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Abstract We show that for a class of second order divergence form elliptic equations
on an infinite strip with the Dirichlet boundary condition, the space of a fixed order
exponential growth solutions is of finite dimension. An optimal estimation of the
dimension is given. Examples also show that the finiteness property may not be true
if one drops some of the conditions we made in our result.
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1 Introduction

For a differential equation on an unbounded domain, it is natural to consider solutions which
satisfy certain growth conditions. The first step to understand the structure of these solutions
is to prove spaces of solutions of a given growth are finite dimensional. In [1],2], T.Colding
and W.Minicozzi considered the polynomial growth harmonic functions on a complete Rie-
mannian manifold. They showed that if the Ricci curvature is nonnegative, then the space
of a fixed order polynomial growth harmonic functions has finite dimension, which proves a
conjecture of S.T.Yau. Later in [3] P.Li gave another approach via the mean value inequal-
ity. In the present paper, we consider the second order divergence form elliptic equations on
an infinite strip with zero Dirichlet boundary value. Here infinite strip means the product
of the real line and a bounded domain. For the equation Au = 0 on R x (0,1) with the
zero Dirichlet boundary condition, we know any solution must be a linear combination of
ug(z,y) = e**sin(kmy), k € Z. This suggests, for a general elliptic equation, it is reason-
able to consider those solutions which have exponential growth in the unbounded direction.
More precisely, we want to show the space of a fixed order exponential growth solutions has



finite dimension. Now let us describe the main result. Let 29 C R™ be open and bounded.
Volume(Qy)< Vp < o0, diam(€2)< Dy < co. 2 = R x Qq is the infinite strip. We always
assume

(1.1) a?, b c € L®(Q,R) and A > 0, |a”(x)| <A, forz € Q1 <4,5 <n+1.

(1.2) there exists A > 0 s.t. &[> < a"(2)€"¢ for all z € Q and & € R™H.

Consider the following problem:

—8j(aij8iu) + blazu + cu = 01in €.
(1.3) u:Q— Rst. ulanxn, € H' ((—a,a) x Q) for any a > 0.
ulrxa0, = 0.

Let d > 1, define A; = {u\u is a solution of equation(1.3), there exists ¢ = c¢(u) > 0 s.t.
lu(z)| < cedl®t!, for all x € Q}.

Main Theorem. There exists ¢ = g9(n, A, V) > 0 s.t. if ¢(z) > —eo, [b'(z)] < \/E0, for all
z € Q, then dimA,; < Cd", where C = C(n, \, A, Vp).

From the example of the Laplace equation on Rx (0, 1) with the zero Dirichelet boundary
condition, we know that the power n in the above dimension estimate is optimal. It is
interesting that the smallness condition on the b* and the negative part of ¢ is necessary.
Indeed by the arguments in [4] and [5], we may have a divergence form elliptic equation on
the unit ball, whose coefficients are o Holder continuous for any « € (0, 1), such that it has
a smooth nonzero solution which vanishes identically outside the half ball. Then by a simply
patching of equations on the infinite strip, we may find a divergence form elliptic equation
with coefficients o Holder continuous for any o € (0,1), such that the space of bounded
solutions are infinite dimensional. In view of the above theorem, we know this example is
possible because the smallness condition is not satisfied. It is an interesting question to ask
whether the main theorem remains true if we assume a” to be Lipschitz continuous and
drop the smallness condition on the remaining coefficients. We also remark that the similar
results can not be true for domains of type RF x Qq, k > 2.

The paper is written as follows. In section 2 below, we describe the basic properties
of solutions of equation(1.3). Section 3 gives some characterizations of exponential growth
monotone functions. Section 4 shows how to construct good solutions from arbitrary given
ones. Then we give some necessary estimates in section 5 and section 6, where we use
certain kind of compactness coming from the Poincare’s inequality. In section 7, we give
another approach to the dimension estimate by the mean value inequality. Both approaches



are interesting because they may be useful for other problems related to the one considered
here.

We would like to thank Prof. Weiyue Ding for the suggestions related to P.Li’s paper [3]
and an improvement of the earlier version of the paper.

2 Basic properties of solutions

In this section we will show that if the first order term coefficients and the negative part
of the zero order coefficient of the equation(1.3) are small, then on any finite strip the L?
integral of any solution has a definite part concentrating at the two ends. For a > 0, denote
D, = (—a,a) x €.

Lemma 2.1 There ezists g = €o(n, A, Vo) > 0 s.t. if e(z) > —eo, |V(z)| < (/&g for all
x € Q, then for any solution u of equation(1.3), any b > a > 0, we have

IRy

o (b—a) Dy\Dyg

/ <Y / o2
. (0—a)Jp\p,

2 c - 2
u’ > (14 / U,
/Db\Da ( (b— a)g) Dy

where C = C(n, A\, A, Vp) > 0.

Proof. Choose 7y € CP(R) s.t.

2
0<n0 <1, Ml(-aa) =1, Molr\(-bp) = 0 and |ng(¢)| < g, forallt €R,

—a

and let n(z) = no(x1), = € Q. It is easy to see

2
77|Da = 1: 77|Q\Db = 07 |D77| < b—a
Let ¢ = n*u be the testing function, then using equation(1.3) and the integration by parts,
one has

/ nQaijaiuaju + 2nuaij8,-u6j77 + b 0;un*u + en*u® = 0.
Q



Hence

)\/772|Du|2§C'(n,A)/77|u||Du||D77|—/772ubi(9iu—/c772u2

Q Q Q Q

<C(n, ) [ nlullDul[Dn + OV [ fullDul +20 [ opa?
Q Q Q

A
<CouAN) [ Dafa? + 5 [ |DuP + Cn Ve [ o
Q Q Q

Therefore, one concludes

[ #IDup < Cr) [ 1Dn + O N [ o
Q Q Q

< Cln, M\ A) / Dl + C(n, A, Vi)eo / | Duf?.
Q Q

Here we have applied the Poincare’s inequality to u on every slice {z;} X Qg (see p164 of
[6]), and D' denotes the last n directional derivatives. Choose ¢ s.t. C(n, A, Vy)eo = 3, then

we get
A
[rpu < o [ (oo < G [
0 9} (b - a) Dy\Dg

/ |Dulf? < M/ U2,
Da ~ (b—a)? Dy\Dy

Using Poincare’s inequality again, one obtains

/ 2 CAA, VO)/ "
. (b—a)? Dy\Da

The third inequality in lemma 2.1 follows from the inequality above. Q.E.D.

Corollary 2.1 There exists €g = o(n, A\, Vo) > 0 s.t. if c(z) > —eo, |b'(z)| < /&0 for all
x € Q, then any nonzero solution u of equation(1.3) must satisfy

b—oo

liminf 6! log/ u® > Co(n, \, A, Vp) > 0.
Dy

In particular, any bounded solution must be zero.



Proof. Let g9 be as in the lemma 2.1. From the second inequality in the conclusions we have
for any a,h >0, [, u* < Ch 2 [, . u?, where C = C(n, A\, A, V;). Choose h s.t. Ch™2 =

e !, then fDa u? < el fDa+h u?. By a simple iteration, we have fDa u? < ek fDa+kh u? for
any integer k£ > 0. Given any b > a, find a k s.t. a+ (k+ 1)h > b > a + kh, then

b—a
/u22/ u226k/u>eh 1/ u?.
Dy Dy ykn D, o

Since u # 0, we may find an a s.t. [, u* > 0. So

1 log [y u?—5—1
b 'log / u?r > =+
p, D b
The conclusion follows by setting Cy = +. Q.E

3 Exponential growth monotone functions

In this section, we want to study properties of exponential growth nondecreasing functions
which are similar to those been studied in [1] and [2] for the polynomial growth case.

Lemma 3.1 Suppose f :[0,00) — [0,00) is a nondecreasing function, which is not identi-
cally zero. Let d >0, § >0, o > €. If there exists ¢ > 0 s.t. f(t) < ce™, then there exists
a sequence t; — 0o s.t. 0 < f(t; +9) < of(t;), for all j € N.

Proof. We need to show that there exists t; — oo s.t. f(t; +0) < of(t;), for all j € N.
This can be done by a contradiction argument. In fact, if it is not the case, then there exists
to > 0s.t. f(t+9) > of(t) for any t > t,. Without losing of generality, we may assume
f(to) > 0. By an iteriaton we know f(to)o* < f(to + k&) < cetoek® for all natural number

k, which implies f(ty) < cedto( ) . Let k — oo, we get f(ty) < 0, a contradiction. Q.E.D.

Lemma 3.2 Suppose fi, fo, -, for : [0,00) = [0,00), k € N, each f; is nondecreasing and
not identically zero. Letd > 0, § > 0, o > €*®, and suppose for all j, there exists c; >0
s.t. f;(t) < cje®. Then there exists E C {1,2,---,2k} s.t. card(E) = k and there ezists a
sequence t; — oo s.t. 0 < fi(t,+0) < ofi(t), foranyi € E, | € N.

Proof. Let us consider f(t) = fi(¢)f2(t) - - fox(t). f is a nondecreasing function and not
identically zero. f(t) < ce®*¥ ¢ = cicy---co. Since of > 729 from lemma 3.1 we
know there exists ¢ — oo s.t. 0 < f(; +6) < o*f(t), for any I. Then there exists
E c {1,2,---,2k} with card(F) = k and 0 < fi(t; + 9) < ofi(t;), for any i € E, for
otherwise we would obtain f(t; +d) > o**1f(¢;), which contradicts with the choices of ;.
Q.E.D.



4 Constructing good functions from given ones

In this section, we will show how to construct solutions with desired properties from arbitrary
given ones. For any a > 0, any u, v locally square integrable functions on R x €2y, denote

I, (u,v) = fDa uv.

Lemma 4.1 Suppose V. C Ay is a nonzero finite dimensional subspace, m = dimV', then
there exists ag > 3 s.t. for any a > ag, I, is an inner product on V.

Proof. Pick up a base uy,---,u, of V. For any a > 0, define W, = {(A1, -+, An)\); €
Rand )77, Ajujlp, = 0}. It is easy to see a; < ay = W, D W,,. Thus there exists
lim,_,oodimW, = [ < m. It follows there is an ag > 3 s.t. a > ay = dimW, = [. The latter
implies W, = W,,. Now it is easy to check W,, = N,>oW, = 0, this tells us, for a > ay,
u1|p,, > Um|p, is linearly independent. Then we may conclude I, is an inner product on
V. Q.E.D.

Remark. The above lemma follows directly from the unique continuation theorem if the
coefficients a are Lipschitz continuous, see [7] for more information.

Lemma 4.2 Suppose ui,ug, -+, usy, € Aq are linearly independent, d > 1, k € N, >
0, o > e gl fized. Let ko = [2]. Then for any A > 0, there ezists ana € R s.t. a > A
and we may find vy, ve, - - -, Vg, € Aqg, which satisfy

/ vivy = 045, 1 <4, 5 < ko,

a

/ Uivj:()ai?éj’lsiajskﬂa
Da+5
/ v; <20, 1<i< k.
Da+6

Proof. Let V = span{us,us,---,usy} C Aq4. For any a > ag (the number in lemma 4.1),
we use P, , to denote the orthogonal projection of V' with respect to I, onto the subspace
7. Define

Wia = Pa,(span{u1,ug,---,ui_l})L(Uz') for 1 = L2, 2]{,

!
SO Wjgq = Cq4,1U1 + CqioUp + -+ + Cqii1Ui—1 + u; 7 0. For a' > ag, we have

Wi = Pa’,(SpaH{ul,---,ui_l})L(ui) = Pa.’,(SpaH{ul,---,ui_l})L (wi,a)



=>O<fD,wi2,a,§fD,w2 SOCLOS“'<@:>O<ID,“J¢2,¢Sfpawzz,a- Let

2,07

[, w?, when a> ag
. fd Da 2,0 -
fila) { 0 when 0 < a < ay.

Then f; is nondecreasing and not identically zero. For all a > ay,

fila) = / w?, < / 2 < / 251 g g

< eV - 20 < 262 Vpel2dH b,

From lemma 3.2, we may assume for fi, fs,---, frx, there exists a sequence t; — oo s.t.
0< filti+6) <ofi(t), foralll € N, 1 <i < k. Choose ly € Ns.t. t;,, > A. Let a = t;,, then
we have 0 < fi(a+6) < ofi(a) for 1 <i < k. Denote wy = Wy 445 ,***, Wk = Wk,q4s5 , then

0</ wfgo/ wiaga/ w?, 1<i<k,
Da+5 a

/ wiw; =0, i #j, 1<i,j <k
Da+5

After a scaling we may assume

Let Vi = span{wy,- -, wx} C V, from linear algebras we know there exists vy, vg, -, vg,
which forms a base for Vi s.t. Ioys(vi,vj) = 055 1,(vi, v;) = 0 for ¢ # j. Now

k k k
2N LR I
=1 a i=1 a

Let ko = [£-]. Using the fact that fDa v < [ y v? =1, we get card({i\f v > i}) > k.
2>

Without losing of generality, we may assume vy, - - -, vy, satisfy [ b, Vi
After a scaling we obtain the desired vy, - -, v,. Q.E.D.



5 First estimate of dim.A4,

Lemma 5.1 Suppose c(z) > —¢q, |b'(z)| < /2o, where gy is the constant in lemma 2.1. Fig
0>1, a>2. Ifvy,---,un are solutions of equation(1.3), dy > 1, and

/ /U'ivjzéij:/ U?Se,lgl,]SN,
a D 1

a+—da
then N' < Cdit, where C = C(n, \, A, 0, Dy).

Proof. We may extend any solution by zero outside {2 when necessary. From lemma 2.1
we have [, [Du;|?< Cdj. Let | € N to be determined, then divide ((—a,—a +1) x R*) U
((a—1,a) x R") into cubes of side length [~!. Define C = {I\I is a cube as above which has
nonempty intersection with Q}. We have card(C) < CI"*!, C = C(n, Dy). Define

V =span {vy,ve,- -+, Un}, M:V—)@R:vr—)(/v)[g.

Iec y
We may choose a base wy, - - -, wy for ker M C V| which is orthonormal with respect to I,
and complete it to an orthonormal base for V', wy,---,wy,---,wy. For 1 <i < k and any

Irec,

Juwr <2 [pup.
Thus by lemma 2.1, one has

(1+ ) <), <

from which one gets

’fl) / |D’UJZ'|2,

C
1:/ w? <l_2 \Dwi|2, C =C(n,\ A, Dy).

Summing the above inequality from 1 to k£, we obtain

k< —Z/ |Duw;|*< —Z/ | Duy|?

i+1

o C VCidg\ 2
—Z—QZ;/D DuP< SN = (YSR) N

8



Let | = [V2Cdy] + 1, we get k < %/ Now

N=k+N-k< %/—i— card(C) = N < 2card(C) < CI"*! < Cdpt’.
Q.E.D.

Corollary 5.1 Under the conditions in the above lemma, we have dimAy; < Cd", C =
C’(n, )\, A, D())

Proof. It follows from lemma 4.2 and lemma 5.1. Q.E.D.

6 Accurate estimate of dimA,

Lemma 6.1 Suppose c(z) > —¢q, |b'(z)| < /20, where &y is the constant in lemma 2.1. Let
0 > 1 be fired, 4 < K <16, dpy, = K™ form € Z, m > 0. If vy,---,vun are solutions of
equation(1.3) and a > 5 — 2™ s.t.

/ Ui“j=5ija/ v; <0, 1<4,5 <N,
a D 1

a+m
then N < Cd", C =C(n,\ A, 0, Dy).

Proof. By induction on m. If m = 0, then a > 3, dy = 1, the conclusion follows from
lemma 5.1. Say we have it for m — 1, where m > 1. Let a > 5 — 2™,

/,Uivj:dij;/ ’UESH,lSZ,jSN
a D 1

at+

dm

11, where [ € N is to be

Then fDa ‘DUZ‘QS Cd?n, C = C’(n,)\,A,H,DO). Set ¢ = Tdm_1
7.—,a) X R*) into cubes of side

determined. We divide ((—a, —a + dm+1) xR*) U ((a— -

length . Define C = {those cubes above which have nonempty intersection with Q}. Then
Card(C) S ﬁ = Cln+1d?n_1. Deﬁne

V = span{vy, v, - -, va}, M:V—)@R:vl—)(/v)fec.
T

IeC



Denote k = dim(kerM), @ = a—dm%l > 5—2t-m_9l-m = 5_92"m_Choose w;, wsy, - -, Wy, €
ker M s.t. Ia(w,-,wj_) = 0;j; Iz(w;, w;) = 0, for ¢ # j. From the induction hypothesis we
know that at most Cdy,_, w;’s satisfy [, w} > , so

k
_ 1
k—Cdh )1-2)< / w?.
( D1 -2) ; -~

But for 1 <1 <k,

2 2 2 2 2 2
w; = w; < Ce / Dw;|*< Ce / Dw;|” .
Joor =3 fwt <3002 [ pupscs | b

1ec V1 IeC

Complete wq, ws, - - -, wg to an orthonormal base for V with respect to I,, say wy, wo, - - -, war-

Then
B 1 k N
(k= Cdy, 1)1 - 5) < Ce? Z/ |Dw,|*< Ce? Z/ |Duw,)?
i=1 Y Da i=1 Y Da

N
= 06‘2 Z/ |D’UZ|2§ CE’Zd?nN
=1 a

2
LS

- 12 = |2

N, C=C(n,\A,0,Dy).

Now we have o
k —adfn,l < Z_QN’ C=C(n,\A\,0,Dy).

Put [ = [V/2C] + 1; then k — Cd?,_, < s . But
N < k+card(C) < k+CI"tdr | < %N-l— odr _ +cd

N < 20d_, +Cd", C =C(n, A\ A, 8, D).
If we let $ > C (from the beginning), then A < Cd?. Q.E.D.

Corollary 6.1 Under the conditions in the above lemma, 0 > 1 is fixed, r > 4, a > 5,

V1, Vo, - -+, Unr are solutions of equation(1.3) s.t.
/ ’Uﬂ)jzéij, / UZ-ZSH, 1SZ,]SN
a Da+%

Then N < Cr", where C = C(n, \, A, 0, Dy).

10



1

Proof. There exists [ € Ns.t. 4/ <7 < 44! then 4 < ri < 4117 §_16 Puttlng K =ri,
we have r = K' and 4 < K < 16. From lemma 6.1 we know N < C(KYHY™ = Cr™, where
C = C(n, \, A, 6, Do). Q.E.D.

Proof of the main theorem. Suppose uy,us,- - -, us, € Ay are linearly independent. Put
0= o =e+1inlemma 4.2. We get vy, -, v, € Ag, @ > 5 s.t.

/ v;v; = 0ij, / v} <2(e+1), 1<4,j <k,
a Da+6

where kg = [£]. Now from corollary 6.1 we know ko < C(4d + 2)» < Cd™. It follows that
k < 20ko+ 20 < Cd". Hence dimA,; < Cd". Q.E.D.

4d+2 )

7 The other approach to estimate dim.A,

Now we follow the idea in [3], by using the mean value inequality to give another approach
to the dimension estimate.

Lemma 7.1 Suppose V. C Ay is a nonzero finite dimensional subspace, m = dimV, § > 0,
0 > 2dd, then for any ay > ag(the constant in lemma 4.1), there exists a > ay s.t. tro 51, >
me™, where tro, 51, means the trace of I, under I 5.

Proof. Suppose the lemma false, then there would exist a; > ag s.t. for any a > a,, we have
trarsls < me=?. Hence det, 51, < e™™. By iteration we get dety, yrsls, < e *™ for any
natural number k. Fix an orthonormal base of V under I, , say u1,-- -, tUm. |ui(z)| < c;ed®!
for some ¢; > 0. Then

/ u? < C(e;, Vo)be*® for any b > 0,
D,
from which we get
dety, I, 115 < Clay 4 kO)me®™ k) O — C(ey, -+, e, m, Vp).
Combine with the former inequality we have €™ < C(a; + k§)me?™@1 k%) hence 1 <

C(ay + ko)mekm2di=0)+2mdar [ ot | — oo, we get a contradiction. Q.E.D.

Lemma 7.2 Suppose c(z) > —¢o, |b'(z)| < \/2q, where g is the constant in lemma 2.1. Let
V' be the same as in lemma 7.1. uy,-- -, Uy, is a base of V. Then for a > ag(the number in
lemma 4.1), 6 € (0,1], we have

zm:/ ul < C6"0,
i=1 Y Da

11



where
—sup{/ u? \u—Z@uz, &eR, Zg =1}, C=C(n,\AVp).

Proof. First from Degiorgi-Nash-Moser theory we know any solution u is Holder continuous.
For any = € D,\D,_1, denote V, = {u\u € V,u(z) = 0}, then dim(V/V,) < 1. If V, #V,
we have dim(V/V,) = 1. Choose a base v1, -,V of V s.t. vy, -+, vy_1 € V; and the base
transformation matrix is an orthogonal matrix, then

@ C(n,\, A
Sulef =Y uaf =l < o2 [
=1 =1 (#) Ba+5—|m1|(w)

here v, is extended as zero outside €2, and we use the local estimate at the boundary, see
p202 of [6]. Thus we have

Zuz 2<Cn,\A)(a+6 — |z1])” ("H)/ v2,

Da+6

< Cn,\MA)(a+6—|zy)) "o,
If V, =V, the estimate is still true because the sum on the left is 0, and hence

m

Z/ fg(J(nAAVO@/ (a+6—t)" "Vt
Da\Dal

=1

1
< Cn, M\ A, Vp)© / 6+ )" at < C(n, A, A, Vp)O8 ™.
0

From lemma 2.1 we have
a Da\Da 1

Combine this last fact with the above inequalities we get the conclusion. Q.E.D.

Proof of the main theorem. Suppose V is any nonzero finite dimensional subspace of
Aqg, and ¢ > —¢q, [b"| < /gg. (o is the number in lemma 2.1). m =dimV. Given 6 and § s.t.
0 > 2dé, choose a > ayp s.t. tra+,5] > me? as in lemma 7.1. Fix any orthonormal base for
V under I s, namely uq,- - -, Up,. From lemma 7.2 we know Y ., fD 2<06 e =06

12



Hence me~? < C§™, which implies m < Ce?5™. Put § =

é, 0 = 3, we get m < C'd", where

C =C(n,\ A, V). Q.E.D.
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