any u ∈ V , let

I (u) = I3
4 (u) =

E (u)

|u|2L−6(M)

= E (u)
∣∣u−1

∣∣2
L6(M)

.

It is clear that (1.4) is the Euler-Lagrange for I . A natural way to find critical
point is to minimize the functional I . Define

(1.7) Y 3
4 (M, g) = inf

u∈V
I3
4 (u) .

It follows easily from (1.3) that Y 3
4 (M, g) is a conformal invariant quantity, that

is for any ρ ∈ C∞ (M) , ρ > 0, Y 3
4

(
M, ρ−4g

)
= Y 3

4 (M, g). Unlike the Yamabe

constant, it is no longer trivial whether we have Y 3
4 (M, g) > −∞. In contrast to

the usual Sobolev inequality, which is derived from the corresponding inequality in
Euclidean space by a partition of unity argument; such a process cannot proceed
due to the negative exponent in this inequality.

In dealing with this question, we find it convenient to introduce the following

Definition 1.1. If for any u ∈ H2 (M) , u ≥ 0 and u vanishes somewhere, we
have E (u) ≥ 0, then we say (M, g) satisfies the condition (NN+). If for any
u ∈ H2 (M) \ {0} , u ≥ 0 and u vanishes somewhere, we have E (u) > 0, then we
say (M, g) satisfies the condition (P +).

Simple consideration shows that if Y 3
4 (M, g) > −∞, then the metric must satisfy

the condition (NN+) (see Remark 3.1). It follows easily from (1.3) that the condi-
tion (NN+) (or the condition (P +)) is conformal invariant. In general, condition
(NN+) is difficult to verify and also difficult to use. We shall introduce in Section
5 the stronger condition (NN) (and condition (P )), which will be important in
identifying certain blowup limits as Green’s function when the kerPg = {0}. It
also reveals the crucial role of the value of the Green’s function at pole. Now we
may state the following result (see Section 3).

Theorem 1.1. Assume a three dimensional smooth compact Riemannian manifold
(M, g) satisfies the condition (P +), then there exists a u ∈ V such that I3

4 (u) =
Y 3

4 (M, g), in particular Y 3
4 (M, g) > −∞.

We remark that the condition (P +) is clearly satisfied when Pg > 0. This case
was studied earlier in [XY2]. In fact for this case, modulo a positive constant factor,
the critical function is unique (cf. Corollary 6.2). In Section 6, we will give some
curvature conditions under which the Paneitz operator is positive definite. But the
standard sphere does not satisfy the condition (P +), since the value of the Green’s
function at the pole is always 0 (see Section 7). Nevertheless, using symmetrization
methods, [YZ] is able to prove the Sobolev inequality in this very singular case.
Here we give a proof without using the symmetrization argument (see Section 7).

Theorem 1.2 ([YZ]). Let S3 be equipped with the standard metric, then there exists
a u ∈ V , such that I3

4 (u) = Y 3
4

(
S3, gS3

)
.
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It then follows from a theorem of [CX], that u = cv, for some constant c > 0
and there exists a conformal transformation σ of S3 such that σ∗gS3 = v−4gS3 . In
particular, this will show that Y 3

4

(
S3, gS3

)
= I3

4 (1) = − 15
16 · 24/3π8/3 by a direct

computation.
In order to understand what happens near the standard 3-sphere, we examine

the family of Berger spheres. The Lie group

SU (2) =

{(
a −b
b a

)
: a, b ∈ C, |a|2 + |b|2 = 1

}
,

is naturally identified with S3. Its Lie algebra is

su (2) =

{(
it1 it2 − t3

it2 + t3 −it1

)
: t1, t2, t3 ∈ R

}
.

Choose the following basis elements for su (2),

X1 =

(
i 0
0 −i

)
, X2 =

(
0 i
i 0

)
, X3 =

(
0 −1
1 0

)
.

For t > 0, we may define an inner product on su (2) such that t−1X1, X2, X3 is
an orthonormal base. Then the Berger sphere has the metric gt which is the left
invariant metric extending the above inner product. Let Pt be the Paneitz operator
of gt, then we have (see Section 8)

Theorem 1.3. For t ∈
(
0, −2+4

√
10

13

)
∪
(

2+4
√

10
13 ,∞

)
, Pt > 0, and we know

Y 3
4

(
S3, gt

)
= I3

4 (1) = −169

4
21/3π8/3t16/3 + 82 · 21/3π8/3t10/3 − 36 · 21/3π8/3t4/3.

In addition, the constant multiple of gt is the only metric having constant Q cur-
vature in the conformal class.

For t = −2+4
√

10
13 or 2+4

√
10

13 , Pt ≥ 0, and the kernel of Pt consists of constant
functions. Again, the constant multiple of gt are the unique constant Q curvature
metrics in the conformal class.

For t ∈
(

−2+4
√

10
13 , 1

)
∪
(
1, 2+4

√
10

13

)
, the first eigenvalue is the only negative

eigenvalue of Pt, the corresponding eigenfunctions are constant functions. In ad-
dition, Pt satisfies the condition (P ), and the Greens’s function of Pt are strictly
negative, we also know Y 3

4

(
S3, gt

)
> −∞ and it is achieved by some metrics in the

conformal class.

The proof will be based on a careful analysis for the value of the Green’s function

at the pole and a continuity argument. For t ∈
(

−2+4
√

10
13 , 1

)
∪
(
1, 2+4

√
10

13

)
, we

do not know whether Y 3
4

(
S3, gt

)
= I3

4 (1, gt). One may expect this to be true and
positive constants are the only minimizers.

The plan of the paper is as follows. In Section 2, we will prove some elementary
lemmas which will be used frequently later. In Section 3, we shall apply the direct
method of calculus of variations to the minimizing problem (1.7) and prove Theorem
1.1. In Section 4, we shall discuss the basic properties of Green’s function, in
particular, we shall derive an equation for the evolution of the Green function
pole’s value. In Section 5, we propose the important condition (NN) and show the
important role of Green function pole’s value under this condition. In Section 6, we
shall first show certain pointwise curvature condition would guarantee the positivity
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of the Paneitz operator, then we will discuss the existence and uniqueness of the
minimizing problem (1.7) when the Paneitz operator is nonnegative. In Section 7,
we will give another proof of Theorem 1.2 from [YZ]. In Section 8, we shall prove
that for Berger spheres, the minimizing problem (1.7) always has a solution. The
main effort is to show the value of the Green’s function at the pole does not vanish
when it is not the standard sphere. Then a continuity argument gives us Theorem
1.3.

Acknowledgment : The research of Hang is supported by National Science Foun-
dation Grant DMS-0209504 and the Sokol Postdoctoral Research Fellowship from
New York University. The research of Yang is supported by National Science Foun-
dation Grant DMS-0245266.

2. Some calculus lemmas

Lemma 2.1. If u ∈ H2
(
B3

1

)
,
∣∣u−1

∣∣
L6(B1)

≤ 1, |u|H2(B3
1)

≤ A, then |u (0)| ≥
Ae−cA6

, here c is an absolute constant.

Proof. Using Sobolev embedding theorem we see |u|C1/2(B1) ≤ cA, and hence for

any x ∈ B1, |u (x)| ≤ |u (0)|+cA |x|1/2
. This implies |u (x)|6 ≤ c

(
|u (0)|6 + A6 |x|3

)
.

Then we may compute

1 ≥
∫

B1

|u (x)|−6
dx ≥ c

∫

B1

(
|u (0)|6 + A6 |x|3

)−1

dx =
c

A6
log

|u (0)|6 + A6

|u (0)|6
.

This shows |u (0)| ≥ Ae−cA6

.

Corollary 2.1. If u ∈ H2 (M) such that
∣∣u−1

∣∣
L6(M)

≤ 1 and |u|H2(M) ≤ A, then

we have |u (p)| ≥ c (g) Ae−c(g)A6

for any p ∈ M .

We also need the following approximation lemma.

Lemma 2.2. Let u ∈ H2
(
B3

1

)
, u (0) = 0, η ∈ C∞ (R3

)
, η|B1

= 1, η|
R3\B2

= 0,

0 ≤ η ≤ 1, ηε (x) = η
(

x
ε

)
. Then ηεu → 0 in H2

(
B3

1

)
as ε → 0+.

Proof. By the fact that for any u ∈ H2
(
B3

1

)
, any α > 0, |u|H1(B1) ≤ α

∣∣D2u
∣∣
L2(B1)

+

c (α) |u|L2(B1)
, we see we only need to prove |ηεu|L2(B1) ,

∣∣D2 (ηεu)
∣∣
L2(B1)

→ 0 as

ε → 0+. Since

∂ij (ηεu) =
1

ε2
∂ijη

(x

ε

)
u (x)+

1

ε
∂iη
(x

ε

)
∂ju (x)+

1

ε
∂jη

(x

ε

)
∂iu (x)+η

(x

ε

)
∂iju (x) ,

and∣∣∣∣
1

ε2
∂ijη

(x

ε

)
u (x)

∣∣∣∣
L2(B1)

≤ c

ε2
|u|L2(B2ε) ≤ c [u]

C
1
2 (B2ε)

≤ c |∇u|L6(B2ε) → 0,

∣∣∣∣
1

ε
∂iη
(x

ε

)
∂ju (x)

∣∣∣∣
L2(B1)

≤ c

ε
|∂ju|L2(B2ε) ≤ c |∂ju|L6(B2ε) → 0,

the lemma follows.

It follows easily from Lemma 2.2 that (M, g) satisfies the condition (NN+) if
and only if for any u ∈ C∞ (M) , u ≥ 0 and u vanishes on a nonempty open subset
implies E (u) ≥ 0.
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The following interpolation inequality follows from the usual interpolation in-
equality and a covering argument, a proof may be found in [DHL].

Lemma 2.3. For ε > 0 and u ∈ H2 (M),

|u|H1(M) ≤ ε
∣∣D2u

∣∣
L2(M)

+ c (g, ε) |u|L2(M) .

By elliptic estimates (cf. [GT], chapter 8) and a covering argument, we have

Lemma 2.4. For any u ∈ H2 (M),
∫

M

(
(∆u)

2
+ u2

)
dµ ≥ c (g) |u|2H2(M), here

c (g) > 0.

As a simple corollary of Lemma 2.3 and 2.4, we have

Corollary 2.2. For u ∈ H2 (M), E (u) + c1 (g) |u|2L2(M) ≥ c (g) |u|2H2(M), here

c (g) > 0.

3. A preliminary discussion

We shall apply the direct method of calculus of variations to the minimizing
problem (1.7). Choose a sequence ui ∈ V such that I3

4 (ui) → Y 3
4 (M, g). By

scaling, we may assume maxM ui = 1. Then we know
∣∣u−1

i

∣∣
L6(M)

≥ (µ (M))
1/6

and
∣∣u−1

i

∣∣2
L6(M)

E (ui) ≤ c1 for some constant c1 independent of i. In view of Corollary

2.2, we have c1 ≥ E (ui) ≥ c (g) |ui|2H2(M)−c (g) |ui|2L2(M), and hence |ui|H2(M) ≤ c1

independent of i. After passing to a subsequence, we have ui ⇀ u in H2 (M). It
follows from Sobolev’s embedding theorem that ui → u uniformly on M . Hence
u ≥ 0 on M and maxM u = 1. Now we proceed into two separate cases.

Case 3.1. u > 0 on M .

In this case, we know u−1
i → u−1 uniformly on M , and hence

∣∣u−1
i

∣∣
L6(M)

→∣∣u−1
∣∣
L6(M)

. Since E (u) ≤ lim inf i→∞ E (ui), we have

I3
4 (u) =

∣∣u−1
∣∣2
L6(M)

E (u) ≤ lim inf
i→∞

∣∣u−1
i

∣∣2
L6(M)

E (ui) = Y 3
4 (M, g) .

This shows I3
4 (u) = Y 3

4 (M, g). Hence u ∈ C∞ (M).

Case 3.2. u vanishes somewhere.

In this case it follows from Corollary 2.1 that
∣∣u−1

∣∣
L6(M)

= ∞. Using Fatou’s

lemma we have
∣∣u−1

∣∣
L6(M)

≤ lim inf i→∞
∣∣u−1

i

∣∣
L6(M)

. Hence
∣∣u−1

i

∣∣
L6(M)

→ ∞ as

i → ∞. This shows lim supi→∞ E (ui) ≤ 0. Hence E (u) ≤ 0.

Remark 3.1. If we have some u ∈ H2 (M) , u ≥ 0, E (u) < 0 and u vanishes some-

where, then for ε > 0, we have u + ε ∈ V and
∣∣∣(u + ε)

−1
∣∣∣
L6(M)

→ ∞, E (u + ε) →

E (u) as ε → 0+. This implies I3
4 (u + ε) =

∣∣∣(u + ε)−1
∣∣∣
2

L6(M)
E (u + ε) → −∞ and

hence Y 3
4 (M, g) = −∞. This shows that a necessary condition for Y 3

4 (M, g) to be
finite is that (M, g) satisfies the condition (NN+).

Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. Following the above discussions, we only need to show the
Case 3.2 does not happen. If it does happen, then we may find a u ∈ H2 (M) with
u ≥ 0, maxM u = 1 and E (u) ≤ 0. This contradicts with the condition (P +).



6 FENGBO HANG AND PAUL C. YANG

4. The Green’s function

For basics about the Green’s function of elliptic operators, one may refer to [G].
Assume kerPg = {0} and ρ ∈ C∞ (M) , ρ > 0, then we have kerPρ−4g = {0} too.
In fact, if Pρ−4gu = 0, then it follows from (1.3) that ρ7Pg (ρu) = 0, and hence
ρu = 0. This implies u = 0. The claim follows.

Let Gp be the Green’s function of Pg at p, then the Green’s function for g̃ = ρ−4g
at p is

(4.1) G̃p = ρ (p)
−1

ρ−1Gp.

In fact, for any u ∈ C∞ (M) ,

ρ (p) u (p) =

∫

M

GpPg (ρu) dµg =

∫

M

Gpρ
−7Pρ−4gudµg =

∫

M

ρ−1GpPρ−4gudµρ−4g,

hence u (p) =
∫

M
ρ (p)−1 ρ−1GpPρ−4gudµρ−4g and (4.1) follows. Note that it follows

from (4.1) that the positivity of Green’s function is a property of the conformal class.

Lemma 4.1. Assume kerPg = {0}. Then for any p ∈ M , the Green’s function
Gp exists and Gp ∈ H2 (M). In addition, if for some p ∈ M , the exponential map
expp : Mp → M is locally volume preserving near 0 ∈ Mp (for example relative to
the conformal normal coordinate at p, cf. [LP]), then on a neighborhood of p, we
have Gp = A− r

8π +O4 (r). Here A is a constant, r (·) = dg (p, ·) and O4 (r) means

a C4 function on a neighborhood of p which lies in O (r).

Proof. Since H2 (M) ⊂ C1/2 (M), we see easily that the Dirac function at p, δp ∈
H−2 (M), hence it follows from standard elliptic theory (the Hilbert space theory)
that Gp ∈ H2 (M).

Now assume the map expp preserves the volume near 0 ∈ Mp, then choose an

orthonormal base for Mp, namely e1, e2, e3. Let e1, e2, e3 be the dual base. Define
xj = ej ◦ exp−1

p near p. Then x1, x2, x3 forms a conformal normal coordinate at p.

If we write g = gijdxi ⊗ dxj , then we know (see [LP])

G = det (gij)1≤i,j≤3 = 1, gij (p) = δij , ∂kgij (p) = 0, R (p) = 0,

∂iR (p) = 0, ∆R (p) = 0, Rcij (p) = 0, Rcijk (p) yiyjyk = 0 for y ∈ R
3,

and r = |x|. By these identities, one may deduce that

4 div (Rc (∇r, ei) ei) −
5

4
div (R∇r) − 1

2
Qr ∈ Lip (U (p))

for some small neighborhood U (p) of p. This implies Pgr = −8πδp + Lip (U (p)).
A simple cutoff argument plus the standard elliptic theory tells us Gp = − r

8π +

C4 (U (p)). The lemma follows.

Corollary 4.1. Assume kerPg = 0. Then for any p ∈ M , u ∈ H2 (M), E (Gp, u) =
u (p). In particular, this implies that for any p, q ∈ M , Gp (q) = E (Gp, Gq) =
Gq (p).

Proof. If u ∈ C∞ (M), then it follows from the definition of Gp that E (Gp, u) =∫
M GpPudµ = u (p). Since C∞ (M) is dense in H2 (M), the above corollary follows

from an approximation argument.

In the future, we shall see that the value of the Green’s function at the pole is
very important. The following lemma will be useful.
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Lemma 4.2. Let M3 be a smooth compact manifold and g (t) be a smooth family
of metrics on M for t near 0. Denote ∂t|t=0 g = h. If kerPg(0) = 0, then for any
p, q ∈ M , we have

∂t|t=0 Gp (q, t) = −
∫

M

Gp (·, 0) (∂t|t=0 P ) Gq (·, 0) dµ − 1

2
Gp (q, 0) tr h (q)

= − ∂t|t=0 E (Gp (·, 0) , Gq (·, 0)) .

Proof. For any u ∈ C∞ (M), u (p) =
∫

M Gp (x, t) · Pu (x) dµ (x, t). By differentia-
tion with respect to t, we have

0 =

∫

M

∂t|t=0 Gp (x, t) · Pu (x) dµ (x, 0) +

∫

M

Gp (x, 0) · (∂t|t=0 P )u (x) dµ (x, 0)

+
1

2

∫

M

Gp (x, 0) · Pu (x) · tr h (x) dµ (x, 0) .

By approximation, we know the above equation is still true for u ∈ H2 (M). To
get the lemma, we only need to let u = Gq (·, 0).

5. The condition (NN)

In this section, we formulate some nonnegativity conditions which will be relevant
to determine the limit function in Case 3.2 of Section 3. At the center of attention
is the value of the Green’s function at poles in case kerPg = 0.

Definition 5.1. We say (M, g) satisfies the condition (NN) if for any u ∈ H2 (M)
and u vanishes somewhere, we have E (u) ≥ 0. We say (M, g) satisfies the condition
(P ) if for any u ∈ H2 (M) \ {0} and u vanishes somewhere, we have E (u) > 0.

It follows from Lemma 2.2 that (M, g) satisfies the condition (NN) if and only
if for any u ∈ C∞ (M), u vanishes on an nonempty open subset implies E (u) ≥ 0.
By the conformal covariant property of the Paneitz operator (1.3), we see that the
condition (NN) (or the condition (P )) depends only on the conformal class. We
will see in Section 7 that S3 with the standard metric, satisfies the condition (NN).
The following example shows that the condition (NN) is not always satisfied.

Example 5.1. Let Σ be a 2 dimensional smooth compact Riemannian manifold
with Gauss curvature K ≡ −1, this can happen when χ (Σ) < 0. Then the Paneitz
operator on the product manifold S1×Σ is Pϕ = ∆2ϕ−4∆Σϕ+ 5

2∆ϕ+ 9
16ϕ. Let θ be

the angle function on S1, then P (sin θ) = − 15
16 sin θ. This implies

∫
S1×Σ P (sin θ) ·

sin θdµ = − 15
16π Area (Σ) < 0. Note that {sin θ = 0} = {(1, 0) , (−1, 0)} × Σ is

nonempty. Hence S1 × Σ does not satisfy the condition (NN).
Since P1 = 9

16 , P (sin θ) = − 15
16 sin θ, and P (cos θ) = − 15

16 cos θ, we see that the
first eigenfunction must change sign (because it has to be orthogonal to 1). This is
very different from second order elliptic operators, for which the first eigenfunction
never changes sign.

Lemma 5.1. If (M, g) satisfies the condition (P ), then we may find a constant
c (g) > 0 such that for any u ∈ H2 (M), which vanishes somewhere, we have

E (u) ≥ c (g) |u|2H2(M).

Proof. We first prove that there exists a positive constant c (g) such that for any
u ∈ H2 (M) ,

(5.1) u vanishes somewhere ⇒ E (u) ≥ c (g) |u|2L2(M) .
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In fact, if this is not the case, then we may find a sequence uj ∈ H2 (M) such

that uj vanishes somewhere and E (uj) < j−1 |uj |2L2(M). By scaling, we may as-

sume |uj |L2(M) = 1. Then it follows from Corollary 2.2 that c (g) |uj |2H2(M) −
c (g) |uj |2L2(M) ≤ j−1. This implies supj |uj |H2(M) < ∞. Hence we may find a

subsequence uj′ and a u ∈ H2 (M) such that uj′ ⇀ u in H2 (M). This implies
uj′ → u in C (M, R). Hence u vanishes somewhere and |u|L2(M) = 1. On the other

hand, it follows from lower semicontinuity that E (u) ≤ 0. This shows u = 0, by
the condition (P ). A contradiction.

Now for any u ∈ H2 (M) , which vanishes somewhere, by Corollary 2.2 and

(5.1) we have, c (g) |u|2H2(M) ≤ E (u) + c (g) |u|2L2(M) ≤ c (g)E (u), and the lemma

follows.

In particular, it follows from Lemma 5.1 that the condition (P ) is preserved
under a small smooth perturbation of the metric. Similarly, we have

Lemma 5.2. If (M, g) satisfies the condition (P +), then we may find a constant
c (g) > 0 such that for any u ∈ H2 (M), which is nonnegative and vanishes some-

where, we have E (u) ≥ c (g) |u|2H2(M).

An important consequence of the condition (NN) is that we may identify the
limit function in the Case 3.2 of Section 3. Indeed, we have the following simple
lemma.

Lemma 5.3. If (M, g) satisfies the condition (NN), u ∈ H2 (M), E (u) = 0,
and u (p) = 0 for some p ∈ M , then u is smooth on M\ {p}, in addition, Pgu =
const ·δp.

Proof. For any ϕ ∈ C∞ (M) with ϕ (p) = 0, clearly E (u + tϕ) takes a minimum at
t = 0. Hence E (u, ϕ) = 0.

Fix a ϕ0 ∈ C∞ (M) such that ϕ0 (p) = 1. Then for any ϕ ∈ C∞ (M), it follows
from E (u, ϕ − ϕ (p) ϕ0) = 0 that E (u, ϕ) = E (u, ϕ0) ϕ (p). Therefore we conclude
Pgu = E (u, ϕ0) δp.

As a remark, we see if M satisfies the condition (NN), u ∈ H2 (M), p1, p2 ∈ M ,
p1 6= p2, u (p1) = u (p2) = 0 and E (u) = 0, then u ∈ C∞ (M) and Pgu = 0.

Lemma 5.4. Assume M satisfies the condition (NN) and kerP = {0}. If for
some p ∈ M , Gp (p) = 0, then Gp|M\{p} < 0.

Proof. We first note that Gp|M\{p} can not vanish anywhere. Hence either it is

always positive or it is always negative. Now observe that under conformal normal
coordinate at p, we have (after conformally changing the metric, but we may still
denote it as the original one in view of (4.1)) Gp = − r

8π + O4 (r) near p, hence
1

4πδ3

∫
∂Bδ(p) Gpdµg → − 1

8π as δ → 0+. This implies Gp|M\{p} < 0.

Corollary 5.1. Assume (M, g) satisfies the condition (NN) and kerP = {0}.
Then g satisfies the condition (P +) if and only if g satisfies the condition (P ), it
is also equivalent to the condition that for any p ∈ M , Gp (p) 6= 0.

Proof. If g satisfies the condition (P +), then for any p ∈ M , we must have Gp (p) 6=
0. Otherwise, suppose for some p ∈ M , Gp (p) = 0, then it follows from Lemma 5.4
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that Gp ≤ 0. Hence E (Gp) = Gp (p) > 0 by the condition (P +). This gives us a
contradiction.

On the other hand, assume for any p ∈ M , Gp (p) 6= 0. If for some u ∈ H2 (M),
we have u (p) = 0 for some p ∈ M and E (u) = 0, then it follows from Lemma 5.3
that for some constant c ∈ R, we have Pu = cδp. If c 6= 0, then u = cGp and this
shows u (p) = cGp (p) 6= 0, a contradiction. Hence c = 0. This shows u = 0 because
kerP = {0}. It follows that g satisfies the condition (P ) and in particular (P +).

Finally, we state the following simple observation about the condition (NN).

Lemma 5.5. Assume (M, g) satisfies the condition (NN) and P has some negative
eigenvalues, then P has exactly one negative eigenvalue, and the corresponding
eigenfunction can not change sign, in addition, kerP = {0}.

Proof. Let (λj)
∞
j=1 be the eigenvalues of P (counting the multiplicity), and

(
φj

)∞
j=1

be the corresponding eigenfunctions with
∣∣φj

∣∣
L2(M)

= 1. Then it follows from

the assumption that λ1 < 0. Since E (φ1) = λ1 < 0, we see φ1 can not touch 0
anywhere. Without losing of generality, we may assume φ1 > 0. Since

∫
M φ1φ2dµ =

0, we see φ2 must change sign. This shows for ε > 0 small enough, εφ1 + φ2 must
change sign too. Hence E (εφ1 + φ2) = ε2λ1 +λ2 ≥ 0, and this implies that λ2 > 0.
The lemma follows.

6. The case P ≥ 0

In this section we shall study the specific case when the Paneitz operator is
nonnegative. At first, let us show under certain pointwise curvature condition, the
Paneitz operator is positive definite. The proof will be based on certain Bochner
type technique. One should compare with [XY1].

Proposition 6.1. Let A = Rc − R
4 g be the Schouten tensor. Assume the Yamabe

constant Y (M, g) > 0, σ2 (A) > 0 and Q ≤ 0.

(1) If Q is not identically zero, then P > 0.
(2) If Q ≡ 0, then P ≥ 0, in addition, kerP = {const}.

We need the following elementary algebraic lemma.

Lemma 6.1. Let B be a 3 × 3 symmetric real matrix. Assume tr B > 0 and

σ2

(
B − tr B

4
· I
)

=
1

48
(trB)2 − 1

2

∣∣∣∣B − tr B

3
I

∣∣∣∣
2

> 0,

here I denotes the identity matrix, then we have tr B
6 ·I < B < tr B

2 ·I. In particular,
this implies b11 + b22 − b33 = trB − 2b33 > 0.

Proof. Without losing of generality, we may assume B = diag (b1, b2, b3), then

(trB)
2

24
>

∣∣∣∣B − tr B

3
I

∣∣∣∣
2

≥ 1

2

(
b1 + b2 −

2 trB

3

)2

+

(
b3 −

tr B

3

)2

=
3

2

(
b3 −

tr B

3

)2

,

hence
∣∣b3 − tr B

3

∣∣ < tr B
6 . Similar inequalities are also true for b1 and b2. The lemma

follows.
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Proof of Proposition 6.1. For any u ∈ C∞ (M), a simple Bochner technique shows
∫

M

(∆u)2 dµ =

∫

M

∣∣D2u
∣∣2 dµ +

∫

M

Rc (∇u,∇u) dµ.

Since
∣∣D2u

∣∣2 =
∣∣D2u − ∆u

3 g
∣∣2 + (∆u)2

3 , we see

(6.1)

∫

M

(∆u)2 dµ =
3

2

∫

M

∣∣∣∣D
2u − ∆u

3
g

∣∣∣∣
2

dµ +
3

2

∫

M

Rc (∇u,∇u) dµ.

A simple approximation procedure shows (6.1) is still true for u ∈ H2 (M). It
follows from this and (1.5) that

E (u) =
3

2

∫

M

∣∣∣∣D
2u − ∆u

3
g

∣∣∣∣
2

dµ +
5

2

∫

M

(
R

2
g − Rc

)
(∇u,∇u) dµ(6.2)

−1

2

∫

M

Qu2dµ.

Note that σ2 (A) = 1
48R2 − 1

2 |E|2, where E = Rc − R
3 g is the traceless Ricci

tensor. Since σ2 (A) > 0, we see R2 > 0. This shows R > 0 or R < 0 on M . Using
Y (M, g) > 0, we see R > 0. It follows from Lemma 6.1 that R

6 g < Rc < R
2 g. Hence

using (6.2), we see Q ≤ 0 would imply P ≥ 0. In addition, if E (u) = 0, then we
have

∫
M

(
R
2 g − Rc

)
(∇u,∇u) dµ = 0 and

∫
M Qu2dµ = 0. The first equation implies

u ≡ const. When Q is not identically zero, it follows from the second equation that
this constant must be zero.

Remark 6.1. Examples of metrics satisfying the conditions in Proposition 6.1 can
be found in Berger spheres, see Remark 8.1.

Now we proceed to general metrics with P ≥ 0.

Lemma 6.2. Assume Pg ≥ 0. Then the following three statements are equivalent.

(1) There exists a u ∈ C∞ (M) , u > 0 such that I3
4 (u) = Y 3

4 (M, g).
(2) There exists a u ∈ C∞ (M) , u > 0 such that Qu−4g ≡ const.
(3) Either there exists a u ∈ kerPg\ {0} such that u > 0 on M , or for any

u ∈ kerPg\ {0}, u changes sign.

Proof. We prove it in three steps.

(1)⇒(2) : It follows from the Euler-Lagrange equation.
(2)⇒(3) : Let g̃ = u−4g, then Qeg ≡ const, Peg ≥ 0 and kerPeg =

{
u−1v : v ∈ kerPg

}
.

If Qeg = 0, then 1 ∈ kerPeg . This implies u ∈ kerPg\ {0} , u > 0 on M .

If Qeg < 0, then 1 is an eigenfunction of Peg with eigenvalue − 1
2Qeg 6= 0. If

v ∈ kerPg\ {0}, then u−1v ∈ kerPeg . This implies
∫

M
u−1vdµeg = 0. Hence

v must change sign.
(3)⇒(1) : If there exists a u ∈ kerPg\ {0} , u > 0, then I3

4 (u) = 0. Hence Y 3
4 (M, g) =

0 = I3
4 (u). If we know for any u ∈ kerPg\ {0}, u changes sign, then we

claim that Case 3.2 could not happen. In fact, if it does happen, then the
limit u satisfies E (u) ≤ 0, u ≥ 0 and maxM u = 1. Since Pg ≥ 0, we see
u ∈ kerPg\ {0}. On the other hand, it never changes sign, a contradiction.
Hence we may find a minimizer.
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Corollary 6.1. Assume Pg ≥ 0. If for any u ∈ kerPg\ {0}, u vanishes somewhere,
and there exists a u ∈ kerPg\ {0} such that u ≥ 0, then there does not exist any
u ∈ C∞ (M) , u > 0 such that Qu−4g ≡ const. Note that in this case, we must have
Y 3

4 (M, g) = 0.

In the special case when Pg > 0, we can always find a positive minimizer. We
also have a somewhat direct argument for this specific case..

Lemma 6.3. Assume Pg > 0, then there exists a u ∈ C∞ (M) , u > 0 such that
I3
4 (u) = Y 3

4 (M, g).

Proof. Clearly Y 3
4 (M, g) ≥ 0. Choose a sequence ui ∈ V such that |ui|L−6(M) = 1,

I3
4 (ui) = E (ui) → Y 3

4 (M, g). Since E (ui) ≥ λ |ui|2L2(M) for some λ > 0, and

E (ui) ≥ c (g, M) |ui|2H2(M) − c (g, M) |ui|2L2(M), we see |ui|2H2(M) ≤ c (g, M) E (ui).

Hence supi |ui|H2(M) < ∞. It follows from Corollary 2.1 that for some c1 > 0, ui ≥
c1. We may find a u ∈ H2 (M) such that ui ⇀ u in H2 (M). Then ui → u uniformly
on M . This plus the lower bound shows u−1

i → u−1 uniformly on M , and hence∣∣u−1
∣∣
L6(M)

= 1. Then Y 3
4 (M, g) ≤ E (u) ≤ lim inf i→∞ E (ui) ≤ Y 3

4 (M, g). The

regularity of u follows from the Euler-Lagrange equation.

For the uniqueness of solutions, we have the following very simple lemma.

Lemma 6.4. Assume Pg ≥ 0, u, v ∈ C∞ (M) , u > 0, v > 0 satisfying Pgu = u−7

and Pgv = v−7,then u = v.

Proof. By substraction, we have Pg (u − v) = u−7 − v−7, hence
∫

M

Pg (u − v) · (u − v) dµ =

∫

M

(
u−7 − v−7

)
(u − v) dµ.

By the fact Pg ≥ 0 we see LHS ≥ 0. On the other hand, it is clear that RHS ≤ 0.
Hence they are both equal to zero. It follows that u ≡ v by looking at the right
hand side of the above integral.

Corollary 6.2. Assume Pg > 0. Then there exists exactly one g̃ conformal to g,
such that Qeg ≡ const and µeg (M) = 1.

Proof. Assume we have two positive smooth functions, namely u1, u2, such that for
some constants c1, c2,

Pgu1 = c1u
−7
1 , Pgu2 = c2u

−7
2 ,

∫

M

u−6
1 dµ =

∫

M

u−6
2 dµ = 1.

Since Pg > 0, we know both c1 and c2 are strictly positive. It follows from the

above claim that c
−1/8
1 u1 = c

−1/8
2 u2. Using the volume constrain, we see c1 = c2,

hence u1 = u2.

7. The sphere S3

For the sphere S3, we have

Rijkl = gikgjl − gilgjk, Rc = 2g, R = 6, Q =
15

8
, Pu = ∆2u +

1

2
∆u − 15

16
u.

To proceed, we need to introduce more notations. For any ξ ∈ S3, let πξ be the

stereographic projection from S3\ {ξ} to the hyperplane ξ⊥ =
{
x ∈ R

4 : x · ξ = 0
}
.
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For λ > 0, we define a map σξ,λ : S3 → S3 by σξ,λ (ζ) = π−1
ξ (λ · πξ (ζ)). σξ,λ is a

conformal map and in fact

σ∗
ξ,λgS3 =

λ2
(
1 + |πξ|2

)2

(
1 + λ2 |πξ|2

)2 gS3 .

By using the fact ∆2r = −8πδ on R3 and (1.3) we easily deduce that the Green’s
function for the Paneitz operator at any point ξ ∈ S3 is

Gξ = − 1

4π

(
1 + |π−ξ|2

)− 1
2 |π−ξ| = − 1

4π

(
1 + |πξ |2

)− 1
2

.

In particular, Gξ (ξ) = 0 for any ξ ∈ S3. By Corollary 4.1, we see

(7.1) E (Gξ, Gξ) = Gξ (ξ) = 0.

This shows the standard S3 does not satisfy the condition (P +). Nevertheless, it
was proved in [YZ] that Y 3

4

(
S3, gS3

)
is still achieved (see Theorem 1.2). We are

aiming to give a proof of this result without using the symmetrization. At first, we
prove an identity from which one sees easily that the condition (NN) is true for
S3.

Lemma 7.1. Let ξ ∈ S3, u ∈ H2
(
S3
)

such that u (ξ) = 0. Denote

ρξ =

√
2

2

(
1 + |πξ |2

)1/2

.

Then we know ∆
((

ρξ · u
)
◦ π−1

ξ

)
∈ L2

(
ξ⊥
)

and

E (u) =

∫

ξ⊥

∣∣∣∆
((

ρξ · u
)
◦ π−1

ξ

)∣∣∣
2

dH3,

here ∆ is the Euclidean Laplacian.

Proof. By Lemma 2.2 we may find a sequence ui ∈ C∞ (S3
)
, such that ui equals

to 0 near ξ and ui → u in H2
(
S3
)
. By (1.3), we see

∫

ξ⊥

∣∣∣∆
((

ρξ · ui − ρξ · uj

)
◦ π−1

ξ

)∣∣∣
2

dH3 = E (ui − uj) → 0

as i, j → ∞. Hence we may find a f ∈ L2
(
ξ⊥
)

such that

∆
((

ρξ · ui

)
◦ π−1

ξ

)
→ f in L2

(
ξ⊥
)

.

This clearly implies ∆
((

ρξ · u
)
◦ π−1

ξ

)
= f ∈ L2

(
ξ⊥
)
. On the other hand, we

have

E (ui) =

∫

ξ⊥

∣∣∣∆
((

ρξ · ui

)
◦ π−1

ξ

)∣∣∣
2

dH3.

Letting i → ∞, we get the needed inequality.

Corollary 7.1. If u ∈ H2
(
S3
)

such that u (ξ) = 0 for some ξ ∈ S3, then E (u) ≥ 0
and E (u) = 0 if and only if u = const ·Gξ.
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Proof. If E (u) = 0, then it follows from the above claim that
(
ρξ · u

)
◦ π−1

ξ is a

harmonic function. But it follows from the fact u ∈ C1/2
(
S3
)

and u (ξ) = 0 that∣∣∣
(
ρξ · u

)(
π−1

ξ (x)
)∣∣∣ ≤ c (u)

√
|x| for |x| ≥ 1. It follows from Liouville theorem that

(
ρξ · u

)
◦ π−1

ξ is equal to a constant. One direction of the equivalence follows. The

other direction follows from (7.1).

Now we are ready to prove Theorem 1.2.

Proof of Theorem 1.2. Clearly Y 3
4

(
S3, gS3

)
≤ I3

4 (1) < 0. Choose a sequence ui ∈
V such that I3

4 (ui) → Y 3
4

(
S3, gS3

)
. By scaling and rotation, we may assume

maxS3 ui = ui (N) = 1. Here N is the north pole. For i large enough, we have

E (ui) < 0. But since E (ui) ≥ c |ui|2H2(S3) − c |ui|2L2(S3), we see |ui|H2(S3) ≤ c.

Hence after passing to a subsequence, we may find a u ∈ H2
(
S3
)

such that ui ⇀ u

in H2
(
S3
)
. This implies in particular that ui → u uniformly on S3 and hence

u ≥ 0.

Case 7.1. u > 0 on S3.

In this case, we see u−1
i → u−1 uniformly on S3. Hence

∣∣u−1
i

∣∣
L6(S3)

→
∣∣u−1

∣∣
L6(S3)

.

By lower semicontinuity we have E (u) ≤ lim inf i→∞ E (ui). Hence

Y 3
4

(
S3, gS3

)
≤ I3

4 (u) ≤ lim inf
i→∞

I3
4 (ui) ≤ Y 3

4

(
S3, gS3

)
.

Case 7.2. u vanishes at some point.

In this case, on one hand, it follows from the lower semicontinuity that E (u) ≤
0. On the other hand, it follows from Corollary 7.1 that E (u) = 0 and u =

c1

(
1 + |πξ|2

)−1/2

for some ξ ∈ S3 and c1 ∈ R. It follows from the uniform con-

vergence and maxS3 ui = ui (N) = 1 that maxS3 u = u (N) = 1. This implies
ξ = −N = S, the south pole. Choose ξi ∈ S3 such that minS3 ui = ui (ξi) = λi.
Then clearly ξi → S and λi → 0. Choose a Oi ∈ O (4) such that Oi S = ξi and
|Oi − id| → 0. Let vi (ξ) = ui (Oiξ) for ξ ∈ S3, then vi ∈ V is another minimizing
sequence with minS3 vi = vi (S) = λi, maxS3 vi = 1 and vi (N) → 1. Now we define

wi =



 1 + λ2
i |πN|2

λi

(
1 + |πN|2

)




1/2

· vi ◦ σN,λi ,

then wi is also a minimizing sequence. In addition, wi (S) =
√

λi and wi (N) /
√

λi →
1. Let νi = maxS3 wi, then as before we know wi

νi
⇀ w for some w ∈ H2

(
S3
)
.

We claim w > 0 on S3. Indeed, if w vanishes somewhere, then the arguments

before shows w =
(
1 + |πξ |2

)−1/2

for some ξ ∈ S3. Since it is clear that w (N) =

w (S), we see w (N) = w (S) > 0. Hence
√

λi

νi
→ w (N) > 0. But on S3\ {N, S},

wi

νi
≥ λi

νi


 1 + λ2

i |πN|2

λi

(
1 + |πN|2

)




1/2

→ w (N)
(
1 + |πN|2

)1/2
,

this shows w > 0 too, a contradiction. This shows w > 0 on S3 and hence it must
be a minimizer.
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8. The Berger spheres

The Lie group

SU (2) =

{(
a −b
b a

)
: a, b ∈ C, |a|2 + |b|2 = 1

}
,

may be identified with SU (2) ∼= S3. Its Lie algebra is

su (2) =

{(
it1 it2 − t3

it2 + t3 −it1

)
: t1, t2, t3 ∈ R

}
.

Choosing basis elements in su (2), namely

X1 =

(
i 0
0 −i

)
, X2 =

(
0 i
i 0

)
, X3 =

(
0 −1
1 0

)
,

then [X1, X2] = 2X3, [X2, X3] = 2X1, [X3, X1] = 2X2.
Let (cf. section 3.1 of [H])

X = X1, Z+ = X2 + iX3, Z− = X2 − iX3,

then
X1 = X, X2X2 + X3X3 = Z+Z− + 2iX.

Let SU (2) × C2 → C2 be the standard representation, denote

x =

(
1
0

)
, y =

(
0
1

)
,

then we have 



X (xmyn) = i (m − n) xmyn,
Z+ (xmyn) = 2imxm−1yn+1,
Z− (xmyn) = 2inxm+1yn−1,

for m, n ≥ 0.

For t > 0, let e1 = t−1X1, e2 = X2, e3 = X3, then the Berger sphere has the
metric gt on S3 such that e1, e2, e3 is an orthonormal base. Under the metric gt, in
terms of e1, e2, e3, we have (see [Pe], p81)

R1212 = t2, R1313 = t2, R2323 = 4 − 3t2, R1213 = R1223 = R1323 = 0.

Hence

R = 8 − 2t2,

Q = −169

8
t4 + 41t2 − 18

= −169

8

(
t +

2 − 4
√

10

13

)(
t − 2 − 4

√
10

13

)(
t +

2 + 4
√

10

13

)(
t − 2 + 4

√
10

13

)
.

We remark that −2+4
√

10
13 ≈ 0.8192, 2+4

√
10

13 ≈ 1.1269.

The Shouten tensor is A = Rc − R
4 g, in index form,

A11 =
5

2
t2 − 2, A22 = 2 − 3

2
t2, A33 = 2 − 3

2
t2, A12 = A13 = A23 = 0.

Hence σ2 (A) = − 21
4

(
t2 − 4

7

) (
t2 − 4

3

)
.

The Cotton tensor is Cijk = Aijk − Aikj , more precisely,

C123 = 8t3 − 8t, C231 = 4t − 4t3, C312 = 4t − 4t3, Cijk = −Cikj ,

Ciij = Ciji = Cjii = 0.
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In particular, this shows |C|2 = 192t2
(
t2 − 1

)2
. As a corollary, we see for t 6= 1,

Conf
(
S3, gt

)
= Isom

(
S3, gt

)
. In fact, given σ ∈ Conf

(
S3, gt

)
, we have σ∗gt = ρ2gt

for some ρ ∈ C∞ (S3
)
, ρ > 0. Hence by the conformal transformation law for

Cotton tensor, we have |Cσ∗gt |2 =
∣∣Cρ2gt

∣∣2 = ρ−6 |C|2 = 192t2
(
t2 − 1

)2
ρ−6. On

the other hand, we know |Cσ∗gt |2 = |C|2 ◦ σ = 192t2
(
t2 − 1

)2
. Hence ρ ≡ 1. That

is σ is an isometry.
For the Laplace operator, we have

∆t = e1e1 + e2e2 + e3e3 = t−2XX + 2iX + Z+Z−,

hence we have

Lemma 8.1. The eigenvalues of ∆t are

λm,n = 4mn + 2 (m + n) + (m − n)2 t−2, m ≥ 0, n ≥ 0,

here each λm,n should be counted m + n + 1 times.

Proof. This follows from the fact

∆t (xmyn) =
(
4mn + 2 (m + n) + (m − n)

2
t−2
)

xmyn

for m, n ≥ 0. The similar calculation was used in section 3.1 of [H] to compute the
eigenvalues of the Dirac’s operator on Berger spheres.

For the Paneitz operator, we have

Pt = ∆2 +

(
5

2
t2 − 10

)
∆ + 8t2e1e1 + 8

(
2 − t2

)
(e2e2 + e3e3)

+

(
169

16
t4 − 41

2
t2 + 9

)

= ∆2 +

(
5

2
t2 − 10

)
∆ +

(
169

16
t4 − 41

2
t2 + 9

)
+ 8XX

+16
(
2 − t2

)
iX + 8

(
2− t2

)
Z+Z−.

From this we deduce

Lemma 8.2. The eigenvalues of Pt are

λm,n =
169

16
t4 +

(
22mn + 11 (m + n) − 41

2

)
t2 + 16m2n2

+16mn (m + n) − 13

2
(m − n)

2 − 8mn− 12 (m + n) + 9

+ (8mn + 4 (m + n) + 10) (m − n)
2
t−2 + (m − n)

4
t−4,

for m, n ≥ 0, here each λm,n should be counted m + n + 1 times.

Now we proceed to carefully study these eigenvalues.

Lemma 8.3. For m ≥ 0, n ≥ 0, m + n ≥ 1, we have λm,n (t) > 0 for t > 0.

Proof. First we observe that for any m, n ≥ 0, λm,n = λn,m.
If m ≥ 1 and n ≥ 1, then we may assume m ≥ n. In this case,

22mn + 11 (m + n) − 41

2
≥ 47

2
> 0,
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and

16m2n2 + 16mn (m + n) − 13

2
(m − n)

2 − 8mn − 12 (m + n) + 9

≥ 16m2 + 16 (m + n) − 29

2
m2 − 12 (m + n) + 9 ≥ 9 > 0,

hence λm,n (t) > 0 for any t > 0.
If n = 0, m ≥ 3, then

λm,0 (t)

=
169

16
t4 +

(
11m− 41

2

)
t2 − 13

2
m2 − 12m + 9 +

(
4m3 + 10m2

)
t−2 + m4t−4

=

(
13

4
t2 − m2t−2

)2

+

(
11m− 41

2

)
t2 − 12m + 9 +

(
4m3 + 10m2

)
t−2

≥ 25

6
mt2 − 12m + 66mt−2 + 9 ≥ 9 > 0

for t > 0.
In addition,

λ2,0 (t) =
169

16
t4 +

3

2
t2 − 41 + 72t−2 + 16t−4 ≥ 3

2
t2 + 72t−2 − 15 > 0

for t > 0, and

λ1,0 (t) =
169

16
t4 − 19

2
t2 − 19

2
+ 14t−2 + t−4 > 10t4 − 10t2 − 10 + 10t−2

= 10t−2
(
t2 + 1

) (
t2 − 1

)2 ≥ 0

for t > 0. The lemma follows.

Lemma 8.4. For m ≥ 0, n ≥ 0, m + n ≥ 1, we have λm,n (t) > λ0,0 (t) for t > 0.

Proof. Note that

λm,n (t) − λ0,0 (t)

= (22mn + 11 (m + n)) t2 + 16m2n2 + 16mn (m + n) − 13

2
(m − n)

2 − 8mn

−12 (m + n) +
(
8mn (m − n)

2
+ 4 (m + n) (m − n)

2
+ 10 (m − n)

2
)

t−2

+ (m − n)
4
t−4.

If m ≥ n ≥ 1, then again, using

16m2n2 + 16mn (m + n) − 13

2
(m − n)2 − 8mn− 12 (m + n)

≥ 16m2 + 16 (m + n) − 29

2
m2 − 12 (m + n) ≥ 9 > 0

we deduce the conclusion.
If m ≥ 1, n = 0, then

λm,0 (t) − λ0,0 (t) = 11mt2 − 13

2
m2 − 12m +

(
10m2 + 4m3

)
t−2 + m4t−4

> m

(
3t2 − 13

2
m + 4m2t−2 + 8t2 − 12 + 10mt−2

)
≥ 0.

The lemma follows.
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Corollary 8.1. We have the following

• λ0,0 (t) is the first eigenvalue of Pt, with multiplicity one, and the corre-
sponding eigenspace is the set of constant functions.

• For t ∈
(
0, −2+4

√
10

13

)
∪
(

2+4
√

10
13 ,∞

)
, Pt > 0 and

Y 3
4

(
S3, gt

)

= I3
4 (1) = −169

4
21/3π8/3t16/3 + 82 · 21/3π8/3t10/3 − 36 · 21/3π8/3t4/3,

in addition, the constant multiple of gt is the only metric having constant
Q curvature in the conformal class.

• P−2+4
√

10

13

≥ 0, ker
(
P−2+4

√
10

13

)
= {const}.

• P 2+4
√

10

13

≥ 0, ker
(
P 2+4

√
10

13

)
= {const}.

• For t ∈
(

−2+4
√

10
13 , 2+4

√
10

13

)
, Pt has exactly one negative eigenvalue λ0,0 (t).

Remark 8.1. It is worth noticing that for t ∈
(√

4
7 , −2+4

√
10

13

)
∪
(

2+4
√

10
13 ,

√
4
3

)
,

σ2 (A) = − 21
4

(
t2 − 4

7

) (
t2 − 4

3

)
> 0, Pt > 0, R = 8 − 2t2 > 0.

Now we state the following

Lemma 8.5. For any m ≥ 0, n ≥ 0, (m, n) 6= (0, 0) , (1, 1), we have λm,n (t) λ1,1 (t)
−1

is strictly decreasing for t ∈ (0, 1].

Proof. Note that λ1,1 (t) = 169
16 t4 + 47

2 t2 + 25. Computations show that

−
(
λ′

m,n (t) λ1,1 (t) − λm,n (t) λ′
1,1 (t)

)
= c5t

5+c3t
3+c1t+c−1t

−1+c−3t
−3+c−5t

−5,

where

c5 =
1859

8
(2mn + m + n − 4) ,

c3 = 676m2n2 + 676m2n + 676mn2 − 2197

8
m2 − 2197

8
n2 +

845

4
mn

−507m− 507n− 676,

c1 = 507m3n − 262m2n2 + 507mn3 +
507

2
m3 +

997

2
m2n +

997

2
mn2 +

507

2
n3

+
1313

4
m2 − 4265

2
mn +

1313

4
n2 − 1114m− 1114n + 1448,

c−1 =

(
169

2
m2 + 583mn +

169

2
n2 + 376m + 376n + 940

)
(m − n)

2
,

c−3 =
(
141m2 + 118mn + 141n2 + 200m + 200n + 500

)
(m − n)

2
,

c−5 = 100 (m − n)4 .

Assume m ≥ n ≥ 1 and m 6= 1, then one shows easily as before that c5 > 0, c3 > 0
and c1 > 0. Hence λ′

m,n (t) λ1,1 (t) − λm,n (t) λ′
1,1 (t) < 0 for 0 < t ≤ 1.

On the other hand,

−
(
λ′

m,0 (t) λ1,1 (t) − λm,0 (t) λ′
1,1 (t)

)
= d5t

5+d3t
3+d1t+d−1t

−1+d−3t
−3+d−5t

−5,
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where

d5 =
1859

8
(m − 4) ,

d3 = −2197

8
m2 − 507m− 676,

d1 =
507

2
m3 +

1313

4
m2 − 1114m + 1448,

d−1 =
169

2
m4 + 376m3 + 940m2,

d−3 = 141m4 + 200m3 + 500m2,

d−5 = 100m4.

If m ≥ 4, then d5 ≥ 0, d1 ≥ 0, in addition

d−5 + d−3 + d−1 + d3 =
651

2
m4 + 576m3 +

9323

8
m2 − 507m− 676 > 0.

This implies λ′
m,0 (t) λ1,1 (t) − λm,0 (t) λ′

1,1 (t) < 0 for 0 < t ≤ 1.
For m = 3,

λ′
3,0 (t) λ1,1 (t) − λ3,0 (t) λ′

1,1 (t)

=
1859

8
t5 +

37349

8
t3 − 31619

4
t − 50913

2
t−1 − 21321t−3 − 8100t−5

< 0 when 0 < t ≤ 1.

For m = 2,

λ′
2,0 (t) λ1,1 (t) − λ2,0 (t) λ′

1,1 (t)

=
1859

4
t5 +

5577

2
t3 − 2561t− 8120t−1 − 5856t−3 − 1600t−5

< 0 when 0 < t ≤ 1.

For m = 1,

λ′
1,0 (t) λ1,1 (t) − λ1,0 (t) λ′

1,1 (t)

=
5577

8
t5 +

11661

8
t3 − 3663

4
t − 2801

2
t−1 − 841t−3 − 100t−5

< 0 when 0 < t ≤ 1.

The lemma follows.

By direct calculation, we have

Lemma 8.6. We have

λ0,0 (t)

λ1,1 (t)

{
>

λ0,0(1)
λ1,1(1) , when 0 < t < 2

√
37

13 ≈ 0.9358,

<
λ0,0(1)
λ1,1(1) , when 2

√
37

13 < t < 1.

Corollary 8.2. For any t ∈
(
0, 2

√
37

13

]
, Pt ≥

(
169
945 t4 + 376

945 t2 + 80
189

)
P1 on the space

L2
(
S3, dH3

S3

)
. In addition, for any t ∈

(
2
√

37
13 , 1

)
, there is no any real number c

such that Pt ≥ c · P1.
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Proof. Assume t ∈
(
0, 2

√
37

13

]
, then for any m ≥ 0, n ≥ 0, we have

λm,n(t)
λ1,1(t)

≥ λm,n(1)
λ1,1(1) .

Hence λm,n (t) ≥ λ1,1(t)
λ1,1(1)

λm,n (1). This implies Pt ≥ λ1,1(t)
λ1,1(1)P1. Computation shows

λ1,1(t)
λ1,1(1) = 169

945 t4 + 376
945 t2 + 80

189 .

Assume t ∈
(

2
√

37
13 , 1

)
. If for some real number c we have Pt ≥ c · P1, then we

have λ0,0 (t) ≥ cλ0,0 (1) and λ1,1 (t) ≥ cλ1,1 (1) .Since λ0,0 (1) < 0, λ1,1 (1) > 0, we

get
λ0,0(t)
λ0,0(1) ≤ λ1,1(t)

λ1,1(1) . This implies
λ0,0(t)
λ1,1(t) ≥ λ0,0(1)

λ1,1(1)
and it contradicts with Lemma

8.6.

Corollary 8.3. For any t ∈
(
0, 2

√
37

13

)
,
(
S3, gt

)
satisfies the condition (P ).

Proof. It clear that gt satisfies the condition (NN). In addition, if for some u ∈
H2
(
S3
)
, u vanishes somewhere and Et (u) = 0, then it follows from Corollary 8.2

that E1 (u) ≤ 0. Using Corollary 7.1 we see for some ξ ∈ S3, and some constant

c, that u = c
(
1 + |πξ |2

)−1/2

. It follows easily from Lemma 8.6 and the proof of

Corollary 8.2 that

Et

((
1 + |πξ|2

)−1/2
)

>

(
169

945
t4 +

376

945
t2 +

80

189

)
E1

((
1 + |πξ|2

)−1/2
)

= 0.

Hence we get c = 0. This implies u = 0 and the corollary follows. Another way to

see Et

((
1 + |πξ |2

)−1/2
)

> 0 is by the formula

(8.1) Et

((
1 + |πξ |2

)−1/2
)

=
π2

12

(
507t5 − 940t3 + 366t + 60t−1 + 7t−3

)
,

which follows from a direct computation. Let φ (t) = 507t5−940t3 +366t+60t−1+
7t−3, then one easily verifies that φ (1) = φ′ (1) = 0, and φ′′ (t) > 0 for t > 0. This
implies φ (t) > 0 for t 6= 1.

Lemma 8.7. For m ≥ 0, n ≥ 0, (m, n) 6= (0, 0), t4λm,n (t) is strictly increasing on
[1,∞).

Proof. Note that

t4λm,n (t) =
169

16
t8 +

(
22mn + 11 (m + n) − 41

2

)
t6

+

(
16m2n2 + 16mn (m + n) − 13

2
(m − n)2 − 8mn − 12 (m + n) + 9

)
t4

+ (8mn + 4 (m + n) + 10) (m − n)
2
t2 + (m − n)

4
.

If m ≥ n ≥ 1, then since the coefficients of t6 and t4 are positive, as proved in
Lemma 8.3, we see t4λm,n (t) is strictly increasing on (0,∞).

Assume n = 0, then

(
t4λm,0 (t)

)′
=

169

2
t7 +(66m− 123) t5 +

(
−26m2 − 48m + 36

)
t3 +

(
8m3 + 20m2

)
t.

Note that for t > 0,

169

2
t7 + 8m3t =

169

2
t7 + 4m3t + 4m3t ≥ 6

3
√

169m2t3 ≥ 33m2t3,
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hence for t ≥ 1,
(
t4λm,0 (t)

)′ ≥ (66m − 123) t5 +
(
7m2 − 48m + 36

)
t3 ≥

(
7m2 + 18m− 87

)
t3.

This implies if m ≥ 3, then t4λm,0 (t) is strictly increasing on [1,∞). On the other
hand, for t ≥ 1,

(
t4λ2,0 (t)

)′
=

169

2
t7 + 9t5 − 164t3 + 144t ≥ 81t5 − 164t3 + 144t ≥ 52t3 > 0,

and
(
t4λ1,0 (t)

)′
=

169

2
t7 − 57t5 − 38t3 + 28t =

169

4
t7 +

169

4
t7 + 28t − 57t5 − 38t3

≥ 3
3

√
199927

4
t5 − 57t5 − 38t3 ≥ 53t5 − 38t3 > 0.

The lemma follows.

Lemma 8.8. There exists a unique number t∗ > 1 such that

t4λ0,0 (t)

{
< λ0,0 (1) , when 1 < t < t∗,
> λ0,0 (1) , when t∗ < t < ∞.

In addition, t∗ ≈ 1.0468.

Proof. Let φ (t) = t4λ0,0 (t) = 169
16 t8− 41

2 t6 +9t4. Since φ′ (t) = 169
2 t7−123t5+36t3,

we see

φ′ (t)





< 0, when t ∈
(

1,

√
123+3

√
329

13

)
,

> 0, when t ∈
(√

123+3
√

329
13 ,∞

)
.

Note that

√
123+3

√
329

13 ≈ 1.0246. In view of the fact φ (∞) = ∞, the lemma
follows.

Corollary 8.4. Let t∗ be the number in Lemma 8.8, then for any t ∈ [t∗,∞), we
have Pt ≥ t−4P1. In addition, for t ∈ (1, t∗), one could not find any number c such
that Pt ≥ cP1.

Proof. For any t ∈ [t∗,∞), since t4λm,n (t) ≥ λm,n (1) for m, n ≥ 0, we see
λm,n (t) ≥ t−4λm,n (1). Hence Pt ≥ t−4P1.

For any t ∈ (1, t∗), if for some real number c we have Pt ≥ cP1, then for each m ≥
0, n ≥ 0, λm,n (t) ≥ cλm,n (1). In particular, for any m ≥ 0, λm,0 (t) ≥ cλm,0 (1).
Since

λm,0 (t) =
169

16
t4 +

(
11m− 41

2

)
t2− 13

2
m2−12m+9+

(
4m3 + 10m2

)
t−2 +m4t−4,

by letting m → ∞, we see t−4 ≥ c. On the other hand, λ0,0 (t) ≥ cλ0,0 (1) ≥
t−4λ0,0 (1), here we have used the fact λ0,0 (1) < 0. Hence t4λ0,0 (t) ≥ λ0,0 (1), but
this contradicts with Lemma 8.8.

Similar to Corollary 8.3, we have

Corollary 8.5. For t ∈ (t∗,∞), with t∗ being the number in Lemma 8.8,
(
S3, gt

)

satisfies the condition (P ).
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Lemma 8.9. For t ∈
(

−2+4
√

10
13 , 2+4

√
10

13

)
, let Gt (x, y) be the Green’s function for

Pt, then we have

Gt (x, x) =
1

2π2t

∑

m,n≥0

m + n + 1

λm,n (t)

for any x ∈ S3.

Proof. Let (λi)
∞
i=1 be the eigenvalues of Pt, and φi be the (real) orthonormal base

for L2
(
S3, dµ

)
such that Ptφi = λiφi. Then Gt (x, y) =

∑∞
i=1

1
λi

φi (x) φi (y). This

shows Gt (x, x) =
∑∞

i=1
1
λi

φi (x)
2
. Hence

∞∑

i=1

1

λi
=

∫

S3

Gt (x, x) dµ = t

∫

S3

Gt (x, x) dH3.

Since SU (2) acts transitively on S3 and they are all isometric actions, we see
Gt (x, x) does not depend on the choice of x ∈ S3. Hence Gt (x, x) = 1

2π2t

∑∞
i=1

1
λi

.
The lemma follows.

Lemma 8.10. Let ζ (t) =
∑

m,n≥0
m+n+1

t4λm,n(t) , then ζ ′′ (t) < 0 for 0.93 ≤ t ≤ 1.05.

Proof. Let pm,n (t) = t4λm,n (t). Then we have the following basic facts.

(1) For m ≥ 0, n ≥ 0, m + n ≥ 1, 0.93 ≤ t ≤ 1.05, we have p′
m,n (t) > 0,

tp′
m,n(t)

pm,n(t) ≤ 6, in particular, this shows
p′

m,n(t)

pm,n(t) ≤ 6.5.

(2) For m ≥ 0, n ≥ 0, m + n ≥ 2, 0.93 ≤ t ≤ 1.05, we have p′′
m,n (t) ≥ 0.

(3) For m ≥ 0, n ≥ 0, m + n ≥ 1, 0.93 ≤ t ≤ 1.05, pm,n (t) ≥ 0.67pm,n (1).

(4) For 0.93 ≤ t ≤ 1.05,
(

1
p0,0(t)

)′′
≤ −110.

(5) For 0.93 ≤ t ≤ 1.05,
(

1
p1,0(t)

)′′
≤ − 5

4 .

We note that (1) can be proved exactly the same as before by considering
6pm,n (t) − tp′m,n (t). (2) can be proved in the same way before too. (3) can be

proved in view of the fact pm,n (t) p1,1 (t)
−1

is decreasing on (0, 1]. (4) and (5) can
be proved by usual calculus. We omit the long but not illuminating details here.
Hence for m ≥ 0, n ≥ 0, k = m + n ≥ 2, 0.93 ≤ t ≤ 1.05, we have
(

1

pm,n (t)

)′′
=

2p′m,n (t)
2

pm,n (t)
3 −

p′′m,n (t)

pm,n (t)
2

≤ 2 × 1

0.67
× 6.52 × 1

(k + 5/2) (k + 3/2) (k + 1/2) (k − 1/2)

≤ 127

(k + 5/2) (k + 3/2) (k + 1/2) (k − 1/2)
.

Now for 0.93 ≤ t ≤ 1.05,

ζ ′′ (t) ≤
(

1

p0,0 (t)

)′′
+

(
4

p1,0 (t)

)′′
+

∞∑

k=2

127 (k + 1)
2

(k + 5/2) (k + 3/2) (k + 1/2) (k − 1/2)

≤ −115 + 127

∞∑

k=2

1

(k + 1/2) (k − 1/2)
= −115 + 127× 2/3 < 0.

The lemma follows.
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Corollary 8.6. For t ∈ [0.93, 1.05], the Green’s function for the Paneitz operator
Pt satisfies Gt (x, x) < 0 for x ∈ S3.

Proof. First we observe that G1 (x, x) = 0 and ∂t|t=1 Gt (x, x) = 0. Note that the
second equation follows from the direct computation (8.1) and Lemma 4.2. Since

ζ (t) = 2π2

t3 Gt (x, x), we see ζ (1) = ζ ′ (1) = 0. It follows from this and Lemma 8.10
that ζ (t) < 0 for t ∈ [0.93, 1.05].

Now we are ready to prove Theorem 1.3.

Proof of Theorem 1.3. The case t ∈
(
0, −2+4

√
10

13

)
∪
(

2+4
√

10
13 ,∞

)
has been handled

in Corollary 8.1.

Assume t = −2+4
√

10
13 or 2+4

√
10

13 . Given a metric in the conformal class of gt with

constant Q curvature, it may be written as u−4gt for some u ∈ C∞ (S3
)
, u > 0.

Then Ptu = cu−7 for some c ∈ R. Hence 0 =
∫

S3 Ptudµt = c
∫

S3 u−7dµt and this
implies c = 0. We have u ∈ kerPt = {const}. This gives the needed conclusion.

Now we concentrate on the case t ∈
(

−2+4
√

10
13 , 1

)
. The case t ∈

(
1, 2+4

√
10

13

)

may be proved in a similar way. By Lemma 8.9 and Lemma 8.5, we have

Gt (x, x) =
1

2π2t

∑

m,n≥0

m + n + 1

λm,n (t)

≤ 1

2π2t

1

λ0,0 (t)
+

λ1,1 (t)

2π2tλ1,1 (1)

∑

m,n≥0
m+n≥1

m + n + 1

λm,n (1)

=
1

2π2t

1

λ0,0 (t)
+

λ1,1 (t)

2π2tλ1,1 (1)

∞∑

k=1

(k + 1)
2

(k + 5/2) (k + 3/2) (k + 1/2) (k − 1/2)
.

From this we see easily that lim
t→−2+4

√
10

13
+0

Gt (x, x) = −∞.

We claim Gt (x, x) < 0 for any t ∈
(

−2+4
√

10
13 , 2

√
37

13

)
. Indeed, if this is not the

case, then for some t ∈
(

−2+4
√

10
13 , 2

√
37

13

)
, we have Gt (x, x) = 0. But since gt satis-

fies the condition (P ) (see Corollary 8.3), we see Gt (x, x) = Et (Gt (x, ·) , Gt (x, ·)) >
0, a contradiction. Hence, in view of Corollary 8.6, we know Gt (x, x) < 0 for all

t ∈
(

−2+4
√

10
13 , 1

)
(note that 2

√
37

13 ≈ 0.9358).

We claim that for any t ∈ (0.93, 1), gt satisfies the condition (P ). If this is
not the case, by Corollary 8.3, Lemma 5.1 and a continuity argument, we may
find some t ∈ (0.93, 1) such that gt satisfies the condition (NN) but does not
satisfies the condition (P ). Hence we may find some u ∈ H2

(
S3
)
\ {0} such that

u vanishes somewhere and Et (u) = 0. Assume u (x) = 0 for some x ∈ S3, then it
follows from Lemma 5.3 that this u must be the nonzero constant multiple of the
Green’s function Gt (x, ·). In particular, this shows 0 = Et (Gt (x, ·)) = Gt (x, x) a
contradiction. Hence gt does satisfy the condition (P ) for t ∈ (0.93, 1). Now we

know for any t ∈
(

−2+4
√

10
13 , 1

)
, Gt (x, x) < 0 and gt satisfies the condition (P ).

It follows easily that Gt (x, y) < 0 on S3 × S3, because otherwise the value of the
Green’s function at the pole would be positive. By Theorem 1.1, we conclude the
finiteness of Y 3

4

(
S3, gt

)
and the existence of minimizing function in V .
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