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1 Introduction

Let 2 C R™ be an open subset and suppose u : {2 — R" is a differentiable map. Following
[M1] we denote

(1.1) det(Du) = the usual determinant of the Jacobian matrix Du,

(1.2) Det(Du) = 8;(u'(adjDu)}).

Here we use the standard summation convention and adjDu means the adjoint matrix of Du.
If u € WH*(Q, R"), then det(Du) is a L' function on Q and Det(Du) defined by (1.2) is well-
defined in the sense of distribution. It is a well known fact that det(Du) = Det(Du) when
u € Whm(Q, R"), which can be proved by the smooth approximations. However the formula
(1.2) is well-defined in the sense of distribution even for u € W 1(Q R") N L®(Q) or u €

2

Wb (Q,R"). An important question is to understand the range of the map u — Det(Du).
If Det(Du) is a Radon measure, then from [M1] we know det(Du) is the regular part of
Det(Du) and Det(Du) — det(Du) is the singular part. It follows from the constructions
in [M2] that the support of the singular part could be a closed set of arbitrary Hausdorff
dimension between 0 and n. In other words there is essentially no restriction on the support
of the singular part of this measure. But the situation is quite different when we consider
maps u € W 1(Q, S"1). In this case one may show that if Det(Du) is a signed measure
of finite total mass, then it is a finite integer combination of Dirac masses, see also [BN1,2].
Hence it defines an integer multiplicity current. A higher dimensional version of this latter
fact is the recent theorem of Jerrard and Soner [JS].

Theorem of Jerrard and Soner For any u € Wh"=1(Q, S" 1), if Jac(u) is a vector-valued
measure with finite total mass, then it is an integer multiplicity rectifiable current.

The proof of this theorem follows essentially from the fact just mentioned above for the maps

u € WY (R", $"~1) and the slicing criterion for rectifiability of normal currents established

recently by Ambrosio and Kirchheim [AK]. There is also a simple and direct proof due to

!Newly modified in April, 2001



Giaquinta and Modica. For detailed discussion of all these results we refer to [JS]. Note that
det(Du) = 0 in the case that the image of the maps are in the unit sphere. Det(Du) is
therefore singular respect to Lebesgue measure and will be denoted as Sing(u) later. In this
paper we will generalize the above fact to higher codimension case for a class of fractional
order Sobolev space. We are interested in this class also because it is related to the study
of asymptotic of Ginzburg-Landau minimizers. Let us describe the set up of the problem.
Assume m > n > 2, myn € N, R = R™ x (0,00), g € VVl "’n(Rm S™=1). We define
Sing(g) to be a (m — n) current as follows. We choose an extension u € W™ (R R?)
such that u|gm = ¢ and for any 7, a smooth (m — n) form on R™ with compact support, we
choose 7, a smooth (m — n) form on R™™! with compact support, such that 7|gm = 7, then
one defines

(1.3) (Sing(g),7) = i/ di Au(dy' A -+ A dy™),
Wy, Jrm+1

where w,, denotes the volume of the unit ball in R*. Using the Stokes’ theorem, one can
easily verify that Sing(g) is a well-defined (m — n) current. The Similar definition as (1.3)
was introduced already in the earlier work of Brezis-Coron-Lieb [BCL] for finite energy maps
from a three dimensional domain into the standard 2-sphere. Our definition was motivated
by the recent work of Riviere [Ri] and that of Bourgain-Brezis-Mironescu [BBM]. For any
p € [l,00), s € (0,1) and f a measurable function, one defines

(1) ugien = ([ [ =TS0, w)’

In fact this is the seminorm of fractional order Sobolev spaces, see p214 of [A]. We have the
following theorem,

Theorem 1.1 Suppose m >n > 2, g : R™ — S"7' such that [g]; 1 ,gm < 00, then there

erists an integer multiplicity m — n + 1 current J in RTH such that 0J = Sing(g) and the
mass of J is bounded by c(m,n)[g]7 1 om-
We call J in the theorem the connecting current. The theorem has the following important
corollary which implies the rectifiability of the support of the Sing(g),

Corollary 1.1 Under the assumption of the theorem, if Sing(g) is a vector-valued measure
with finite total mass, then it is an integer multiplicity rectifiable current.

We remark that all the proofs given in the paper could be localized, so we may have a local
version of the corollary too. But we will not elaborate further these minor changes. We note



that although our result has lower order requirement on differentiability, Jerrard and Soner’s
result is not contained in ours in view of the embedding theorem in chapter 7 of [A]. On the
other hand, our result is more natural for the boundary value problems.

Added in April, 2001 : It follows from the generalized Gagliardo-Nirenberg inequality
(Lemma D.1 and Remark D.2 in [BBM]) that for Q C R™, an open bounded smooth subset,
n > 3, we have

Wl’n_l(Q, Sn—l) C Wl—%,n(Q’ Sn—l)’

hence when n > 3, the result of Jerrard and Soner mentioned above is contained in Corollary
1.1. Unfortunately the inclusion above is not true for the case n = 2, that is when the target
is St. But we have,

white(Q, sh ¢ W%’2(Q, SY  for any e > 0.

The paper is written as follows. In section 2 below, we describe a few facts related to the
harmonic extensions of functions. Section 3 gives the proof of theorem 1.1 by an elementary
method, which only uses the co-area formula. In section 4, we give another proof which fits
in the degree theory developed in [BN1,2]. There we present an adaption of a proof from
[Ri].

2 Harmonic functions on the upper half space

In this section we will present some basic properties of harmonic extensions to the upper
half space of certain fractional order Sobolev functions. These results are elementary, but
we give the proofs here for reader’s convenience. Let n € N, recall for any ¢t > 0, x € R" the
Poisson kernel

(2.1) P(z,t)=P(z) = ————, ¢, =

(P +e) =" "

Here I' denotes the special gamma function. We know [, P;(x)dz = 1, see chapter 3 of [St].
For f € L'(R") + L*®(R"), we call u(x,t) = [g. Pi(z — y)f(y)dy the Poisson integral of f.

cpt P("T“)
nT_H

™

Proposition 2.1 Suppose 1 < p < oo, g € L'(R") + L*(R") satisfies [g], _1 ,gn < 00, then
p, b}
\Pi* g — glemrn) = 0(151*%) ast— 0+0.

Proof. First denote for any y € R”

(22) afy)=( | lo+y) - gl@)dr)”



We have

9(z +y) —g@)P

29 Lo st = [ ae [
wy ()"

= / (W/R l9(z +y) —g(x)\”dw)dy= /R |y|gn+p_1dy

(2.4 (Px9)e) = 9ta) = | [ Piwata =)y — [ Piw)ota)dy

< [ PWlsta ) - g(a)dy
So .
(2.5) P+ g— gl < /R Pt(y)( - lg(z —y) — g(w)\”dx) "dy

= / ) Py(y)wy(—y)dy = / ) Py(y)wy(y)dy.

Denote e; = (1,0,---,0) € R, the first direction.

(2.6) [ Py =3[ Py
" jez VY Baj+1\Byj
<Yr@e) [ wa<Y R [ wrd) C@2m)
JET Byj+1\Byj JEZ B,j1+1\By;
here p’ = . For any r > 0, put
1 p

(2.7) e(r) = T s, wg(y)’dy,
then
28) oy [ B gy commggp

Bay\Br y|m P ~p P

Hence ¢(r) is bounded and €(r) — 0 as 7 — 0+ 0 or r — oco. From (2.6) we know

(2.9) / Py)wy(0)dy < c(n,p) 3 Py(2er)e(29)720m (QJ) e

i
JEZL



Put

(2.11) /n Py(y)wy(y)dy < ¢(n,p) ZE(Zj)’%Qj”Qt(Qjel)tI*%

<cln,p)t Y e(2)? / Quly)dy = cln,p)t' > [ Qily)e(2tos )5 gy
Rn

JEL B,j\Byj-1

_1 o 1
=c(n,p)t'"» [ Q(y)e(2lB/WlT)r gy,
RTL

Now using the fact (20082 [w+1) < gntp=11gP and g(2loe21%1+1) 5 0 as t — 0+0, from
g lfz,pJRn

the Lebesgue dominated convergence theorem we know |P;* g — g|r» = o(tl_r%) ast — 0+40.
Q.E.D.
Proposition 2.2 Suppose 1 < p < oo, g € L'(R") + L°(R") satisfies [9]1_1 prn < 00, let
p’ b}
1
u be the Poisson integral of g, then we have ([gn+1 [Vu(z, t)[Pdzdt)? < c(n,p)lgli_1 ,zn-
+ p

Proof. At first we have

(2.12)  u(z,t) = / P(y,t)g(x — y)dy = / P(y,t)(g9(z —y) — g(z))dy + g(x).

n

So

(2.13) On1u(w,t) = . On1P(y,t)(g(x — y) — g(z))dy

=0 [ = o 0) ~ gty
e+ )™

np—n+1 > n
(n+1)p (n+1)p

—ntl
7, we may choose ¢ € (55, %)a say

By simple computation we know
the middle point of the interval.

214) uste ] <) [ =Kl — )~ oo



1
2 2 (170)1) ? 2 9 pla
yl” —né ly* — nt?|
= C(n)(/ (%) lg(z —y) — 9($)|pdy) (/ (W)
o (ylP+ ) (lyl> + )"
Now y .
2 _ t2 p ) 2 P
(2.15) / L / (A=l Y™y,
R N ([yl2 +42) > re M[y[24+1) 7
= c(n, p)t"~ PO,

Here we use the fact (n+ 1)p'6 > n. So

(2.16) |Opy1u(x,t)|
2 21  (1-0)p v
ﬂ,fn y|©—nt
< clnppe? ([ (LY gt — ) — o))
o (gl )
(2.17) / dz / O ru(z, £)Pdt
2 _ py2| PO-0) w
np/ dfﬂ/ dt/ ‘Hg‘g‘—i-t? |> ter I gz — y) — g()Pdy
n n y

_ we(=y)” %m0y 1)po M p(1-0)
_c(n,p)/ |y|nte—1 (/0 te <(1+t2)n+3> dt)dy,

By the choice of # we know

© np_ 1 —nt?| \r(1-9)
(2.18) / £ (”“)””('7"%'3) dt < oo,
0 (1+1¢2)
From (2.3), (2.17) and (2.18) we get
x wy(=y)"
(2.19) /n dx/o |Onr1u(z, t)[Pdt < ¢(n,p) /Rn |yg|n+p_1 dy

= ctnp) [ ““‘n(ﬂ,) dy = c(n, D)ol

On the other hand,

(2.20) VP, ) = —(n+1)ep—2"

(J2f? +2)5"

dy)

1
P



where V' means the derivatives which only involve the first n directions.

(2.21) Vu(z,t) = | V'P(x—y,t)g(y)dy

R

= [ V'P(y,t)g(z—y)dy = / V'P(y,t)(g(z —y) — g(z))dy.

Rn
Hence

(222 V| < cln) [ elate =)~ gty

Choose the same 6 as before, then
(2.23) \V'u(z,t)|
1

<con)( [ () o —swran) ([ () w)”

Now )

tly| Pl —(nt+1)p'0 Y| v
(2.24) / ) dy =t ) W
R ((Iyl“rt?ﬂF> <(1+|y| 2% )

— c(n p)tn—(n—l—l)p 0

because (n + 2)p'0 > n. This and (2.23) imply

(2.25) / d:c/ \V'u(z,t)|Pdt
—(n tly| p(1-6)
c(n,p / dy/ dx/ TGS ”9 l9(x —y) — g(x)[7dt
o o ()
wy(—y)? /oo "8 —(n+1)pf 1 p(1-0)
( p)/ ly [t 1( 0 ((1+t2)%) ) ’

from the choice of 8, we observe that

© oy (1-9)
(2.26) / tw‘("“”’”(%)p dt < oo,
0 (1+t3)~=

From (2.3), (2.25) and (2.26) we get
21) [ e [T o <o [ SC0,

wy(y)?
= ¢(n, p) /IR |y|i+p,1dy =c(n,p)lgl] 1 5

(2.19) and (2.27) together imply the proposition. Q.E.D.
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Remark 2.1 Suppose we replace the R* by S™, and R’f’l by B, then we may prove
similar results by the Poisson integral formula for balls. The case p = 2 was done in [Ri],
where the expansion in terms of spherical harmonic functions was used. This kind of method
works well only for p =2 case. For reasons we refer to chapter 12 of [Z].

3 Finding the connecting current

In this section, we give the way to find the connecting current for Sing(g) in the Theorem
1.1.

Proof of Theorem 1.1 Suppose we are given ¢ as in the theorem, let u be the Poisson
integral of g, then |u(z,t)| < 1 and we know from Proposition 2.1 and 2.2 that

3D [ IVuPaH™ < cmmlal} s e [ u(o.0) = g(@)"dH (@) = oft" ).

From the co-area formula we know

(3.2) / CH™ T (0))dH(a) = /R  |Jac(u) dH™

< C(ma 7’L) /Rm+1 |Vu|nde+1 < c(m n)[g]l = n]Rm < oo.

Hence for a.e. a € B}, H" " "!(y~!(a)) < co. By Sard theorem we may also assume such a
is a regular value of v in Rt

Claim: For generic a and b in B?, for any 7, a smooth (m — n) form on R™*! with compact

support, we have fu‘l(a) dr = fu—l(b) dr.

Proof of the claim. For any 6 € (0,1), define E;p = {(z,t)\z € R™, |[u(z,t)| < #}. Choose
any e € S™ ! denote 7, as the orthogonal projection 7.(£) = £ — (£ - e)e, for any £ € R™.
Define u,(z,t) = me(u(x,t)), then by co-area formula we have

(3.3) H™ (w7, 1 (6) 0 BY) O (R™ x {t}))dH" " (0)

n—1
BG

B / ‘Jac(ue‘Rmx{t})‘XEt,Gde S c(m, n)/ XEt,O |Vu‘n_1de
{1} R x {1}

ﬁl'-'

< ctmm( [ . V™) " B (E ),
™x
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For any r > 0, we have

2r 2r
(3.4) E / dt / V(e £)Pde < 2 / dt / V(e £)"da

< 2/ \Vu["dH™ < oc.
R+
Define

(35) B, = {f\r < ¢ < 2r such that / HVu(e,t)"de > 4( /

m+1
R+

VulrdH™ + 1) 1

m

then we have |E,| < 7. Define
(3.6) E=J (@, 2")\Ey).
jez

For any t € E, we have
n 4 n m+1
(3.7) Vu(z, t)|"de < —( Vu"dH™ ! + 1).
m t RT+1

Since |g(x)| = 1, we have

(3.8) H™(E,,) < ﬁ /R Ju(r, 1) = gla)|"dH (7).

(3.1) and (3.8) imply
(3.9) H™(E;4) = o(t" ') as t — 0+ 0.

For t € E, from (3.3), (3.7) and (3.9) we get

(3.10) [ (u’l(we’l(b) N BN (R™ x {t}))danl(b)
4( Rm+1 |VU‘”de+1 —+ 1) "T—l i
< ¢(m, n)( J + ; ot = ) =o0(1).

Choose a sequence t; € E, t; — 0 such that H™~ "1 (u‘l(we_l(b) N By) N (R™ x {t]})> — 0,

H™" ' ae. be Bj~'. Note m,1(b) is a line. If we have a;,as such that |a;],|as| < 6 and

9



Te(a1) = me(ag) = b for a generic b, denote [a1,as] = {(1 — A)a; + Aax\0 < A < 1}. From
Stokes formula we have

(3.11) 0= /,9 ((ummx[tj,w))‘l([al,@])) d7

_ / 7 — / d7 + / iz
u=1(az)n(Rm x (£,00)) u=1(a1)n(Rm x (£,00)) u=1([a1,a2] )N (R™ x {t;})

but
(3.12)| / (i 1S (P E™ (™ (7 () N ) 0 (R™ % {t})) = 0

as j — oo. Take a limit on both sides of (3.11) we get fu,l(al) 7 = fu,l( ) d7. By choosing

a2
e as the n coordinate directions also noticing that # could be arbitrary close to 1, we have

fu*l(al) d7 = fu*l(@) d7 for generic a;,ay; € B}. This proves the claim.

Now let us continue the proof of the theorem, choose a generic ay, put J = u~"(ap). From
(3.2) we may assume H™ "l (y=1(agy)) < c(m, n)[g]i%,n,u«m' For a generic a, we know
fu—l(a) dr = fJ d7. For any smooth (m — n) form 7 on R™ with compact support, choose a

smooth (m — n) form 7 on R™! with compact support such that 7|gm = 7, then by (1.3)
and the co-area formula, we have

1
(3.13) (Sing(g),7) = — / d7 ANu(dy' A -+ Ady™)
R+

Wn
1 1
= dH”(a)/ A7 = — (/d%)dH”(a)
Wn J By u=1(a) Wn JBp NJJ
:/df'z (0J,T).
7
This proves the theorem. Q.E.D.

Proof of Corollary 1.1 From theorem 1.1 we know there exists an integer multiplicity
rectifiable current J of finite mass as the connecting current, now suppose Sing(g) is a
measure, it follows from the boundary rectifiability theorem in section 30 of [S] that Sing(g)
is also an integer multiplicity current. Q.E.D.
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4 Second approach to Theorem 1.1

We note that the proof in the former section is elementary in the sense that it only uses
co-area formula. In this section we will give another approach which uses the degree theory
developed in [BN1,2]. The proof is adapted from a proof given in [Ri] for the case m = n = 2.

Proof of Theorem 1.1 Suppose we are given g as in the theorem, let u be the Poisson
integral of g, then |u(z,t)| <1 and we know from Proposition 2.2 that

n’

(4.1) / |Vu|"de+1 < ¢(m, n)[g]’fﬁl LR
R+ ’
From the co-area formula we know

(4.2) /B" H™ "y Y(a))dH"(a) = /R"“rl |Jac(u)|dH™!

n’

S C(m) n) /RWH—l |Vu‘nde+1 S C(m7 n) [g]’;lfl nR™ < o0.
+

Choose a generic ag, for which we may assume H™ ""!(yu~!(aq)) < ¢(m, n)[g];l%,n,Rm by

(4.2) and it is a regular value of u in R7""'. Denote J = u~!(aq). Given any 7, a smooth
(m — n) form with compact support on R™, choose 7, a smooth (m — n) form with compact
support in R™*! such that 7|gm = 7, we want to show

1
(4.3) — dF Au*(dyt A--- Ady™) = /d7~'.
W RT+1 J
Because both sides are linear in 7, we may assume 7 = fldf? A --- A df™ "' where
fr ..., fm ! are smooth functions on R™*! with compact support. Define
F= (e )
as a map from R7"" to R"~"*!. Then
1 ~ * 1 n
(4.4) — di ANu*(dy A --- ANdy")
Wn RT+1
1
— (1) — / WAy A Ady") AdFEA - A dfm
wn R"J’Y_l‘i‘l
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1
=(-1)"— da/ uw*(dy* A= A dy™).
F~1(a)

Wn Rm—n+1

We claim that for a.e. @ € R™ "+
1
49 W / u (dy' Ao Ady") =FH(a) A,
Wn JF=1(a)
where F~!(a) A J is the algebraic intersection number between F~!(a) and J. For a.e. a,

using co-area formula , u € Wm(F~(a),R"), thus ¢ € W'~ ="(0F(a),R"). Because F is
compactly supported, we know for a # 0, F~'(a) is compact. From [BN1,2] we know

1 * n
(4.6) degop-1()9 = — uw*(dy* A--- A dy™).
Wn JF-1(a)
On the other hand
(4.7) degop-1(09 = F~'(a) Au""(ag) = F~(a) A J.

So we get (4.5). From (4.4) and (4.5) we have

1
(4.8) — dF Au*(dy' A--- Ndy") = / J A F~(a)da

Wy RT"—I Rm—n+1

=/df1/\---/\dfm‘"+1=/d%.
J J

This implies (4.3). Now in view of (1.3), we know

(Sing(g), ) = (0J, 7).

Q.E.D.
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