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ABSTRACT. In this paper, we present an existence theory for absolute minimizers of
the Faddeev knot energies in the general Hopf dimensions. These minimizers are topo-
logically classified by the Hopf-Whitehead invariant, @, represented as an integral of
the Chern-Simons type. Our method involves an energy decomposition relation and
a fractionally powered universal topological growth law. We prove that there is an
infinite subset S of the set of all integers such that for each N € S there exists an
energy minimizer in the topological sector @ = N. In the compact setting, we show
that there exists an absolute energy minimizer in the topological sector @@ = N for any
given integer N that may be realized as a Hopf-Whitehead number. We also obtain a
precise energy-splitting relation and an existence result for the Skyrme model.

1. INTRODUCTION

In knot theory, an interesting problem concerns the existence of “ideal knots”, which
promises to provide a natural link between the geometric and topological contents of
knotted structures. This problem has its origin in theoretical physics in which one
wants to ask the existence and predict the properties of knots “based on a first principle
approach” [N]. In other words, one is interested in determining the detailed physi-
cal characteristics of a knot such as its energy (mass), geometric conformation, and
topological identification, via conditions expressed in terms of temperature, viscosity,
electromagnetic, nuclear, and possibly gravitational, interactions, which is also known
as an Hamiltonian approach to realizing knots as field-theoretical stable solitons. Based
on high-power computer simulations, Faddeev and Niemi [FN1] carried out such a study
on the existence of knots in the Faddeev quantum field theory model [F1]. Later, Fad-
deev addressed the existence problem and noted the mathematical challenges it gives
rise to [F'2]. The purpose of the present work is to develop a systematic existence theory
of these Faddeev knots in their most general settings.

Recall that for the classical Faddeev model [BS1, BS2, F1, F2, FN1, FN2, Su| formu-
lated over the standard (3 + 1)-dimensional Minkowski space of signature (+———), the
Lagrangian action density in normalized form reads

L= - u— %FW(U)F“”(U), (1.1)

where the field u = (uy, ug, u3) assumes its values in the unit 2-sphere and

F(u) =u- (0.uA d,u) (1.2)
is the induced “electromagnetic” field. Since u is parallel to d,u A O,u, it is seen that
Fu(uw)F* (u) = (Oyu A Oyu) - (O*u A 0¥u), which may be identified with the well-known
Skyrme term [E1, E2, MRS, S1, S2, S3, S4, ZB] when one embeds S? into S® ~ SU(2).

Hence, the Faddeev model may be viewed as a refined Skyrme model governing the
1
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interaction of baryons and mesons and the solution configurations of the former are the
solution configurations of the latter with a restrained range [C].

We will be interested in the static field limit of the Faddeev model for which the total
energy is given by

Bu) = /]R { i yuf® + % 23: |ij(u)|2} du. (1.3)

J,k=1

Finite-energy condition implies that u approaches a constant vector u., at spatial infinity
(of R?). Hence we may compactify R? into 5% and view the fields as maps from S® to
S2. As a consequence, we see that each finite-energy field configuration u is associated
with an integer, Q(u), in 73(S?) = Z (the set of all integers). In fact, such an integer
Q(u) is known as the Hopf invariant which has the following integral characterization:
The differential form F = Fji(u)dz? A da® (j,k = 1,2, 3) is closed in R3. Thus, there is
a one form, A = A;dz’ so that F' = dA. Then the Hopf charge Q(u) of the map u may
be evaluated by the integral

Qu) = — /R ANF, (1.4)

~ 1672

due to J. H. C. Whitehead [Wh]. The integral (1.4) is in fact a special form of the
Chern—Simons invariant [CS1, CS2] whose extended form in (4n — 1) dimensions (cf.
(2.2) below) is also referred to as the Hopf~-Whitehead invariant.

The Faddeev knots, or rather, knotted soliton configurations representing concentrated
energy along knotted or linked curves, are realized as the solutions to the minimization
problem [F2], also known as the Faddeev knot problem, given as

Ey =inf{E(u)| E(u) < oo, Q(u) = N}, N e Z. (1.5)

In [LY1, LY4], it is shown that Ey is attainable at N = +1 and that there is an
infinite subset of 7Z, say S, such that Ey is attainable for any N € S. The purpose
of the present work is to extend this existence theory for the Faddeev knot problem to
arbitrary settings beyond 3 dimensions.

Our motivation of engaging in a study of the Faddeev knot problem beyond 3 di-
mensions comes from several considerations: (i) Theoretical physics, especially quantum
field theory, not only thrives in higher dimensions but although requires higher dimen-
sions [GSW, P, Z]. (ii) The 3-dimensional Faddeev model may be viewed naturally as a
special case of an elegant class of knot energies stratified by the Hopf invariant in general
dimensions (see our formulation below). (iii) Progress in general dimensions helps us
achieve an elevated level of understanding [LY3, LY5] of the intriguing relations between
knot energy and knot topology and the mathematical mechanism for the formation of
knotted structures. (iv) Knot theory in higher dimensions [H, K, R] is an actively pur-
sued subject, and hence, it will be important to carry out a study of “ideal” knots for
the Faddeev model in higher dimensions.

Note that minimization of knot energies subject to knot invariants based on diagram-
matic considerations has been studied considerably in literature. For example, knot ener-
gies designed for measuring knotted /tangled space curves include the Gromov distortion
energy [G1, G2|, the Mobius energy [BFHW, FHW, O1, O2], and the ropelength energy
[B, CKS1, CKS2, GM, Nal. See [JvR] for a rather comprehensive survey of these and
other knot energies and related interesting works. See also [KBMSDS, Kf, M, S, SKK].
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Although there are various available formulations when one tries to generalize the
Faddeev energy (1.3), the core consideration is still to maintain an appropriate conformal
structure for the energy functional which works to prevent the energy to collapse to zero.
The simplest energy is the conformally invariant n-harmonic map energy, where n is the
dimension of the domain space, which is also known as the Nicole model [Ni] when
specialized to govern maps from R? into S?. Another type of energy functionals is of
the Skyrme type [MRS, S1, S2, S3, S4, ZB] whose energy densities contain terms with
opposite scaling properties and jointly prevent energy collapse. In fact, these terms
interact to reach a suitable balance to ensure solitons of minimum energy to exist. The
Faddeev model (1.3) belongs to this latter category for which the solitons of minimum
energy are realized as knotted energy concentration configurations [BS1, BS2, FN1, FN2,
Su]. In this paper, our main interest is to develop an existence theory for the energy
minimizers of these two types of knotted soliton energies.

Specifically, we will study both the Nicole-Faddeev—Skyrme (NF'S) type and Faddeev
type knot energy (see (2.4), (2.5) and (2.6) for definitions). The two energy functionals
have very different analytical properties. In particular, the conformally invariant term

/R4 B |Vul* ! da (1.6)

in the NFS model enables us to carry out a straightforward argument which shows that
the Hopf~Whitehead invariant @ (u) (see (2.3)) must be an integer for any map u with
finite NF'S energy. More importantly, it allows us to get an annulus lemma (Lemma 3.1)
which permits us to freely cut and paste maps under appropriate energy control. In this
way, as in [LY2], the minimization problem fits well in the classical framework of the
concentration-compactness principle [E1, E2, L1, L2]. Along this line, we shall arrive at
the main result, Theorem 7.1, which guarantees the existence of extremal maps for an
infinite set of integer values of the Hopf-~Whitehead invariant. The situation is different
for the Faddeev energy (see (2.6)). In this case, it seems difficult to know whether a map
with finite energy can be approximated by smooth maps with similar energy control. In
particular, it is not clear anymore why the Hopf-Whitehead invariant (see (2.3)), which
is given by an integral expression, should always be an integer. Based on some recent
observations of Hardt—Riviere [HR] in the study of the behavior of weak limits of smooth
maps between manifolds in the Sobolev spaces, and some earlier approach of Esteban—
Muller—Sverak [Sv, EM], we are able to show that the Hopf~-Whitehead invariant of a map
with finite Faddeev energy must be an integer (see Theorem 10.1). Such a statement is
not only useful for a reasonable formulation of the Faddeev model but also plays a crucial
role in understanding the behavior of minimizing sequence and the existence of extremal
maps. One of the main difficulties in understanding the Faddeev model is that it is still
not known whether an annulus lemma similar to Lemma 3.1 exists or not. In particular,
we are not able to freely cut and paste maps with finite energy and it is not clear whether
the minimizing problem would break into a finite region one and another at the infinity.
That is, in this situation, the minimizing problem does not fit in the framework of the
classical concentration-compactness principle anymore. This difficulty will be bypassed
by a decomposition lemma (Lemma 12.1) for an arbitrary map with finite Faddeev energy
(in the same spirit as in [LY1] for maps from R? to S?). Roughly speaking, the lemma
says we may break the domain spaces into infinitely many blocks, each of which can be
designated with some “degree”. By collecting those nonzero “degree” blocks suitably
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we may have a reasonable understanding of the minimizing sequence of maps for the
Faddeev energy (Theorem 13.1). Based on this and the sublinear growth law for the
Faddeev energy, we will obtain several existence results of extremal maps for the Faddeev
energy (see Section 13.1). We point out that the method to bypass the breakdown of the
concentration-compactness principle is along the same line as [LY1]. However, due to the
fact that we do not have the tool of lifting through the classical Hopf map S® — S? in
higher dimensions, we have to resort to different approaches to deal with the nonlocally
defined Hopf-Whitehead invariant. When reduced to the Faddeev model from R? to
5?2, this method gives a different route towards the main results in [LY1]. Moreover, by
establishing the subaddivity of the Faddeev energy spectrum (see Corollary 13.3), we
are able to strengthen the Substantial Inequality in [LY1] to an equality. That is, we are
actually able to establish an additivity property for the Faddeev knot energy spectrum.
We will also use the same approach to improve the Substantial Inequality for the Skyrme
model to an equality (see Theorem 14.3).

Here is a sketch of the plan for the rest of the paper.

The first part, consisting of Sections 2—7, is about the NFS model. In Section 2, we
introduce the generalized knot energies of the Nicole type [AS, ASVW, Ni, We], the NF'S
type extending the two-dimensional Skyrme model [Co, dW, GP, KPZ, LY2, PMTZ,
PSZ1, PSZ2, PZ, SB, Wei], and the Faddeev type [F1, F2], all in light of the integral
representation of the Hopf invariant in the general (4n — 1) dimensions (referred to as
the Hopf dimensions). We will also obtain some growth estimates of the knot energies
with respect to the Hopf number in view of the earlier work [LY3, LY5]. In Section 3,
we establish a technical (annulus) lemma for the NFS model which allows truncation
of a finite-energy map and plays a crucial role in proving the integer-valuedness of
the Hopf-Whitehead integral and the validity of an energy-splitting relation called the
“Substantial Inequality” [LY4]. We shall see that the conformal structure of the leading
term in the energy density is essential. In Section 4, we show that the Hopf-Whitehead
integral takes integer value for a finite-energy map in the NFS model. In Section 5, we
consider the minimization process in view of the concentration-compactness principle of
Lions [L1, L2] and we rule out the “vanishing” alternative for the nontrivial situation.
We also show that the “compactness” alternative is needed for the solvability of the
Faddeev knot problem stated in Section 2 for the NFS energy. In Section 6, we show
that the “dichotomy” alternative implies the energy splitting relation or the Substantial
Inequality. These results, combined with the energy growth law stated in Section 2,
lead to the existence of the NFS energy minimizers stratified by infinitely many Hopf
charges, as recognized in [LY1]. We state these results as the first existence theorem
in Section 7. We then establish a simple but general existence theorem for both the
generalized NFS model and the generalized Faddeev model in the compact case. For
the Nicole model over R? or S3, we prove the existence of a finite-energy critical point
among the topological class whose Hopf number is arbitrarily given.

The second part, consisting of Sections 8-13, is about the Faddeev model. In Section
8, we briefly describe the formulation of Faddeev model. In Section 9, various basic
tools necessary for the study of Faddeev model are discussed. Section 10 is devoted to
showing that for a map with finite Faddeev energy, the Hopf-Whitehead invariant is
well defined and takes only integer values. We also derive a similar result for maps with
mixed differentiability (see Section 10.1). Such kind of results are needed in proving the
crucial decomposition lemma (Lemma 12.1). In Section 11, we describe some basic rules
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concerning the Hopf-Whitehead invariant for maps with finite Faddeev energy and the
sublinear energy growth rate. Note that such kind of sublinear growth is a special case of
results derived in [LY5]. The arguments are presented here to facilitate the discussions
in Section 11, Section 12 and Section 13. In Section 12, we prove a crucial technical fact:
the validity of a certain decomposition lemma for a map with finite Faddeev energy. The
proof of this lemma shares the same spirit as that in [LY1] but is technically different due
to the lack of lifting arguments. In Section 13, we prove the main result of the second
part, namely, Theorem 13.1, which describes the behavior of a minimizing sequence of
maps. Based on this description and the sublinear growth law, we discuss some facts
about the existence of minimizers in Section 13.1.

In Section 14, we apply our approach in the second part to the standard Skyrme
model to derive the subadditivity of the Skyrme energy spectrum and strengthen the
substantial inequality to an equality.

Finally, we conclude with Section 15.

2. KNOT ENERGIES IN GENERAL HOPF DIMENSIONS

Recall that the integral representation of the Hopf invariant by Whitehead [Wh] of
the classical fibration S — S? can be extended to the general case of the fibration
Sin=1 — 821 More precisely, let u : S"~1 — S§?* (n > 1) be a differentiable map. Then
there is an integer representation of u in the homotopy group s, 1(S5%"), say Q(u),
called the generalized Hopf index of u, which has a similar integral representation as
(1.4) as follows. Let wgzn be a volume element of S?" so that

’S2n| = /2 Wg2n (2.1)
S n

is the total volume of S*" and u* the pullback map A(S?") — A(S*™!) (a homo-
morphism between the rings of differential forms). Since u* commutes with d, we see
that du*(wg2.) = 0; since the de-Rham cohomology H?"(S%"~! R) is trivial, there is a
(2n—1)-form v on S4"~1 5o that dv = u*(wg2n) (sometimes we also write u*(wgzn) simply
as u*wg2n when there is no risk of confusion). Of course, the normalized volume form
Ogen = | S| "Lwgen gives the unit volume and ¢ = |S?"| v satisfies do = u*(@g2x). Since
Wg2n can be viewed also as an orientation class, )(u) may be represented as [GHV, Hu|

1
Qu) = / DA U (Wg2n) = ?/ v AU (wgzn). (2.2)
S4n—1 |S n| S4n—1

The conformal invariance of (2.2) enables us to come up with the Hopf invariant, or the
Hopf-Whitehead invariant, Q(u), for a map u from R*~! to S?" which approaches a
fixed direction at infinity, as

1
Q(u) = o /R4n1 VAU (wezn), dv=u"(wgzn). (2.3)



6 FENGBO HANG, FANGHUA LIN, AND YISONG YANG

With the above preparation, we introduce the generalized Faddeev knot energies,
subclassified as the Nicole, NFS, Faddeev energies over R**~! respectively, as

Pieatelt) = [ 1Vl (2.4
Parso) = [ {9+ s+ fn = uP), (25

n— 1 *
Eraddeor(®) = [ {17012 4 St} (2:6)

where and in the sequel, we omit the Lebesgue volume element dx in various integrals
whenever there is no risk of confusion, we use the notation |Vu/|, |du|, and |Du| inter-
changeably wherever appropriate, and we use n to denote a fixed unit vector in R?"! or
a point on S?". Besides, we use ¢y to denote the best constant in the Sobolev inequality

col[fllg < TV ll2 (2.7)

over R*~! with ¢ satisfying 1/q =1/2 —1/(4n — 1) = (4n — 3)/2(4n — 1), given by the
expression

I'(2n — HI(2n + %)) @D 28)

o = (fan — 14n — 3))} (w (1)

with w,, being the volume of the unit ball in R™.

Theorem 2.1.. Let E be the energy functional defined by one of the energy functionals
given by the expressions (2.4), (2.5), and (2.6). Then there is a universal constant
C = C(n) > 0 such that

4n—1

E(u) = ClQu)| . (2.9)
In the case when E is given by (2.6), the constant C' has the explicit form
C(n) = 2"(co S 2) 5 n™7 . (2.10)
Proof. Recall the Sobolev inequality over R**~! of the form
(4n —1)p
< 1 4n — 1 = 2.11
Conplflla < IV fll 1<p<dn—1 =372 (211)
From the pointwise bound
[u* (wgen )| < C1|Vul®™, (2.12)

and assuming dv = u*(wg2») and dv = 0, where 0 is the codifferential of d which is often
denoted by d* as well, we have

/ Vol & < 02/ | (wgen )| 2 < 03/ |V, (2.13)
R4n—1 R4n—1

R4n—1

where we have used an LP-version of the Gaffney type inequality [ISS, Sc] for differential
forms (we thank Tom Otway for pointing out these references).

Choose p = (4n—1)/2n so that ¢ = (4n—1)/(2n—1) in (2.11). The conjugate exponent
¢ with respect to ¢ is ¢ = q/(¢ — 1) = (4n — 1)/2n. Thus the Holder inequality and
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(2.13) lead us to
SR < Hvllgllu (ws=)

4n
4an—1

S CHVUH(47L_1)/2'”HU*(WS2”>H(4n—1)/2n S Cl(/4 1 ’vu’4n1> :
R4n—
(2.14)

which establishes (2.9) for the energy functional given by (2.4) or (2.5).
Consider now the energy functional
1
B = [ {1+ s (2.15)
R4n—1 2

In [LY5], we have shown that, when the exponent p in (2.15) lies in the interval

dn(4n — 1)
l<p< ——m—- 2.16
b dn+1 7 (2.16)
there holds the universal fractionally-powered topological lower bound
an—1
Ey(u) > C(n,p)|Q(u)| (2.17)

where the positive constant C'(n, p) may be explicitly expressed as

C(n,p) =

(4n—1)(8n—p) —p(4n-+1)
4n 8n(4n—p)

(4n —1)(8n — p) — p(4n + 1)

(ls™ )% (20) 757 (a0 )
(2.18)

It is seen that our stated lower bound for the energy defined in (2.6) corresponds to
p = 4n — 2 so that C(n,4n — 2) is given by (2.10) as claimed. O

For the earlier work in the classical situation, n = 1, see [KR, Sh, VK].

Note that the energy

4n

B (2.19)

Bapz() = [ ()

R4n—1
is also of interest and referred to as the AFZ model [AFZ] when n = 1. Combining
(2.13) and (2.14), we have

ClO(u)] < llu*(wsen ) [fan—1)/2n: (2.20)

which implies that the energy Eypy defined in (2.19) satisfies the general fractionally-
powered topological lower bound (2.9) as well.

We next show that the lower bound (2.9) is sharp.

Theorem 2.2.. Let E be defined by one of the expressions stated in (2.4), (2.5), (2.6),
and (2.19). Then for any given integer N which may be realized as the value of the Hopf-
Whitehead invariant, i.e., Q(u) = N for some differentiable map u : R~ — S?*  and
for the positive number Ey defined as

Ey = inf{E(u)|E(u) < 0o, Q(u) = N}, (2.21)
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we have the universal topological upper bound
Ey < CIN|% (2.22)
where C' > 0 is a constant independent of N.

Proof. In [LY5], we have proved the theorem for the general energy functional

E(u) = H(Vu)de,
Rén—1
where the energy density function H is assumed to be continuous with respect to its
arguments and satisfies the natural condition H(0) = 0. Hence the theorem is valid for
the energy functionals (2.4) and (2.6). For the energy functional (2.5), there is an extra
potential term |u —n|?. However, this term does not cause problem in our proof because
the crucial step is to work on a ball in R*"~! of radius |N ]ﬁ and v = n outside the ball.
Therefore, the potential term upon integration contributes a quantity proportional to

4n—1

the volume of the ball, which is of the form C|N| & . O

In the following first few sections, we will concentrate on the energy functional (2.5).

3. TECHNICAL LEMMA

Let B be a subdomain in R**~! and consider the knot energy (2.5) restricted to B,
E(u; B) = /{|Vu|4”1 T Ju(wse )P + Ju — nf2}. (3.1)
B

We use Bg to denote the ball in R**~! centered at the origin and of radius R > 0. The
following technical lemma plays an important part in our investigation of the first part
of this paper.

Lemma 3.1.. For any small e > 0 and R > 1, let u : Bog \ Br — S*" satisfy
FE(u; Bag \ Br) < €. Then there is a map @ : Bog \ Br — S*" such that (i) @ = u
on OBg, (i) @ = n on 0Bag, (ii) E(U; Bar \ Br) < Ce, where C > 0 is an absolute
constant independent of R, e, and u. The same statement is also valid when @ is modified
to satisfy 4 =n on 0Bg and 4 = u on 0BaR.

To obtain a proof, it will be convenient to work on a standard small domain. First,
for the map stated in the lemma, define

u®(y) = u(Ry) for x = Ry € Bog \ Bg. (3.2)
Hence y € B, \ By and
g > E(U, Bsgr \ BR)

= /B . (7, uB @) + |(uB)* (wse ) () PR + R™ B (y) — n]*}dy.  (3.3)
Consequently, we have

3/2
£ > / dr/ dS,{ |Vl 4 () (ween ) PR + R u® — n|?}. (3.4)
1 0B
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Hence, there is an r € (1,3/2) such that
/ {IVuf " 4 |(uf) (ween) PR + R Huf — n|?}dS, < 2e. (3.5)
B,
In what follows, we fix such an r determined by (3.5).
Consider a map v : R~ — R?" defined by
AvF =0 in By\ B,, (3.6)
vB=u® onodB, v¥=n ondB,.
Then, for p = (4n — 1)?/(4n — 2), we have, in view of (3.6) and (3.7), the bound
IVo | o(Bar8,) < ClIVU" || Lan-108,), (3.8)
which in terms of (3.5) leads to

(an—1)2

/ |VUR|‘EI4n—2) < Cpein-e, (3.9)
By\B,

Since (4n — 1) > 4n(4n — 2), we have p > 4n. So the Holder inequality with conjugate
exponents s and t gives us

1
[, v <1m B ([ ’ vor ) (3.10)
2 T 2 T

where 4ns = p = (4n — 1)?/(4n — 2) and ¢t = s/(1 — s). Therefore, we have, in view of
(3.9) and (3.10),

/ Vol < Cyein™t, (3.11)
B2\ By

Recall that, since R > 1, we also have [, |u® —n|?dS, < 2e. Hence, for any ¢ > 2,
we have faBT luf — n|?1dS, < C’faBT luf — n|?dS, < Cie. Since the ball is in R we
see that for ¢ = 4n(4n — 2)/(4n — 1) (of course, g > 2), we have

1
||UR — n”L“”(Bg\Br) < CHUR - 1’1||Lq(aBT) < 016‘1. (312)

Therefore, we have seen that (v — n) has small W4 (B, \ B,)-norm. Using the em-

bedding W14 (B, \ B,) — C(By \ B,) (noting that dim(B;y \ B,) = 4n — 1 < 4n), we
see that (v® —n) has small C (B, \ B,)-norm. As a consequence, we may assume

1 -
n-vf> 5 onbB \ B,. (3.13)
Since v is harmonic, [v® — n|? is subharmonic, Ajv® —n|? > 0, on By \ B,. Hence
2eC
/ v —n|? < C/ lvft —n|?dS, < %. (3.14)
Bo\Br 8B, R

To get a map from By \ B,, we need to normalize v, which is ensured by (3.13).
Thus, we set

R

wf = |Z_R| on By \ B,. (3.15)
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Then w? € S?". We can check that |w® — n| < 4|v® — n| and |9;w?| < 4]9;v| in view
of (3.13). Therefore we have

/ R Huw® —n|? < 8Ck, (3.16)
B3\ Br

/ R (wf)*(wgzn)[* < C IVoF|* < Cpem, (3.17)
B:\Br

B2\Br

/ ‘VwR’4n71 S 02/ ’vvR‘szl
BQ\BT BQ\Br

go2|Bz\Br|1( / |WR|4")S, (3.18)
B2\B'r

wheret = s/(s—1) and s = 4n/(4n—1). The bounds (3.11) and (3.18) may be combined
to yield

/ |V~ < Cse. (3.19)
B2\Br
Thus, we can summarize (3.16), (3.17), and (3.19) and write down the estimate
/ (VR B () (wgen) 2 + R wf — nf?} < Ce. (3.20)
Bs\B;
On 0B,, w' = n; on 0B,, w? = uf'/|uf| = u®.
Define
1
() = wh (Em> for x € Bog \ Byg;  u(x) =u(x) for x € Byg. (3.21)

We see that the statements of the lemma in the first case are all established.

The proof can be adapted to the case of the interchanged boundary conditions & = u
on Bor and 4 = n on Bgi. Hence, all the statements of the lemma in the second case
are also established.

4. INTEGER-VALUEDNESS OF THE HOPF—WHITEHEAD INTEGRAL

As the first application of the technical lemma established in the previous section, we
prove

Theorem 4.1.. If u: R~ — §2" s of finite energy, E(u) < oo, where the energy E
is as given in (2.5), then the Hopf-Whitehead integral (2.8) with dv = 0 is an integer.

Let the pair u, v be given as in the theorem and {¢;} be a sequence of positive numbers
so that ¢; — 0 as j — oo and {R;} be a corresponding sequence so that R; — oo as
j — oo and E(u; R\ Bg,) <¢j, j =1,2,---. Let {u;} be a sequence of modified
maps from R*~! to S*" produced by the technical lemma so that u; = v in Bp, and
uj =n on R '\ Byp . Then

1 *
Q) = 53 /R vy A (wsan) (4.1)
is a sequence of integers. We prove that Q(u;) — Q(u) as j — oo.

4an—1

We know that {|uf(wgen)|} is bounded in L*(R**~') and L 2w (R**~') due to the
structure of the knot energy (2.5), the definition of u;, and the relation (2.12). By
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interpolation, we see that the sequence is bounded in LP(R**~1) for all p € [47;;1, 2].
From the relations dv; = u}(wgen) and dv; = 0, we see that {|Vv;|} is bounded in

LP(R*1) for all p € [22-L 2] as well. Using the Sobolev inequality

2n
Clm,p)l[fllg < IV £l (4.2)

in R™ with ¢ = mp/(m—p) and 1 < p < m, we get the boundedness of {v;} in LI(R*"~!)
for ¢ = (4n — 1)p/(4n — 1 — p) with % < p < 2, which gives the range for ¢,

dn —1 2(4n —1)

< g < 4.
m—1-9>"4_3 (4.3)

q(n) =
To proceed, we consider the estimate
1S 21Q(u) — Q(uy)]

/4 1(U A u*(wgzn) — vj A u;f(wszn))‘
Rén—

<

/11{4 _1(U AN u*(wgen) — v A u;(stn))’ + ‘ /R4 _l(v A uj(wgen) — v A uf(wgen))
) (4.4)

To show that I JO) — 0 as j — oo, we look at the bottom numbers (for example) for

which

uj(wgen) — u*(wg2n)  weakly in LP(R*"1) (4.5)
for p = % so that the conjugate of p is p’ = p%l = 32:} = ¢(n), as defined in (4.3).

Hence the claim I J(-l) — 0 immediately follows from (4.5).

On the other hand, since ¢(n) > 2, we see that {v;} is bounded in W'?(B) for any
bounded domain B in R**~!. Using the compact embedding W'?(B) — L?*(B) and a
subsequence argument, we may assume that {v;} is strongly convergent in L?(B) for
any bounded domain B. Thus, we have

(2) 1 N an—1 T
L7 <o = vjll 28 E(u;)? + (0] sns + (o] anz1) |uj (wsen )| 2
J 2n—1 R4n—1\B J

2n—1

2n

S 01“1} — Uj“LQ(B) + CQE(’LLj; R4n_1 \ B)4n—1. (46)

It is not hard to see that the quantity F(u;; R*"~'\ B) may be made uniformly small.
Indeed, for any € > 0, we can choose B sufficiently large so that F(u; R\ B) < .
Let j be large enough so that Br, D B. Then

E(uj; R*™ "\ B) < E(w; R*" "'\ B) + E(uj; Bag, \ Br,)
<e+ C€j, (47)
in view of Lemma 3.1. Using (4.7) in (4.6), we see that I]@) — 0 as j — oo.

Consequently, we have established Q(u;) — Q(u) as j — oo. In particular, Q(u) must
be an integer because Q(u;)’s are all integers.
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5. MINIMIZATION FOR THE NICOLE-FADDEEV-SKYRME MODEL

Consider the minimization problem (2.21) where the energy functional £ is defined
by (2.5). Let {u;} be a minimizing sequence of (2.21) and set

fi(@) = (IVu; "+ Juj (wsen) [ + 0 — ) (). (5.1)

Then we have

4n—1

fi € LR™Y, | fill = CIN| &,

(5.2)

and || f;|[1 < En + 1 (say) for all j.

Use B(y, R) to denote the ball in R*"~! centered at y and of radius R > 0. According
to the concentration-compactness principle of P. L. Lions [L1, L2], one of the following
three alternatives holds for the sequence {f;}:

(a) Compactness: There is a sequence {y;} in R*"~! such that for any € > 0, there is
an R > 0 such that

sup/ fi(x)dz <e. (5.3)
RAn=1\B(y;,R)

J

(b) Vanishing: For any R > 0,

lim< sup / fi(x) d:E) = 0. (5.4)
7% \ yeR*"~1 JB(y,R)

(c) Dichotomy: There is a sequence {y;} C R*! and a positive number ¢ € (0,1)
such that for any ¢ > 0 there is an R > 0 and a sequence of positive numbers {R;}
satisfying lim;_ ., R; = 0o so that

/ fi(@)dz —t] 1] <<, (5.5)
B(y;,R)

<e. (5.6)

/ fi(x)dz — (1= )£
RAn=1\B(y;,R;)

We have the following.

Lemma 5.1.. The alternative (b) (or vanishing) stated in (5.4) does not happen for the
minimization problem when N # 0.

Proof. Let B be a bounded domain in R™ and recall the continuous embedding W'?(B) —
Lmifpp(B) for p < m. We need a special case of this at p = 1:

WHY(B) — Lw-1(B) (m > 1). (5.7)
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Hence, for any function w, we have

m—1

(/B|w|’fm’”1> SCB</B(|w‘k+|w|k_l|vw|)) -
ot oo [
o [t [ [

(if |w| is bounded, k > 2, (k — 1)-"+ > 2, then)

sc( [+ [ |Vw|m>. (5.8)

Now taking m = 4n — 1 so that "5 = iZ:; >1, k=4, w=u; —n, and B = B(y;, R),
we have from (5.8) the inequality

2(4n—1) R
/ fu; — ) S < c(/ |uj—n|2+/ \vuj|4"1> 59
B(ijR) B(yJ7R) B(ijR)

We now decompose R**~! into the union of a countable family of balls,

R*~! = U, B(y;, R), (5.10)

3|~

)

so that each point in R**~! lies in at most m such balls. Then define the quantity

a; = sup (/ luj — n|? +/ |Vuj|4"_1). (5.11)
i B(yi,R) By, R)

Thus the alternative (b) (vanishing) implies a; — 0 as j — oo. Therefore

2(4n—1) > 2(4n—1)
|U —Il| 2n—1 SZ |j_n| 2n—1
Rin—1 i=1 Y B(yi,R)

o0

_1
<a7C)y (/ u; — n? +/ |vuj|4"—1>
i— B(yi,R) B(yi,R)

_1
<maf 1O [ - nP 4 Tul)

<ma;" "CE(u;) = 0 as j — oo. (5.12)

Define the set A; = {z € R*" ! ||u;(z) — n| > 1} (say). Then (5.12) implies
lim |A;] = 0, (5.13)
j—o0

where |A;| denotes the Lebesgue measure of A;. Since Q(u;) = N # 0, we see that

u;(R*1) covers S*" (except possibly skipping n). The definition of A; says u;(A;)
contains the half-sphere below the equator of S?". Consequently,

* 1 n
[ sl do > fuy(a)] = 5157, (5.14)
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where |S?"] is the total volume of S?". However, the Schwartz inequality and (5.13) give

us
[ tesiar <l ([ hgwsn?)
Aj R4n—1
< |42 (Ey +1)2 — 0, (5.15)
as j — oo, which is a contradiction to (5.14). O

Suppose that (a) holds. Using the notation of (a), we can translate the minimizing

sequence {u;} to

{u; (- —yp)} = {; (1)} (5.16)
so that {@;} is also a minimizing sequence of the same Hopf charge. Passing to a
subsequence if necessary, we may assume without loss of generality that {a@,} weakly
converges in a well-understood sense over R4"~! to its weak limit, say u. Of course,

E(u) < hjnji?f{E(“j)} = Ey. (5.17)

Lemma 5.2.. The alternative (a) (or compactness) stated in (5.3) implies the preser-
vation of the Hopf charge in the limit described in (5.17). In other words, Q(u) = N so
that u gives rise to a solution of the direct minimization problem (2.21).

Proof. Let € and R be the pair stated in the alternative (a). Then

sup/ (Va7 4 [ (wsan) 2 + |3, — 0} <. (5.18)
i R4n—1\BR
Besides, for the weak limit u of the sequence {1;}, we have
/ {IVu[*"! + ju*(wgen) | + |u — n|*} < e (5.19)
R‘l”*l\BR
and
[S* Q) — Q)] < I + J + K, (5.20)
where

I

I; = / v/\u*(wgzn)—/ U5 AW (wszn)
Bgr Bg

J = / v AU (wgzn)
R4n71\BR

Kj = / 'l?j A ﬂ;(wsbz)
R4"71\BR

It is not hard to see that the quantities J and K; are small with a magnitude of some
power of ¢. In fact, (2.5) and (2.12) indicate that |@}(wgzn)| is uniformly bounded in
LP(R*1) for p € [#2=+,2]. Then the relation do; = @}(wg2»), 60; = 0, and the Sobolev

2n
inequality (4.2) imply that @; is uniformly bounded in LI(R*"1) for ¢ € [22=L —2(4"’1)]

2n—1’ 4n—-3
(see (4.3)). Using (2.12) again, we have

K < 1051455 o

Y

. (5.21)

Hﬂ’; (wSQ”) HL%(R‘*"*KBR)

< CE(i;; R™ '\ Bp)m1 < Cemt, (5.22)
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By the same method, we can show that the quantity J obeys a similar bound as well.
For I;, we observe that since @}(wsen) converges to u*(wse>») weakly in L?(Bg) and 7
converges to v strongly in L*(Bg), we have I; — 0 as j — oc.
Summarizing the above results, we conclude that Q(@;) — Q(u) as j — oo. O

In the next section, we will characterize the alternative (c) (dichotomy).

6. DICHOTOMY AND ENERGY SPLITTING IN MINIMIZATION

Use the notation of the previous section and suppose that (c) (or dichotomy) happens.
Then, after possible translations, we may assume that there is a number ¢ € (0, 1) such
that for any € > 0 there is an R > 0 and a sequence of positive numbers {R;} satisfying
lim; .o R; = oo so that

<e, (6.1)

‘ . fi(z) dz — tE(u;)

’ /R‘ln 1\BR z)dz — (1) B(u;)

For convenience, we assume R; > 2R for all j. Therefore, from the decomposition

<e. (6.2)

Bw) = [ ) de+ / fy(2) de + E(uy: Br, \ Br), (6.3)

R4n_l\BRj
and (6.1), (6.2), we have
E(Uj;BQR\BR) (Uj;BRj \BR) <2€,
E(Uj;BR]. \BR]/ (U],BR \BR) < 2e. (64)

) <
Using Lemma 3.1, we can find maps u§ and u ) from Rin-1 to S 2" such that u( ) =
in Bp, 5-1) = n in R 1\ Byg, and E( Uu; ): By \ Bgr) < Ck¢; uj = u; in R~ 1 \ Br;,
u§2) =n in Bg, s, and E(uf); Bgr, \ Br,/2) < Ce. Here C' > 0 is an irrelevant constant.
Use the notation F(u) = v A u*(wg2n). Since F'(u) depends on u nonlocally, we need
to exert some care when we make argument involving truncation.

In view of the fact that u; and u§.1)

R*"~1\ Bg,, we have

/R4n1 [ (wszn) — (ul)* (wsan) — (ul)* (wsen)

< O(E(uj; B, \ Br) + E(u\"; Bag \ Br) + E(u\”; B, \ By, 2))
< Ce. (6.5)

. . 2 . .
coincide on Bp and u; and ug.) coincide on

4an—1
2n

Consequently, using the relations dv; = u}(wgzn), dv; = 0, dvj(- = ( él)) (wgzn), 0 o\ = =0,
i = 1,2, we have in view of (6.5) and (4.2) with p = (4n—1)/2n and ¢ = (4n— 1)/(2 1)
that

1 2 * 1 2)\ %
oy = 0§ = 0§ anms < Clluf(wsen) — (W) (wson) = ()" (wse)

‘4n—1
2n

< Oy, (6.6)
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Since the numbers p, ¢ above are also conjugate exponents, we obtain from (6.6) the

bound

/ Fws) - F”) ~ F(uf?)
BRU{R4”71\BR].}

_ / (0 — v — 1) A w3 (wsen)|
BrU{R**~1\Bg,}

1 2
< oy = 0" = 0| anzs [l (woon ) | ans

< CemiT, (6.7)
Applying (6.7), we have
152 21Q(u;) — (Q(ul") + QuP))]
(
J

</ Pw) = F(u) - )
BRU{R4"71 \BRJ }

< CremT
+ Co(E(uj; Br, \ Br) ™7 + E(uf; Bar\ Br) ™7 + B(u”; B, \ Biyj2) %)
< O, (6.8)

Since € > 0 can be arbitrarily small and Q(u;), Q(ugl)), Q(uf)) are integers, the uniform
bound (6.8) enables us to assume that

N = Quy) = Qi) + Q)  vj. (6.9)
On the other hand, since (2.9) implies that
Q)| < CE") = C(E(uy; Bp) + E(ul"; Bag \ B))

J
< CE(UJ) + 018, (610)
we see that {Q(ugl))} is bounded.
We claim that Q(ug-l)) # 0 for j sufficiently large. Indeed, if Q(uﬁ.l)) = 0 for infinitely

many j’s, then, by going to a subsequence when necessary, we may assume that Q(uy)) =
0 for all j. Thus we see that Q(u?)) = N in (6.9) for all j and

Eu®) < BE(u;; R\ Bg,) + Ce = / () dz + Ce. (6.11)
R4n71\BRJ_
As a consequence, we have in view of (6.11) and (6.2) that

By < limsup E(u{’) < (1 —t) lim B(u;) +¢ + Ce
Jj—oo

Jj—o0
S (1 — t)EN + 016. (612)
Since 0 < t < 1 and ¢ is arbitrarily small, we obtain Ey = 0, which contradicts the

4n—1

topological lower bound Ey > C|N| s (N # 0) stated in (2.9).
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Similarly, we may assume that Q(ugg)) # 0 for j sufficiently large. Of course, {Q(u§-2))}
is bounded as well.

Hence, extracting a subsequence if necessary, we may assume that there are integers
N; # 0 and N # 0 such that

Q) =N, Q) =Na, Vj. (6.13)
Furthermore, for the respective energy infima at the Hopf charges Ni, Ny, N, we have
En, + By, < E(u{") + E(u?)
= E(uy; Br) + E(u;; R\ Bg,) + E(uS”; Bog \ Bg) + E(ul”); Bg, \ Bg,)s)
< E(uj) +2Ce. (6.14)
Since € > 0 may be arbitrarily small, we can take the limit j — oo in (6.14) to arrive at
En,+ En, <Eny, N=N;+N,. (6.15)
We can now establish the following energy-splitting lemma.

Lemma 6.1.. If the alternative (c¢) (or dichotomy) stated in (5.5) and (5.6) happens at
the Hopf charge N # 0, then there are nonzero integers Ny, No, --- , Ny such that

Exn>En,+En,++4+ Ny, N =N+ Ny+---+ Ng, (6.16)

and that the alternative (a) (or compactness) stated in (5.3) takes place at each of these
integers Ny, No, - -+ | Nj.

Proof. If the alternative (c) happens at N # 0, we have the splitting (6.15). We may
repeat this procedure at all the sublevels wherever the alternative (c) happen. Since
(2.9) and (2.10) imply that there is a universal constant C' > 0 such that E, > C for
any ¢ # 0. Hence the above splitting procedure ends after a finitely many steps at

(6.16) for which the alternative (c¢) cannot happen anymore at Ny, Ny, -+, Ni. Since
the alternative (b) never happens because Ny # 0 (s = 1,2,--- , k) in view of Lemma
5.1, we see that (a) takes place at each of these integer levels. O

The energy splitting inequality, (6.16), is referred to as the “Substantial Inequality”
in [LY4] which is crucial for obtaining existence theorems in a noncompact situation.

7. EXISTENCE THEOREMS

We say that an integer N # 0 satisfies the condition (S) if the nontrivial splitting as
described in Lemma 6.1 cannot happen at N. Define

S ={N € Z| N satisfies condition (S)}. (7.1)

It is clear that, for any N € S, the minimization problem (2.21) has a solution. As a
consequence of our study in the previous sections, we arrive at

Theorem 7.1. Consider the minimization problem (2.21) in which the energy functional
is of the NF'S type given in (2.5). Then there is an infinite subset of Z, say S, such that,
for any N € S, the problem (2.21) has a solution. In particular, the minimum-mass or
minimum-enerqy Hopf charge Ny defined by

Ny is such that En, = min{Ey | N # 0} (7.2)
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1s an element in S. Furthermore, for any nonzero N € Z, we can find Ny,--- , N € S
such that the substantial inequality (6.16) is strengthened to the equalities
Exn=FEn,+En,+ -+ Ng, N=N;+ No+---+ Ny, (7.3)

which simply express energy and charge conservation laws of the model in regards of
enerqy splitting.

Proof. Use the Technical Lemma (Lemma 3.1) as in [LY1] to get (7.3). The rest may
also follow the argument given in [LY1]. O

Next, we show that, in the compact situation, the minimization problem (2.21) has a
solution for any integer N. For this purpose, let E(u) denote the energy functional of
the NFS type or the Faddeev type given as in (2.5) or (2.6) evaluated over S*"! for a
map v from S4~! into $?". Namely,

Paws(w) = [ {1l )P =P} as, (74

n— 1 *
EFaddeeV(“) = / {|du|4 2 + §|u (wsZ'n)
S4n—1

The Hopf invariant Q(u) of u is given in (2.2). We have

2} ds. (7.5)

Theorem 7.2.. For any nonzero integer N which may be realized as a Hopf number,
i.e., there exists a map u : S~ — S?" such that Q(u) = N, the minimization problem
Ex =inf{E(u)| E(u) < co,Q(u) = N} over S*~! has a solution when E is given either
by (7.4) or (7.5).

Proof. Let {u;} be a minimizing sequence of the stated topologically constrained mini-
mization problem and v; be the “potential” (2n — 1)-form satisfying

dvj = uj(wsen), Ov; =0, j=1,2,---. (7.6)

Passing to a subsequence if necessary, we may assume that there is a finite-energy map

u (say) such that u; — u, du; — u, and u}(wg2n) — u*(ws2e) weakly in obvious function

spaces, respectively, as j — oo, which lead us to the correct comparison E(u) < Ey

by the weakly lower semi-continuity of the given energy functional. To see that Q(u) =

N, we recall that the sequence {v;} may be chosen [Mo] such that it is bounded in

Wt2(541) by the L*(S*"~') bound of {u}(wse)}. Hence v; — some v € Wh2(541)

weakly as j — oo. Therefore v; — v strongly in L*(S*"™1) as j — oo. Of course,
dv = u*(wg2n) and dv = 0. Consequently, we immediately obtain

1 1

U) = ——— v Au*(wgen) = ——— lim v; ANl (wgzn) = N, 7.7

Q( ) |S2n‘2 /S47L1 ( 5 ) ‘S2n|2 Jj—00 S4n—1 / J( 5 ) ( )

and the proof is complete. O

Note that the existence of global minimizers for the compact version of the Nicole

energy (2.4),

E(u) = / |du|**1 dS, (7.8)
S4n71

was studied by Riviere [Ri] for n = 1. See also [L] and [DK]. In particular, he showed that
there exist infinitely many homotopy classes from S? into S? having energy minimizers.
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We now address the general problem of the existence of critical points of (7.8) at the
bottom dimension n = 1 whose conformal structure prompts us to simply consider it
over R3. Thus we are led to the Nicole model. Specifically, for a map u : R* — S?, the
Nicole energy [Ni] is given by

E(u) = [ |Vul’. (7.9)

R3
For convenience, we may use the stereographic projection of S? — C from the south
pole to represent u = (uy, ug, u3z) by a complex-valued function U = U + iU as follows,

(751 U9

Uy = , Uy = , 7.10
YTrwy T 1t ug (7.10)
where u3 = 44/1 — u? — u3 for u belonging to the upper or lower hemisphere, S2.

Following [AFZ] (see also [ASVW, HS]), we use the toroidal coordinates (7,&,¢) to

represent a point z = (x!, 22, 23) in R? by

' = ¢ 'sinhncosp, 2?=q 'sinhysing, 2° =g 'siné, (7.11)

where ¢ = coshn —cosé and 0 < 7 < 00,0 <&, < 27m. The AFZ ansatz [AFZ, ASVW,
HS] reads

Un,€,9) = f) e, mn e 2, (7.12)
where the undetermined function f satisfies the “normalized” boundary condition
f(0) = lim f(n) =0,  f(c0) = lim f(n) = oo, (7.13)
so that the Hopf map is given by the choice f(n) = sinhn with m =n =1, or
U(n, &, ) =sinhn eléte, (7.14)

After some calculation, it can be shown [AFZ, HS] that the Hopf invariant of u designated
by (7.10)—(7.13) is given as

Q(u) = mn. (7.15)
Besides, with the new variable

t = sinh, (7.16)
the function f becomes a function of ¢, which is still denoted by f(¢) for simplicity, so
that the Nicole energy (7.9) takes the form [ASVW]

E(f):327r2/oo t(1+1?) fi + ! @Jrn? _ dt, (7.17)
: a+pp tvele T o) g
and the boundary condition (7.13) is reinterpreted in terms of ¢ given in (7.16). The
Euler-Lagrange equation of (7.17) is [ASVW]

1+ )1+ AL+ ) fF + [m® + n®)f2) fu — 41+ 22 f f}
HE(1 43 (1 + ) (1 + f2)f) = 2081+ ) (m® + ) 2}
+ 3 (m?® + 0?1+ 282)) (1 + f£2) f2f; — (m* + n®)? f2(1 — ) = 0. (7.18)
It is important to note that the advantage of using the AFZ ansatz (7.12) is that
it is a compatible ansatz [ASVW], meaning that (7.18) gives rise to the critical points
of the original Nicole energy (7.9). More precisely, the critical points of (7.17) subject

to the boundary condition f(¢) — 0 ast — 0, f(t) — oo as t — oo, give rise to the
critical points of the Hopf number (7.15) for the Nicole energy through (7.10)—(7.12)

(NI
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and (7.16). Although (7.18) looks complicated, it has a nontrivial solution f(t) =t
when m = n = 1, which implies that the Hopf map is an explicit critical point [ASVW].
Our purpose below is to show that, for any m,n, the equation (7.18) has a finite-energy
solution satisfying the stated boundary condition at ¢t = 0 and ¢t = oo. In fact, such a
solution also minimizes the energy (7.17).

To proceed, we introduce another new variable

g = arctan f. (7.19)
Then the boundary condition for f becomes
T

9(0) =0, g(o0) = 7, (7.20)

and the energy (7.17) is converted into the simplified form given as

o 1 [m? tan? g :

I(g) = tl+) g+ —— |5 +n’|——— | ¢dt 7.21
o= [ el maE ooty e o

where we have suppressed an irrelevant constant factor. It is seen that the Hopf map,
defined by ¢(t) = arctant, is of finite energy for any integers m, n.
We now define the admissible space as

A ={g(t) ] g(t) is absolutely continuous over the interval (0, o),
satisfies the boundary condition (7.20), and /(g) < oo}, (7.22)

and consider the associated minimization problem
In=inf{I(g)|g € A}. (7.23)

Let {g;} be a minimizing sequence of (7.23). We may assume that I(g;) < Ip+1 (say)
for all j =1,2,---. We will show that {g;} contains a subsequence which converges in
a well-defined way to an element in A, gy (say), and I(gy) = .

In fact, collectively writing

tan? g
(1 + tan? g)%’

P(g) =

we see that P(-) is a periodic even function of period 7, whose singularities at odd-
integer multiples of 7 /2 are removed if we understand P(3) = lim, .= P(g) = 0, etc. In
the sequel, we always observe such a convention for P(-). Therefore, for any g € A, the
modified function

(7.24)

2 (7.25)
2

lies in A and satisfies 0 < g < 7 and I(g) < I(g). Hence, with suitable modifica-
tions if necessary, we may assume that our minimizing sequence {g;} satisfies the same
boundedness condition 0 < g; < 7,7 =1,2,---.

On the other hand, near ¢t = 0 and ¢t = oo, we have, respectively,
dg;

ozaios [ ([ i)

< 23t3(I(g;))7, (7.26)
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and
dg;

0 2 0o 3 1
m 3 3 3
. < -5 3
) gj(t)‘ < </t s ds) (/t 5 1 ds)
< 25t73(I(gy))3, (7.27)

which indicates in particular that {g;} satisfies the boundary condition (7.20) uniformly.
The structure of the energy I given in (7.21) shows that for any numbers 0 < a < b <
o0, the sequence {g;} is bounded in W'3(a, b). Using a diagonal subsequence argument,
we may assume without loss of generality that {g;} is weakly convergent in W'3(a,b)
for any 0 < a < b < co. We use gy to denote the so-obtained weak limit of {g;} over the
entire interval (0, 00). We need to prove that gy € A and 1(go) = Io.
For convenience, we set

J(g,h;a,b) = /ab {t(l + %) (g? - # [?—; + nQ] P(h)) } dt, (7.28)

where g, h are absolultely continuous over (0, 00) and P(-) is defined by (7.24). We note
that

2tan h(1 — tan? h)
P'(h) =
() (1 + tan? h)?

P'(h) =0, h = odd-integer multiple of g (7.29)

, h # odd-integer multiple of g;

Hence, P’ is bounded. Besides, we may check that J(-, h;a,b) is convex for fixed h, a, b.
Therefore, we have

jIL%(J<g]7 955 @, b) - J(gjy 9o, @, b)) =0, (730)
and the weakly lower semicontinuity of J(-, go; a, b) implies that
J(g[)?gﬂ;aab> S hmll’lf J<gj790;aab)' (731)
j—00

Consequently, we get
Io = lim I(g;)
> lijniioglf J(95,9j;a,b)
= lim (J(g;, 95 a,b) — J (95 9o; @, b)) + lim inf J(g;, go; a, b)
> J(go, go; a, b). (7.32)

Letting a — 0 and b — oo in (7.32), we see that I(go) = J(go, 90; 0,00) < Iy as claimed.
The fact that g satisfies the boundary condition (7.20) follows from the uniform bounds
(7.26) and (7.27). Thus, g € A.

The Euler-Lagrange equation of (7.21) is

{t(l + %) (gf +7 i > (7:—22 + n2) P(g)> ;gt}t

_ % <g§ + ﬁ (T_j + n2) P(g)) : (T—; + n2) P'(g). (7.33)
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With the help of this equation, we may show that gy satisfies
0 < go(t) < g, 0<t<oo. (7.34)

In fact, if there is a point ¢, > 0 such that go(to) = 0 or g(to) = m/2, then the property
0 < go(t) < 7/2 implies that g((to) = 0. In view of the uniqueness theorem for the initial
value problem of an ordinary differential equation, we infer that go(t) = 0 or go(t) = 7/2
since ¢ = 0 and g = 7/2 are two trivial solutions of (7.33). This conclusion contradicts
the boundary condition (7.20) enjoyed by the function gy obtained earlier.

The property (7.34) ensures the invertibility of the transformation (7.19) so that we
obtain a critical point for the original energy (7.17).

We may summarize our study above in the form of the following existence theorem.

Theorem 7.3.. For any N € 7Z, the Nicole energy (7.9) has a finite-energy critical point
u in the topological class Q) = N. More precisely, for any m,n € Z, the energy functional
(7.9) has a finite-energy critical point u represented in terms of the toroidal coordinates
through the expressions (7.10)—-(7.13) so that its Hopf invariant satisfies QQ = mn, its
associated configuration function f defined in (7.12) is positive-valued with range equal
to the full interval (0,00) and minimizes the reduced one-dimensional energy (7.17) in
the variable t = sinh 7.

As mentioned already, since (7.9) is conformally invariant, it covers the spherical
energy (7.8) when n = 1. Therefore, Theorem 7.3 establishes the existence of a critical
point of the energy (7.8) at n = 1 among the topological class @) = N for each N € Z.

8. GENERALIZED FADDEEV KNOT ENERGY

In the subsequent sections, we shall study the topologically constrained minimization
problem of the generalized Faddeev knot energy in arbitrary (4n — 1) dimensions. The
generalization we will be focused on is defined by the energy

E(u) = / ([ dul* + [u*wgen|?), (8.1)
R4n—1

where, for convenience, we have absorbed the unimportant coefficient % in (2.6) to unity.
One may argue that a more natural generalization of the Faddeev knot energy should
take the original “quadratic” form so that

Bu) = / {|dul® + [uwean ). (8.2)
Réln—l

However, at this moment, the energy (8.2) seems to be too hard to approach. Indeed
for n > 2 and a map u : R" ' — S§%" with [, ,{|du|® + [u*wgn|*} < oo, it is not
necessary that u*wgz» is a closed form. On the other hand, it is worth mentioning that
(8.1) may be viewed as a “natural” extension of the Faddeev energy as well because
(i) both energy density terms are quadratic when n = 1, and (ii) with respect to the
rescaling of coordinates, x — Az (A > 0), the two energy terms respond with A\~! and
A, respectively, as in the classical Faddeev model.

As mentioned in the introduction, one of the main difficulties in understanding the
Faddeev model is that it is still not known whether an annulus lemma similar to Lemma
3.1 exists or not. In particular we are not able to freely cut and paste maps with finite
energy and it is not clear the minimizing problem would break into a finite region one




EXISTENCE OF FADDEEV KNOTS IN GENERAL HOPF DIMENSIONS 23

and a problem at the infinity, that is, the minimizing problem does not fit in the frame of
classical concentration compactness principle anymore. This difficulty will be bypassed
by a decomposition lemma (Lemma 12.1) for an arbitrary map with finite Faddeev
energy (in the same spirit as in [LY1] for maps from R? to S?).

9. SOME GENERAL FACTS AND USEFUL PROPERTIES AND RELATIONS

In this section we collect some basic facts which will be used frequently later.
We will use the algebraic notations in [F, Chapter 1]. Assume n is an integer and
1 <k <n. Then we denote

A(n,k)={N=(A1,--- , )| Ni'sare integers and 1 <\ < --- < A\, <n}. (9.1)

If A= (A, ,\) € A(n,k), K < n, then A\ € A(n,n— k) is obtained from the
complement {1,--- ,n}\{A, -+, \}. If 21 .-+, 2, are the coordinates on R", then we
write
de’)\ = dx,\l A\ d.%)\2 VANRIEIVAN dZC,\k.
If, for every A € A (n, k), w, is a distribution on an open subset of R, then we call
w = Z wydwy
AeA(n,k)

a (k-form) distribution.
Occasionally, we will need to verify some weak differential identities. It is convenient
to have the following basic rule.

Lemma 9.1.. Assume that 1 < pi,ps, p3s < 00, Q is an open subset of R™, av € LM

loc (Q) is
a k-form, B € L} (Q) is another form such that da € L2 (Q), 8 € L%C (), e L2 (Q)

loc
and df € L2 (Q). Then, in sense of distribution, we have
d(aAB)=danB+ (=1 ands.

PL_is the conjugate power of py. Similar for phy and pj.

p1—1

Here p) =

Proof. First assume 1 < py, py, p3s < 0o. By mollifying arguments we may find a sequence
of smooth k-forms a; € C* () such that a; — o in L} () and LV (2), day; — dav in
L2 (). Taking a limit in the equation

loc
d(a; AB) =do; AB+ (—1)" oy AdB,

the lemma follows. For the remaining cases, without loss of generality, we assume
p1 =00, 1 < pg,pg < 0o. Then we may find a sequence of smooth k-forms a; € C* (Q)
such that a; = «a in L2 (), oy — « in LI* (Q) and da; — da in LF2 (Q). Then

a; AN B — a A [ in sense of distribution and da; A 8 — da A B, a; AdS — a AdfS in

Li,.(R2). The same limit process as above implies the lemma. O

For a smooth map u, the exterior differential d commutes with the pullback operator
u*. It remains true under suitable integrability condition on the derivatives of u when
it is only weakly differentiable.

Lemma 9.2.. Assume that Q C R™ is open, « is a smooth k-form on R! with compact
support, u € LA (Q, Rl). Then in sense of distribution

loc
du* o = u*do.
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Proof. we may find u; € C® (Q Rl) such that u; — u in LRt (Q Rl) and u; — u a.e.

loc

+1
It follows that uja — u*a in L - () and uida — u*da in L}, (). Taking limit in

loc
dufo = u;da, we arrive at the conclusion. O

The conclusion of the above lemma can be strengthened when we know that the map
is bi-Lipschitz.

Lemma 9.3.. Assume that 1,y are open subsets in R™, ¢ : 4y — Qs is a bi-Lipschitz
map, and o € L}, . () is a k-form such that do € L, (). Then dp*a = ¢*da

Proof. We may find a sequence of smooth k-forms «; € C° (€2s) such that o; — « in
L. (Q2) and doy; — davin L, (Q2). Hence ¢*a; — ¢*a in I () and ¢*da; — ¢*da

loc loc

in L}, (©). It follows from Lemma 9.2 that d¢*a; = ¢*de;. Letting i — oo, we obtain
do*a = ¢*da. 0

Later on we will need to verify weak differential identities for maps with mixed dif-
ferentiability on different domains. For that purpose we state the following smoothing
lemma.

Lemma 9.4.. Let Q = B! x (=1,1), f : B}"' — (=1,1) be a continuous func-
tion. Assume that 1 < p1,q1 < 00, 1 < po,qa < 00, a € LloC (Q) is a k-form
such that do € L2 (Q). For x € Q, we write r = (x,xn), ¥’ € R" . Denote
O ={reQ: a, < f)). If

alg_ € Lig, ({z € @z, < f(2)})

and
da|B S Lloc ({ZE € Q P Tn S f (l’l)}) )

then there exists a sequence of smooth k-forms «; on Q such that
a; — ain L7 (),
do; — doin 72, (9)
il — alg_in L, ({z € @]z, < f(2)}),
doilg — dolg_in L, ({z € Qfz, < f (2)}).

If any one of the p1,pa, q1, Q2 is infinite, then the conclusion remains true if we replace

the strong convergence by the weak * convergence in L.

Proof. For 6 > 0 small we denote i5 : © — (2,2, — 0), then ija is defined on B”’1 X
(=1+4,1). We may choose 0 < & < § small enough such that for v/ € B, we
have f (') +0 > f( )+ ¢ for all 2/ € B" ' (y/). For p € C*(R",R), p(x) = 0 for
€ R"\By and [p, p(x)de = 1, write p. (x ) = Enp( ). Let 85 = p. * i}a be defined on
B~ 35><( 1+ 36,1 —35) Choose a ¢5 € C° (B} 35 x (—1+ 35,1 — 35)) with ¢5 = 1 on
Bl x (=1 + 46,1 — 46). Then a5 = ¢s- B5 satisfies all the requirements as § — 0F. [0

Based on the above smoothing lemma, we can derive another differential identity:.

Lemma 9.5.. Assume that ) is an open subset in R™, ¥ C Q is a continuous hypersur-
face which separates Q into Qy and Qg i.e. Q\X = Q3 U, 1 < py1,p2, 3, 1, 2, q3 < 00,
a € L7 () is a k-form with do € L2 (), a € L)? () and

loc loc

a|Q € Lloc (Q2 U E) ) dalQ € Lloc (Q2 U E) ) a|Q € Lloc (92 U E) .
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Let B € L. () be another form with d3 € Li,.(2) and

loc loc
Blo, € Ll (W US),  Blg, € LL(WUT), dflg, € L}

loc loc

Blo, € L (B UY),  Blo, € LE (%UE),  dbly, € LE

loc loc loc

(QU).
(QUY).
Then, in sense of distribution,

d(aAB)=danB+(=1)"ands.

Proof. Without loss of generality, we may assume that 1 < py, p2, ps, q1, G2, q3 < 00. By
localization and rotation, we may assume that €2 is a cylinder and X is the graph of a
continuous function. It follows from Lemma 9.3 that we can find a sequence of smooth
k-forms «; on €2 such that

o —ain L7 (Q), doy —dain L2 (Q), «; — ain L2 (),

a; —ain L (QUY), do;—dain LP? (QUY), o — ain LP

loc loc loc

(QUY).
Taking limit in d (a; A 8) = doy A B+ (—1)" o A B3, we obtain the conclusion. O

For later purposes, we review a little bit of the Hodge theory on domains ([T, Section 9
of Chapter 5]). Let {2 C R" be a bounded open subset with smooth boundary ¥ = 99, v
be the outer normal direction and i : ¥ — €2 be the natural put-in map. For 1 < p < oo,

WE? () = {a e W'?(Q) |a is a form with i*a =0},
Hp (Q) = {a e C™(Q) |ais a form with do =0, ' = 0, i*oe = 0} .

Here the subscript R refers to the imposed relative boundary condition: 7*«a = 0. That
is, the tangential part of a on the boundary ¥ is zero. Then we have

LP () = dWiP () & d WP (Q) @ Hg (Q)

and Hp (ﬁ) = H* (ﬁ, 8Q,R), the real singular cohomology group. More precisely, if
w € LP (), then

w=da+dF+7,
with o, 3 € Wi (Q), v € Hg (Q) and |allwis@), |8]lwir@ < c(p, Q) ||wllo@. If we
know [, (w,d*¢) dz = 0 for every smooth form ¢ on Q with i*¢ = 0, then w = da + v
for a € W,l%’p (Q), vy € Hr (ﬁ) Indeed it follows from integration by parts formula that

/Q<Wad*90> dz Z/Q<d*ﬁ,dg0> dz = 0.

Hence [, (d*3,dy)dz = 0 for every ¢ € W' (Q), p = 2. For every 7 € L (),

p—1

7 =day +dfB; + 1 for aq, 51 € W}%’p/ (Q) and 1 € Hgr (ﬁ), hence

/Q<d*6,7> dr = / (d*B,dp,) dz = 0.

Q
This implies d*5 = 0.

One of the ingredients in proving the crucial decomposition lemma (Lemma 12.1)
is the construction of suitable functions on annulus which connects the original map to
constant maps. The next two lemmas are about the existence of such auxiliary functions.
First, we derive some basic inequalities for the harmonic extension of a function on the
boundary of a domain.
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Lemma 9.6.. Let Q) C R" be a bounded open subset with smooth boundary ¥, 1 < p < oo,
f e Wt?(X), and u the harmonic extension of f to Q. Then

| <, Q) | fllwree)

Proof. We need the following basic fact (compare with [HWY1, Proposition 2.1]): As-
sume that p € C>® (R"1), g is a function on R"~! and

T @ = [ r©st'—m) e

for v € R}, v = (2/,2,), 1 <p < oo. Then
ITg]

1,-2P,
W ' n—1 (Q)

Ln 1( ) < C(n7p7 p) HgHLp(Rn—l)7

VTl 22 gy < €22 2) [Vl oenry.

Ln—1

To prove the two inequalities, we claim that

19l ) S ¢ (n, p) lgllor@n—y.

L‘fﬁ (R
If the claim is true, then the first inequality follows from the Marcinkiewicz interpolation
theorem (see [SW, p197]) and the basic fact that || Tg]|; (21) < ||p||L1 rn—1) || 9| Lo (Rn-1)-

To prove the claim, assume that ||g||;1@r-1) = 1. Then |Tg (z)| < =72 <) and

/ T9(@)]ds < c(n,p)a
z€R? 0<zn<a

for a > 0. Hence, for ¢t > 0,
19| > t| = Hx ER" :0< 3, < c(n,p)t~ 71, |Tg (z)| > tH
1 n
</ 1 Tyl (e) da < c (m,p) 77,
t 0<zp<c(n)t n—T1 z/e€Rn-1

Thus the claim follows. Next we observe that, for 1 <7 <mn — 1,

0T @) = [ 2O~ a8 e

and

n—1
0,(T9) ()=~ [ p(©6006 - 5.0
j=1 7B
Hence it follows that, for 1 < p < oo, ||VTg||L%<Rn) < c(n,p,p) Vgl Lr@n-1y.
+
By decomposition of unity, flattening the boundary and applying the above fact, we
may find some v € W1 (Q) with [v]| , e < ¢(p, Q) || fllwins) and v]y, = f. Then

)

A(u—v)=—Av and (u—v)[y, =0. It follows from elliptic estimate that

||u - UHWLH'";P]- (Q) S c <p7 Q) "v|’W1s,,ff1 (Q)
Hence

il 22, gy < € ) Nl 2y ) < €2 ) [ oy
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The next lemma gives us the existence of suitable auxiliary functions with energy
control.

Lemma 9.7.. Assume thatn > 3, f : B} — S'"! C R! such that faBl ‘df’n_l s

e(l,n) small,then there exists a u € W' (By\By, S'™) such that ulyg, = f, ulyp,
const and

IN

HVUHL"(B2\31) <c (Za n) deHL"*l(@Bﬂ'

Proof. Set fsp, fdS. By the Poincaré inequality, we have

- @fa&
/ |f = fop,|dS < c(l,n) [|[df || zn-1(0B,) < C(l,n)eﬁ.
0B,

Hence ||fop,| — 1| < ¢ (l,n) g7 7. We can solve the Dirichlet problem

Av =0 on B)\By,
U‘E)Bl =/,
Vg, = foB; -

Then A (v — fap,) = 0 on Bo\B1, (v — fon,)los, = [, (v— fon,)lyp, = 0. It follows
from Lemma 9.6 that

1
HU - f831HW1»”(BQ\B1) < C(lﬂ”b) Hf - fBBlHWLn—l(aBl) < C(l,n)éf”‘l-

It follows that, for § > 0 small,

1
v = fo, || Lo (Ba\B1ys) < € (0,1, 6) 7T,

For x € B%\Bl, € € 0By U 0By, we let P (x,€) be the Poisson kernel. For £ € 0Bs,

define (&) = fop,. Then v (x) = [y s P (2.€) £ (€)dS (€). Set & = &, r = |z - 1.
Then classical estimate for the Poisson kernel gives (see [HWY2, lemma 2.2 and section
5))

c(n)r

(P2 + 16— &%) ¢

0< P(z,6) <

For k£ > 1 with kr < %, we write

1
fkr, =
© 7 |0B1 N By, (%)) dB1NBy (%)

fds.

Using the Poincaré inequality, we see that

1
|8B1 N Bkr (£O)| O0B1N By (&0)

|f = frreol dS < c(l,n) |df]|Lr-10B1nBy (€0)

Sc(l,n)sﬁ.
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Hence || fire,| — 1| < ¢ (l,n) e7-7. On the other hand,

0@) — frol = |

0B1UO By

< / P(2.6) | () — foneo| dS (€)
(0B1\ By (£0))U0B2

P (0,6) (f (€) — fine,) dS <5>]

+ / P (2,)|f (€) = fineo| dS (&)
8B1NBy (o)

1 c(n)
e (rep)+ 55 [ O~ ealds ()

TTZ
C (l, 7’L) n—
< - +c(l,n)k ! |df|L”*1(aB1mBkr(§0))

<c(l,n) ( + k:”_lenll> .

El

Hence
- 1 1
||U (l’)| 1| <— C(l7n) <k? knil 1) .

By fixing k large,  small, and then ¢ small, we have || |v| — 1| ~(Bp) < 3. Let
v(z)

u(x) = (- Fhen u satisfies all the requirements of the lemma. O

To prove that the Hopf~Whitehead invariant ) (u) must be an integer for any map
u with finite Faddeev energy, we need to show that the invariant of a suitable weakly

differentiable map must be an integer. For this purpose, we recall some ideas from
[Sv, EM].

Proposition 9.8.. ([Sv, Section 2] )Assume that M™ and N™ are both smoothly oriented
Riemannian manifolds, v € W' (M", N") such that and J, = |det du| € L' (M™).
Then there exists a measure zero subset E of M™ such that the function

d(u,y) = Z sgn (det du (z))

reuTt(y)\E

is integrable on N™ and for every f € L™ (N™),

| Ge) = [ Fe)detdn @) due (@) = [ ) dun) dos (),

Here wyn is the volume form on N™, upym is the measure on M" associated with the
Riemannian metric.

Proposition 9.8 follows from the Lusin type theorems and the usual coarea formula
for Lipschitz functions. The idea of [Sv, EM] to show that d (u,y) is independent of y
is to show [,,, u* (fwy») = 0 whenever [y, fwy» = 0. To achieve that, the following
basic fact is useful.

n

Lemma 9.9.. Assume that n > 2, 1 o, orn=1butl < p < oo, and

<p<
o€ LP(R") is a (n — 1)-form with dov € L' (R"). Then [, do = 0.
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Proof. By a mollifying function argument, we may assume that o € C* (R"). Fix some
¢ € C® (R") such that ¢|Bl/2 =l and @[z 5, = 0. For R > 0, we write ¢p (z) = ¢ (%).
Then

0:/nd(¢Ra):/nd¢R/\a+ drda.

RTL
Note that
v
/ dogr A a‘ < M/ la] < c(n,p) / lalf | R*'F =0
n R Br\Bgr/2 Br\Bgr/2
as R — oo. Hence, by letting R — oo in the first equation, we get fRn da = 0. 0

In Lemma 9.9, the requirement p < -+ is crucial. Indeed, for n > 2, let T' be the

fundamental solution of the Laplacian, ¢ € C° (R") with [, ¢ (z) dz = 1, and let
a=(=1)""xd(¢xT).
Then for any ¢ > 2, o € L?(R") and da = ¢day A -+ - Adx,. Hence [, da = 1.

n—1’
10. THE HOPF—WHITEHEAD INVARIANT: INTEGER-VALUEDNESS

In this section, we will prove that for a map with finite Faddeev energy, the Hopf-
Whitehead invariant ) (u) is always an integer. This fact is not only needed for us to
come up with a reasonable mathematical formulation for the Faddeev model but also
plays a crucial role in understanding the minimizing sequences for the minimization
problems.

Theorem 10.1.. Assume that u € W (R~ 52"} such that

loc
4n—2 2
|du|™ " + |u*wg2n|” < 00,
R4n—1
where wgan is the volume form on S**. Then du*wgen = 0. Let

1
r = ,
O s

where d* is the L*-dual of d, |S*72| is the area of S*" 2. Then T € L* (R*"1), dr =
wwgzn, d'T =0, and the Hopf-Whitehead invariant

Qu) = —

- |S2”|2 R4n—1

7=d (I*u*wgen),

w'wgen AT

is well defined and equal to an integer.
To prove Theorem 10.1, we first show that du*wg2. = 0.
Claim 10.2.. For any smooth 2n-form o on S*", we have du*co = u*do = 0.

Proof. By linearity we may assume o = fodfiA- - -Ad fo,,, Where fo, - -+, fon € C° (R*"TL R).
Because u € Wh4=2 (R*"~1) ¢ W,2*"(R**1), it follows from Lemma 9.2 that

loc
du* (fidfo A+~ Adfa,) =u* (dfs A+ Adfan) .
Hence
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For any integer k, we write

k times
Ap (du) =du A -+ Adu.
Then |u*wgzn| = |Ag, (du)|. Tt follows that Ay, (du) € L? (R*~!). Hence
u(dfy A Adfay) € L (R
On the other hand, because foou € L>® (R*"1), d (foou) € L*"2(R*") C L2 (R*"1),
it follows from Lemma 9.1 that
du*a=d(foou-u" (dfi A--- Adfa))
=d(foou) Au*(dfi A+ Adfan)
=u"da = 0.
O

Note that u*wgzn € L N L? where and in the sequel, we often omit the domain
space when there is no risk of confusion. Hence, if we let 7 = I' % u*wg2n, then

dn=0, dd'n=An=u"wsn.

Here T is the fundamental solution of the Laplacian operator on R**~! % means we
convolute each component of u*wgz» with I' and in An, the A is equal to dd* + d*d (the
Hodge Laplacian, it is the negative of the standard Laplacian when acting on functions).
Let 7 = d*n. Then dr = u*wg2.. It follows from the usual singular integral estimate
that ([St])

2n—1

8n2—6n-+1 2(4n—1) 2n—1

T€ L3t N[ =3 Drel N L?> whenn > 2;
rel:nIS, Drel™NL* whenn=1.

Here ¢ is an arbitrarily small positive number. In particular, we always have 7 €
L* (R*~1) and

1
Q (u) / 'U/*(,LJSQR NT
R4n—1

R

is well defined. To show it is an integer, we will first use an idea from [HR, Section II.4]
which would imply that @ (u) is equal to the usual Hopf~-Whitehead invariant of another
weakly differentiable map. Then we will apply ideas from [Sv, EM] to show that the
invariant is an integer.

Claim 10.3.. Let U : R*~1 x Rin—1 5 §2n x §2n » §4n=2 be given by
r—=Yy
Ulx,y —(ux ,u (y ,—).
() = (o) u (), o=
Then U*(A)S27L><32n><s4n72 - Ll a/nd

Q) =~

1527% |§47=2| Jpan—1ygan—
Roughly speaking, the claim says the Hopf invariant of u is equal to the degree of U.
This is a special case of a more general formula for rational homotopy in [HR, section

I1.4]. Since we will need the proof later on and for completeness, we present the argument
in this special case.

U*WS27L X S2n x §4n—2.
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Proof. Let J, = |u*wgz«| be the Jacobian of u, then

Ju (2,y) < c(n)

2n—

Because J, € L™ NL2, we see J, € L 3 (R4"=1). It follows from the classical Hardy—
Littlewood-Sobolev inequality ([St]) that J; € L' (R¥~2), that is U*wgenyg2nygin—2 €
L. U

To continue, note that for x,y € R™, the map :R™ x R™ — S™~1 gatisfies

ZL‘—y *
—_— wWaom—
lz—y|)

Ix\

Indeed, under the spherical coordinate, the metric and volume forms of R™ and S™!
are given by

grm = dr &® dr + T2 Z bij (9) d@z (029 de,

1<i,j<m—1
Wem—-1 = 4/ B (9)d01 VANRRIVAY d9m_1,
respectively, where B (0) = det (b;; (¢)). Hence
(%) Wgm—-1 = 1/ B (9)d91 VANCEIIVAY demfl
== ( "B (@)dr Adfy A+ A dOp ) |9,

— (Ao A Aday,) {Z 10y, -

k=1

It follows that

r—vY *
wWagm—
Ifﬂ—yl s

—m Z —y;) (doy —dyr) A+ A(dajy — dyj-a)

T - yl
(d.??jJrl — dyj+1) AN (d.’l?m — dym> .

Developing the product out we get the needed formula.

Proof continued. We may write

u Wg2n = Zf)\ d$)\-



32 FENGBO HANG, FANGHUA LIN, AND YISONG YANG
Here A runs over elements in A (4n — 1,2n), and the same for p, v we use below. Then

*
U Wg2n x §2n y g4n—2

:—ZfA d$A/\qu ) dy,, A ~ 4nlzZSgnV’/ ) (Tv; = Yui) -

v =0

(dl’y> La% A\ dyy

= - 4n1§:§:§:h y) day A dy, Asen (1 71) (2, = Y)

pn o i=0
(dxu) L&% A dyz
1 4n—1
=—— Z Z (@) fu (y) day A (25 — y;) (dzy) [0p, Adyr A+ Adys,.
‘:U - y‘ by no 3=0
Hence
/ U wgzn  s2n x gan—2
R4ﬂ IXR4n 1
4n—1
EEX [ (Lo snw 7 ) an o,
\ P R4n—1 R4n—1 |x — y|
4n—1
‘34” 2|/[R4nlzZZ/R4nl (T f,) (z )f,\(x)dx,\/\(dxu)tawj
— 52 [ g ad,
]R4n71
where
= Z (T * fy) dx,.
A
Hence
1
Q (U) = = U*Ws2n><s2n><s4n72.

152012 | §47=2| Jgan—1gan—

0

It follows from Proposition 9.8 that there exists an integer-valued function dy €
LY (8% x §2" x §4"=2) such that for every f € L®° (S§?" x 2" x §4n=2),

R ( () u(y). J) (w'wsen) () A (u'wge) (3) A (;y,) g

|z —yl lz —y
= / f(2)dy (2)dS () dS (") dS (=").
520 §2n % S4n—2

Here z = (Z/, 2", 2"). Denote
1

|S2”’2 |S4”—2| §2n 5 G2n % §4n—2

dy (2)dS (/) dS (") dS (") .

1:
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Once we know dyy = C1, by choosing f = 1 in the above equation, it follows from Claim
10.3 that H (u) = —C is an integer. To show dy = C), we only need to prove the
following.

Claim 10.4.. For every f € L™ (5§?" x §?" x §4n=2)
/ f(2)dy () dS (') dS (2") dS (2")
S2n % §2n % §4n—2

= / f(2)dS (2") dS (") dS (2").
S2n x §2n y G4n—2
By approximation we only need to verify the equality for

f(z)=f(Z) L") ("),
f1, fo € C% (8%, f3 € C* (8%"~2). To achieve this we only need to prove
(a) If [qins f3(2")dS (2) = 0, then

/SM I f1(2) f2(Z") f3(2")dy (2)dS (2')dS (2")dS (") = 0.
(b) If fsn fo () dS (2") = 0, then
/ f1(Z) fa(2")dy (2)dS (2)dS (") dS (") = 0.
521 % §2n % S4n—2
(c) If [ f1(2')dS (') =0, then

/ f1(Z)dy (2)dS (2)dS (") dS (") = 0.
S2n x §2n x §An—2

Indeed, if (a)—(c) are true, then we have

/ £ () 2 (") o (") oy () dS () S (") dS (=)
§2n ) 521 x SAn—2

S . f3(")dS (") / f1(2) f2(2") dy (2) dS (1) dS (2") dS (")

|S47=2| Jgan—2 G20 % §2n 5 GAn—2

— |‘S(1_2n|@ . f2 (Z//) dS (Z//)/ f3 (ZI//) dS (Z///) .

S4an—2

/ Fu () dy (2)dS (/) dS (") dS ()
§2n ) 521 x S4n—2

et ;; fl (Z/) dS (Z/) f2 (Z//) dS (ZI/) / f3 (Z/I/) dS (Z///) .

|S2n|2 |S47=2| Jgan 52n Gan—2

/ dy () dS () dS (") dS (=)
§2n x 521 x San—2

= / f1(Z) f2(Z") f3(2")dS (2)dS (") dS (") .
521 x 521 x §4n—2
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We start with (a). Since [gu,-» f3(2”)dS (2”) = 0 we may find a smooth (4n — 3)-
form ~ on S*"~2 such that dy = f3wgan—2. Note that

/Sgn o gin_ f1(Z) f2 (2") f3 (") dy (2)dS (2)dS (2") dS (")
= u* Wazn ) (T u* S u * |
- /R4"1><R4n1 (frwsza) (z) A u” (fawsen) (y) A (|x — y|) (dv)

Recall that Ay, (du) € L NIL2C L% . Let 6 = s=2. Note that

o) () A () )1 (222 )
o (00) ()] A (00 ()]

N & -y
It follows from the fact Ay, (du) € L% the Hardy—Littlewood—Sobolev inequality, and
2nd N 2nf dn—1—(4n—3)46
dn—1 dn—1 4n —1
that ; ,
[Azn (du) ()] [Az, (du) (y)] c I} (R4n71 % R4n71) '
|£C . y|(4n73)9
Hence
* * T — ) n— n—
u* (fiwgzn) () A u* (fawsen) (y) A (\:z: — Z‘) ve L’ (R ' xR™ M.
Claim 10.5..

a[u (o) () A (o) ) 1 (22 5

() () A (o) ()1 (22 ().

Proof. Because = € WEA2 (RA1 % R*1) it follows from Lemma 9.2 that

r—y\’ r—y\’
(=) o] - =) @
|z =yl |z =yl
On the other hand, it follows from Claim 10.2 that
d[u” (fiws=n)] = 0.

By smoothing we may find a sequence of smooth 2n-forms on R**~!, namely «;, such
that

a; — u* (fiwgz) in L% (R4n_l)
and do; = 0. Similarly we may find a sequence of smooth 2n-forms on R4*~!, namely f3;
such that

ﬁi — U,* (fg(x)s?n) n L4g"_11 (R4n_1)
and dS; = 0. It follows from Hardy-Littlewood—Sobolev inequality that

) 7 ) A () = ) () w (o) ) (222
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in Lsi-s (R¥"~! x R*~1) as i — co. Similarly

z—y '\’ \ . z—y\"
i (T) A Bi (y) A =yl (dy) — u” (frwsen) (2) A u” (fawsen) (y) A =yl (dv)

in L (R x R*""1) as i — oo. Taking limit in the equality

d%M@A&QﬁA(x_y)ZJZQMMA@@DA(ﬁ_y>%®%

|z =yl |z =y
we prove the claim. O
It follows from Claim 10.5, Lemma 9.9, and the fact 1 < gz:g < jﬁ:; that
* * Tr—Y "
u* (frwsen) () Au* (fowszn) (Y) A | 77— ) (dy) =0.
R4n—1xR4n—1 |$ - y|

Part (a) follows.
Next we check part (b). If [, fo(2")dS(2") = 0, then we may find a smooth
(2n — 1)-form v on S?" such that dy = fowgen. We have

/ £ () 2 (") dy () dS () dS (") dS (")
521 % §2n x §4n—2

= / u (frwge) () A (fowsen) () A ( S ) Wsina
R4n—1xR4n—1

|z —y|

= — }S4n72‘ u* (fngQn) N Ty.
R4n—1

Here

nn=17=d" (I'xu" (frwgn)).
We have used the calculation in the proof of Claim 10.3 in the last step. By Claim 10.2,
du* (fiwsen) = 0. This together with u* (fiwgen) € L2 implies

T E L%, dr = u* (fiwgzn) .

Because u € Whin=2 (R4"=1) it follows from Lemma 9.2 that

u* (fowgzn) = u* (dy) = du™y.
Using u*y € L?, 1, € L%, du*y = u* (fowgen) € L2, A1y = u* (fiwgen) € L% N L?, it
follows from Lemma 9.1 that

d(u'yAn)=du"™y A1 —u*y Adn
=du"y A1 —uty Aut (frwsen)

=du™y A7
=u* (fngzn) N Tq.

Note that u*y A € 575 and 1 < 22:3 < jﬁ:;. Applying Lemma 9.9, we get

/ u* (f2w52n) VAN T = 0.
R4n—1

Part (b) follows. Part (c) can be proved exactly in the same way as part (b). This
finishes the proof of Claim 10.4 and hence Theorem 10.1.
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It is worth pointing out that there is freedom in the choice of 7 in Theorem 10.1.
More precisely, we have

Proposition 10.6.. Assume u € W,o' (R*~1, S?") such that

oc

/4 {2+ futwgen ) < oo,
Rin—

and that o is a smooth 2n-form on S**. Then du*a = 0. If2 < p < %,
B e LP (R*™ 1) is a (2n — 1)-form such that df = u*«, then

/]R4n1u*oz/\ﬁ:Q(u) (/Sa>2

2n—1

Proof. Claim 10.2 implies that du*a = 0. Since u*a € L™= N L2, it follows that
dd* (T xu*a) = v*a and d* (T xu*a) € LP (R !). Hence we may find 8 € LP with

dB = u*a. Using (2"7:(21(%3;1) < 2=l we get w'a A S € L' (R*™1). We claim that
fR4n—1 u*a A [ does not depend on the choice of 5. Indeed, if E € LP satisfies dg =u*a,

then d <B — E) = 0. Hence 8 — 3 = dy for some (2n — 1)-form v € L (R%"~1), where
L —1__1_ Tndeed we may choose v = d* (1" * (5 — B)) Note that u*a Ay € L.

p p 4dn—1"
It follows from Lemma 9.1 that

d(uw'aNy)=u'aA (5—5)

/]R4n1u*a/\ (ﬂ —5) =0.

The claim follows. Next we look at the case f g2n @ = 0. In this case we may find a
smooth (2n — 1)-form v on S?* such that a = dv. It follows from Lemma 9.2 and the
fact u € W14"=2 that u*a = u*dy = du*y. Note that u*y € L2. Hence we may choose
B = u*vy. It follows that

2
/ u'aNf= u*a/\u**yz()z@(u)(/ 04) )
R4n—1 R4n—1 SQn

Finally, if [g,, a # 0, by rescaling we may assume [, @ = |S**|. Then o = wgen + dy
for some smooth (2n — 1)-form . Hence

Using Lemma 9.9 we see

uw'a = utwgen + duy = dr + duy

with 7 = d* (I * u*wg2n). Let 8 =7 +u*y. Then 8 € L? and d8 = u*«. Hence

/ uwraNfp = ura AT+ uta Auty
R4n—1 R4n—1

:/4 1u*w52n/\7'+/4 1du*’)//\7'.
Rin— Rin—
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4n—1

Note that because u*y € L?, 7 € L?, du*y = u*dy € L?, d7 = w*wgen € L' 20 N L%, we
see that

d(wy A7) =du"y AT —u'y Adr
=du™y AT —uty A utwgzn

=du™yAT.
Hence [p4, 1 du*y AT = [p4,1 d (u*y A7) = 0. It follows that

2
/ uwraAfp = U*MSQn/\T:‘S2n‘2Q(U):Q(U) (/ a) :
R4n—1 R4n—1 S2n

Using Proposition 10.6 we easily derive the following expected corollary.

Corollary 10.7. For everyv € C* (S%~1 S2") letu = vor, !, where m, : S 1\ {n} —
R4=1 is the stereographic projection with respect to the north polen. Then fR4n,1 |du|4"72+
lu*wgen|? < oo and

Q) =Qv).
Here Q (v) is defined as in [BT, p228] as follows: If v*'wgen = dn for some smooth
(2n — 1)-form n on S, then

1 *
Q(U) = W/S4n_lv Wg2n /\77

Proof. Indeed since |Vu (x)| < W,

the other hand, v*wg2» = dn implies

4n—2

we see that [o,, , |du + |u*wgen|* < 00. On

Uwgzn = (erl)* vwg = d (erl)* n =dr.

Here 7 = (n;Y)"n. Then |7] < Germe=- 1t follows that 7 € L% (R*1). Using

n

Proposition 10.6, we see that

1 . 1 . N
Q) = G /54n1 Viwge A = 5o /11@4711 Wwgen AT = Q (u).

O

When n # 1,2,4, v € C® (S9! 52") classical algebraic topology tells us @ (v) can
only be an even integer (see [Hu, Corollary 3.6 on p214 and Theorem 4.3 on p215]). It
is natural to make the following

Conjecture 1. Under the assumption of Theorem 10.1, Q (u) must be an even integer
when n # 1,2, 4.

10.1. Further Discussions on the Hopf—Whitehead Invariant. In the proof of
the crucial decomposition lemma (Lemma 12.1), we will see that some maps to be
constructed have finite Faddeev energy on one piece of the domain and finite conformal
dimensional energy on other piece of the domain. It is necessary to show such kind

of maps still have integer Hopf invariant. Indeed we have the following analogue of
Theorem 10.1.
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Theorem 10.8.. Assume that u € W' (R*~1 S?") and that @ C R*"' is a bounded
open subset with continuous boundary such that

/ |du| ™% + JuFwgen? —|—/ |du|*"" < oo,

where wgen is the volume form on S**. Then du*wgen = 0. Let

1
I'z) = )
O sy s

where d* is the L*-dual of d, |S™~2| is the area of S 2. Then T € Lai-1 (R¥-1),

dr = u*wgen, d'T = 0. The generalized Hopf invariant

Qu) = —

- |,S(2’n'|2 R4n—1

1s well defined and equal to an integer.

T=d (I'xuwgen),

wwgen AT

Again the first step is to show that du*wgz2. = 0.
Claim 10.9.. For any smooth 2n-form o on S*", we have du*c = 0.
Proof. By linearity we may assume o = fodfiA- - -Ad fa,,, where fo, - -, fon € O (R*"T1 R).
127 it follows from Lemma 9.2 that

Because v e W, >
du” (fidfa A--- Adfa) =" (dfs Ao Adfan).

loc

Hence
du* (dfy A=+ Adfa,) = 0.
Note that fyou € L® (R 1), d(fyou) € L} (R 1), d(fyou) € L1 (R 1\Q),
w(dfy A Adfan) € L2(Q), u* (dfy A+ Adfan) € L% (R"1\Q), and
du* (dfi A+ Adfs,) € L= (R™7).

It follows from Lemma 9.5 that

du*a =d(foou-u* (dfs A--- Adfa))

=d(foou) Au*(dfi A+ Adfan)

=u'da = 0.

To continue we observe that
2n—1

(Wwsz)lg € L5 (O NL2(Q), (wwsen

4n—1

)
Hence u*wgzn € L2 (R¥71). Let 7 = d* (T * u*wgzn ). Then
re LR ®YY), dr = u ().

4n—1
2n

lema € L2 (RM\Q).

In particular,
1

u) = —— wrwgzn A
Q ( ) |52n|2 Rin—1 S2 T
is well defined. Because J, = |u*wgn| € L%, the proofs of Claim 10.3 and 10.4
remain valid with minor modifications (e.g., replacing Lemma 9.1 by Lemma 9.5 when
necessary). Similar to Proposition 10.6, we have
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Proposition 10.10.. Assume that u € W' (R*"1,8?"), Q c R*! is a bounded open

loc
subset with continuous boundary such that

/ |du) ™% + JuFwgen? —|—/ |du|*"" < oo,
Q Rin—1\()

and that « is a smooth 2n-form on S**. Then du*a = 0. If B € Lo (R¥"1Y) such that
dg = u*«, then for n > 2 we have

/RMlu*aAﬂ_Qm) (/5%04)2.

For n =1, the equality remains true if, in addition, u is constant near infinity.

This follows from a similar argument as that in the proof of Proposition 10.6.

11. ENERGY GROWTH ESTIMATE

In this section we will describe some basic rules concerning the Hopf invariant for
maps with finite Faddeev energy and the sublinear energy growth law. Note that such
kind of sublinear growth is a special case of results derived in [LY5]. We provide the
arguments here to facilitate the further discussions in Section 12 and Section 13.

Recall for u € W' (R*~1 52") we denote

loc
E(u) = / {|du|4"72 + |u*w52n|2}.
R4n—1

Let
X ={ueW, (R" 5™ |E(u) <oo}.

oc

Lemma 11.1.. For any u € X,

4n

Q (u)] < c(n) B (u)™1 .

Proof. Indeed,

1 *
Q (U) = |S2n|2 /R4n_1 U Wg2n ANT

with 7 = d* (I" * u*wg2n ). It follows that

1Q ()] < c(n) / W ws

R4n—1

7]

< c(n) ||uwgen || 2|7 L2
< c(n) ||U*Ws2n||L2||U*WS27L||L2(4:;11)
_1 4n—2
S C (n) HU*WSZVL L2||U*w52n 2721—1 ||u*ws2n z&
n

_4n 2n(4n—2)
< c(n) [[u*ween | 157 [Vl 0=

4an

c(n) E (u)™-1.

IN
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For N € Z, denote
Ey =inf{E(u):ue X,Q(u)=N}.

The above lemma gives a lower bound for FEy. The upper bound may be derived by
choosing suitable test functions.

Lemma 11.2.. Forn =1,2,4, we have

En <c¢(n) |]\7\47‘sz1 for all integers N.
Forn #1,2,4, we have

En <c(n) \N\MZTZI for all even integers N.

We start with some basic facts.
elfuc X, ¢:R¥™ 1! — R !ig an orthogonal transformation, then uo ¢ € X
and @ (u o @) = sgn (det ¢) - Q (u).
Indeed, we have
(uo @) wgen = d*uwgen = ¢*dr = do*r.
Here 7 = d* (T * u*wg2n) € L2. Hence
1
Q(uog) = ’SQn’2 in 1
1
520 S
_ en\ah o) (det2¢) / U'wgen AT
5207 Span-s
— sgn (det 6) - Q (u).
eIfue X, 1eC®(5? 8?) then pou e X and Q (v o u) = (deg))’> Q (u).
Indeed, denote a = Y*wg2.. Then

O utwgen N\ O°T

" (W wgzn A T)

(You) wgm =u'a=d7

for some 7 € L2. It follows from Proposition 10.6 that

Q@pou) = b u Y ween AT

|S2n|2 g2n
1 2
= <|52n| o st%) Q (u)
= (deg®))* Q (u) .

e Assume 1,75 € R & € S? riry > 0 such that |v; — x| > 11 + 79,
uy,us € X such that uy (z) = € for |z — x1| > ry, ug () = € for |z — x| > 79.
Let

w (z), v € By, (x1),
u(x) =< us(x), x € B, (x2),
&, otherwise.

Then v € X and @ (u) = Q (u1) + Q (u2).
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Indeed, ufwgzs = d7i, ubwgen = dry for some 71,75 € L?. Hence
UWwgen = Ujwgzn + uswgzn = d (11 + 7o) .
Hence

1

B |,S'2"|2 R4n—1

Q (u)

(ujwgen + uswgzn) A (11 + 72)

1 *
=Q(u1) +Q (u2) + W/M B Ujwgzn A To
P / o A

UsW g2n T1.
‘SZTL|2 R4n—1 28 !

Fix a 0 > 0 such that r; + 79 + 20 < |77 — 22|. Then drp, = 0 on B, s (x1). It follows
that 7 = d, for some o € W2 (B,,15 (71)). Note that on B, s (z1),

ujwgzn A To = ujwgzn A dys = d (ujwsze A Y2) .

Hence

/ UjWg2n A\ Ty = / UjWg2n A Ty = / d (ujwszn A ¥2)
R4n—1 Br1+5(x1) B’I‘1+5(xl)

= / d (UTWSZWL AN 72) = O
R4n—1
by Lemma 9.9.

Proof of Lemma 11.2. We simply deal with the case n # 1,2,4. The case when n =
1,2,4 may be treated by similar methods. It follows from the previous facts that £_y =
Ey. Hence we may assume N > 0. By [Hu, corollary 3.6 on p214] we may find a
vp € C™ (541 827) such that Q (vg) = 2 and U0|Sin—1 = n, the north pole of S?". Let

ug (z) = vy (77! (x)). Here 7, is the stereographic projection with respect to the north
pole of S4"~!. For any even N, we may find a unique m € N such that

N
m2§3<(m—1—1)2.

Let k£ = % —m? Then 0 < k < 2m. By scaling and packing we can find a ¢ €

C> (5?7, 5?") such that ¢ (n) = n, degvy = m and |dy| < ¢(n) man. Let

W (uo <m_%nx>> , for |z| < mer +1,
u(r) = u0<x—(mﬁ+1+4j>el>,f0r x—(mﬁ—i-l—i-élj)el
n, otherwise,

where ¢, = (1,0,---,0) € R, Then Q (v) = 2m? + 2k = N. Moreover since
|du| < ¢(n), we see that

<L1<j<k
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12. THE DECOMPOSITION LEMMA

In this section, we prove the crucial decomposition lemma. Roughly speaking, the
lemma says that we may break the domain space into infinitely many blocks, on the
boundary of each block the map is almost constant, and hence, we can assign a Hopf-
Whitehead invariant for it. By collecting nonzero “degree” blocks suitably, we may
achieve a good understanding of the minimizing sequence of maps for the Faddeev en-
ergy (Theorem 13.1). Note that such a decomposition lemma for maps from R? to S?
was proven in [LY1] using the lifting through the Hopf fibration S® — S2. In higher
dimensions, we will use the Hodge decomposition of differential forms in place of the
lifting.

Let us introduce some notation. For x € R™ we write

[#lo = max ||

For R > 0, y € R™,
Qr(y) ={r e R™: [z —y|, < R}.
Qr = Qr (0). Denote
2" ={x € R":x; € Zfor 1 <i<m}
as the lattice of all integer points. Then
R™= |J Qr(9).
¢€2RZ™

Here 2RZ™ means the scaling of the lattice Z™ by factor 2R. The union of boundaries
of these cubes is given by

Yp={x€eR™:2;,=(2j+ 1) R for some 1 < i < m and integer j}.
Lemma 12.1.. Assume u € X. That is, u € W1 (R*"1, 52} with

loc
E (u) = / (|du\4"72 + |u*w52n|2) dr < A < 0.
R4n—1
Let
T = d* (F * U,*CL)S2n) .

Here T is the fundamental solution of —A on R*~1. Then for every e > 0, there exists
R=R(n,e,A) >0,y € Qra and r¢ € Z for every & € 2RZ*" " such that

Z 1

5 2/ Wwgen AT — Ke| < €.
fE?RZ‘l”*l ‘S TL‘ QR(5)+?J

In particular, except for finitely many &’s, ke = 0 and, when ¢ < 1,

Z Ke = Q (u).

¢€2RZAn—1

Proof. Since ||u*wgzn

n

L2 () < c(n) Hdu||%71n_2(m4n_1), it follows from Holder’s in-

equality that

||u*w52n||L4J%(R4n_l) <c(n,A).
Hence
HTHL%Z:%(RM—U + ||DT||L43;1(R4TL71) S C(n7A) :
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It follows from the Fubini type estimate (Section 3 of [HL]) that we may find some
y € Qrya such that

1,4n—2 ) ;
u‘ZR+y I/Vloc (ER + y) ) T’ERer € I/Vl ’ (ER + y)

and

/ (\du|4" 2 4 7|2 4 | Dr| 5 )ds
YRty

@)

< <) / <|du|4"_2 FrET 4 |DT|4’;7;1) dz
R R4n—1
< c(n,A).
- R
By translation we may assume y = 0. Pick up a cube Qg (£) with & € 2RZ*~1. Without
loss of generality, we may assume & = 0. We have

/ (Idu|"=* +7|%5 + |Dr| 5 ) ds <
9Qr

Claim 12.2.. There exists uy € W' (Qar\Qr, S*") such that wily,, = ulsg,;
utlyg,, = const and

c(n,A)
7

[dur || Lon—r(@urr@n) < € (1) || du| Lan—>(0q)-
Here we set
u(x), =€ Qp,
uy (r) = ¢ ur(z), € Q2r\Qr
Ulpg,, s T € RN\ Qap.
Indeed, consider the map ¢ : Rt — R~ given by ¢ (z) = || wi-- Then ¢ is
bi-Lipschitz with |¢ ()|, = |z|. In particular, ¢ (0Bg) = 0Qg. Let v (z) = u (¢ (x)) for

r € Br. Then
9Br

It follows from Lemma 9.7 and scaling that, when R = R (n, A) is large enough, there
exists a v; € W1 (Byg\Bg, S*) with v|,5 = v, v1]yp, = const such that

c(n,A)
R

|dvr || Lan—1(Byp\Br) < €(n) [|dV|[Lan—2a8,) < ¢ (n) [|du||pan—2(00,)-
Let u; = v; 0 ¢~ L. Then u; satisfies all the requirements in Claim 12.2.
Claim 12.3.. There exists some 7, € L1 (R"1) with 7i|g, = 7, Tilgn-1g,, = 0,

dry = ujwgen and

Il 4

LQ" i (Q2r\QR)

< el (delfhsoqn + BER I gy g+ RETIDT s ).

L3=T (9QR)

Indeed we may write

T = Z f>\ (ac) dx,\.

AeA(4n—1,2n—1)
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Then we define
f/\( )7 T e QR?

f’T)\ (m) _ 2R— |:L"\oof <\$| ) , T € QQR\QR,
0, xr € R4n 1\@23,

and _
Ty = Z f)\ (ZC) dx,\.
AEA(4n—1,2n—1)
It follows that 7 € L2t (R4”_1) Dry € L' (R*~1), and
R4n 1
7l g, 10y S €0 RE I gy

2n
n < n n— 4n—1 n— .
rwau%f%ﬂQ) ) (BBl ey gy + RFTIDT 552 )

Note that (d7m)|g, = w'ws2 and (d72)|gin-1\g,, = 0. Let v(z) = w1 (¢ (z)). Then
v e WS (R, S0,
/ (|dv* " + [v*wgen [*) da + / |do|*" " dz < oo,
Br Bar\Br
and ’U|R4n_1\ By, = const. It follows from Theorem 10.8 that dv*wgzn = 0. Let 7y = ¢* 7.

It follows from Lemma 9.3 that 7, € Lo (R*~1) and dny = ¢*d7mp. In particular,
(d772)|BR = U*WSQ"; (d772)|]R4n—1\B2R = 0, and

ldnell gos gy S €0 )<R“” 7l gt g + B IDTI 252 aQR)>'

Note that d (v*wgzn — dnz) = 0. Hence for any forms ¢ € C'° (R"),

(V*wg2n — dng, d*p) dz

o

Bar\Br

(V*wgzn — dne, d*p) da

R4n—1

0.

Using the fact
H* (Bag\Br, 0Br U 0By, R) = H* (Bym\ B, R) & H2n- (SM R) =0,

it follows from the Hodge theory that we may find some n € Wl 2n (32 r\Bg) such
that

V'wgzn —dng = dn on Bog\Bgr, ixn =0, i5,n =0,

and

Il 421 5,

< e () o' wsen — dpll oy

2n

< (o) (12200 + REH el 1 g + R 1D7, 150 )-
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Here i : 0Br — R* ! and isp : 0Byr — R*"1

are the identity maps. Let

— m, on BQR\BR>
m 0, on By U (R™1\Bypg).

Then it follows that for any form ¢ € C° (R"),

/ n A de
R4n1

/ nAde
Bar\BRr

—d(nAp)+dypAg

I
o

Bar\Br

/ vazn—dng)/\go—/
Bar\Br 0B2r
/ (v'wgzn — dn) A

4an—1

Hence

dn = vi'wgzn — dny

Let 1 = n+ n2. Then dn; = v*wgen. Denote 7
By Lemma 9.3, we have

z';R<nAso>+/ i (1 A )
OBRr

on R4~ 1,

4n—1

= (¢_ ) 7n1. Then 7 € L2t (R4n 1)

d’Tl = (¢_1)*dn1 = (gb_l)*U*WSZn = UTC{JS%L,

Tilg, = T+ Tilgan-1\g,, = 0, and

Il s

LQ" i (Q2r\QR)

27

1—1
<c(n >(Hdu||L4n oo - BEE ]

L3 (0Qp)

It follows from Proposition 10.10 that we have

+R4” 1”D7‘H dn-1 2= oon ))

1
Q('LL1> = —/ u;wszn/\Tl.
R4n—1

520
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Hence

/ Wwsen AT — Q (uq)
Br

‘ ’S2n|2
1 . A
>~ |5’2n|2 Bare\ B UIWSQn 1

< c(n) [lujwsn]| 4

ap-1 [7e]] an-1
L (Q2r\QR) L (Q2r\QR)

_2n 2n—
( )||duHL4" 2 dQR) <Hdu||L4n 2 8QR +R4’VL7]-HDT“L4TQLTL1 +R47L 1|| ||L2n 1(8Q ))

<c(n) ||du||%4n—2(6QR)/ |du|"™"?dS + ¢ (n) ||dU||zZnIz(aQR) (/acg |du|*" " dS
R

0Qr

+R/ \Dr| 5 dS) +e(n )||du||z’;n12aQ )</ |du|4”2dS+R/ Ei=: dS)
QR QR QR

A
gc("—;n)-R/ (|d =2 4 |73 4 |Dr| B )ds
OQR

R4n—1

if R > 1. We may set kg = Q (u1) € Z. Then we get

1 / .
U Wg2n AT — K¢
£€2§n1 ’5’2n| QR(£
A _ 4n—1 2

o) / (1 + 154+ D) as

R4n ZR

cn ) _
- R4n B

when R is large enough.
As a consequence,

1
E |ke| < m/ |u*wsen A T|dx + € < 00.
1527 Jar(e)

£€2R7An—1

This implies k¢ = 0 except for finitely many £’s. On the other hand,

Q (u) — Z Ke| < Z

¢€2RZAN—1 ¢€2R7A7—1

1
|52

/ UW'wgen N T — Ke| < €.
Qr(&)

Using the fact that @ (u) — >_¢copgan—1 K¢ i an integer, we see that, when ¢ <1,

Qu)= > ke

£€2R7An—1

13. EXISTENCES OF MINIMIZERS

After the fore-going preparation, we are ready to prove the main result of the second
part of this article, Theorem 13.1 below. This theorem describes the behavior of a
minimizing sequence of maps for the Faddeev model. Based on this result and the
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sublinear growth law, we will obtain several existence statements in Section 13.1. It is
worth pointing out that even for the Faddeev model for maps from R3 to S?, Theorem
13.1 improves the substantial inequality in [LY1] to an equality. Such a result is based
on some special operations on maps with finite Faddeev energy given in Lemma 13.2
and establishes a subadditivity property for the Faddeev knot energy spectrum.

Recall that

X = {u € Wyt (R*1, 52 ‘ E (u) = / (|dul™ 2 + Juwgz|?) do < oo} :
R4n—1

For N € Z, we set
Ey =inf{E (u) |[u € Xy} where Xy ={u€ X|Q (u)=N}.

Theorem 13.1.. Assume that N is an nonzero integer such that Xy # ¢, {u;} C Xy
such that E (u;) — En ast — oo. Then there exists an integer m with 1 < m < ¢(n) Ey,
m nonzero integers Ny, -+, Ny, and yi, - -+, Yim € R such that
e N=N,+---+N,,.
® |yij — Y| > 00 asi — oo for 1 < j k<m,j#k.
o If we set vy (x) = u; (v —y;;) for 1 < j < m, then there exists a v; € X such
that

Vij — U5 a.€.
. 4An—2 dn—1
dvi; — dv; in L (R ) ,

as i — oo and

for all j.

Ey =) Ey,.

J=1

In particular, if Exy < Ext+ Ennv for N = N'+N", N', N" #£0, then Ey is achieved.

Before carrying out the proof of this theorem, we make some general discussion. As-
sume u; € X with E (u;) < A < co. Then, after passing to a subsequence, we may find
a Uy € X such that u; — Uy a.e., du; — dug, in L4772 (R*™1) and ufwgen — u’ wgen
in L? (R 1),

Indeed we may find a us, € WEH% (R*~1$2") such that, after passing to a sub-

sequence, we have u; — Uy a.e. and du; — due in L2 (R¥"1). Next we claim for
every 1 <k <2n, A€ A(2n+ 1,k),

duml VANRIIRIVAN dui,)\k — Cl’uoo,)\1 A A duoq)\k,

in sense of distribution as i — oco. Here u; ; is the jth component of the vector u;. The
claim is true for £ = 1. Assume it is true for K — 1. Then for A € A (2n + 1, k), since
E—1<2n—1<4n — 2, we see

”dui’,\2 A A dui,,\k HL4kn:12 (Rin-1) <c (n, A) .
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Combining with the induction hypothesis, we get dugx, A+ Adugy, € L (Rin—1)
and
. n=2 an—1
duga, Ao Adugy, — disor, Ao - Adsg y,  in L7F1 (R ) .

Hence

. 4n—2 _
Ui n duing A - Adtg; n, = Uoon, AUoo g A -+ - AdUleg y, In LFET (]R4" 1) :

It follows from Lemma 9.2 that

dui,)\l A A duiy,\k = d (ui7,\1dui,A2 JANKIEIRIVAN dui7)\k)
—d (uoo,)\l duoo)\z ARRRRA duoq,\k)
= duoq,\l VANERIVA d’uo@)\k

in sense of distribution. The claim follows.
Using the fact

||A2n (du)||L2(R4n—1) S ||u*ws2n||L2(R4n—1) S \/K,
we see that, for A € A (2n + 1,2n), ducr, A+ Adus )y, € L* (R*™71) and
duin, A Adugn, = doory Ao Adleg s, In 12 (R4n71) _

This together with the fact u; — o, a.e. implies u* wgen € L? (R 1) and ufwgzn —
uf wgzn in L2 (R*™71) as i — oc.

If we let
7 =d" (T xufwgen), Teo =d" (T xulwgn),
then
T, — Too 1N L2(44::31) (R‘ln*l) ,
Dt; — D7y in L2 (]R4”_1) ,
Ty = Too in WY (B,) for every r > 0.
Hence
Uiwgen AT — Ul weem A Too  in L' (B,)
for all r > 0.

Proof of Theorem 13.1. Since N # 0, it follows from Lemma 11.1 that

Ex >c(n) N5 > 0.
We may assume that i is large enough such that E (u;) < 2EN. Let € > 0 be a
tiny number to be fixed later. It follows from Lemma 12.1 that we may find some
R =R(n,e, Ey) >0, y; € Qra, and integers k; ¢ for £ € 2RZ*"!, such that

1

Z ?/ u:wsen N T; — Ri¢ S €.
£€2R7ZAN—1 |S n| Qr(§)+yi

Here 7, = d* (I' % ufwg2n). By translation we may assume y; = 0. It follows from the
calculation in the proof of Lemma 11.1 that

_4n__
/ |ujwgen ATl de < c(n)Ey .
R4n—1
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Hence
> kil
gc2R7An—1
< 1 / [wsen ATi|dz+ ) = / g A
< —— U wgen A\ ;| do — U ween N\ T; — K,
(5272 Jaans l 527 Jgnie Lo

£€2R7ZAN—1
4n

<c(n)Ey".

Hence 4
#{€ €2RZ" " | kie 0} < c(n) Ex .
After passing to a subsequence we may assume

#{€ € 2RZ™ e £ 0} =1

For each i, we may order {£ € 2RZ*"! : k;¢ # 0} and &1, - - - , & After passing to a sub-
sequence we may assume for all 1 < j, k <[, lim;_, |§;; — &ik| = 00 or lim; o0 (&5 — &ik) =
(i € 2RZ*! exists. Passing to another subsequence we may assume for all 1 < j, k <,

either lim; o |&;; — &kl = 00 or &; — & = (i for all i. We may also assume that
Kig; = kj for 1 < j <l and all i’s. Let I = {1,---,1}. We say that j,k € I are
equivalent if &;; — &, = (jx. This defines an equivalence relation on I. Let Iy,--- , I, be

the equivalent classes. For each 1 < a <m, we fix a k, € I,. Let

N, = Z"ij = Zniﬁj

j€lq Jj€la

for all 7. Then
I
j=1 ¢coRZAN—1
Let yi, = &, € 2RZ* L. Then for 1 < a,b < m, a # b,
|yia - yib‘ = |£’Lka - éikb’ — 00,
as i — 00. Let vy () = u; (¥ — Yia), Tia = A" (' % vf,wg2n ). Then

Z 1

*
2n 2 / Uiaws2" A Tia — K/Z’vg"”yia
€€2Rz4n—1 |S | QR(g)

After passing to a subsequence if necessary, by the discussion following the statement of
the theorem, we may find v, € X such that as 1 — oo,

Vig — Vg ave., dv;, — dv, in L1772 (R4n_1) . VR W — Uiwgen in L (R4n_1) ,

<e.

and
Tia — T, in WY (B,) for every r > 0.
Here 7, = d* (I" % v¥wgzn). In particular,
U ween A Tig — Viwgan AT, in L' (B,)
for all » > 0. Note that it is clear that lim; .. Ki¢y,, = Keo always exists. Moreover

o Rj lfgz Cjka fOI'j € Ia,
Fia = 0, otherwise.
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Since W fQR(E) VjwWsan A Tig — W fQR(ﬁ) Urwgen A\ T, @s 1 — 00, We see that
Z L / Upwgzn N Ty — Keq| < €.
ot 115 Janco o
Hence

|Q (Ua) - Na| = ‘Q (Ua> - Zﬁj

S

¢€2R7An—1

<e.

UpWezn N\ Ty — Keg
520 /Q ©

This implies @ (v,) = N, if we choose ¢ < 1. Moreover, if we choose ¢ < %, then

1 *
W V,Wg2n N Ta — R
Qr

Using the fact that x;, # 0, we see that fQR |viwgen A T,|dz > ¢(n) > 0. Hence the
calculation in Lemma 11.1 implies E (v,) > ¢(n) > 0. Finally, fix » > 0. Then for ¢
large enough, we have

N | —

E (u; >Z/(y | (|du| ™2 + Jujwsen|*) da
{2>dx.

= Z/ (|dvi,a|4rh2 +
a=1 B

Letting : — oo, we see that

Ey > Z/ (Jdva*" 7% + |viwgen|?) da
a=1 T

Letting » — o0, we see that

2,a

2 iE(Ua) 2 iENa'
a=1

Using F (v,) > ¢(n) > 0, we see that m < ¢(n) E. To finish the argument, we observe
that it follows from Corollary 13.3 below that " | En, > En. Hence Exy = > | En,
and Ey, = F (v,) for all a’s. O

Lemma 13.2.. For every u € X, there exists a sequence u; € X and a sequence of
positive numbers b; such that

u; — u a.e., du; — du in L2 (]R4”_1) , Uiwgen — Urwge in L2 (R4”_1)
and
w; (', T4n_1) = const  for x4,_1 < —b;.

Here © = (2, 245,—1) with o' representing the first 4n — 2 coordinates.
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To prove the lemma, we first introduce some coordinates on R**~!. Note that we may
use the stereographic projection with respect to the north pole n on S**~2 to get

xl

S4n72\ {Il} N R4n72 ST 57 52

1— Tan—1

In this way, we get a coordinate system on S*"~2\ {n}. For z € R*~1\ {(0,a) : a > 0},
we may take r = |z| and £ as the stereographic projection of é—‘ with respect to n. In

this way, we get a coordinate system (r,£). The Euclidean metric is written as

An—2

gR4n—1 :d’f'®d7“+ ( ’ ‘ Z §z®d§z
+

We will use freely the coordinates x and (r,§). For a > 0, we denote
Vo={(r,&):0<r<o0,|f <a} c R
as the corresponding cone with origin as the vertex. Note that
= {x eR"™ gy 1 < O} .

To continue we define a function

0, £EB1

(&) =1 2(¢l - )—

i S E€BN\BL
§, &€ Bi\B1.

(NI

We also write

F(r,§,¢) = Fe (r,§) = (r,0(£) +¢)
for 0 <r <00, { € By and ¢ € Bi. It follows from the discussion in [HL, Section 3]
that for a.e. ( € B%, uo F, € Wllof (V%). Moreover

[ (e m=2 4 fwo Ry wonl”) da
Vi

2

< c(n)/ (|du|4n_2 + |u*wgzn 2) (r,¢ (&) +¢) - r*"2drde.
{0<r<oo,§€B%}

Hence

/ d¢ (\d(u o Fo)[" 7+ |(uo Fg)*wgzn|2> dz
B Vi

16

< c(n) / (1dul* + [u*wsen ) (r,C) - r*"~2drd(
{0<r<oco,(€B1}

<c (n)/ (|du|4"_2 + |u*w52n|2) dz
Wi
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It follows that we may find a ( € B 1 such that

/v (1d (o F)I"2 + [(wo F)* wen[*) da

< c(n)/ (|du]™? + Ju*wgza|*) da.
\%1
Let
o U(¢’,¢(§—O+C), SGB%(C)7
=g, ¢80,
Then v, € X,
/ (|dvl|4”72 - |v{w52n|2) dz < c(n)/ (|du|4n72 + [t wgen|?) d
\%t Vi
and
0N (Tag):u(rac) fOI'fEB%,
V| pan—1yy; = U
Let
( 7%) g € Blﬁa
V2 (T’, 6) = (T7 ( 1 |§| - 16) + 1_16) é_|> ) f € B32\B167
( T, )7 5 ¢ B32-

We have vy € X,

/ (|dve| ™2 + |viwgen|*) dar < c(n)/ (|du|™? + [uwgz|?) do
Va2

Vaa
and
vg (r,€) =u(r,{) for & € Big,
Va|gan-1\y;, = U-
Let
f(r)=u(r,{) for0<r<oco.
Then

/ ’fl (T)‘4n—2 T4n72d7' S c(n)/ (‘du|4n—2 + |u*w32n’2) dzr < oo.

0 \%1

Hence | f' (r)| = |f'(r)|r- % € L' ([1,00)). Tt follows that lim, .. f () exists. Without
loss of generality we may assume that

lim f (r) = —n.

T—00

Here n is the north pole of S?*. We may find R > 1 large enough such that for r > R,
f (r) lies in lower half sphere. Let m, : S?"\ {n} — R?" be the stereographic projection
with respect to n. Define

g(r)=ma(f(r)) forr>R.
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Then g (r) — 0 as r — oo, |g (r)] <1, and

/ ’g/ (T)|4n72 T4n—2d7, <c (n)/ (|du’4n—2 + |U,*w52n
R W1

2) dz.

It follows from Hardy’s inequality that

/ lg (r)]" 2 dr < c(n)/ g ()2 =2y

R R
< c(n)/ (|du|4"_2 - |u*w52n]2) dz.
Vi

Let
]-7 if L4n—1 Z |ZL'/| - ]-7
n(x) = “"‘*;,“:1“2, if |2 —12> 241> —2,
O, if Tan—1 S —2.
Note that ( )
c\n
dn(z)] < .
|dn ()] < P
Denote .
w@)=n(55) () for |o| > R,
Then
(Jdw[* 2 4 |Agy (dw)|?) dw
R47L71\BR
< c(n) / 9 ("2 dr + ¢ (n) / g (" 2y
R R

IA

c(n)/ (\du|4n_2 + |u*w52n|2) dz.
Vi

Finally, we set

(z) = vo (x), if w41 > |2'| — 2R,
VT st (w(z),  if 2aer < |2 — 2R,

Then it follows from the construction that v € X,

/ (|dv|4n_2 + \U*w52n|2) dr <c¢ (n)/ (|du]4"_2 + |u*w52n\2) dz,
Va2

V32
and
U|R4n—1\v32 =u, v(z)=-nforzy, 1 < —4R.

For every € > 0, by vertical translation we may assume
/ (|dul™ 2 + [uwgz|?) do < e.
Va2

Then for the above constructed v, we have

/ (Jdv — dul™ % + [v*wgen — u*w52n|2) dz

R4n—1
< c(n)/ (|du|4n*2 + |u*w52n|2) dz <c(n)e.
Va2

Lemma 13.2 follows.

53
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Corollary 13.3.. For N1, Ny € Z, if Xn,, Xn, # 0, then Xy, +n, # 0 and
EN1+N2 S EN1 + ENQ‘

Indeed, for any € > 0 small, it follows from Lemma 13.2 that we can find u; € Xy,
us € Xp, such that F (uy) < En, +e, E (ug) < En,+&, uy (', 24,1) = —n for x4, 1 <0
and us (7', T4n_1) = —n for x4, 1 > 0. Here n is the north pole of 5?". Define

| wi(x), when x4,1 >0,
u(z) = { ug (), when x4, 1 < 0.
Then clearly u € X and E (u) = E (u1) + E (u2) < En, + En, + 2¢. We will show that
Q (u) = Ny + Ny. It follows that Ey,.n, < En, + En, + 2¢. Letting ¢ — 07, we get the
corollary. Indeed, denote
i R4n—2 N R4n—1 . .T, — (ZL’,7 0)
as the natural put in map. Since ujwgzn € L2E14:+_11) and uwgen = 0 on R* 1 it follows

2(

from the Hodge theory that we may find 7, € L? (Ri”’l) with Dy € L T (Ri”’l)
and i*7; = 0. Let 73 = 0 on R* 1. Then the same argument as in the proof of Claim
12.3 shows that d7; = ujwgzn on R*~1. Similarly we may find 7, € L? (R**~!) such that
dm = ujwgze and 7—2|Rin71 = 0. Note that

d (1 + 72) = ujwsen + Uswgen = Uwgen.
It follows from Proposition 10.6 that
1
Q (u) - |52n|2 Rin—1
1
=Q (u1) + Q (u2)
= N; + Ns.

wWwgen A (11 + To)

Ujwgzn A T1 + Uswgen A To

13.1. Some discussion. Here we describe some consequences of Theorem 13.1. For
n=1,2,4, we know for all N € Z, Xy # () and
4n—1

c(n) VNI < Ey <c(n) N5
In particular, one can find Ny > 0 with
ENO = lIlf{EN | N e N}

and Ly, is attainable. Let
S={N € Z: Ey is attainable} .
Then for every N # 0, there exist nonzero Ny,--- , N,,, € S with N = Ny +---+ N,, and
Ex=FEyN,+-+-+ Ep,,.

It follows from this and the fact Ey < ¢(n)|N |% that S must be infinite (otherwise
En would grow at least linearly).

The situation for n # 1,2,4 is more subtle. In this case, we do not know whether
Xy # 0 when N is an odd integer (see Conjecture 1). If Conjecture 1 is verified, then
similar conclusions as above are true with all N’s being even. On the other hand, if
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Xy # 0 for some odd integer N, then it follows from Lemma 13.2 and the proof of
Lemma 11.2 that for all integers N, Xy # () and

4n—1

c(n) VN5 < Ey <c(n)|N|
Again the set S = {N € Z| Ey is attainable} must be infinite.

14. SKYRME MODEL REVISITED

In this section, we will prove a similar subadditivity property for the Skyrme energy
spectrum (Corollary 14.2). As a consequence, the substantial inequality derived in [E1,
E2, LY1] is improved to an equality (Theorem 14.3).

Recall that for a map u € W' (R3, %), the Skyrme energy is given by

E (u) = / (|du]2 + |du A du|2) dz.
R3

Denote
X ={uew, (R S*) |E(u)<oo}.

oc

The main aim of this section is to prove the following.

Lemma 14.1.. For every u € X, there exists a sequence u; € X and a sequence of
positive numbers b; such that

w — u a.e., du; — duin L? (R3) . du; A du; — du A du in L (R3)

and
w; (z1, 9, x3) = const  for xg < —b;.

For N € Z, we let

Xy = {u € X' deg(u) = % Uwgs = N} (14.1)
|55 e
and
Ey =inf{E (u) |ue Xy}. (14.2)

A simple corollary of the lemma is the following
Corollary 14.2.. For Ny, N, € Z,
EN1+N2 S ENl + ENZ‘

Theorem 14.3.. Assume N is an nonzero integer and u; € Xy such that E (u;) — Ey.
Then there exists an integer m with 1 < m < c¢- Eyx, m nonzero integers Ny, -+ , Ny,
and Yi1, -, Yim € R® such that
e N=N;+- -+ N,.
® |yij — Yir| > 00 asi — oo for1 < j k<m,j#k.
o If we set vy (x) = u; (v —y;;) for 1 < j < m, then there exists a v; € X such
that
Vi; — V5 a.e.
d’l}ij — d’l}j in L* (RS) ,

* ok . 2 3
Vjjwes — Vjwgs in L (R )
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as i — oo and
1

o | vjwss =N, En; = E(v;) >c¢>0
53] Jr

for all j.

Ey =) Ey,.
j=1

In particular, if Ey < Enx' + Env for N = N'+ N", N',N" £ 0, then Ey defined in
(14.2) is attainable.

This theorem follows from similar arguments for Theorem 13.1 (see [E1, E2, LY1]).
Unlike the integral formula for the Hopf-Whitehead invariant, the formula for the topo-
logical degree given in (14.1) is purely local and it makes the discussion relatively simpler.

Now we turn to the proof of Lemma 14.1. First we introduce some coordinates on R3.
Note that we may use the stereographic projection with respect to (0,0,1) on S? to get

SA{(0,0,1)} = R 1z £, 5:( Nt )

1—1'37]_—[['3

In this way, we get a coordinate system on S\ {(0,0,1)}. For z € R3\ {(0,0,a) : a > 0},
we may use coordinate r = |z| and ¢ as the stereographic projection of ‘%' with respect
to (0,0, —1). In this way, we get a coordinate (r, &, ;). The Euclidean metric is written

as

4r?

(1+1¢)?)’

We will use freely the coordinates x and (r,§). For a > 0, we denote

Vo={(r€):0<r<oolf <a} CR?

grs = dr @ dr + (& ® d&; +d& @ d)

as the corresponding cone with origin as the vertex. Note that V; = {z € R® : 23 < 0}.
To continue, we define a function,

07 56357
6O =1 2(el-2)%, €eB\B,
57 SGB%\Bi

We also write
F(r,§,¢) = F(r,§) = (r,0(£) +¢)

for0<r<oo, &€ B rand ¢ € By, It follows from the discussion in [HL, section 3]
that for a.e. ¢ € BTIG, uo F, € Wik <V%>. Moreover

loc

| (e Ry + (e By Ad(we FP?) do

Vi
2

< c/ (|du!2 + |du A du|2) (r, ¢ (&) +¢) - r*drdé.
{0<r<oo,§eB%}
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Hence

[ A (o FyP +latue F nd (o FP) do

16

< c/ (Jdul® + |du A dul?) (r,¢) - r*drd¢
{0<r<oco,(€B1}

< c/ (|du|2 + |du A du|2) dz
%1

It follows that we may find some ( € B 1 such that

| (e Ry +1d(uo Ry ad(uo F)P) ds

Vi

< c/ (|du|2 + |du A du|2) dz
1%

Let
(Té.)_{u(ra¢(§_<-)+<)a SGB%(C)v
D= ure), €280
Then v, € X,
/ (|dv1|2 + |dvy A dv1|2) dz < c/ (|du|2 + [du A du|2) dz
\%1 |41
and
(%1 (T,f):U(T,g) fOI'fEB%,
Ul|R3\V1 = wu.
Let
( 7%) 5 S B16a
vy (1,§) = ( a( 2 ( ’f|_16)+1_16) é_|)7 € € Bsy\Bis,
( 75)7 € ¢ B32'

We have vy € X,

/ (|va|2 + |dvg A dv2|2) dz < c/ (|du|2 + |du A du|2) dz
V32

Vi
and
ve (r,€) =u(r,{) for & € Big,
212|R3\V32 = u.
Let
f(r)y=u(r,) for0<r<oo.
Then

/ | ()] r2dr < c/ (Idul? + |du A dul?) dz < .
0 1%

57
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Hence | f' (r)| = |f'(r)|r- % € L' ([1,00)). It follows that lim, .. f (r) exists. Without
loss of generality we may assume

rli_)rgjf (r)=(0,0,0,—1).

We may find R > 1 large enough such that for r > R, f(r) lies in lower half sphere.
Let n = (0,0,0,1) and 7, : S*\ {n} — R? be the stereographic projection with respect
to n, define

(f(r)) forr>R.

Then g (r) — 0 as r — o0, |g (r)

/ g ()] r2dr < c/ (|du|2 + |du A du|2) dz.

R Vi
It follows from Hardy’s inequality that

/ lg (r)|* drr < c/ g ()] r2dr < c/ (|du|2 + |du/\du|2) dz.

R R 1%
Let
1, ifaxg> /22 +a3—1,
n(0) =\ g dViata-1zenz-2,
07 if xs3 S —2.
Note that .
dn (x)| < )
()] < 11
Denote .
w(w)=n(55)9a) for [o] > R
Then

/ (Jdw[* + |[dw A dw|?) dz
R3\Bp

<e / 9 (F)Pdr +c / g (r) rdr

R R

< c/ (|du]2 + |du A du|2) dz.
|4

Finally, we let
v () = vo (x), if w3 > /2% + 2% — 2R,
b (w (), ifxs < /a2 + 2% —2R.

Then, it follows from the construction, that v € X,

/ (|dv|2 + |dv A dv|2) dz < c/ (|du|2 + [du A du|2) dz,
\£P) V32
and

1)|R3\V32 =u, v(r1,x2,23)=(0,0,0,—1) for z3 < —4R.

For every ¢ > 0, after a vertical translation, we may assume

/ (\du|2 + |du A du|2) dr <e.
Va2
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Then for the above constructed v, we have
/ (|dv — dul® + |dv A dv — du A du|2) dz
R3
< c/ (|du|2 + [du A du]2) dz < ce.
Va2
Lemma 14.1 follows.

15. CONCLUSIONS

In this paper, we have carried out a systematic study of the Faddeev type knot ener-
gies in the most general Hopf dimensions governing maps from R**~! into S**. These
maps are topologically stratified by the Hopf-Whitehead invariant, (), which may be
represented by a Chern—Simons type integral invariant. Two different types of energies
are considered. The first type, referred to as the Nicole-Faddeev—Skyrme (NF'S) model,
contains a potential energy term and a conformally invariant kinetic energy term and
allows a direct resolution in the spirit of the concentration-compactness principle due to
the validity of an energy-cutting lemma. The second type, referred to as the Faddeev
model, does not contain a potential energy term or a conformally invariant kinetic term
and challenges a direct approach in a similar fashion. Nevertheless, we are able to show
that both models follow the same energetic and topological decomposition relations in a
global minimization process which closely resemble the energy conservation and charge
conservation relations observed in a nuclear fission process. Furthermore, both types of
models obey the same fractionally-powered universal growth laws relating knot energy
to knot topology. These results lead us to the conclusion that, for either the NF'S model
or the Faddeev model, there is an infinite set of integers, S, such that for each N € S,
there exists a global energy minimizer among the maps in the topological class given by
@ = N. Besides, in the compact setting where the domain space is $**~!, both models
allow the existence of a global energy minimizer among the topological class () = N at
any realizable Hopf~Whitehead number V.
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