SHARP INTEGRAL INEQUALITIES FOR HARMONIC
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ABSTRACT. Motivated by Carleman’s proof of isoperimetric inequality in the
plane, we study some sharp integral inequalities for harmonic functions on the
upper halfspace. We also derive the regularity for nonnegative solutions of the
associated integral system and some Liouville type theorems.

1. INTRODUCTION

The classical isoperimetric inequality in the plane states that for any bounded
domain with area A and boundary length L we have

(1.1) 4TA < I?

and equality holds if and only if the domain is a disk. Inequality (1.1) remains true
for bounded domains in a simply connected surface with nonpositive curvature.
Among the proofs of this fact the one due to Carleman [C] is particularly interesting.
Indeed, let (M?,g) be any simply connected compact surface with boundary and
nonpositive curvature, it follows from Riemann mapping theorem that (M 2, g) is
isometric to <§f, eg'ngz), here B} is the two dimensional open unit disk and gpe
is the Euclidean metric on R2. The nonpositivity of curvature implies that w is
a subharmonic function. Let u be the harmonic function on B; with the same
boundary value as w, then w < w. In [C] it was proved that for any smooth

. . -2
harmonic function on B| we have

1 2
(1.2) / e*dr < — (/ e“d@)
B 47T S1

and equality holds if and only if u (x) = c or —2log |z — 2|+ c for some zy € R?\B;
and constant c¢. We may ask for natural generalizations to higher dimensions.
Without an analog of the Riemann mapping theorem, we may start with a metric
g= pﬁ grn ON E? with nonpositive scalar curvature, here n > 3, B is the open
unit ball in R™ and grn is the Euclidean metric on R™. It follows that p is a

subharmonic function. Under the metric ¢ the volume of B; is equal to / B, p% dx

S dS. We would like to know whether the

and the area of 0B is equal to faBl 0

inequality
2n_ __n_ -1 2(n—1) et
pr=2dr <n~nTwy, " p =2 dS
B 8B,

is still true. Here w,, is the Euclidean volume of the unit ball in R™. Since p is
bounded from above by the harmonic function with the same boundary value, we
1




2 FENGBO HANG, XIAODONG WANG, AND XTAODONG YAN

only need to know whether the inequality

(1.3) |ul

<n T Tw, LT \u| 21-1)
L" 2(B’) -2 (0B1)

is true for every smooth harmonic function w on FY. The answer to this question
is affirmative and the inequality may be proved by subcritical approximation (see
[HWY]). However, for future purpose it seems helpful to transfer this problem
to upper halfspace and derive some Liouville type results. Indeed, assume u is
a positive harmonic function on By, let e, = (0,---,0,1) and ¢ be the Mobius
transformation given by

x+
o(r)=—2- —e,.
oty
Then qﬁ(Rﬁ) = B; and
¢*g]Rn - | o del®d$L
7 i=1

Here R = {z € R" : z, > 0}. Let

B 1 T+
U(x)_|x+(52n‘n_2u<’x+€2n2 eﬂ))

then ¢* (uﬁan) = vﬁan. The inequality (1.3) becomes

2n(n 1)
(1.4) |v |Lﬁ( )<n on W, \v| 20D sy

Note that since v is the Poission integral of v|g._., inequality (1.4) follows from
Theorem 1.1 below. To state the results, let us fix some notations. For convenience,
we use z, v, - - - for points in R® and &, ¢, - - - for points in R*~! = {z € R" : z,, = 0}.
For z € R", we let ' = (21, - ,Zn-1), £ = (2’,2,). The Poission kernel for the
upper half space is given by (see [S, p61])
2
P(z,6) = In > forz eRY, e R™L
e (Ix’ — ¢+ x2)"/
n

Given a function f defined on R™™!, let

PH@) = [ P@OF©d forocky,
We have the following sharp inequality for P (see Theorem 4.1):

Theorem 1.1. Assume n > 3, then for any f € L = (R" 1)

1.5 P n < 2<n 1) 2”(" 1)
) |f|2(+) ! o |f|L"2(]R”1)

Moreover, equality holds if and only if f (§) = ———<———5 for some constant c,
(A2 +[E—¢01?) 2

positive constant \ and &, € R"~1.
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If we look at the variational problem

2(n—1)

n—1 _
= (R )7|f|L2<n—1> . 1}-

n—2

:fel

(1.6) ¢, =sup {|PfL,3_"2 (&)

Then any nonnegative critical function f, after scaling must satisfy

(1.7) FO™ = | P& (Pf)(x)"? da.

RY

We have the following Liouville type theorem (see Proposition 6.1) which is in the
same spirit as those in [GNN, CGS, CLO2, L.

2(n—1)

Theorem 1.2. Assumen >3, f € L,.~* (R"‘l) 18 monnegative, not identically

zero and it satisfies (1.7), then for some X\ > 0 and £, € R"™1,

n—2

A 2
f(&) =c(n) <)\2+§—502>

2(n—1) n—2
We note that the condition f € L, 2% (R"~!) can not be dropped since ¢ (n) [£]” 2
is a singular solution for (1.7). During the process of identifying maximizing func-
tions in Theorem 1.1 and the critical functions in Theorem 1.2, we establish the

following interesting fact (see Proposition 4.1):

Proposition 1.1. Let n > 2, u be a function on R™ which is radial with respect
to the origin, 0 < u(z) < oo for z # 0, e = (1,0,---,0), « € R, a # 0. If

v(z) = |z|%u (ﬁ - 61> is radial with respect to some point, then either u(x) =

9 a/2
(cl |z|” + 62> for some ¢y >0, o >0 or

u(a:)z{ e |z|®, if x #0,

C2, fo = 07
for some ¢; > 0 and c2, an arbitrary number.

There are similar statements for the cases @ = 0 or n = 1 (see Remark 4.1
and Proposition 4.2). The crucial point of Proposition 1.1 is that we do not need
any regularity assumption on the function u. This is very convenient when the
regularity of extremal functions are hard to get apriorly. The radial symmetry
property of function may come from symmetrization arguments or the method of
moving planes etc. For example, Proposition 1.1 gives another way to determine
the maximizing functions for those cases of Hardy-Littlewood-Sobolev inequalities
studied in [Li2, section III]. The formulation of Proposition 1.1 is motivated from
previous works in [CL, O], [CLO2, section 3] and [CLO3, section 6]. It is worth
pointing out that Proposition 1.1 is the fact for method of moving planes which
corresponds to the fact [LZ, lemma 2.5] or [L, lemma 5.8] for the method of moving
spheres, a variant of the method of moving planes.

According to Proposition 2.1 below, for n > 2 and 1 < p < oo the operator

P:LP (R"Y) — L#°1 (RY) : f s Pf
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is always a bounded linear map. From the analytical point view it is interesting to
consider the variational problem

(1.8) Cn,p = SUP {|Pf|L"w1 (r7) 1 fel” (Rn_l) ) |f|LP(]R"*1) = 1}

for all such p’s. Fix 1 < p < oo, for a function f defined on R™®"!, A > 0 and
¢ € R" 1, we write

@ =" f (’5;<> for ¢ € R 1.
Then we have (see Theorem 3.1 and Theorem 4.1):

Theorem 1.3. Givenn > 2 and 1 < p < oo.
o Let f; be a maximizing sequence of functions for (1.8), then after passing
to a subsequence there exists \; > 0 and ; € R"~1 such that fi)‘i’ci — fin
Lp (R”fl), In particular, there exists at least one maximizing function.
o After multiplying by a nonzero constant, every mazimizer [ of (1.8) is
nonnegative, radial symmetric with respect to some point, strictly decreasing
in the radial direction and it satisfies

(19) Fer7 = [ P@OPH@T dn

e [fn>3andp= 2=D) then any mazimizer of (1.8) must be of the form

n—2 7’

n—2

)\ 2
::tcn - SE—
1 <><A2+|€_§0|2>

_ n-—2
for some X\ >0, &, € R, In particular ¢, 2= =N 2 "Dwy
) n—2

n—2
2n(n-1)

e Ifn>3 andp= @, then any maximizer of (1.8) must be of the form

A\ n/2
f(§) = *£c(n) (/\2+|§5|2>
— S0

for some X\ >0, & € R""1. In particular

1
1 (n—2)\ """
C 2n-1) = — .
mT V2(n=2)¢w \T (%)

It is interesting that the problem considered here demonstrates very similar struc-
tures to the sharp Hardy-Littlewood-Sobolev inequalities studied in [Li2]. Besides
above properties of maximizing functions, we know they are smooth. This is a non-
trivial fact since it does not follow from the usual bootstrap method. Indeed, we
know all the nonnegative critical functions of (1.8) are smooth and radial symmetric
with respect to some point (see Theorem 5.1 and Theorem 6.1). More precisely we
have

Theorem 1.4. Givenn > 2 and 1 < p < oco. If f € LP (R"‘l) s nonnegative,
not identically zero and it satisfies (1.9), then f € C* (R”_l), moreover it is
radial symmetric with respect to some point and strictly decreasing along the radial
direction.
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In Section 2 below, we will collect some basic estimates for Poission integrals and
show the operator P is bounded in suitable Lebesgue spaces and Lorentz spaces.
In Section 3, we apply the general frame of concentration compactness principle
([Lion]) to show that every maximizing sequence of (1.8), after scaling and trans-
lation, must converge strongly. In Section 4, following Lieb we use the method of
symmetrization based on the Riesz rearrangement inequalities ([LiL, section 3.7])
and its strong form ([Lil]) to show that all maximizing functions must be radial and
give another approach to the existence of maximizing functions. In Section 5 we use
the method in [Hn] to deduce the regularity of all nonnegative critical functions.
Indeed what we will prove is a local regularity result. These results are similar in
nature to those proved in [ChL, L]. In Section 6 we use the integral version of the
method of moving planes ([GNN]), which was discovered in [CLO2], to deduce the
symmetry property of the nonnegative critical functions. Here we will need some
ideas from [Hn] again.

Acknowledgment: The research of F. Hang is supported by National Science
Foundation Grant DMS-0501050 and a Sloan Research Fellowship. The research
of X. Wang is supported by National Science Foundation Grant DMS-0505645.
The research of X. Yan is supported by National Science Foundation Grant DMS-
0401048 and an IRGP grant from Michigan State University.

2. BASIC INEQUALITIES FOR POISSION INTEGRALS

The main aim of this section is to record some basic estimates associated with
Poission kernel and harmonic extensions which we will use freely later. For zy € R™
and r > 0, we write

B! (z0) ={z € R": |z —mo| <7}, Bl=B!(0), B =B!NR}

and B, () to mean the closure of B (). Assume n > 2. For t > 0, £ € R" !,

we write
2 t

P (§) = Ty (|§|2 R t2>n/2.

Clearly we have
P(z,6)=P,, (' — &) forz e R?, £ e R*L.
(Pf)(x) = (Py, * f) (a) for x € RY}.

[Pt g1 g1y = 1, [Pl poo g1y =

(n=1)(p—=1)

|Pt|LD(Rn—1) = C(n,p) t P for
Recall if X is a measure space, p > 0 and u is a measurable function on X, then
1/p

1

nwy th— 1-

n—1

<p < o0.

U =supt|lul >t
| |L1;V(X) t>IO) |[ul |

P — s
The space L}, (X) = {u : u is measurable and |u|L€V(X) < oo}. More generally,

for any 0 < p < o0 and 0 < ¢ < oo, we have the Lorentz norm |o|Lp,q(X) and
Lorentz space LP? (X) (see [SW, p188]). L, (X) = LP*° (X) is a special case of
such spaces.

Proposition 2.1. We have
P
el

n
—1

n
w

< c(n) | flprn-1y

(%)
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and

(2.1) [Pf] <c(n,p) |f|Lp(Rn—1)

L (Ry) =
for 1 < p < oo. Moreover for 1 < p < co we have

(22) ‘P‘ﬂL%(Ri) < C(nvp) |f|Lp’%(R"*l) .

Proof. We only need to prove the weak type estimate. The strong estimate fol-

lows from Marcinkiewicz interpolation theorem (see [SW, p197]) and the basic fact

\Pf|Lx(Rn) < |flps(gn-1y- To prove the weak type estimate, we may assume f > 0
+

and |f|,1(gn-1) = 1. First we observe that (Pf) (z) < ;;(;71)1 for z € R%} and

fatgienca PP [ 6100 [Laen [ pingiar) <o

for a > 0. Hence for t > 0,

|Pf>tl = H:c eR}Y:0<z, < c(n)t*ﬁ’(pf) () > tH
1 n
= 7/ 1 (Pf)(x)dz =c(n)t »-1.
¢ 0<1n<6(n)t7ﬁ7w/€Rn_l

The weak type inequality follows. O

Later we will also need some elementary estimates for the harmonic extensions.
They are listed below.

e For 1 <p < q < oo, we have

C(ne1)(1_1
| P; * f|Lq(]Rn—1) <c(n,pq)t (=D (5-3) |f|Lp(]R"—1) :
e Assume f (§) =0 for |£]| > R, then we have
c(n)t

[((Iﬁl -B*) +t2}

e Assume f(§) =0 for |{| < R, 1 < p < oo, then we have

Py ) (©)] < ST Fv—

_n=1_
| Py * f\Lm (3;%721) <c(n,p)tR "7 ! |f|Lp(Rnfl)

and

n

_n—1
Pl () = P BT Wl

Fort >0, £ € R*7 ! let
el 2 el

O e )

then
_(n—1)(p—1)

. |Qt|LP(R”,1) =c(n,p)t » for 1 < p < .
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o Let o € L™ (R™ 1) NLip (R*1), then

[P * (of) =@ (P f)] < [@]Lip(Rnﬂ) Q¢ * f.

In particular, it follows from Hausdorff-Young’s inequality that

|Pt * (@f) _L)O(Pt*fﬂ[/q(Rn—l)

~-1(3-3)

< C(’I?,,p, q) [‘p]Lip(Rnfl) tl |f‘LP(]Rn71)

for 1 <p<q<oo.

As a simple application of these estimates, we derive the following compactness
result.

Corollary 2.1. For 1 <p < oo, 1 <gq < £ the operator

n—1’
p:Lr (R*Y) — Ly, (R})
is compact.

Proof. Assume f; € LP (R"~') such that | fil Lo (n-1y < 1, it follows that

n—1

|(Pfi) (z)] < c(n,p) Tn 7 forze Ri.

By the gradient estimates of harmonic functions, after passing to a subsequence we
have Pf; — u in C:% (Ri) For any R > 0,

loc

Pfi = PLilLa (s

/ |PfZ—Pfj|qd£C+/ ‘Pfi—Pfjlqd.’E
xEB;,anE JEB;;,LL<£

< / |Pfi — Pf;|* dm+c(n,p,q)517(”71)(%71).
z€BY,x,>e
Hence
limisup \Pf; — Pf; (iq(B,;) < c(n,p,q) et~ D(E-1),
\j—00
Let ¢ — 0%, we see Pf; is a Cauchy sequence in L} (R7). O

Finally we derive a dual statement to Proposition 2.1. Let u be a function on
R?, we write

(Tu) () = / P (2,6)u (z) dr.

"
Proposition 2.2. For 1 < p < n we have

. n-1)p < ; p(RP
(2.3) |TU|L%(RWI) < c(n,p) [ul o ()

for any uw e LP (R’j_)
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Proof. We may prove the inequality by a duality argument. Indeed, for any non-
negative functions u on R’ and f on R"~! we have

/R CTw©r©d- [ & Peou@©d

R -1 R
- / PN @@ < PAl, ey o [olgoga)
c1,0) o) |1 |

0

IA

IN

n(p 1)(Rn 1)

Inequality (2.3) follows. We may also prove such an inequality directly. Indeed,
since

P ("§)|L7L31’°°(1R1) =|P(-,0) L"El’x(Ri) =c(n) < oo,

we see T : L™! (Ri) — L™ (R”‘l) is a bounded linear map. On the other hand,
for u € L' (R), we have

[ @< [ e[ Peonwia= [ )

Hence T': L' (R) — L' (R"™!) is also bounded. The inequality (2.3) follows from
the Marcinkiewicz interpolation theorem. ([

3. THE EXISTENCE OF MAXIMIZING FUNCTIONS FOR SHARP INEQUALITIES BY
THE CONCENTRATION COMPACTNESS PRINCIPLE

Assume n > 2 and 1 < p < co. Let ¢, ), be the sharp constant in (2.1), then
Cnp > 0 and

(3.1) cnp = sup { / \PfIF T de: f e LP (R™Y) 1] pogot) = 1} .
RY

The aim of this section is to show c;;,' is attained by some functions. Let f

be a function defined on R*~!. For A > 0 and ¢ € R"! we write fM¢ () =

(%) for ¢ € R"~!, then

fA7<‘LP(R“*1) = |f|LP(Rn71) s ‘PfA C| — ‘Pf|

In particular the variational problem (3.1) has both translation and dilation invari-
ance. The problem fits in the general frame of concentration compactness principle
of [Lion]. We will apply this principle to prove the following result.

Ln 1 ) L%(Ri) :

Theorem 3.1. Assumen > 2 and 1 < p < co. Let f; be a mazximizing sequence
of functions for (3.1), then after passing to a subsequence there exists A; > 0 and

¢; € R such that fj”c — fin LP (R"‘l). In particular, there exists at least
one maximizing function for the variational problem (3.1).

A basic ingredient in the proof of Theorem 3.1 is the following proposition cor-
responding to [Lion, lemma 2.1].

Proposition 3.1. Assumen >2,1 <p < oo and f; € LP (R”_l) such that f; — f

in LP (R"‘l). After passing to a subsequence, assume

|fil dé — p in M (R™1), \Pfi|7"T dz — v in M (R%).
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Here M (R”’l) denotes the space of all Radon measures on R"~1. Then we have
[ ]

14

_np_
R} |Pf|"=T da.
Moreover for any Borel set E C R" 1,
n—1
v(E)™ < copp(E)7 .
o There exists a countable set of points (; € R™ ! such that

_np_
v=I|Pfl"Tdr+ Y vide,, p> P dE+ D> pide,,
J J

here p; = p ({CJ}) and

n—1 1
np P
i S Cnphy -

v

n=1 1
o Ifv (R”_l) "> Cpplt (R”_l) P then v s supported on a single point.
Proof. Without losing of generality, we may assume |f;] Lo(rn-1y < 1. Since
_n—1
[(Pfi) (@) <c(n,p)xzn " forzeRY,
it follows from the gradient estimate of harmonic functions that Pf; — Pf in
Ccre (Ri) In particular,

loc

Vgy = |Pf 7T .
Let ¢ € C° (R"!) and n € C° ([0, 00)) such that 0 < n < 1, we have
[0 @) () (P @), 5
I (@n) P fi) (@)] omr gy + I () (0 (') (Pfi) (x) = P (¢fi) ()]

IN

L% (v
n—1
np

IN

Cn,p |<pfi|Lp(]Rnfl) + c(n,p) |V(p|LOO(]Rn*1) (/0 n (t)"f1 tn"—pl—ldt>

Now fix an n € C* ([0,00)) such that 0 <7 <1,7(0) =1 and n(¢) =0 for t > 1.
For £ > 0, denote 7, (t) =1 (¢/€). Then

o () (2) (P @) 5, 5

< Cn,p |(pfi|Lp(Rn71) + C(mp) ‘VLP|LOQ(R7L71) g.

Letting 7 — oo and then ¢ — 07, we see

np T 1/p
(/ | =T dl/> <ctnp (/ lpl” dM) .
Rn—1 Rn—1

A limit process shows for any Borel function h on R*~1!,

N\ v
(/ h|n1du> <ens (/ |hpdu> .
Rn—1 Rn—1

This implies for any Borel set £ C R" 1, I/(E)% < cnvpu(E)%. In particular,
v is absolutely continuous with respect to p. By Radon-Nikydom theorem ([EG,

section 1.6]) we have
v(E) = / gdp.
E
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Moreover for p a.e. £ € R*™1
g(§) = lim A
T (B/,- (6))

Let J = {£ € R" 1 : pu({&}) > 0}, then J is countable. Moreover, for & ¢ J, we
have

g(§)<hm mf cﬁ}g(gn 1(5))m =0.

np n—1
Hence v = |P f["=T dz+3_, v;d¢,. For the third assertion, if we know v (R*=1) >
1
cnptt (R™1) 7, then

n—1
o 1/p 1/p
1

ZVJ‘ 2 Cnp Zﬂj > ZV;% )
J J J

hence

n—1

n—1

Su| 2y
J J

Since 0 < ”T*I < 1, we see at most one v, is nonzero. [l

Now we are ready to prove Theorem 3.1.

Proof of Theorem 3.1. For r > 0, let

0. = sw [ g e

CERn—1

Then ¢, : (0,00) — [0, 1] is a continuous nondecreasing function with
Jlim ¢; (r) =0, lim ¢, (r) =
By introducing dilation factor A; and translation by ¢;, we may assume
s =1/2= [ Il de.
By
After passing to a subsequence, we may find f € LP (R"‘l) such that
fi= fin P (R, |fPdE = pin M (R, |Pfi[* T de — v in M (RT).

In particular, this implies p (E?il) > 1/2. We claim p (R”_l) = 1. If not,

then p (R"™!) = 6 € (0,1). For ¢ > 0 small, we claim that after passing to a
subsequence, we may find ry > 0 and a sequence ; — oo such that

0—5</ |fz|pd§</ |fil? dé < 0 +e.

Br, Br6_4—12r

Indeed, fix ro > 0 such that p (Bﬁofl) > f — ¢, then for ¢ large enough, we have

Jgn—1fil” d¢ > 6 — e. On the other hand, since (BT +2l) <6 < 0+e¢, we may
0
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inductively define n; > 4, nj11 > n; such that [pn—1 [fn,|”dz < 0+ c. Replacing
TO+27
fi by fn, we get the needed claim. Let

9i = fiXBq’}[;la hi = fiXRn—l\Bn*I

rot2r;
Since
/ P de < 2,
B:07+127‘,;\B;1071
we see
|f’i -9 — hi‘Lp(]Rn—l) < C(n,p) El/p.
Note that

[1Pgi 4 Phal 77 = |Pgif 75 — | Phi| 1

< c(n,p) (1P ™5 [Phil + |Pgil |Phil 757"
On the other hand,

/ |Pgi|7=1 1| Phy| da
Rn

+

e | e ,
S VPGl oy VPRl e gy VPO o g gy VPPl 328
=
n—1 —n=1 (p=1)(np—m+1) Ty,
< cmpR7r, " +tecnpry 7

()" +aa]

L7 (R \BY)

this implies

1—00

lim sup/ |Pgi|"nfpl_1 |Ph;| dx
RY

np

n—1

(p=1)(np—n+1) Ty

R [((x' - 7“0)+)2 + x%} "

np
L7=T (RY\BY)
Let R — oo, we see

'lim/ |Pg;| 7= 1| Phy| dz = 0.
1— 00 Ri

Similarly,
. np__q
lim |Pg;| |Ph;|™=T" " dz = 0.
1— 00 R;L_
Hence
lim |Pg; + Phy|*"T — |Pg;|"~T — |Phy|""T | da = 0.

i—00 R"
+
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Since

A

o . np
/’ |Pgi|*Tdz < ¢y |92|Lp(]Rn 1) < Cn,p (HJFE)
T

N

/n \Phi|ide < ey |hs ImRn 1)<cn (1—04e)7T
+

we see

n

ey Fo(1)

/ PP da
1

_np_

n—1
< (1Pt Phil g, )+ ) )
< / |Pg; + Phi|m dz + ¢ (n,p)e'/?
"
<

/ (1Pl ¥ + [Ph|7 ) dar + ()7 4 0(1)
< cnp (0—&—5)” T —l—c;{pl (1—9+5)” Tt+ce(n,p)e /p—i—o( 1).

Letting i — oo and then ¢ — 07, we see

1<07T +(1—6)77 .
This gives us a contradiction since —“5 > 1. Hence M(R”’l) = 1. Next we
- _np_
claim v (]Rff_) = ¢ p - Indeed, for any € > 0 small, we may find r > 0 such that
p(Br~t) > 1—e¢, this implies [pn-1 |fi]” d€ > 1 —& when i is large enough. Hence
fRn—l\B:}*I |fil" d€ <e. Let g; = fixpgr—1 and hi = fiXgn-1\ gn-1, then

Ph; < c¢(n,p)e/?,
| |Ln1(R1) = (n,p)

[(Pgi) ()]

(n=1)(p=1) Tn

e [CEREET

IN

This implies
[ pn
R\B}
_np_

xn

((21-7)*) 4

< c(n,p)enT +c(n,p)rm@

n/2
:| _np_
Ln—1 (RH\BE)
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Taking a limit for ¢« — oo, we see

v(RY) = v(Bf)
np
n—1

2 C;Z’;l —c(n,p) enT —c (n, p) rre=l) - 2 n/2
(w1 -01)" 03]

L% (R"\B;;)

- np
let R — oo then e — 0T, we see v (R%) = ¢z’

By Proposition 3.1 we know there exists a countable set of points (; € R 1
such that

v=|Pfl"Tdr+ Y vide,, p>|fIPdE+D " pide,,
J

here p; = p ({(J}) and

n—1 1
< Cnplhy -
If f =0, then v (R"!) = c;[npl and hence v (R"‘l)% = Cpplt (R"‘l)%. This

implies for some ¢; € R"7!, v = Cn,p1 d¢,. In particular, p({¢;}) > 1 and this
implies = d¢,. But

/ |fil” dg < 1/2
BT (¢h)
implies p (B"’1 (Cl)) < 1/2. This gives us a contradiction. Hence f # 0. Now

Cn,p n— 1 - +ZZ/J SC;LL,EI ‘leP(lR" 1) +Cn,p Zun 1,
+) i
hence
1<|f‘Lp]Rn 1 +Zﬂn h
But since

1> |f|ip(]Rn—1) + Zﬂj

= 0and |f[ppgn-1) = 1. ThlS implies f; — fin LP (R"1).
([l

4. THE EXISTENCE OF MAXIMIZING FUNCTIONS FOR SHARP INEQUALITIES BY
SYMMETRIZATION

Following Lieb ([Li2]), using the method of symmetrization we will show all the
maximizers of variational problem (3.1) are radial symmetric with respect to some
point and we will give another approach to the existence of maximizing functions.

Let u be a measurable function on R™, the symmetric rearrangement of u is
the nonnegative lower semi-continuous radial decreasing function v* which has the
same distribution as u. It satisfies the following important Riesz rearrangement
inequality ([LiL, p87]): for any nonnegative measurable functions u, v, w on R™, we
have

[Lao [ w@ot-oyuwars [ ar [ v @ @-aw o
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Using the fact [w|p,gn) = |w*[ppgny for p >0, we see for 1 < p < oo,
|u * fu|Lp(Rn) < Jut 0| po gy -

Moreover if u is nonnegative radial symmetric and strictly decreasing in the radial
direction, v is nonnegative, 1 < p < co and

|u % v|Lp(Rn) = |u * v*|LP(Rn) < 0,

then for some xy € R™, we have v (z) = v* (z — z9).
Indeed, we may assume v is not identically zero. Choose a nonnegative w €
LP (R") with |w[; . (gny =1 such that

s vl = [ (s ) @)w ) do

Then we have

el = [ do [ u@ol- 0wy
R™ R
< [ do [ w@e g Gy
Rn R’VL
= (u*v") (y)w* (y) dy
RTL
S kv oy = U0l Lo gy

hence all the inequalities become equalities. It follows from the Lieb’s strong version
of Riesz rearrangement inequality ([Lil]) that for some zo € R™, v (x) = v* (x — x0).

Theorem 4.1. Assume n > 2 and 1 < p < oo, then the value

_np_ _np_ —
Chp = sup {/ |Pfl*=Tdz: feLl(R"'), |flpo@n-1y = 1}7
Rn
+
is attained by some functions. After multiplying by a nonzero constant, every maz-
imizer f is nonnegative, radial symmetric with respect to some point, strictly de-
creasing in the radial direction and it satisfies

(4.1) fO " = [ P@o@h)@ T dr.
+
Ifn>3 andp= 2(:_721) , then any maximizer must be of the form
n—2
A\ R
f(&) = £c(n) ()
N+ le = &l
_ __mn—2
for some X >0, £, € R"™L. In particular, €, 2= =N 2<"—21>wn =)

Y n—2

Ifn>3 andp= @, then any mazximizer must be of the form

\ B
::l:CTL — 5
£ () = %e( ><A2+|£_£0|2>

ne1 ) _ 1 (TL—Q)! 2(n—1)
for some A >0, £, € R, In particular, Cp 2nn) = TR <F("21)> .
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Proof. Assume f; is a maximizing sequence. Since |f7'|1,gn-1) = [fil po@n-1) =1
and

[ee]
PhI” ;,, _ / Py + f, n; dz,,
0

(]R") T (Rn—1)
Py # f170, P
LV B e = PR

we see f; is again a maximizing sequence. Hence we may assume f; is a nonnegative
radial decreasing function.
For any f € LP (R"!') and any A\ > 0, we let f*(£) = A~

IN

n—1

g f(é) then it

is clear that ’f’\|LP(Rn71) = |flpp(gn-1y and ’Pf* L7 (xn) \PfL" t (Ry) For
convenience, denote e; = (1,0,---,0) € R™ and
n— !
a; = sup [ (¢}) = sup AT f; (el>
A>0 A>0 A

It follows that
0<fi(§) <ai

and hence
|fi|LP,oo(Rn—1) S w:/_plai.
Now
|sz (R") S C(nvp)|fl| P fl(]Rn)
< c(mp)|fi L:( ") | fi EPM(R”)
< (Tl p) 1/n,

this implies a; > ¢ (n,p) > 0. We may choose )\; > 0 such that £ (e}) > ¢ (n,p) >
0. Replacing f; by ff“ we may assume f(e}) > c¢(n,p) > 0. On the other hand,
since f; is nonnegative radial decreasing and |f;| Lr(Rr-1) = 1, we see

i (&)] < w) MP g~ (=P,

Hence after passing to a subsequence, we may find a nonnegative radial decreasing
function f such that f; — f a.e.. It follows that f(£) > c¢(n,p) > 0 for [£| < 1,
fi— fin LP (R"’l) and |f|Lp(Rn,1) < 1. Since

LA =10 1= g o,
we see
|fi — f|ip(]R"*1) = |fz“ZL)p(Rn71) - |f|IL)p(Rn71) +o(1)
= 1= |flfp@n-1y +o(1).
On the other hand, since (Pf;) () — (Pf) (z) for € R} and |sz

Cn,py WE S€e

Pz np = P Pfi—
|Pf ' () | f| ( )+| S (Rn)

P
Cmpl lfl7 ;Rn 1)+Cn,p | fi — |Lp(Rn 1) +o(1).

()

+o(1)

IA
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Hence
_np_

1<|f FlEn(an-y To(1).

Zp(l]Rn 1) + |fz -

Let i — oo, we see

n
n—1

1< gy + (1= 1 gan )

Since ;"3 > 1 and f # 0, we see |f|;,gn-1) = 1. Hence f; — f in LP (R"~!) and
f is a maximizer. This implies the existence of an extremal function.

Assume f € LP (R"!) is a maximizer, then so is |f|. Hence |Pf| LR () =
‘P|f||Lﬁ(R")' On the other hand, since |(Pf) (z)| < P (|f]) (x) for x € R, we
+
see |Pf| =

P (|f]) and this implies either f > 0 or f < 0. Assume f > 0, then the
Euler-Lagrange equation is given by

[ Peo@n@™d=c £y

Here c is a constant. Using the fact |f|;,gn-1) =1, we see
PRI =

c= S =cnp -

P 0 = i

After scaling by a positive constant we get

L r@oEn@® = e

On the other hand, we know for z,, > 0, | Py, =P,
Rn 1) Rn 1)

this implies f(£) = f* (£ — &,) for some &,. It follows from the Euler—Lagrange
equation that f must be strictly decreasing along the radial direction.

For the case when p = 2(77:21), we first observe that if f € LQ(::;) (R”_l), let
u= Pf, f(g) = w%f (#) and ﬂ(m) = ll%u (#), then we have @ = P,

(n—1) = (n—1) = 2n . This is the
’ﬂL%(Rn—l) |f|L2n—21 (R~ (]R") L7=2 (R™)
conformal invariance property for the partlcular power As a consequence, if f is a

maximizer which is nonnegative and radial, then | §|" = f (‘ ik e’l) is a maximizer
too. In particular, Ig‘n ==z f (I&IZ — 6’1) is radial with respect to some point. To find

such f, we prove the following facts. O

Proposition 4.1. Let n > 2, u be a function on R™ which is radial with respect
to the origin, 0 < u(z) < oo for z # 0, e = (1,0,---,0), « € R, o # 0. If

v(z) = |z|%u (ﬁ - 61) is radial with respect to some point, then either u (x) =
9 a/2
(01 |z + 02) for some ¢y >0, cg >0 or

U(IE){ Cl|x|avifx7é07

C2, Zf{L‘:O’

for some ¢y > 0 and co, an arbitrary number.
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Proof. First we observe that "x% — el‘ = 1if and only if z; = % Forr >0,r#1,

we have

# - el‘ = r if and only if x € 0B_« (ﬁ) By scaling, we may

[72-1]

a/2
assume u (e1) = 1. Then v (1,2”) = (i + |:c”\2) . Assume v is symmetric with

respect to z = (21, 2”). Then v (%, ) is symmetric with respect to z”, hence z” = 0.
Denote z = ae;, we claim 0 < a < 1. If this is not the case, then we may find a
r >0, r # 1 such that a = 1. Now on 9B_r (%), v(x) = |z|" u(rer) and

1—r2" [2-1]

it is not a constant function, contradiction. For x = (%, " ), we have

v(x) = (|x—ael|2 +a—a2>a/2.

Hence , ,
a/2 a/2
v(z) = (|x—ael|2—|—a—a2) = (|x\2—2aac1+a)

a/2
for |x — ae1| > |% - a|. When a = %, we see v (z) = (|ac|2 — 2azy + a) for all

a/2
o 2
2. This implies u (z) = (% |z]” + %) . Hence we assume a # 1 from now on.

Without losing of generality, we assume 0 < a < % We claim that

(4.2) v(z) = <|av|2 —2ax1 + a)a/z

for all x # 0. To see this, we first make the following observation. Assume for some
given r > 0, r # 1 and for some y € 9B_» (e—1>, (4.2) is true for y, then it is

21 1—7r2

€1

true for all x € 0B (142). Indeed, for x on such a sphere, we have

—

1

Hence

a/2
[eY [eY —« 2
2l u(rex) = Jal* [y1 ™ (lyl* - 2031 +a)

a/2
1-2 /2
|| (1 + a(|2xl)> = (|:c\2 — 2amq + a)
T

Note that we know (4.2) is true for & = te; with ¢t € (—oo,—%]. By the above
observation we know it is also true for te; with ¢ € [i, %} This implies it is true
for te; with t € (foo7 fﬂ. Go back we see it is true for te; with ¢ € [%, %] Keep
this procedure going, we see (4.2) is true for all te; with ¢ # 0. Hence it is true for

a/2
all z # 0. This implies u (z) = (a |z + 1 — a) . O

<
®
~—

[

Remark 4.1. The case when o = 0 is a little bit different. However one has:
Let n > 2, u be a function on R™ which is radial with respect to the origin, e; =

(1,0,---,0). Ifv(z) = u (ﬁ - 61> 1s radial with respect to some point, then

_ C1, fo:O’
U(x)_ C2, fo#07

either
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or there exists v > 0, 7 # 1 such that
C1, Zf |$| <,
u(w) =< co, if |z| =,
s, if |z >

Here ¢;’s are arbitrary constants.

Proof of Theorem 4.1 continued. Since |f| 2m-1n N 1 and it is strictly de-
L n—2 (]Rn—
creasing along the radial direction, we see 0 < f (£) < oo for £ # 0. Note that since

f satisfies the Euler-Lagrange equation, it is defined everywhere instead of almost
n—2

everywhere. It follows from Proposition 4.1 that f () = (c1 |§|2 +C2> * for

some c1, ¢y > 0 (note that f can not be a constant function and the scalar multiple
of |£ |27n is ruled out by the integrability). A simple change of variable shows

1= /an J€3) An_t) d¢ = (6102)_%71 /Rnﬂ (1 n ‘§|2)*(n71) .

n—2
Pl

Hence cico = ¢(n). It follows that for some A > 0, f () = ¢(n) (ﬁléﬁ) . Let

n

en = (0,---,0,1). Since u(z) = |z +e,|> " is a bounded harmonic function on
2

n—

R and u (£,0) = (1+ \§|2)7 * we see

n—2

P+ T ) @ =lo ke

By the dilation invariance

2—n
xz (& n
‘l + n‘ L"Q—Z (Ri)  ne2 _273;31)
Cn 2(n—1) — — =n 20-Dw, .
S o\ — 3
(416) T |
L n—2 (Rn-1)

For the case when p = %, we know any maximizer after multiplying by a

constant will be nonnegative and satisfy

1% = [ Peo@n@d=cm [ T g

-2
RY ="

n—2

Let g(&) = f (&) ™ ,then g€ L= (R"~!) and

n—1)41

( )+
0@ =ctn [ T

It follows from [CLO2, theorem 1] or [L] that for some A > 0 and &, € R"™1, we
have

n—2

A 2
g(§) =c(n) <)\2H£_§O|Q> :

n

A 2
(&) =c(n) <)\2+|§_§0|2> :

Hence
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n

2

Since u (z) = 22t is a bounded harmonic function on R and u (¢,0) = (1 + |§|2) - ,

T aten|”
-3 T, +1
P((1+?) ) 0=

By the dilation invariance

we see

rn+1

1

\x+en‘n L2 (R 1 _ 2 ! 2(n—1)

¢, atn-n) = _ ( +) _ (n nil) .
‘ 2(n—2)vm \I'(*5")

n 2\ 2
(1 + |£‘ ) 2(n—1) ?
L#(Rn—l)

O

As a final note, we point out the similar statement to Proposition 4.1 in dimension
one.

Proposition 4.2. Assume u € C?(R), u > 0, a € R such that for any y € R,
|z|* u (% + y) is symmetric with respect to some point, then for some a >0, b >0

a/2
and zo € R, we have u (z) = [a (z —m0)® + b} .

Proof. Assume |z|” u (L +y) is symmetric with respect to z = z (y), then

a (1 @ 1
lz|]"u | —+y | =122 —z|"u +y.
T 2z —z
1

Replace = by x7*, we see

u(x+y):|1—2zx|au<y x )

11— 221

Calculation shows

x
1—2zx|” -
| 22l u<y 1—2296)
u” (y)

= wl) - @ )+ 2ot (2 20D 0+ 20 (- )Pl )

_ {u’l;j(y) +(a—=2)2u" (y) +2(a—1) (a—2) 2% (y) + ga (=)@ =2) 2% (y)} g

+o (2%).
Comparing the Taylor expansion coefficients, we see

v (y) = —azu(y)

and
C) 4 o) 2 ) 42 (0 1) (0 2) 20 () + 30 (0 1) (0 2) Puly) = 0

If & = 0, then we see v’ = 0 and hence u must be a constant function and we are
done. Assume « # 0, then

Plug this in the second equation, we get

2 2 2
w2 +3 < — 1) wu'u” + < — 1> < — 2> w3 =0.
« « o
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Hence
) 2 2 2
(ug/o‘> = Zya-3 [uQu”’ +3 ( - 1) un'u” + ( - 1) ( - 2) u’3] = 0.
@ e’ e’ @
The proposition follows. O

5. REGULARITY OF NONNEGATIVE CRITICAL FUNCTIONS

In this section we will study the regularity issue related to the Euler-Lagrange
equation (1.9). Let f be a nonnegative function satisfying (1.9), define u = Pf,
then the single equation becomes an integral system

u@ = [ P@osEd

P(z,8)u(x) w1 g,

RY

~
—
o
S~—
ki
—
I

This system is very similar to the one appeared in the study of the sharp Hardy-
Littlewood-Sobolev inequality ([Li2, part (ii) of theorem 2.3]). In [ChL, L] the
regularity problem for some cases of that system was resolved by a linear approach.
In [Hn], a nonlinear approach was introduced to resolve the regularity issue for all
the cases. We will apply the nonlinear approach to handle (1.9).

Theorem 5.1. Assumen > 2,1 <p < oo, f e Lj. (R"’l) is nonnegative, not
identically zero and it satisfies

FEOP = P26 (Pf)(x)" T da,

R%
then f € C> (R"1). If we know f € LP (R"™1), then f(£) — 0 as [£| — oo.

We note that the condition f € LT (R"‘l) can not be dropped, since the above
n—1

equation has c¢(n,p) [€|” 7 as a singular solution. To prove this theorem, we first
derive some local regularity results for some integral inequalities. According to the
range of p, we need two local results stated in Proposition 5.1 and Proposition 5.2
below. The two propositions are of the same nature as [Hn, proposition 2.1] and
[L, theorem 1.3].

Proposition 5.1. Givenn >2,1<a,b<o0, 1 <7 <00, -5 <p<q< oo such

that
1 T 1 T 1
- <-4+-<-+-<1
n qg a p a
and
n n—1 1

ra b r
Denote Br = Bln{l and BE = BENRY. Assume u,v € LP (BE), Uel® (BE),

F € L’ (Bg) are all nonnegative functions with U\B+/ €L (BE/2>’
R/2

1/r
‘U|L/a(B;) ‘F‘Lb(BR) <e(n,p,q,r,a,b) small

and

1/r
ww)< [ PwoFE /l#P(y,s)U(y)u(y)Tdy] & +0(a)
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+ +
for x € By, then we have u|B;/4 e L1 (BR/4> and

g, < € Optorad) (B9 lulyaogy + ol 52 )

R/

Proof. By scaling we may assume R = 1. First assume we have u,v € L9 (Bi")
Denote

) Z/]3+P(:E,§)U(x)u(x)rdx for ¢ € By.

Let p; and ¢; be the numbers defined by
-1 -1
n-l_mnr n_, mn-l_wr n_,
p1 p a q1 q a

then it follows from Proposition 2.2 that

)

‘f|Ll’1(Bl) < C(napa"qaaHUlLa(B;r)|Uf‘£p(31+)a
fleasy < c(a,ra) Ul gy luliopy) -

Given 0 < s <t < 1/2. For x € B, we have

u(z)
Bs;t BI\BST“
T r % 1/r vz
< /B (2.8 PO 11O de+ /BI\B#F(@J[(@ g+ o (2)
< /B+ P(x,f)F(f)f(f)wdﬁ(tc_(”s’)f’f_l F|Lb(31)|f|;/,;(31)+1,(3;)
1/r c(n,p,r,a)
: /Bs+t P@OF @@ de+ (t—s)" 1 Mm(BT) +v(z).
Hence

< F 1/r C(nvpaq,r7a) .
o) = D m Pl (5, ) T gt M T (o)
2

On the other hand, for £ € BSTH, we have

ro = |

" ﬂ z)u(x) dz
< [, P@OU@u@ dot =t /B;\B,fU( Ju(a) d

+P(:c,§)U(a:)u(x)de+/ P(z,)U (z)u(z) do

B BB/

r c(n,p,r,a) r
< /B:P(.’E,f)U({L')u(x) dwﬂ-W“ﬂLﬂ,(B;r) |U|LP(BT)

It follows from Proposition 2.2 that

‘f| c(n7p’q7r7a’)

Lo (BSTH> <c(n,q,r,a) |U|La(Bl+) |U|Lq(13;f)+ (t— S)n—l ‘U|La(31+) |u|LP(Bf') :
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Combining the two inequalities together, we see

ul <L L epana), + ol
La(f) = g Mee(58) 7 =t Mlar(ah) T Flee (57,)

if € is small enough. It follows from the usual iteration procedure ([HL, lemma 4.3
on p.75]) that

) <) (o) oy,

To prove the full proposition, we note that there exists a function 0 < n(z) <1
such that

|U|Lq (B:—/;;

1/r
u@w) =@ [ P@OFE) /B+P<y,s>U<y>u<y>7‘dy] (&) v (a).

We may define a map 1" by

T (o) (x) =n<x>/B P(x.6)F(¢)

Note that we have

1/r
/| +P<y,«s>U<y>|so<y>|rdy] &

1/r
¢ (11,70 D) U1l oy [Pl 1910 3,)

IN

<

|T(90)|Lp(31+) “P|Lp(31)v

— N =

1/r
|T (@)qu(Bf) S C(n,q, T’a’b) |U|L/‘1(BT) |F|Lb(Bl) |80|Lq(31) S 5 |SO‘L‘1(Bl)

if € is small enough. Moreover, for ¢, € LP (Bf' ), it follows from Minkowski
inequality that

T () (2) =T () ()] < T (lp = ¢|) (z) for z € B,
hence
IT(0) =T Wlposry < IT (6~ DIty < 310~ Vlro(sr)

Similarly we have for any ¢,y € L1? (Bf),

IT(2) =T Dlya(sr) < 50~ Uaagss) -

For k € N, let v (z) = min{v (x),k}, then it follows from contraction mapping
theorem that we may find a unique uy € L? (Bf') such that

ug ()
= T (ug)(x) +7(x)v (z)

1/r
ne) [ P@OFE© /JWP(y,f)U(y)uk(y)rdy] e+ (@) ve (2).

Applying the apriori estimate to uy, we see

|uk|Lq(Bl+/4) < C(n,p,q,r‘, CL) <|ukLP(Bl+) + |U‘Lq (B;r/z)) .

Observe that
u(z) =T (u) () +n(2)v(z),
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we see
ue = Ulpp(pry < T () =T (W)L (ppy + vk = o (sy)

1
< — .
= 5 |, u|Lp(Bl+) 0% ”|LP(31+)

Hence |uy — u|Lp(Bl+) < 2| — v|Lp(Bl+) — 0 as k — oo. Take a limit process in
the apriori estimate, we get the proposition. O
The other local regularity result is

Proposition 5.2. Givenn > 2, 1 <a,b< o0, 1 <r<oo,1<p<q< oo such
that

T 1
0<-+-<1
p o a
and
n—1 n
+ - =1.
ra b

Denote Br = By and Bf, = BR NR%. Assume f,g € LP (Bg), F € L*(Bg),
UelLb (BE) are all nonnegative functions with g|BR/2 e L1 (BR/Q),

F L iy 1o () < € (mp,q 7, b) small
and
1/r
ros [ Peove|[ Peor@rea) wee©
B, Br
for £ € By, then we have f|B,R/4 € L (Bp/s) and

n—1 n

|f|Lq(BR/4) < c(n,p,qm, a, b) (R 4 ; |f‘LP(BR) + |g‘Lt1(BR/2)> .

Proof. By scaling, we may assume R = 1. First assume we have f,g € L?(By).
Define

u(@)= [ P(x,§)F(§)f () d¢

B,
for z € Bfr. Let p; and ¢g; be the numbers given by

n_n—1+(n—1)r n_n—-1 m-1r

)

P oa P o a q
It follows from Proposition 2.1 that

IN

|u‘Lm (Bi") C(n’pa T, a) |F|La(Bl) ‘f|2p(Bl) >

IN

|U|Ll11 (Bi") C(”yQa T, (1) |F|L“(B1) |f|2q(31) .

Given 0 < s < t < 1/2. For £ € By, a similar calculation as in the proof of
Proposition 5.1 shows

GEN P(x,sw(x)u(x)”’”dww|f|Lp(Bl> +9(6).

Hence

1/r C(nvpaQ7r7a)
< _— .
‘f|Lq(Bs) _c(n,q,r,b)|U|Lb<Bl+) |U|qu <B+ >+ (t_s)n—l |f|Lp(Bl)+|g|Lq(Bl/2)

s+t
2



24 FENGBO HANG, XIAODONG WANG, AND XTAODONG YAN

On the other hand, for x € Bf,,, we have
2

@< [ P@OFE©FE) df+W|F|La(Bl)|f|Zp(Bl)-

B, (t
Hence

r ¢(n,p,q,r,a) r
> <c(n,qr a) |F|La(Bl) |f|Lq(Bt) + W |F|La(31) \f|Lp(Bl) .

|U\Lq1 (Blt

Combining the two inequalities together, we see

1 ¢(n,p,q,7,0,b)
|f|Lq(BS) < 9 |f|Lq(Bt) + W |f|LF(Bl) + |9|Lq(B1/2)

when ¢ is small enough. This implies

a0 < €000:07.0,0) (1f]10 (3 + 191 1a(,,)) -

With this apriori estimate at hands, we may proceed in the same way as the proof
of Proposition 5.1 to get the full conclusion. |

Now we are ready to derive the main results of this section.

Proof of Theorem 5.1. Let po = 11, fo(€) = £ (€%, uo (x) = (Pf) (x), then
0 < po < o0, foe Lot (R"~!) and

loc

w (@)= [ P& fo©Pde, fo€)= [ P(x.€) uo(x)™ 15 da.

Rn—1 R?
For R > 0, we write Bg = B!, B, = B NR? and
@ = [ PR i
R"—1\Bg
© = [ P@ou@™ i
R7L\B+

n(po+1)

First we want to show ug € L7770 (@i) and up € L<" 1)170 (B+)ﬂL°° (B;tf U B;fl).

loc loc

Indeed, since fy € Lfg:l (R" 1) we see fy < oo a.e. on R”~!. This implies uy < 00
a.e. on R?. Hence there exists an zo € BE such that ug (zg) < co. It follows that

Po
fRn—l\BR Wdf < oo and f]R"—l\BR fol(éfl" d¢ < oo. For 0 < 0 <1,
0 0,n

T € B;'R, we have

c(n)R fo (©)”
(1—=0)" Jan-1\5, €I

n(pg+1) .
(Bj; UBE ). Since [ P (-€) fo (€)™ dé € L= (R1),

w@ = [ PO s de s &

It follows that ur € L{3.
n(pg+1)
we know ug € L;; Dro (BE U Bzfl). By choosing R arbitrarily large, we deduce
n(pg+1)

_ n(pg+1
that ug € L (Ri) and hence up € L™—Dro 2 (B+)

loc
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Next we want to show fr € LPoT (Bg)N LS (Br). Indeed we may find £, € Bgr

loc

potn
such that [, P (z,&,) uo () @D dx < 0o. This implies
+

+n
T\Bf (|x’ff |2+z2>
0 n

potn
and hence fR"\B* ‘iﬁuo (z)@=Dro dz < 0o. For 0 < 6 < 1, £ € Bygr, we have
F\PR

potn potn
©=[  PeOu@PFmar< 20 [ B @) 4
R™\BF; (1-9) R?\BF; \$|
and hence fr € LS. (Bgr). To prove the regularity of f, we discuss two cases.

Case 5.1. 0 < py <

In this case, we have (p°+)" > 1. Fix a number r such that
1§7‘<Mandr>i,
(n —1)po Do
then
1/r
0O <[ P@Ouw@ )+ r©

By,

Hence

ug ()

_ /B P(2,6) fo (&)™ fo ()Y de +ur (z)

1/r
< P (x,8) fo (f)po_f1 (/ P (y,&) uo (y)(:’””“_TUo (y)rdy> d¢ +vg (1),
Br B}
here

v (@)= [ P& o [a(€)" dé +ur ().

Br
Since fr € LPoT! (Bg), we see vg € L(n oo (Bf). On the other hand, for 0 <
0<1,ze B;‘R, we have

P(@,€) fo (O fa(&)"" de

Br

el ) | Pwanon
C

IN

(n o—r " 1/r
o RO ) de

1 n,
/ P (.’,E, 6) fO (é)PO d§ + ( p(()z l)P() |f0 Lro+1(BR)’
Briog) o, (1— o) Rt

IN
=
=
~ =
8 3
VN
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n(pg+1)

hence vg € Lm0 eo=r=1) (BE U Bﬁ_l). Let

loc

- n(po+1) _(po+Dr
po+n—(n—1)por’ por — 1
Then%Jr"T’l:%and
r 1 po+n

— = < 1.
n(po+1)

(nziol)p0 a n(py+1)

n(po+1)

n(po+1)
For &0 <4< Do

5.1 that U0|B+/ € L9 (BJr ) This implies
R/4

1 1 s
we have 5 + 5 > o It follows from Proposition

R/4

gutn I
fo(§) = P (z,&)ug (x) =970 dx + frya (§) < c(n,q) |u] "% | + frya(§)
Li(B
B;M ( R/4>
n(po+n)
(n—1)po
In particular, we see fo

n(po+1) > n(potn)
(n=1)(po—r~1) (n—=1)po *
€ L™ (BR/B). Since every point may be viewed as a

when ¢ >

Such a choice of ¢ is possible since

|BR/8

loc

Po po+n
/ fo (fz d¢ < oo and / m—nnuo (x) @ Tro d < 00,
R»—1\Bg €] R?\BF; ||
we see ug € C' (BE U Bg_l) and fr € C* (Bg). It follows that fy € C}, (R”_l)
for 0 < @ < 1. In particular, fo(¢) > 0 for any ¢ € R*~1. This implies ug €
Cr. (@1) for any 0 < o < 1. Using the fact dylog|z| = x5 |z|™? when n = 2,
O 2™ = (2 = n) zy, || " when n > 3 and the standard potential theory in [GT,
chapter 4], it follows from bootstrap method that both ug and fy are smooth. If
n(pg+1)
f € LP(R"71), then fo € LPo™ (R"7!) and ug € JRC= (R%). If we go back
to the proof with this fact and apply Holder inequality when necessary, we will
pot+n
get fo € L™ (R"’l) and ug € L™ (R’_f_) This implies u" 7" € L* (Ri) for

npotl) & ¢ < oo Denote
pot+tn — 7 —

z ( p0+>n
U LN P P
x‘n 0 XRi

x e x 2t
sxsy ) * (w0t xEn )+ (T « (ug" 0

n n n\ B n )
2] B 0 R" Iz R7\ BT 0 R"

: Ty - (PN} T Srte (n n(po+1)
Since = xpp € LT (R™), ot Xre\Bp € L7 (R™) and bon. <1, we see

U is continuous and U (z) — 0 as |z| — oo. It follows from fy = ¢ (n) Ulg.—: that
fo (&) = 0 as [¢] — oo

Case 5.2. 75 < pg < 0.

center, we see fy € LS (R”_l) and hence ug € Lj3, (Ri) For any R > 0, since

In this case, we fix a number r such that

(n—1)po

1<r<pgandr >
po+n
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then 1
wo ()" < ( REOIGE d&) T ug @)
Hence !
f© = | P@u(@omm (B P(it,C)fo(C)p“rfo(C)TdC) dz+gr (€),
here . B
gr () = | P(2,&)uo (@)@ ug @) de + fr ().

B
n(pg+1)

Since ug € L™=Dro (BE), we see gr € LP°T1 (Bg). On the other hand, for 0 <
0 <1, & € Byg, we have

/ P (2, ) ug (2) " 7
B+

R

—1

ur (2)"" dz

IN

3

=
~

potn . —1
)/ P (z,&)ug (x)T=Dr0 " da
+

B
146
52 R

—1

potn . 1/r
A0 BT Jyey e, @ un@) e
R

140
R

+n —1
< furl, P(z,&)ug ()"0 " da
Loo <B#R) BJ#R
¢(n,po _potn
+ (. po) |uo (nn(;)opfm )

(L—0)" Rioer L0500 (57)

hence gr € L}, . (Bg) for any ¢ < co. Let
a—p0+1 - n(po+1)r
po—1’ (po+mn)r—(n—1)po’
then 21 4 2 = 1, ﬁ—l—%: pfil € (0,1). For any po+1 < ¢ < o0, it

follows from Proposition 5.2 that when R is small enough, we have fy € L4 (B R /4).
Since every point can be viewed as a center, we see fo € L} (R"_l) and hence

loc
ng

ug € L1 (@1) Using the equations of fy and ug, we see fo € LS, (R"™1)

loc loc

and ug € Ljy. (Ri) Now the arguments in Case 5.1 tell us fo € C* (R"’l)

and uy € C* (@i), moreover, fo(§) — 0 as |{] — oo under the assumption
ferr(®RY). 0

6. RADIAL SYMMETRY OF NONNEGATIVE CRITICAL FUNCTIONS

In this section we will study the symmetry property of the nonnegative critical
functions of the variational problem (1.8). We will show any nonnegative critical
functions are radial symmetric with respect to some point. As explained at the
beginning of Section 5, (1.9) may be viewed as an integral system which is very
similar to the integral systems related to the Hardy-Littlewood-Sobolev inequalities.
For the latter one, the radial symmetry of nonnegative solution for some special
cases were solved in [CLO1, CLO2, L]. In particular, in [CLO2| an integral version
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of the method of moving planes ([GNN]) was introduced and later applied in [CLO1]
to resolve the symmetry problems for some cases of the integral systems related to
Hardy-Littlewood-Sobolev inequalities. In [Hn], some new observations were added
and all the cases for the symmetry of the solutions to the systems were resolved.
We will apply these new observations to (1.9).

Theorem 6.1. Assume 1 < p < oo, n > 2, f € LP (R"il) is monnegative, not
identically zero and it satisfies

—1 np__q

1 = [ P @n @i
R%

then f € C* (R"‘l), moreover f is radial symmetric with respect to some point

and strictly decreasing along the radial direction.

For the case n > 3, p = 2(::21), the Euler-Lagrange equation has conformal

invariance property and we may weaken the assumption a little bit.

2(n—1)
Proposition 6.1. Assumen >3, f € L,.~* (R”_l) is monnegative, not identi-
cally zero and it satisfies

O = | P& (Pf) ()" da,

R}

then for some A > 0 and &, € R"™1, we have

n—2

A 2
f(&) =c(n) <)\2+§—502>

In the proof of these symmetry results, we will need the following basic inequality:
assume 0 < 0 <1,a>b>0,c>0, then

(a+0) —(b+c) <a® =1’

For 0 € R™ and s > 0, we denote

m 1/s
o], = (ZOAS) .
=1

Proof of Theorem 6.1. By Theorem 5.1 we know f € C* (R”’l) and f(§) — 0

as [¢| — oo, Let ¢ = =15, g(§) = f (&), v(z) = (Pf)(x), then 0 < ¢ < oo,
n 1

ge LT (R"7Y), v e J A= (R%) and

’U(I):/Rnflp(wvf)g(ﬁ)qdé, 9(6):/R P(z,€)v(z)0 1 da.

n
+

For A € R, denote
Hy={¢eR"":& <A}, Qr={zeR} 2 <A}.

For ¢ € R"™1, ¢ = (£,,¢"), denote &, = (2A — &,,¢"). For z € R", © = (z1,2"),
denote x\ = (2\ — x1,2"). Define g, (§) = g (£,), va (x) = v (z)) and

BY={¢€Hx:gx () >9 (&)}, Bi={zeQr:u(x)>v(2)}.
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By a simple change of variable, we see
o) = [ P@o@ dr [ Planglnds

g(6) = P& v@) T Didet | P(wrE)v(m)T 07 dr.
Qx Qx

Case 6.1. 0 < g < ;5.

In this case, we choose a number r such that

qg+n

—  andql<r
(n—1)q

1<r<

We have

0 () — v (z) = / (P(2,6) — P (23.€)) (9 (£2)" — g (€)") de.

H
Hence for x € BY,
0 < v(zr)—v(x)

< / (P (2,€) — P (22,€)) (9 (£)7 — g (€)7) de
Bq

by

o [ P@9se)’ (a0 —a (") e

A

IA

It follows that

IN

L (8Y)

/r

c(n,q,r)

loa — U] n@rn

L (n—1D)q (3;)

—rt 1/r 7
ggl\ (g)\/ _gl/r)

1 1
C(naqu) |g)\|iq::1(8§) «gA/T - gl

IN

On the other hand, for £ € BY, we have

9&) = [ P@Ov@)Tidet | Play,€)v(z)o i da
BY BY

+/ P (2,€) v (22) 07 da + / P (23,6) v (2) @7 da
@A\BY Qa\BY

LR qtn
< | P@gu@)tide+ | Pan&v(@) 0 da
By By

+/ P(m’g)v(x)(gjln)q dm—f—/ P<$A7§)U($>\)("Qj7f>q de.
@NBY Qx\B}

g(&) = P (2, v (2)7 1 da + / P (22, &) v (22) 707 da
By, By,

+/ P (2,€) v () 707 da + / P (2x,€) v (22) @01 da,
Qa\BX Qa\BY

Latvr(B)

29
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we see
g€ =g
1/r
< P(m’g)”(%\)("?jﬁq dx—l—/ P(ﬂanf)U(x)(’irif)"dx
By B
1/r
q+n q+n
B / P (2,€) v () 53 da + / P (22,€) v (22) %97 do
By BY
1/r
= (/ (P (%f)l/ru(x)\)(nqjﬁ ,P(as)\,g)l/ry(x)%> l dx)
BY r
i 1/r
B </ (P(m,g)l/"'v(x)ﬁ,P(m’gy/rv(m)ﬁ)l daf)
X r
1/r
< / |(I,II)|;’T dx .
B3
Here
I = P(.’E’g)l/T (U(I'A)ﬁ —U(x)(nq:rﬁ>7
I = Py (v(@)™ 57 — v (@) ).
Hence

g€ —ge)""

(/.

IN

1/r
P (z,§) (v (z/\)mqjﬁ — v (z) (anl?q,‘) dm)

1/r
. P (2,€) v (22) &7 " (u(2) —v(x))rdw> :

This implies

/r _ 1/r
’gk g L<q+1)r(3§)
9 1/r
+ +n
26ED) T p a0 (@) P (0 (0) — 0 (@) do
(n—=1)qr /sy L1 (89)
atn 1/r
n—1 T
< c(n,qr) v)(\ . (ux —v) n(q+1)
L atn (51)
D~
< ¢ (na q, T) ‘,U)\ nn(qflr) |U,\ - U‘ n(g+1)
Ln=Da (BY) L(n=Da (BY)
It follows from the two inequalities above that
+n
1/r  1/r < (7qul)q’r‘71 q—r~1t ‘ /T 1/)r
’g>‘ g La+vr(BY) ~ c(mgr)lo L) (R7) l9 Latt(2xe; ~BY) Ix g L+ (8Y)
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Here e; = (1,0,---,0). After these preparations, we will use the method of moving
planes to prove the radial symmetry of g and hence f.

First, we have to show it is possible to start. Indeed, for A large enough,
‘9|Lq+1(2/\e’1—63) can be arbitrarily small, this implies

1/7”7 1/r <1‘ 1/r 1/r
’g/\ g L(q+1)v-(3§) -2 I g L(q+1)r(3§)
and hence ’g}\/r — g/ perr(89) = 0. It follows that By = 0 when X is large
A

enough.

Next we let A\g = inf {\ € R: Bf, =0 for all \" > A}. It follows from the fact
g(€) — 0 as [¢] — oo and g(£) > 0 for all £ € R"™! that \g must be a finite
number. By the definition of A\g we know gy, (§) < g (&) for £ € Hy,. We claim

that g, = g. Indeed if this is not the case, then since

v (2) — v (&) = / (P(2,€) — P (22,€)) (g2, (6) — 9.(€)7) de

H>‘0

and

D20 © =9 = [ (P&~ Pan.0) (0r, @57 —0 (@) d,

Qxg

we get gy, (§) < g (&) for £ € Hy,. It follows that Xoae; 57 — O ae. as AT Ag. By
dominated convergence theorem we have |9|Lq+1(2,\e' -8y) 0as AT Ag. It implies
1 A

1/r

‘g/\ gl/r

1 1/r
. <z ‘9,\/ -
L<q+1)v(5§) 2

gl/r

L(q+1>r(5§)

when X is very close to A\g and hence B = ). This contradicts with the choice of
Ao. Hence when the moving process stops, we must have symmetry. Moreover we
claim that gy (§) < g (&) for £ € Hy when A > )\g. Indeed for any A > )¢ we can
not have gy = g because otherwise ¢ is periodic in the first direction and can not
lie in L9 (R™71). Hence g\ < g in H).

By translation, we may assume g (0) = maxgegn-1 g (§), then it follows that the
moving plane process from any direction must stop at the origin. Hence g must be
radial symmetric and strictly decreasing in the radial direction.

Case 6.2. 5 < g <oo.
In this case, we choose a number r such that

(n—1)q

1<r<gqand
qg+n

<r.
We have

960 -9 = [ (P9 Pne) (00T —0(@)F) o

A
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Hence for ¢ € BY,

9(60) - 96
| @ - P (o) -0 @) s

0

IN

IN
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B3

(n—1)q

(a+n)r / P(z,&)v (x,\)ﬁ%m_"il (v ()" = v (a:)l/r) de.
By

It follows that

IN

‘gA - g‘Lq+1(B-‘7)

atn -1
ni r 1
{0 (”A/T _ ,Ul/r)

¢(n,q,7)

Ll (82)
7,_71
& (na q,T ) |U)\| o n(z)fl) ’ }\/T Ul/r n(g+1)r .
L= (BY) L =07 (BY)

On the other hand, for z € BY, we have

Since

we see

IN

IN

IN

IN

v (zy)

U

(/

ke

-
YA
(/

<

1/7‘

P@Oge de+ [ Prnoae)de

B

+ / P (2,6) g (€)' dé + / P (22,€) g (6,)" de.
H\\BY HA\BY

/ P26 d£+/ P (22,€) g (€,)" d
/ P (2,€)g (€)' de + / P (22.6) g (€3)" dE,
H>\\Bg

HA\Bi

v (x)l/r

1/r
g (&) qd£+/3 P(xmf)g(f)qd§>
g 1/r
d§+/ P($A7§)9(§A)qd§>
53 1/r
(.6) 1/7~ (gk)q/r_g(g)q/’”),P(a:mf)l/" (g (f)q”—g(ﬁx)wr))‘; dg)

] 1/r
D= g©") df)

1/r
90" (g <£A)—g<f>)rd5> .
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Hence
r _  1/r
‘ ) Y erﬁfjll))qr (BY)
9 1/r
q . ;
< 2 P e g d|
B3 LD (BY)
r1l/r
< e(ngr) |9l (9r—9) £ (81)
A

r
< @) IoAl i gy 193 = Lo () -

Combining the two inequalities together we see

_gq+n _ .—1 q—r
lgx — Q‘Lq+1(39) <c(n,q,r)v| (”;(31)4?1) ' lg L;'+1 2X\e! —BY l9x — g|L4+1(Bg) :
A L (n—Da (Ri) ( e;— A) by

With this inequality at hand, we may proceed in the same way as in the Case 6.1
to get the conclusion that g is radial symmetric with respect to some point and
strictly decreasing along the radial direction. (]

2(n—1)
n—2 °

Next we look at the special power p =

(n—1)
Proof of Proposition 6.1. If we know f € L= (R"’l), then it follows from The-
orem 6.1 that f € C* (R"’l), it is strictly positive and radial symmetric with
respect to some point. By translation we may assume f is radial symmetric with

respect to 0.
On the other hand, if f is a solution to the equation, let u(z) = (Pf) (z),

f(g) IEI" == f (‘5‘2) and u(z) = = ‘n ——l (mg) by change of variable we know

~ (P @, F©™ = [ Peoi@ e

and ‘ﬂ 2(n—1)
L n=2 (Rn—1)
same equation.

Let e = (1,0,---,0) € R™, then it follows from Theorem 6.1 that f; (§) =

\f\’% f (# — ¢} ) is smooth and radial symmetric with respect to some point. It

n2

~ 2(n—1)
=|f| 20— X In particular, f € L™»=2 and satisfies the
L Rn-1)

(n—1)
follows from Proposition 4.1 and the fact that f € L= (R"_l) that for some
_n=2
c1 >0and ¢p >0, f(§) = (01 I35 Jch) ® . Since f satisfies the equation, it
n—2
En

follows that for some A > 0, f (§) = c(n) (ﬁ)
Next we Want to show under the assumption of the Proposition 6.1, f always

lies in L = (R" 1) This Will be proved by contradiction. Indeed, if this is not
2(n—

the case, then fRH f) = 2 d§ = oo. Let 90 (&) = ()72, vy (x) = (Pf) (x),
then go € LloC (R"‘l)7 Jgn—1 90 (£) = d§ = oo and

v ()= /]R"—l Pla,8) g0 (§)L2 a6 90(8) = / P (z,8) vo (QC)TL%g dz.

n
+
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It follows from the proof of Theorem 5.1 that gg € C'*° (R"‘l) and vg € C* (@n )

+
Let g(€) = oo () v(@) = v (757 then

@)= | P@O9OT A g©=[ P@ov@Tdr
2(n—1) 2(n—1)

Moreover for any R > 0, fRn,l\BRg(f) mdé <ooand [p,o, g (&) v dE = oo.
For A > 0, we define H), g as in the Case 6.1 of the proof of Theorem 6.1, but let
B = {¢ € H\\ {0} : gA (€) > g (£)}. Put the number in the proof of Theorem 6.1

r = "2 then the same argument shows
e SR 25 e
)\l — 9" st <c (n) |g 2(n—1) . )\l — 9" st
T (BY) L™ (2xe1-BY) L™t (BY)
Note that for £ € BY, ga (§) > g (§), hence
2(n—1) 2(n—1) 2(n—1)
[ de< [ @ ae< 9(&) " de < 0.
B¢ B4 Rn—1\H,
When A is large enough, it implies
n—2 n—2 1 27—2 n—2
g)\+2 — 9" s n(me2) < 5 9x T — g 2(n—1)(n+2)
n(n—2) (Bi) n(n—2) (Bi)
n-—-2 n-2
and hence |g{™* —g"F2| L | 0 =0, B =0. Let
L~ nn-2) (Bi)

)\Ozinf{)\>0:8§\,=@f0rall)\/2)\}.

We claim Ay = 0. Indeed if this is not the case, then \g > 0. We may argue as
in the Case 6.1 of the proof of Theorem 6.1 and get g\, = ¢. In particular, this

would imply [;._. g (f)w d¢ < oo, a contradiction. It follows that Ay = 0 and
g (fl,f”) >g (—fl,f") for £, < 0. Since we may perform this process along any
direction, we see g must be radial symmetric with respect to 0. Hence go must be
radial symmetric with respect to 0. For any ¢ € R"~!, we may apply the argument
to go (- + ¢) and deduce that go is also radial symmetric with respect to ¢, hence
go must be a constant function, so is f. But this contradicts with the fact that f
satisfies the equation. O
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