AN INTEGRAL EQUATION IN CONFORMAL GEOMETRY

FENGBO HANG, XIAODONG WANG, AND XIAODONG YAN

1. INTRODUCTION

Among the many proofs of two dimensional isoperimetric inequalities, the one
due to Carleman [C] is particularly interesting. Indeed by an application of Riemann
mapping theorem we only need to show

1 2
2u < u
(1.1) /De dz < o (/Sl e d9>

for every harmonic function u on D. Here D is the unit disk in the plane. Carleman
deduced (1.1) by showing

1 2
[istar< ([ 1s1a0)

for every holomorphic function f on D. Along this line, in [J] Jacobs showed that for
every bounded open subset € of R? with smooth boundary, there exists a positive
constant cq such that for every holomorphic function f on €,

2
2
/Q|f| dx§09</89|fds> .
1

Moreover when (2 is not simply connected, the best constant cq > ;- and it is
achieved by some particular holomorphic function f. Here we formulate a higher
dimensional generalization of these statements.

Assume n > 3, (M™,g) is a smooth compact Riemannian manifold with non-

empty boundary ¥ = 0M, we write the isoperimetric ratio
1
K
= o
B
Here |M]| is the volume of M with respect to g and |X| is the area of ¥. Let
[9] = {p*9: p€ C>(M),p >0} be the conformal class of g. The set

(1.2) 1 (M, g)

{§ € [g] : the scalar curvature R = 0}

is nonempty if and only if the first eigenvalue of the conformal Laplacian operator
L, = —%A—i—R with respect to Dirichlet boundary condition, Ay (L) is strictly
positive (see Section 2).

Assume Ay (Lg) > 0, we denote
(1.3) O1r.y = sup {1 (M,3): € [g] with R = o} .

Standard technique from harmonic analysis gives us Oy 4 < oo (see Proposition
2.1). But is Oy 4 achieved? In another word, can we find a conformal metric with
zero scalar curvature maximizing the isoperimetric ratio?

1
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It follows from [HWY, theorem 1.1] or Theorem 3.1 that

=9 __1 —#
Bi,grn I (Blvg]R") =n ""lwn ( 1>7
here w,, is the volume of the unit ball in R™ and gg~ is the Euclidean metric on R™.
This just says that O, gan 18 achieved by the standard metric. In general we have
the following

Theorem 1.1. Assumen > 3, (M™,g) is a smooth compact Riemannian manifold
with nonempty boundary and M\ (Lg) > 0, then

= egl,an < @M,g < 00.
If in addition O, , . < Ong, then O g is achieved by some conformal metrics
with zero scalar curvature.

The problem illustrates very similar behavior as the Yamabe problem of finding
constant scalar curvature metrics in a fixed conformal class (cf. [LP]) and its
boundary versions (cf. [E1, E2]). On the other hand, it has more nonlocal features
(e.g. the Euler-Lagrange equation is a nonlinear integral equation) than the two
well studied problems. In analogy with the solution of the Yamabe problem, we
make the following conjecture.

Conjecture 1.1. Assumen >3, (M",g) is a smooth compact Riemannian mani-
fold with nonempty boundary and Ay (Lg) > 0. If (M, g) is not conformally diffeo-
morphic to (El,an), then O,y > @El,guw'

In Section 2 below, we will describe some basics related to the above problem
and reformulate it as a maximization problem for harmonic extensions. We will
also discuss some elementary estimates of the Poisson kernels and show ©); 4 is
always finite. In Section 3 we will show ©5 is achieved by the standard metric
itself and deduce some corollaries. This is a consequence of [HWY, theorem 1.1].
However the approach we present here is different and of independent interest.
In Section 4 we will prove the regularity of the solutions to the Euler-Lagrange
equations of the maximization problem for harmonic extensions. In Section 5 we
derive some asymptotic expansion formulas for the standard Poisson kernel and the
Poisson kernel for the conformal Laplacian operators. These expansion formulas
will be useful in the future study of Conjecture 1.1. In Section 6, we will derive the
concentration compactness principle for the maximization problem and this will be
used in the last section to deduce Theorem 1.1.
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2. SOME PREPARATIONS

Assume n > 3, (M™, g) is a smooth compact Riemannian manifold with bound-
ary ¥ = 0M. The conformal Laplacian operator is given by
4(n—1)
L,=———A+R.
g n—2 +
It satisfies the transformation law
L 4 o=p 52Ly(pp) forp,peC®(M),p>0.
p"2g
Let

Eg(so,zb):/ {MV¢'V1¢+RW dp,  Eg(p) = Eq(p,9),
M

here dp is the measure generated by g, then it follows from the transformation law
that
(2.1) E 1, (9)=Ey(pp) forp,pcC=(M),p>0, ¢l =0.
Let Ai (Lg) be the first eigenvalue of L, with respect to the Dirichlet boundary
condition, then
E
M (L) = o)
peHIM\{0} [ p2dp,

Assume p € C* (M), p > 0. It follows from (2.1) that A\ (L,) < O implies
A (L . ) < 0. On the other hand, if A; (L) > 0, then \; (L ) ) >

P n—2 g P n—2 g
(maxar p) "2 A1 (Lg). Hence the sign of the first eigenvalue of the conformal
Laplacian operator does not depend on the choice of particular metric in a confor-
mal class. This sign is useful because of the following fact: A; (Lgy) > 0 if and only
if we may find a scalar flat metric in the conformal class of g. The only thing we
need to verify is we can find a scalar flat conformal metric when A; (Lg) > 0. To
see this we may solve the Dirichlet problem

Lsp=00n M
{ ply =1

We claim p > 0 on M. To see this, we let ¢ be the first eigenfunction of L, with

¢ >0on M\Y and ¢|5; =0. Let w = £, then

_4(71—1)A 8(n—1)Vp

g AW— = 7-Vw—|—)\1w:00nM\Z.
Since w (z) — o0 as © — X, it follows from strong maximum principle that w > 0
on M\X, hence p > 0 on M. Note that R 4 = s Lyp = 0, we find the
pm2g

needed metric.
Assume A; (Lgy) > 0, the Green’s function G, of L, satisfies

(Lg)z GL (xay) = 6y on M’
G, (z,y) =0 for x € 3.

The Poisson kernel of L, is given by

n—2 Oyv y=¢

PL(xvg):_
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here v is the unit outer normal direction. The solution of { i|g b j J(,) on M is given
5 =
by u(x) = (PLf) (x) = [x Pr (,€) f (£) dS (€), here dS is the measure generated by

gonX. Ifpisa p051tlve smooth function, then we have the following transformation
laws,

GL (I‘,y) PL (*’I;7£)
G . _ SMLg\tY) P 4 — 7971,,)
Lot (z,y) p(@)py)  Lemig (@6 p(x)p (&2
and
PL pT f=p 1PLg(Pf)

If § € [g] has zero scalar curvature, then g = unfzg for some positive smooth
function v on M with Lyu =0. Let f = u|27 then v = P f and

| Lf| o
I(M,§) = ————0
Vi
L n—2 (E)
Hence
(2.2) Oy
|PLf| 2n2 M
— sup 7():f60°°(2),f>0
|f‘ 2(n 1)
(=)
|PLf| 2n M 2(n—1)
= sup{ —— D fe L (8),f £0
|f‘ 2(n 1)
n—2 ( )

2

2(n— n—2
[sup{ Ln2ll2(M) : f e L= 2 ( ) ‘f| 2(n 21)( )— 1}:| .

The second equality above follows from the fact Py, is positive and an approximation
procedure.

It follows easily from the definition of ©,; 4 (see (1.3)) that ©, 4 depends only
on [g]. As a consequence we may choose the background metric g with zero scalar
curvature. Under this assumption the conformal Laplacian operator reduces to
the constant multiple of the Laplacian operator. To continue we will need some
estimates of the Poisson kernels.

1. Basic estimates for Poisson kernel and harmonic extensions. Let us
fix some notations. Throughout this subsection, we always assume n > 2, (M™, g) is
a smooth compact Riemannian manifold with boundary ¥ = M. For convenience

we fix a smooth compact Riemannian manifold without boundary, (Mn, g) such

that (M, g) is a smooth domain in (M, g). Denote d as the distance on M generated
by g and dx, as the distance on ¥ (when ¥ is not connected and &;,&, € ¥ lie in
different components, we set dx (£;,¢,) equal to the maximal diameter of all the
components of 3). We write t = ¢ (z) = d (x,X) for x € M. Assume §p > 0 is small
enough such that V = {z € M : t (z) < 26y} is a tubular neighborhood of ¥ and for
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&, ¢ e Xwithd(&,() < 20g, we have ds; (£§,¢) < 2d(£,(). Forz € V let  (z) € X be
the unique nearest point on ¥ to z. For 6 > 0, we write Ms = {x € M : t (z) < ¢}.
For x € M, § > 0, we use Bs (x) to denote the ball with center at x, radius ¢ in

(M,g).
The Green’s function of the Laplace operator satisfies

—-A;G (z,y) =6, on M,
G(z,y) =0 for z € X.
Note that G (z1,22) = G (x2, 1) for x1,20 € M.

—Au=hon M,

uly, = 0 is given by

e The solution of {

u(x) = /MG<x,y>h<y>du<y>.

—Au=0o0on M,
uly = f

u(z) = _/z: aGa(ng y)

Here v is the unit outer normal direction on Y. In particular the Poisson
kernel is given by

e The solution of { is given by

f(€)ds(§).
y=£

_ 0G(z,y)

P(3,6) = = =5
Y

y=¢

_Ay = '
* If{ U|zu20h o , then o () = _fMP(m,f)h(x)d,u(x), In the fu-

v
ture we will denote
T ©) = [ P@&h@du).

Hence % = —-Th.

For f defined on X, we write

(Pf) (2) = / P(2.6) £ (€)dS (€).

Pf is the harmonic extension of f.

Lemma 2.1. For0<§ < dg, denote s ={x € M : d(z,X) =0d}. Ifue C>® (M)
s a nonnegative harmonic function, then

/ udSSc(M,g)/udS.
s b

Proof. Denote v as the unit outer normal direction. Since d is small, for 0 < § < do,
the map 5 : X — X5 given by 15 (§) = exp, (—dv (§)) is a diffeomorphism and
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Js, udS = [juot; - JydS. Hence

d ou dJy
— as = —dS + : 2d
T Eau S /25 5 S /Euow(; 7 S

IN

C(M,g)/ wo s - Jy dS
b

= c(M,g)/ udS.
s

Here we have used the equation f25 %dS = 0 which follows from the divergence
theorem and the fact u is harmonic. It follows that fzé udS < ¢(M,g) [y udS. O

To avoid confusion we emphasize that the constants ¢ (M, g)’s are different in
different formulas. This convention applies throughout the article. We will need
the following classical estimate for Poisson kernels.

Lemma 2.2. The Poisson kernel P (z,£) satisfies
t(x)

0< P(x,6) <c(M,g) ; 5
[t (z)° +ds (7 (z),€) }

n
2

forxz € Ms, and £ € 3.

Proof. 1t follows from Lemma 2.1 and an approximation procedure that for 0 <
o S 60a
y P(z,§)du(x) < c(M,g)o.
5

Since P (z,€) is nonnegative, harmonic in z and P (z,£) = 0 for x € X\ {¢},
it follows from the elliptic estimates of harmonic function that we only need to
consider the case t(z) + dx (7 (z),&) is small. Let t(x) + dg (7 (x),§) = §. If
t(x) > %, by mean value inequality

P(a,6) < C(M’g)/B P(y@)du(y)g%

" s
7
t(x
< ¢(M,g) ; ) e
[t (@) + ds (7 (), £)°]
Assume ¢ (z) < £, then d(m (z),€) > 2. By the gradient estimate of harmonic

functions we know

c(M,g) c(M,g)
|VP (.’§)|L°°(BZ(§/7(7T(:I))OM) < fras! /336/7(77(95))01\/[ P (yvé-) dp (y) < .

hence P (z,&) < c(M,g) t((sf, . The lemma follows. O

As an application of Lemma 2.2 we may derive the following inequality for har-
monic extensions. Recall if X is a measure space, p > 0 and u is a measurable
function on X, then

1
U =supt||u| > t|».
| |L€V(X) t>g ||ul |

Here ||u| > t| is the measure of the set {|u| > t}.
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Proposition 2.1. The harmonic extension operator P satisfies

P _C(M:g)|f|L1(z)

L (M)

and
|Pf|Ln 1(M) (M gvp)|f|Lp(E

for1 <p<oo.

Proof. We only need to prove the weak type estimate. The strong estimate fol-
lows from Marcinkiewicz interpolation theorem ([SW, p197]) and the basic fact
\Pf|LOC(M) < |f‘L°°(E)' To prove the weak type estimate we may assume f > 0
and |f\L1(E) = 1. It follows from Lemma 2.2 that

c(M,g)
t(x)nfl

For ¢ = 69 (M, g) > 0 small, it follows from Lemma 2.1 that

0<(Pf)(x) <

/ P(z,8)du(x) <c(M,g)d for £ € ¥ and 0 < § < dp.
Ms

Hence for § € (0, dp),

/ (Pf) () ds ()

~ [as@lre /, P (0.8 du(o)

< c¢(M,g)d.
For A > ¢(M, g), we have
PS>
= erM:t(m) <c(M,g))fﬁ,(Pf) (z) > /\}‘

1
<5/ (Pf) (@) dp (a)

6(1\47;;»7”%1
< e(M,g) AT
The proposition follows. O

For 1 < p < o0, if we write
(2.3) errg = sup {|P w F €Ll = 1}

then cp g, < 00. In view of (2.2), when the background metric g has zero scalar
curvature,

(2.4) Oy = e 2 a1y < 0.
»Tm—2

In the future we will also need the following compactness property.

Corollary 2.1. For 1 <p < oo, 1 <q < 4, the operator P : LP (¥) — L% (M)
is compact.
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Proof. First assume 1 < p < oo. If f; € L? (¥) such that |fi|;,x) < 1, it follows
from Lemma 2.2 that

C(Mrfz for x € M\X.
t ()

Using elliptic estimates of harmonic functions we know after passing to a subse-
quence we may find a w € C*° (M\X) such that Pf; — v in C5, (M\X). For 6 > 0
small, we have

((Pfi) ()] <

oc

|Pfi— Pfj|Lq(M)

< |sz - Pfj|Lq(M\M5) + |sz - Pfj|Lq(M5)
1_n-1
< |PFi= Pfilpaqanagy + 1Pfi = PHl ooy - IMs]7 5
1_n—1
< APfi= Plilpaanag) + (M, 9,p) M7

Hence
n—1

im sup [Pfi—Pfjl . < c(M,g,p) |Ms|a™ 5
1,] — 00
Letting 6 — 0T, we see Pf; is a Cauchy sequence in L4 (M). In another word,
P:LP(X) — L?(M) is compact.
When L p = 1 the argument is similar. We only need to observe that for any
(X) — L9 (M) is bounded. O

nl’

Let h be a function on M, recall ( = JuP (z)dp (). We have
the following dual statement to Proposmon 2 1.

Proposition 2.2. For 1 <p<mn and h € LP (M),
|Th|L(7;:1]3D =) < C(M7gap) |h’|Lp(]u) .

Proof. We may prove the inequality by a duality argument. Indeed for any non-
negative functions h on M and f on X, we have

/ (Th) (€) £ (€)dS (€) = / a5 (¢) / P(2.€)h(2) f (€) du (x)
P > M

/M (PF) @) h(z) dp (@) < |Pf|Lp 1(M)| |LP(M)
(M, 9,0) [Pl (ar) ‘f| (n=1)

0

IN

IN

5 )’
the proposition follows. One may also prove the inequality directly. Indeed it
follows from Lemma 2.2 that \P(~7§)|L7L31,OO(M) < c¢(M,g) < oo for £ € ¥. Hence

T : L™ (M) — L* (X)is a bounded linear map. On the other hand for h € L' (M),

/EI(Th)(E)IdS /ds RECIICIEAE /|h ) dps (2

Hence T : L' (M) — L'(X) is also bounded. The proposition follows from the
Marcinkiewicz interpolation theorem. Finally we point out for 1 < p < n, we

may solve { ;|Au_:0h on M and (Th) (§) = —2%(¢). By the LP theory we
e

T v
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know |ulyy2p(pry < € (M, 9,p) |A|po(pr)- It follows from boundary trace imbedding
theorem ([A, pl64]) that

ou

|Th‘L(7:;1)p 8V

— (Z) (,L 1)p S C(Magvp) |u|W2P(M) S C(Magap) |h‘Lp(M

(=)

O

2.2. Miscellaneous. Later on we will need the following Hausdorff-Young type
inequality to estimate some nonmajor terms.

Lemma 2.3. Let X and Y be measure spaces, 1 < p,qo,q1,7 <00, p<71,qy <1

and
1 1
,_,_7_7_’_1
p a1 qr

Assume K is defined on X XY such that

(/ IK(m,y)lq"d:v>ql()<A, (/ IK(ac,y)|q1dy);1<A.

For a function f defined on'Y, we let (K f)( fY (y) dy, then
K flprx)y <A |f|Lp(y)
Proof. Without losing of generality we may assume K > 0 and f > 0, then

1 (@)
- /Ka:y W K (0) " f ()" dy

(e rora)’ (| oo a) ™ ([ sora)”

<
1
T—qq r—p r
< AP ([ K@ s )
Here we have used the Holder’s inequality and the fact 1 =+ q17 p7 = 1. Hence
r—q0 T—P
(K@) <4~ 1fl5h, [ K @) 0P dv
Integrating both sides, we get the needed inequality. ]
3. SHARP INEQUALITIES ON THE UNIT BALL
_2 R
The aim of this section is to show Oz g = 0;12911&"72(" y =1 (Bl,an) =

2
1

1
nr=Tw, " (see (2.3), (2.4)).

(n—
Theorem 3.1. Assume n > 3, then for every f € L= (0B}),

Here Pf is the harmonic extension of f, w, is the volume of the unit ball in R™.

Equality holds if and only if f (§) = c(1+X- ()" 2 for some constant ¢, ( € B,
and 0 < A < 1.

<n D D LT \f| (n—1)
L72(By) =2 (8B1)
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Note that this theorem is a consequence of [HWY, Theorem 1.1] (see the dis-
cussions before [HWY, Theorem 1.1]). Below we will present a different argument
which has its own interest. Before discussing the approach, we describe some corol-
laries of the theorem. Note that in Proposition 2.1 the strong inequality is not true
for p = 1. Instead we have the following

Corollary 3.1. Assume n > 3, then for f € L™ (0B}),
P -1 -
1] ) < 1700

f
’e ‘Ll(aBl)'
Moreover equality holds if and only if f is constant.

Proof. If w is a harmonic function, then Ae* = ¢* |Vu|*. Hence e* is subharmonic
and not harmonic except when w is a constant function. It follows from Theorem

3.1 that

e2<" 1>Pf‘ < ‘P (e%f)‘ on
Ln Q(Bl) - Lm(]gl)
< pTenw, D e 1>f‘ 2(n—1) .
L n=2 (0B)
Hence 1
Pf| . -1, % | .f
‘6 |Lm(31) Snwn ’e ‘Ll(aBl)'
. n—2 Pf n—2 f n—2 Pf .
If equality holds, then e2-D"7 = P (e2*-07 | and e2»=1 "’ must be a harmonic
function, hence Pf is equal to constant and so is f. O

Corollary 3.2. Assume n > 3, then for % <p<oo, feLP(OBY}),

|Pf\L%(BI) <n e Lo (oms) -
Equality holds if and only if f is constant.

Proof. Denote r = m > 1. If u is a harmonic function on By, then |u|" is a
subharmonic function and it is not harmonic except when u is a constant function.
If f € L (0By), then by Theorem 3.1,

_ __n-—2
< nfz(T—zan 2n(n—1) ||f|’r’| (n 1

P
1PAT ], o ) S IPUIT g o
Hence .

_1 ~np

|Pf‘Ln 1(By) Snorwn ‘fle(agl)-
If equality holds then |Pf|" = P (|f|"). In particular |Pf|" is a harmonic function
and hence Pf is a constant function, so is f. (|
Remark 3.1. For 1 < p < 2(:_721), 1 is still a critical point for the functional
|Pf]

L7 (B)) - _
oron , but calculation shows for fe (§) =1+ €&y,

[P fe|

@Zn_%w_% [1+ n—2 <2(n_1)—p)52+0(84):|
|felLoany) " n(n—1)(n+2) n—2

Hence 1 is not a local mazximizer. It remains an interesting question to calculate

sup { i f €L (0B o) = 1)
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for these p's.

The new approach to Theorem 3.1 needs an interesting Kazdan-Warner type
condition. To formulate the condition, we introduce the weighted isoperimetric
ratio.

Assume n > 2, (M™, g) is a smooth compact Riemannian manifold with bound-
ary 3 = OM. Let K be a positive smooth function on ¥, then we write the weighted
isoperimetric ratio .

[(M, g, K) = —AD"
(Js Kds) ™
Here dp is the measure associated with g and dS is the measure on . If n > 3
and (M",g) satisfies A\ (Lg) > 0, for g € [g] with zero scalar curvature, we write
4

g=u"2g, uls = f, then

LK) = (fM (PLf)n_"z du)ln

2(n—1) =
(foEr="as)™"
The Euler-Lagrange equation of this functional reads as

| P& (P @)FF (@) = const K (9) 7 (67

Lemma 3.1 (Kazdan-Warner type condition). Assumen > 3, (M™,g) is a smooth
compact Riemannian manifold with boundary and A\ (Lg) > 0, K and f are positive
smooth functions on ¥ such that

n

nt2 e
| Pea o) eun) @ ) = K © 17
Let X be a conformal vector field on M (note X must be tangent to X), then
/ XK - f5=ds = o.
b

Proof. Denote uw = Pr,f. Let ¢, be the smooth 1-parameter group generated by X,
then

4
dt

. I (M, o (uﬁg) ,K) —0.
On the other hand,

d v _a_ _d _a_
4] o () ) = ] (o)
4 e
B I(M’/U,n72g,K) fEXK.fﬂnle)dS
n-l [ Kf52ds
2(n—1)
This implies [, XK - f =2 dS = 0. (]

Corollary 3.3. Assume n > 3, K and f are positive smooth functions on 0B
such that

| Peo@En@Fa-K©r©™.

then [, (VK (€),V€) f(6) 57 dS(€) =0 for 1 <i < n.
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This is because V¢, is the restriction to dB; of a conformal vector field on
(B1,grn).

We will also need some rearrangement inequality on dB; which was proven in
[BT]. We say a function f on 9By is radially symmetric if f (£) is a function of
¢,. Let f be a measurable function on 0By, then the symmetric rearrangement
of f is a radial decreasing function f* which has the same distribution as f. The
following rearrangement inequality was proven in [BT, Theorem 2]. Namely, if K
is a nondecreasing bounded function on [—1, 1], then for all f,g € L' (8By),

/ £ (&) g () K (€-n)dS (€)dS (n)
OB1x0B1

< / £ (€ g" () K (€-m)dS (€)dS (1)
OB1x0B1

It follows that if K is a bounded nonnegative nondecreasing function on [—1,1], f
is nonnegative function on dB; and

(K * f) (&) = - K (&-m) f(n)dS(n),
1
then for 1 < p < o0, |[K * flr0op,) < K * [*|oom,)-
Recall the Poisson kernel on (El, an) is given by

P(z,€) = 1—7|x|2
T nwn |z — €
ForO0<r<1,& ¢ €0By,
P (r¢,€) e K. (C-€)
T s = w == - . .
nwy, (r2+1-—2r¢-€)2 '
Hence for 1 <p < oo and f > 0,
1
|Pf|1[),P(Bl) = /0 |Kr * f‘ZI)/P(BBl) 7"n_1d7’

1
< /0 |Kr*f*|IL)p(aBI)7’n71d7": |Pf*|iP(B1)'
It follows that |Pf\Lp(Bl) < |Pf*|Lp(Bl)~

Proof of Theorem 3.1. For p > %, we consider the variational problem

2y o,y - € L7 OB oo, = 1}'

n

(3.1) sup { 1P,

By Corollary 2.1 the operator P : LP (0B;) — L2 (By) is compact, hence the
supreme is achieved at some f, > 0. Replacing f, by f, we may assume f), is radial
symmetric and decreasing. After scaling f, satisfies

n+2

F @ = | P2, (Pf,) (2)7 da.

B
Standard bootstrap using Proposition 2.1 and Proposition 2.2 shows f, € C* (0B1)
and f, > 0. Rewrite the equation as

2(n—1)

/B P (2,6) (Pf,) (2)723 di = f, ()77 £, (€)%
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It follows from Corollary 3.3 that
_2(n—-1) 2(n—1)
[ (i@ 55 ve) £,© % as@ =0,
9B,

We may write g, (1) = f,(0,---,0,sinr,cosr) for 0 < r < 7. Then the equality
becomes [ 9y (1) gp (r)*~ " sin™ ' rdr = 0. Since gy, <0 and g, > 0, we get g, =0
and hence f, = const. This implies

n—2
2n

wn
|Pf Lfﬁz (B1) < m |f|Lp(331) .
Let p — 2(::21), we get the needed inequality. At last we may apply [HWY,
Theorem 1.2] to identify all the functions which achieves the equality. O

4. REGULARITY OF SOLUTIONS TO SOME NONLINEAR INTEGRAL EQUATIONS

Assume 1 < p < co. If f € LP () is a maximizer for the variational problem

cargp = sup {|Pfl, ooy o f € L7 (D) |flpnmy = 1}

Ln-1

then we may assume f > 0, moreover after suitable scaling it satisfies the nonlinear
integral equation

Fert = /M P (2,€) (PF) ()75 dpu ().

This section is aiming at proving all these solutions are in fact smooth.

Proposition 4.1. Assume n > 2, (M™,g) is a smooth compact Riemannian man-
ifold with boundary ¥ = OM. If1 < p < oo, f € LP(X) is nonnegative, not
identically zero and it satisfies

np

Fer = /M P (2,€) (Pf) ()25 du (a),

then f € C> (%).
Proof. Let py = p—il, fo (&) = f(f)p_l7 ug (x) = (Pf)(x), then 0 < py < o0,
fo € P (S), up € L2505 (M) and
uo (z) = / P (2,€) fo(€)dS (&), fo(€)= / P (2, &) uo ()07 dp (a).
> M

Let (M, g) be the same as in Section 2.1. Given &, € 3, by choosing a local
coordinate ¢ : U (&) — {z € R" : |z| < 2} with ¢ (§;) = 0 and ¢ (U ({,) "N M) =
{z e R": |z| < 2,2, > 0}, we may identify U (§,) with {x € R™ : |z| < 2}. For 0 <
R < 1, we write

Bf = {zeR":|z|< Rz, >0},
Br = By '={¢eR"':|¢(<R}
and
@) = [ P@O 7SO,
S\Br
© = [ PE@un@ ).
M\B},
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Then ug € C*° ({x € R™ : |z| < R,z,, > 0}), fr € C* (Bg). To prove the regular-
ity of f, we discuss two cases.

Case 4.1. 0 <py < 5.

In this case, we have (ff{)’; -~ > 1. Fix a number 7 such that

1
Mandr>7,

1<r<
(n—1)po Do

then
1/r

fo(©)Y" < + ROV

/B P (@) o ()75 dy (2)

Hence using Lemma 2.2 we have

Ug ({E)

P(@,6) fo (&)™ fo(O)Y7dS (&) + un (v)

Br
1/r

< [ reoner|[ P10 )P ) (wl 45(6)

+VUR (1‘)
< c¢(M,g,p,7) Tn — fo (g)po—r”.

/BR (|£E/ _ §|2 +£C72L) /2
1/r
Yn potn _ . r
. w72 Uo (y)=Dr0 " (y)" dy dé +vg (2)
/BR (1y - &P +92)

here dz and d§ means the standard Lebesgue measure and

vr(@) = [ P(@,8) fo (O fr(©)"dS(€)+ ur (z).

Br
n(po+1) %
We have vg € LT=Dro (Bf) N L;:; Ypo=r™%) (B U B?{l). Let
o — n(po+1) _ (ot 1Dr
po+n—(n—1)por’ por — 1~
Then%Jr"T’l:%and
T 1 Po+n
—_— =" <1
et o n(po 1)

(n—1)po

For Zsliofg;g <q< %, we have 2"‘% > L1 Tt follows from [HWY,

Proposition 5.2] that when R is small enough, uo\B+/ € L1 (BE/4>' This implies
R/4

PO = [ P@Ow@T du@) + @

R/4
potn

c(M,g,q) \U0|;_(j:f ) + frya (&)
R/4

IN
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n(po+n) n(po+1) n(po+n)
(n—Thpo " Dpo—rT) ~ (n—Tpo " 1

particular, we see fO|BR/8 S (BR/S). Since &, is arbitrary, we see fo € L™ (¥)

when g >

. Such a choice of ¢ is possible since 4

po+n

and hence ug € L™ (M). Observing that fo = T [ u"~ 7" ), here T is defined in

Section 2.1, it follows from L? theory (|[GT, Chapter 9]) and the Sobolev embedding
theorem that fo € C* () for 0 < a < 1. In particular, fo(£) > 0 for any £ € 3.
This implies ug € C? (M) for some 0 < 3 < 1 ([GT, Chapter 8]). It follows from
Schauder theory ([GT, Chapter 6]) that f € C*# (X). Iterating this procedure we
see fo € C* (X) and so is f.

Case 4.2. 5 <py < 0.

In this case, we fix a number r such that

1§r§p0andr2m
Po+n
then
1/r
W@ < | [ PEon©mas©] +un@!
Hence
fo (§)
potn -1 1r
< / P (2,8&) ug (x) 0w " [ P(z,¢) fo (O™ fo (¢)"dS (¢) dp (z)
Bf, Bgr
+gr (£)
< (M, g,p,7) / - 7zt (2) CEITR
Bk (ot — € +a3)
1/r
X _
= —=fo (O fo ()" d¢ dx +gr (£),
hn (1o — o +a2)"™"
here

-1

m©= [ P@&u@ T un @) @) + fa (o).

We have gp € LPot1 (Bg) N LY

loc

(Bgr) for any ¢ < oo. Let

azpo-f—l b n(po+1)r

po—1’ (po+n)r—(n—1)po’

then 2=l 4 2 =1, I+ g = 5Py € (0,1). For any po +1 < ¢ < o0, it follows

from [HWY, Proposition 5.3] that when R is small enough, we have fo € L? (BR/4).
Since & is arbitrary, we see fo € L?(X) and hence ug € Lo (M). Using the
equations of fy and wug, we see fy € L (¥) and up € L>® (M). The arguments in
Case 4.1 tell us f € C (%). O
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5. AN ASYMPTOTIC EXPANSION FORMULA OF THE POISSON KERNEL

Later on we will need more accurate information about the Poisson kernel than
Lemma 2.2. For that purpose we need an asymptotic expansion formula for this
kernel.

Assume n > 2, (M™, g) is a smooth compact Riemannian manifold with bound-
ary X = OM, 6 > 0 is a small number such that Ms = {x € M : d(z,X) < J} is
a tubular neighborhood of ¥ and 7 : Ms — X denotes the nearest point projec-
tion. For £ € ¥, choose a normal coordinate for ¥ at £, namely 7q1,--- ,7,_1. Let
Cs ={x € Ms : ds (7 (x),£) < d}. For § small, we have a coordinate near ¢ for M
as

$:Cs — By " x[0,0]:z (r(r(2)),t(2)).
It is usually called the Fermi coordinate at £&. We will identify C5 with E;_l x [0, 4]
through ¢. Denote r = |z| and 6 = Tl

Theorem 5.1. Under the above set up, we may find a; € C™ (Sifl) with ai\asi_l =
0for0<i<n-—1andat € CH'=5 (M) (for all e > 0) such that

n—1
2 —-n 7
P (z,0) = n—wnrl ; r'a; (0) + ¢ (z) for x near 0.
Here w,, is the volume of the unit ball in R™. Moreover ay (6) = 6,, = Tt and ay s
determined by

—Agn-1a1 = —H (0) —nH (0 6> +2n(n+2)h;; (0 91'0'02 on St
n J J¥n +
al‘asifl —0

Here 4,7 runs from 1 to n — 1, hy; is the second fundamental form with respect to
inner normal direction and H is the mean curvature.

To derive the asymptotic formula, we note that g = g;;dz; ® dz; + dz,, ® dz,,.
We will use i, 7, k, [ etc to denote indices running from 1 to n—1. Calculation shows
1
(1) g5 = Oi5 = 2hi; (0)xn = 3 (Br)ypy (0) wxar = 2hijp (0)
+ (= Ringn (0) + hix (0) hyi (0)) 5, + O (r®) 5

(5.2) g7 = b+ 2hi; (0)z, + % (Rs)inji (0) 2wy + 2hijk (0) 2pwn
+ (Rinjn (0) + 3hax (0) hjx, (0)) 22 + O (") ;
and
(5.3) VG = 1—H(0)z - é (Res),; (0) ww; — H; (0) 22
+% (H (0)% = |1 (0)]2 — Renn (0)) 2240 (r%).
Note that

Agju = %&- (gij\/aaju) + %an (\/éanu>

= gijaiju + Opnu + %31 (gij\/a> Oju+ %ﬁn (\FG> On .
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This and (5.2), (5.3) imply that for o € R and b € C> (S771),
Ay (r*b(0)) =77 * [Agn1b () + a(a+n—2)b(0)] + O (r*).
Let ag (0) = 6, then using (5.2), (5.3) we get
Ag (r'™"ao (0))
= " [~H(0) — nH (0) 62 +2n (n +2) hi; (0)0;0;62] + O (r~"F1).

Assume for 1 < k < n—1, we have found a; € C> (5 ~"), vanishing on 957" for
0<3<k—1with

k—1
Ay (Tln Z a; (0) Ti> =r* 1"y (0) + O (7’}“”) ,
i=0
then may solve the Dirichlet problem

—Agn-ray+ (k—1)(n—k —1)ay () = by_1 () on S} "
ak\asiq =0

This is possible because (k — 1) (n — k — 1) > 0. Then

k
Ay (1"1" Z a; (0) T‘i> =0 (rkfn) =" (0) + O (Tkﬂ*n) )
i=0

Hence by induction we may find a; for 0 < ¢ < n — 1 such that

JAVS (Tl_" z_: a; (6) ri> =0(r ).
=0

Fix a n € C* (R") such that n(z) = 1 for |z| < 2 and n(z) = 0 for |z| > 5. Let
u= %n cplen Z?;OI a; (0) 7%, then Agu = O (r~'). We solve

{ —Ag) = Agu on M
Plor =0

to find ¢ € W2n=¢ (M) for all ¢ > 0. In particular, v € C11=¢ (M) for all e > 0
and the Poisson kernel P (z,0) = ~2-n-r'=" 30" "a; (0) r' + 1 (z).
An almost identical argument gives us similar results for the Poisson kernel of

the conformal Laplacian operator.

Proposition 5.1. Under the same set up as in Theorem 5.1. If n > 3 and
A1 (Lg) > 0, we may find a; € C*> (ST with ai|8sifl =0for0<i<n-—1 and
a1 € CH= (M) (for all ¢ > 0) such that

n—1

2 )
P (z,0) = er_” Z r'a; (0) + ¢ (z) for x near 0.
" i=0

Moreover ag (0) = 0,, and ay is determined by

~Agn-1a1 = —H (0) — nH (0) 02 + 2n (n + 2) hy; (0) 0;0,02 on ST
al‘asifl = O
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6. A CRITERION FOR THE EXISTENCE OF MAXIMIZERS

We first recall some notations from [HWY]. For z € R, £ € R"™!, the Poisson
kernel of the upper half space is

2 Ty
n/2
2
(1o — € +22)

Here z = (2, ;). For a function f defined on R"™!, (Pf) (z) = [pn_1 P (x,€) f (€) d&.
For 1 < p < oo, |Pf|L%(Rn) < ¢np | flpp(n-1), here
+

P(xag):

nwy,

Cn.p = SUP {|Pan7LP1 (Ri) : f € Lr (Rnil) ) ‘f|Lp(]Rn—l) = 1} .

Theorem 6.1. Assumen > 2, (M",g) is a smooth compact Riemannian manifold
with boundary ¥ = OM, 1 < p < oco. Denote

n—1

cargp = sup {|Pfl, ooy o f € L7 (D) |flpnmy = 1}

Then cargp > Cnp- Any mazimizer of the problem must be smooth and either
strictly positive or strictly negative. Strictly positive mazimizers satisfy the equation

_np_

| P @)@ dute) = i, £ €

Moreover if car,gp > Cnp, then car,gp 15 achieved. Indeed any mazimizing sequence
has a convergent subsequence in LP (X).

We use the same notations as in Section 2.1. An ingredient in proving Theorem
6.1 is the following e-version inequality.

Lemma 6.1. Assume n > 2, (M",g) is a smooth compact Riemannian manifold
with boundary ¥ = OM, 1 < p < oo. Then for any € > 0 small, there exists a
d=0(M,g,p,e) > 0 such that for every f € LP (¥),

\Pf|L%(M5) < (enp +E) | flpn(s) -

To prove the lemma, we will need the following estimates.

Lemma 6.2. Assume 0 < a<n-—1,1<p< oo, then
f©)

——adS (€

| aares @

Proof. We may assume a > 0. For ¢ > 0 small enough, we let go = % (1 —¢),

q =1+ p%v then % + q% = qf_’%i + 1. The needed inequality follows from Lemma

2.3. O

S C(M7g7a7p) |f|Lp(E) .

L& (M)

Corollary 6.1. Assume n € Lip (), 1 < p < oo, then

[nom-Pf— P(nf)lL%(Méo) < (M, 9,p) Vsl poo sy 1| pos) -
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Proof. 1t follows from Lemma 2.2 that
n(m (z)) (Pf) (z) = P (nf) ()]
/E(n(ﬂ(x))*n()) (z,8) f(£)dS (€)

< <Mg>|vzn|m@/d‘“l'stw

Then the conclusion follows from Lemma 6.2. O

Corollary 6.2. Let K (z,§) = ;- [t( 7 +d2((i)(m) o for x € Ms, and £ € 3,

= fzK(xaf)f(f) dS (£), 1 < p < oo, then

|Pf — Kf| 2 (htyy) S (M, g,p) [ f1n(s) -

Ln—2

This follows from Theorem 5.1 and Lemma 6.2.

Proof of Lemma 6.1. Without losing of generality we may assume f > 0. For
d1 > 0 small, we may find n, € C*° (35,R) for 1 < ¢ < m such that 0 < 7, < 1,

Somim =1, nl/p € C* (X,R) and for each i, there exists a point £, € ¥ such that
n;(£)=0 for & € 3 with dx (§,¢;) > 1. For 0 < § < d1, we denote

Cis ={r € Ms :ds (7 (z),&) < 01}.

Then
Ity = P iy = [Smom C0F)
s
m 1 P
< Z|77io7r'(Pf)p‘Lﬁ(ciyé):Z‘nipoﬂ-.PfL%(c,é)'
i=1 i=1 b

On the other hand, using Corollary 6.1 we see

1/p
P
17 o an l(cz 6)
1/p ) 1/ ( 1/p )
< Pf—-P
= ( f TR f= P L7 (G )
1/p 1/ ( 1/p )‘ e
< Pf—-P C; T
= ( f) 1(615)+ e PI=Pm"f “s)| °
< 5y) 67
< [P, PO 80 s
Similarly, by Corollary 6.2 we have
P 1/17 -
‘ (m f) L= (Cig)
< |K(nr) +e(M,g.p) 57 ||
= m; Ln"f’l (Cis) ' 9, Lr (%)
< enp(re)[me] 4 e(Mog.0) 87 |fls
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Here g1 = €1 (M, g,p,01) is a small number which tends to 0 when §; tends to 0.
Hence

PfIP NG
LI Z[c Ste)

7

p

IN

1
+ C(Magmpa 61)6"17 |f‘LP(E)

L (%)

Il
—

M

©
Il
=

o (142600 [ 705+ (M. 9..60) 8 1

IN

( ) |f‘LP E)+c M7g7pa€)61/n|f‘1[7,p(2)
S cfz,p(1+€) ‘f|LP(E)

if we first fix 6; = 61 (M, g,p,¢e) small enough and then § = § (M, g,p,e) small
enough. This implies [Pf] LR oy S < np (L4 8) [floes)- O

Next we prove the following concentration compactness lemma (compare with
[L, lemma 2.1] and [HWY, proposition 3.1]).

Proposition 6.1 (Concentration compactness lemma). Assume n > 2, (M",g)
is a smooth compact Riemannian manifold with boundary ¥ = OM, 1 < p < oo,
fi € LP () such that f; — f in LP (X). After passing to a subsequence assume

IfilPdS — o in M(S), |Pfi|7Tdu— v in M(M).

Here M (X) is the space of all Radon measures on 3. Then we have
1—1

* Vny = |Pf|% dp. Moreover for every Borel set E C X, 1/(E)7"p <
Cn,p0 (E)%
o There exists a countable set of points (; € ¥ such that v = \Pf|*fp1 dp +

1

Zj Vj5<j, o> 1fI” dS—!—Ej 0'j5<j, here o; =0 ({Cj}) and I/;;P < cn,po’f.

Proof. Without losing of generality we may assume | f;| (s < 1. Since [(Pf;) ()| <

c(M,g,p)t (a:)_%1 for x € M\, it follows from the elliptic estimates of harmonic
functions that Pf; — Pf in Cj, (M\X). In particular, v[y, s = |Pf\% dp. For
e > 0 small, it follows from Lemma 6.1 and Corollary 6.1 that for ¢ € C* (X) and
0 > 0 small enough,

oo Pl oy

< [P(efi) Ly T lpom- Pfi— P(pfi) LR (M)
a1

< (Cn,p + 5) |<10fi|LP(E) + C(M,g,p) onr ‘V2@|Lw(2)

Let 1 — 0o we see

n—1 1
np np P 1
( / o[ du) < (nyp+e) ( / |so|pda) (M, §,p) 6% [Vl s -

Let § — 07 and then ¢ — 0T, we get

(Lo av) - <o ([ lepda)l
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A limit process shows for every nonnegative Borel function h on X,

n—1 1
< / ha-1 du> < Cnp < / th0>
2 2

n—1 1
In particular, for every Borel set E C X, v(E) "» < ¢, ,0 (E)?. Based on this
inequality we may proceed as in the proof of [HWY, proposition 3.1] to get the
second conclusion. (]

Now we are ready to derive Theorem 6.1.

Proof of Theorem 6.1. First we want to show ¢y, > Cnp is always true. To see
this we may fix a point , € X, choose a normal coordinate for ¥ at &, namely
T1,** ,Tpn—1. For & > 0 small, we denote C5 = {x € Ms : ds (7 (2),&,) < ¢}, then
we have a natural coordinate near £, for M as

¢:C5— By x[0,6]: 3 (r(m(x)),t(x)).

We will identify Cjs with EQH x [0, 6] through ¢. On Cjs we have the Euclidean
metric go = Y1, dz; ® dz;. If f € LP (X)\ {0} and f vanishes outside Egil, then
it follows from Corollary 6.2 that

1(05 )—’ ?’Lﬁ’f’l(cé )+C(Mgp 617 ‘f’Lp(Z

Let f (&) = f(f) for [€] < 6 and f(€) = 0 for [£] > §,& € R*! and u be the
harmonic extension of f to R, then

u| e < (1+4e)|Kf|

np
Ln=1(Cs,90) — Ln=1(Cs,9)

IN

(]. +El ’Pf’ +C(Magap) 5% |?|LP(E) °

Lnlcé)

Here 1 = 1 (M, g,p,6) and e; — 07 as § — 07. Hence

BT o g 1 PFL o e
CM,g,
o |f|LP(Z‘) |f|Lp(Bj;*1,g)
1 Pl o)

c(M,g,p)d7.
1+ 51)2 |f|Lp<B;L*17gO) ( )

Assume f € L (R")\ {0} and f = 0 outside a ball, u is the harmonic extension
of f to R%, then for ¢ > 0 small enough, we write f. (§) = ¢~ n;lf (g) and

ue (z) = e (%). Let f = f. on Bf~" and 0 on $\Bj ", then we get

CM,g,p =
9p = (1+€1) |f€|LP(B§’17gg)

Let € — 0T then 6 — 01, we see

YL ()

CM,gp = :
|f ‘ Lr(Rn—1)

By approximation we know the inequality remains true for all f € L? (R"~1)\ {0}

and this implies car,g.p > Cnp-
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If f is a maximizer, then it is clear that f will be either nonnegative or nonpos-
itive. Assume f > 0, then it satisfies the Euler-Lagrange equation

np

/M P (,6) (PF) (2) ™5 du () = cfrd F (€)™

It follows from Proposition 4.1 that f must be smooth and hence it is strictly
positive.
Assume cpr g,p > Cpp. Let f; € LP (X) be a sequence of functions with [f;|,, 5 =
1 and |sz np
Ln=T(M)

fi = Fin LP (D), |fi]? dS — o in M () and |Pfi|#~T dp — v in M (M). Tt follows
from Proposition 6.1 that we may find a countable set of points ¢; € 3 such that
v= |Pf\m dp+ 3, vi0¢, and o > |f[PdS + 37, 0;0¢,. Here o; = o ({¢;}) and

Z/j" <ch ,0j. In particular 1 = o (X) > |f|’£p(2) +>2;05. We claim v; = 0 for all

j. If this is not the case, then

— CM,g,p- After passing to a subsequence we may assume

np

Crrgp =V (M)=|P f|"11(M) ZVJSC]T/[;p|f|LP(Z +Zl/j.
j J
Hence

CPM,g,p < cng,p|f\ E)+ZU Mg,p|f|LPE)+C,pZUJ

J
cpM,g,p |f‘L"(E) + MﬂmZUJ"

J

N

This implies 1 < \f|’2p(z) + 2,04, a contradiction. Since v; = 0 for all j, we see
\Pf|Ln sy = Mg Hence |f[;, ) = 1. This implies f; — f in L” (X). That

is every maximizing sequence has a convergent subsequence in L? (¥) and cay, g, is
achieved. 0

7. PROOF OF THE THEOREM 1.1

In this section we finish the proof of Theorem 1.1. Without losing of generality
we may assume R = 0. It follows from Theorem 3.1, Theorem 6.1 and [HWY,
thm1.1] that

2 _2 1

_ a2 n T n(n=T) _
Onrg _CM,;,2(,::1) >c 722(71 y =N " 1(*‘] = VBi,gzn"
On the other hand, if O,y > ®Bl grn? then Ct,g, 2= >c SECEIE It follows from
Theorem 6.1 that we may find a f € C* (X) with f > 0 such that |f| 2.1y =1
L n-2 (%)

and Chpg,2n=l) = |Pf\L%(M). Let g = (Pf)ﬁg, then clearly R = 0 and
I(M,g) =Ong.
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