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1. INTRODUCTION

In [SY], Schoen and Yau proved that if (M™, g) (n > 3) is a smooth compact lo-
cally conformally flat manifold with scalar curvature R > 0, and M is the universal
covering space of M, then the developing map ¢ : M — S™ is a conformal embed-

ding, in addition, the complement of the development image A = S™\¢ (M ) has

its Hausdorff dimension bounded by ”772 On the other hand, if the Ricci tensor is
positive definite, the Bonnet-Myers theorem implies that |71 (M)| < oo and hence
¢ is a diffeomorphism onto S™. In another direction, [CQY] gives a criteria for
the set A to consist of isolated points in terms of the finiteness of the ) curvature
integral. The @ curvature is closely connected with the second symmetric function
o2 (A) of the Schouten tensor. We recall the Schouten tensor is given by

(1.1) A:ﬁ (Rc—Q(TR_I)g)

For 1 < k < n, we denote by o, (A) the kth elementary polynomial function of the
eigenvalues of A (with respect to g). The fourth order @) curvature is defined as

1 n—4
1.2 = - AR+ R? + 405 (A).
42 Q=g gt
The purpose of this article is to show that the positivity of the quantity o (A) or
that of the Q) curvature give further control of the size of the complement A.

Theorem 1.1. Let Q@ C S™ (n >5) be an open connected subset and gs» be the
standard metric on S™. Assume we have a metric g on Q such that (,g) is
complete, g is conformal to gs», |R|+|VyR|, < co and 01 (A) = c1 >0, 02 (A) =20,
then dim (S™\Q) < 232,

On the other hand, we have

Theorem 1.2. Let Q& C S™ (n > 3) be an open connected subset and gs» be the
standard metric on S™. Assume we have a metric g on Q such that (Q,g) is
complete, g is conformal to gsn, |Re|, + |V9R|g <c, R>ec1>0,Q >co >0,
then dim (S™\Q) < 252, In particular, this means Q = S™ when n < 4.

If we replace Q > ¢z > 0 by Q > 0, then whenn > 5, we have dim (S™\Q) < 254
when n = 3, we have Q = S3.

We remark that if the condition |R|+ [V4R|, < co in Theorem 1.1 is dropped,
then one has dim (S™\Q) < 2>*. Similarly, if the condition |Re|, +[VyR[, < co
in Theorem 1.2 is dropped, then one has dim (S™\Q) < 254 when n > 5 and
Q) = 53 when n = 3. These alternate version follows from the proof presented below
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together with the coercivity of conformal factor proved in Section 8 and a method
in [SY] of using capacity theory to estimate the dimension of A, which replaces the
use of Lemma 2.1. In general the positivity of o (A) will yield corresponding size
control of A. Indeed, when k > %, a calculation of [GVW] shows that when o1 (4) >
0,---,0, (A) > 0, the Ricci tensor is positive definite hence the complement A is
empty. For the intermediate range 3 < k < 3, the question is addressed in the
forthcoming thesis of M. Gonzalez.
It follows from the same consideration as in [SY] that the following hold.

Corollary 1.1. Let (M™,g) (n > 5) be a smooth compact locally conformally flat
Riemannian manifold such that o1 (A) > 0 and o2 (A) > 0, then for any 2 < i <
(2] +1, m (M) =0; forany 2 —1<j < 2+1, H (M,R) =0.

Corollary 1.2. Let (M™,g) (n > 3) be a smooth compact locally conformally flat
Riemannian manifold such that R > 0 and QQ > 0, then when n > 5, we have for
any 2 < i < [2] 4+ 1, 7 (M) = 0; for any integer j with 2 —1 < j < 2 +1,
HI (M,R) = 0; when n = 3 or 4, the universal cover of M is conformal isomorphic
to S™.

We were informed recently that the result on vanishing of cohomology groups in
Corollary 1.1 is also derived in [GLW].

In dimension four, one has the following slightly improved version of theorem 2
in [CQY].
Theorem 1.3. Let Q C S* be an open connected subset and ggs be the standard
metric on S*. Assume we have a metric g on Q such that (0, g) is complete, g is
conformal to gg4, |Rc|g+|VgR|g <co, R>c1 >0, and [, Q™ dp, < 00, here Q~ =
max {—@Q, 0}, g is the natural measure on Q2 associated with Riemannian metric g,
then fQ |Q[dp, < 00, in addition, Q = SN\ {Ap1,- ,pm} for somepy,--- ,pm € SE.

Observe that for R x S3, under the product metric, we have R = 6, Q = 0.
By standard gluing method, we may find many examples of metrics satisfying the
conditions in Theorem 1.3. We remark that if  C S is an open subset endowed
with a complete metric g, which is conformal to gga, such that o1 (A) > 0,02 (A) >
0 on £, then we have Rc > 0. It then follows from the splitting theorem of Cheeger-
Gromoll that  is S* or S*\ {p} or S*\ {p1, p2}-.

The above discussions and formula (1.2) indicate that there are strong relations
between the positivity of o5 (A) and the positivity of the Paneitz operator. In four
dimension, it was proved in [G] that if (M 4 g) is a smooth compact Riemannian
manifold with positive Yamabe invariant and [, o2 (A) dp > 0, then the Paneitz
operator P > 0 and ker P consists of constant functions. One of the interesting
aspect of this result is that the assumptions are conformally invariant. In higher
dimensions, the search of similar criterion has not been satisfactory. Nevertheless,
we have

Theorem 1.4. Let (M™, g) (n>5) be a smooth compact Riemannian manifold
with o1 (A) > 0 and 02 (A) > 0. If (M, g) is not Ricci flat, then P > 0; otherwise,
P =A?>0 and ker P = {all constant functions}.

The converse of Theorem 1.4 is not true. Indeed, in Section 7, we will present
explicitly some conformal class of metrics with positive Yamabe invariant and pos-
itive Paneitz operator but no metric in that conformal class can have nonnegative
o1 (A) and o3 (A), in particular, no conformal metric can have positive o3 (A).
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The paper is written as follows. In Section 2, we list some standard formulas
and prove two elementary lemmas for future use. From Section 3 to Section 5 we
prove Theorem 1.1 to Theorem 1.3. In Section 6, we discuss the positivity of Paneitz
operator in dimension greater than or equal to 5. In Section 7, we present examples
which illustrate results above and give limitation to further improvements. Finally,
in Section 8, motivated by the proof of Theorem 1.1 and Theorem 1.2, we study
the coercivity of the conformal factor of a complete conformal metric on an open
subset of S™.

Acknowledgment : Research of Chang and Yang is supported by NSF grant
DMS-0245266. The research of Hang is supported by National Science Foundation
Grant DMS-0209504 and the Sokol Postdoctoral Research Fellowship from New
York University. We would like to thank Xiaodong Wang for valuable suggestions.

2. SOME PREPARATIONS
First let us recall the Paneitz operator and the @ curvature (see [B] and [P]).
Let (M™,g) be a smooth Riemannian manifold with dimension n > 3. We denote
R
T 2(n—1)
The Paneitz operator is defined by

(2.1) Q= —AJ—Q\A|2+gJ2.

—4
(2.2) Py = A%p +div (4A(Vp,e)e; — (n—2)JVp) + nTQ -,

where €1, - -+ , e, is an orthonormal frame. It has the following conformal covariant
property, namely
(2.3) Perwgp = e TP, (e”%‘lwsp)

for any w € C*° (M) and ¢ € C* (M).
Let g = e*¥g with w € C* (M). It follows from (2.3) that

N2 iy nzty
(2.4) Q—n_4e Pg(e ) for n #£ 4
and
(2.5) Q=" (Pw+Q) forn=4.

Under an orthonormal frame with respect to g, for the scalar curvature, standard
calculation shows

~ -2
(2.6) Je? = J — Aw — nT [Vw|?.
For Schouten tensor, we have
~ V|
(27) Aij = Aij — Wiy + w;wy; — %gijy
Hence
(2.8) 24, (Z)

= 209 (A) + (Aw)® — |D2w‘2 + (n = 3) |Vw|” Aw + 2w, wiw,
(n—1)(n—4)

+2Aijwij —2JAw + 4

|VU)|4 — 2Aijwiwj

—(n—3)J|Vuw|®.
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We will need the following simple lemma later.

Lemma 2.1. Let F' be a compact subset of R™. Define 6 (x) = dist (z, F') for
x € R™. Assume for some r >0 and o > 1, we have

FCB, and / op ()" “dH™ (z) < oo,
B\F

here H™ is the standard Hausdorff measure on R™, then H"~* (F) = 0. In addition,
if « > n, then F = 0.

Proof. We first observe that H" (F)) = 0. In fact, when n = 1, the conclusion is
trivial. Now one just let = (z/,2™), it follows easily from Fubini theorem and
the assertion in dimension 1 that for H"~! a.e. 2/, ({2} x R) N F = ). Hence
H™ (F) = 0. Going back we see [, dp (z)” " dH" (z) < 0.
If @ > n, then F must be empty. Otherwise, let x¢ € F', then
op ()" “dH™ (z) > / |z — x| dH™ (z) = o0,
B, .

a contradiction.
Next, assume 1 < o < n. For any € > 0, we may find a bounded open set U D F
such that

/ §p ()" “dH™ (z) < e.

By Vitali covering theorem (see [EG]) we may find finitely many points 1, - , T, €
Fand ri,---,ry > 0such that B, (z;) C U, By, (z;) N By, (x;) = () for i # j and
F C U, Bs,, (z;). Hence we have

HIo(F) < Z me < o(n Z/ M (2)
By, (zi)
< /(5F “dH" (z) < c(n)e.
Letting ¢ — 0, we see H2* (F') = 0. Hence H" * (F) =0. 11

Next we recall an elementary algebraic lemma. For reader’s convenience, we
present the proof here.

Lemma 2.2. Let B be a real n x n symmetric matriz such that o1 (B) > 0 and
o9 (B) >0, then
2—n

0'1(B)I§B§O’1(B)I7
here I is the n x n identity matriz.

Proof. Since

o2(8) = 3 (o1(B) - |BP)
_ % <n—101 (B)? - ’B— ”1753)1’ ) >0,
we see 9
22 <2
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Let Aq,---, A, be the eigenvalues of B — 21B) 1 Without losing of generality, we

n

may assume |\;| < A1 for 1 <4 <n. Then

‘B_Ul(B)IQ_A§+Zn:,\?>/\§+L(Zn:/\i>2— to
n = n=1\= nol
Hence
|)\i|§|/\1|§n_101(B)-
This implies
1_"01(3).]§B_01£B)I§n;101(B) I

The lemma follows easily. I

3. PROOF OF THEOREM 1.1

In this section, we shall prove Theorem 1.1. By rotation, we may assume the
north pole N € Q. Let my : S™\ {N} — R” be the stereographic projection. Then
we may write

(7x')" (9) = = €*“grn.
Here ggn is the Euclidean metric. Define the bad set B = 7y (S™\Q2). Then B is a
compact subset of R™. Fix a r > 0 such that B C B,.
Next we recall some basic estimates for w observed in the proof of proposition
2.6 in [SY]. By Lemma 2.2, we see Rc > 427—n"Rg, this plus the bounds on R shows
the total Riemann curvature is bounded. Because gr» = e~2¥g, we see

4(n—1)

0=—
n—2

A (6_7%2“’) + Re ",

It follows from the gradient estimate of Cheng-Yau that we have
‘V—glog (6_%2“’) ‘5 <ec(g) on B\B.

Changing back to grn, we get

(3.1) [Vw| <c(g)e” on B, \B.

It follows from this and the completeness of (€2, g) that

(3.2) @ > ¢(g)dp5 (x)" forz € B, \B.

Here 5 (z) = dist (z, B). In particular, we know w () — oo as dp () — 0.
For A > maxsp, w, let

U ={zreB\B:w((zx) <A\}.

In view of (3.2) and Sard’s theorem, we know for generic A, 2 is a bounded smooth
open subset of R”, Q, C B,\B and

(3.3) o =0B,U{z € B/\B:w(x)=A}.
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By (2.8), we see for any o € R,

2 /QA elatws, (/Nl) dH"

= / ((Aw — | D?w| )dH"+(n—3)/ e |Vuw|® AwdH™
Q Q

A

-1 -4
+2/ e w;ww;dH™ + w/ e |Vwl|* dH™.
Q)\ 4 Q/\
Since
e | Aw|® — e ’D2w‘2
= (e™Aw - w;); — (e wyw;); — ae™ [Vw|? Aw + ae® w;jwiw;,
we see

2/9A elatws, (Z) dH"

= / eV <Aw . 8_10 — wijwiI/J) dH" ! + (n—3-— Ot)/ e |Vw|2 AwdH"
EION ov

Qi

-1 —4
+(OL+2)/ eawwijwiwjdHn_FW/ eaw|vw|4dHn.
N 4 o

Here v is the outer normal direction. Substituting the identity

1 1
e wwiw; = 3 (eo‘“’ Vw|? wi)‘ - 560‘“’ [Vw|? Aw — %eo‘“’ Vw|*,

2/ a+4)w ( )dHn
ow ow o —i— 2 ow e
= /am e (Aw 5, ~ Wiwivi + —5—[Vw 2 oy ) dH™ !
+ (n —4 - §a) / e |Vw|® AwdH"
2 o

N ((n - 1)4(71 -4 « (a2+ 2)) /m e |Vl

we find

By (2.6), we see

(3.4) Aw = —Je* — nT—Q |Vawl|?,

2/ elatws, (/T) dH"
Qa
~ 5 Ow n—4—« 9 Ow
— aw _J2w__ WiV — \v4 dnl
/&he < e 5o~ Wigwivy =~ V| £y ) H
- <n —4-— §o¢) / Jelot2w gy 2 gH"
2 Qa

1 (a_ ”_4) (a—(n—B))/ e |Vw)t dH™.
2 2 Q,

hence
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In view of (3.3) and the fact that on {x € B,\B: w(x) = A}, the outer normal

v= \gwl’ and a = |Vw|, we see
2/ elethwg, (/Nl) dH"
o
7 ij WiW; —4- _
_ / e (—Je%f V| — L T a |Vw|3> dHm
{¢€B,\Bw(z)=A} [Vl 2

- (n —4-— §a> / Jelot2w |Gy |2 gH”
2 o

But using (2.7), we see

- wiw;  n—4—
—Je2w|Vw|—w|vawT}J _ . ® vl

1 [~ - 3=
~ [Vul <Aijwz'wj — Je* [Vu|* - % |Vw|4> '

Since o1 ( ) > 0,09 ( ) > 0, by Lemma 2.2 we have
A< (trg) g = jeQ“’g,
this implies
gijwiwj S j€2w |V’LU|2 .

Summing up, we get the following

(3.5) 2 / elotdug, (Z) dH"
Qs
n—-3-a aw 3 n—1
< - e |Vw|” dH
2 {2€B,\Biw(x)=\}

- (n—4— §04)/ Jelot v |7y dn"
2 Q.
1 —4
~3 (a— n2 ) (o — (n—3))/ e |Vuw|* dH" + ¢ (a, g) .
Qx

On the other hand, it follows from (3.4) that for any o € R,

/ JeletDw gy — —/ ow I gyni (a— "_2)/ e |Vw|* dH™.
Qa ANy ov 2 Qa

This implies

(3.6) / Jelot2w gpr
Q

-2
= (a . ) / e |Vw|? dH™ — / e |Vw| dH™ !
2 N {z€B,\B:w(z)=A\}

+e(ag).
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Taking v = 254 in (3.5), we get

/ " gy (/Nl) dH" +/ Je=" [Vw|®> dH™ < ¢ (g).
Qa Qa
Let A — oo, it becomes
/ " gy (/Nl) dH" —l—/ e3% |Vw|® JdH™ < ¢(g) < o.

B, \B B, \B

In view of the fact jz c1 > 0, we see
/ e |Vul® dH" < .
B, \B

n

Using this inequality, the fact J> ¢1 > 0 and taking o = 2 in (3.6), we see

2
n+4
/ e 2 YdH" < 0.
B.\B

By (3.2) the above inequality implies

_nia
/ 0 * dH"™ < oo.
B,\B

It follows from this and Lemma 2.1 that %"= (B) = 0, and hence dim B < nd,
To get the strict less sign, we put a = "774 + ¢ in (3.5) for € > 0 very small, then
using (3.1) and the lower bound for J we see

/ (o)W Vw2 dH™ < ¢ (g) + c(g)a/ (5 F2)w |72 aHr.

Q)\ Q)\

This shows fm e(3+e)w |Vw|®> dH™ < ¢(g) when ¢ is tiny enough. By letting
A — oo, we get IBT\B e(%+6)w|Vw|2dH” < oo. Let a = § +¢ in (3.6), we

get [ \B (e )wgpn < 00, and this implies dim B < 254 — e < 24,

4. PROOF OF THEOREM 1.2

In this section, we shall show that similar methods for proving Theorem 1.1
would give us Theorem 1.2. As in the beginning of Section 3, we may assume the
north pole N € © and using the stereographic projection, we write

(mx")" (9) = = €*“gan.
We also have the corresponding B = my (S™\Q) and r > 0 such that B C B,.

Again, estimates (3.1) and (3.2) remain true. It follows from (3.4) that for any
a € R,

n—2

(4.1) A (™) = —adel*tDv 4 o (a - ) [Vw|? e,

Assume n > 5. Then it follows from (4.1), the fact R > ¢ > 0 and (3.2) that

n—4

(4.2) A (e%w) () = —oc0 asdp(z) — 0.
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. n—4
For A < mingp, A (e 2 w), we denote

0y = {x € B\B: A (e%“v (x) > )\} .

For generic A, using_(4.2) and Sard’s theorem we see {2 is a bounded smooth open
subset with Q) C B,\B and

It follows from (2.4) that

" g Z A (=),
hence for any o € R,
n—4
2

(4.4) / (Bt e )u gy
N

v ‘VA (e"T"‘W) ‘ dH"

~/{m€BT\B:A (JT“‘“’) (z):)\}

—oz/Q e w; (A (e#w))i dH" + c(a, g) .

Taking oo = 0 in (4.4), we see
n—4
2

/ enTH“’@dH” <c(g).
Qa
Letting A — —o0, we get

/ e T QAH" < c(g) < oo.
B\B

In view of the fact @ > co > 0, it implies

n+4
/ e 2 YdH" < 0.
B,\B

Similar arguments in Section 3 shows dim B < "774. To get the strict inequality,

we observe that it follows from (3.4), (2.7), (3.1), (4.4) and the lower bound of Q
that for € > 0 small, we have

/ F ) < e (g) +c(g)5/ "5 e w gy,
Qs

Qu

and hence

[t ran <)
Qx

when ¢ is very tiny. This shows fBT\B (") wgpn < o0 and dim B < "7_4 —e<
"7_4 as before.
Assume n = 4. Then it follows from (3.4), the fact R > ¢; > 0 and (3.2) that
Aw — —o0 as dg () — 0. By (2.5) we see
e4w© = A?%w.
For A < mingp, Aw, define
Qy ={z € B\B: Aw(z) > A\}.
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As before, we may prove that for generic A,

(4.5) / e QdH < ¢(g).
Qx

Letting A — —o0, we get

/ e QdH* < ¢(g) < oo.
B,\B

This plus the lower bound of @ implies fBT\B 6g4dH4 < oo and hence B = ) by

Lemma 2.1.
Assume n = 3. Then it follows from (4.1) that

J 1
(4.6) A (e*%“’) = %e%w + 3 |Vw|>e 2% = 0o as 65 (z) — 0.
It follows from (2.4) that
(4.7) e%WQ::«—QAQ(e*%W).
Using this equation, and for A > maxgp, A (e_%l"), redefine Q) by

Q= {3: € B\B: A (eféw) < /\},
then similar arguments will give us
/ e%w@dH?’ <c(g).
Qx

Letting A — oo, we see fBT\B e3"QdH3 < ¢(g) < co. Using the lower bound for Q

_1
we get [, \598° dH3 < co. This clearly implies B = ) in view of Lemma 2.1.
Now let us turn to the case when we only have @ > 0. First assume n > 5. By
doing integration by part one more time in (4.4), we get for any o € R,

(4.8) ”_4/16W?+QWQMW
Qs

/{meBr\B:A (e%w>(m):x}
* /{meBr\B:A (e%w>(m):x}

+ o, A(e™) A (67%4“’) dH" 4+ ¢(a, g) .

For € > 0 small, it follows from (4.1) that
7 -2
(4.9) Afe) =efe® " 4 e (HT + 5> [Vw|® e™=* > 0,

and

4~ —4
(4.10) A (eTw) S Gy nT [Vw|® e

n

—4
3 W,
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vA en;4w)

zeBT\B:A(e%w)(m):A} Ve ew . md?—("1 > 0.

Claim 4.1. f{

Proof. For a generic 7 > max, g, W (x), the open set
U= {:v € B\B:w(z)<7and A (e%w) (z) < )\}
is smooth, in addition it satisfies U C B, \B and
oUu = {:v € B\B: A (6%747“”) (x) = )\} U{z e B\B:w(z)=r1}.

By (4.9), we see

0 < / A (e=) dH™ = / ¢ "
U 0

v Ov
- _5/ e Y [Vw| dH"
{zeB\B:w(z)=7}
Ve ¥ VA (e%w) d n—1
+/{meBT\B:A<e"z4w)(m)—,\} ‘ "VA (e’%“w)’ e

The claim follows easily. I

Taking a = —¢ in (4.8), we get

0 S TL—4/ e(%ﬂ—a)wéd}[ﬂ
2 Qi

e |va () |arn

- ~/{meBT\B:A (JT"‘”) (m):)\}

vA (o)
+)‘/ n—4 "Ton [ n=t. V|

{mEBT\B:A (eTw>(m):)\} ‘VA (e Pl w) ’

+/ Ae™*™) A (6%4”) dH" +c(e,9).
Qx
Using Claim 4.1 we see
—/ Ae™™™) A (e%w) dH" < c(e,9).
Qx5

In view of (4.9) and (4.10) and the fact R > ¢ > 0, we see

/ ("3 —e)wgpn < cle,g).
O

ve—aw dHn—l

Letting A — —o0, we see

/ (" —e)wgpn < c(e,g) < oo.
B,\B

As in Section 3 this implies dim B < ”774 +¢e. Taking e — 07, we see dim B < ”774.

Next we look at the case n = 3. For ¢ > 0 small, it follows from (4.1) that

~ 1
(4.11) Ae™) =eJe® v 4 ¢ (a + 5) [Vw|? e==v.
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This implies A (e7*%) (z) — oo as dg (x) — 0. Using this, similar to the proof of
Claim 4.1, one easily shows

VA (73
—Ew |

/ 1 Ve 1
{IEBT\BJA<€77M)(LI)):>\} ’VA (G_Ew

Using (4.7), we have for € > 0 small,

/ e(F=E)wQans = —2/ e"TUA? (e*%W) dH3
Qi Qx

emew ’VA (e—%W) ‘2 dH?

(4.12) dH? < 0.

0

IN

_2/
{IEBT\BJA<€7%w) (m):)\}

vA (i)
+2) / ) Ve = . ———dH*
{IEBT\BJA<€7§M)(LI)):>\} ’VA (e_Ew)’
—2/ Ae™=") A (67%“’) dH? +c(e,9).
Qx
In view of (4.12), (4.6), (4.11) and the fact R > ¢; > 0, this implies
/ e(F=)waps < c(e,9).
Qx

Letting A — o0, we see fBT\B eG)vaps < c(e,g9) < oo. By (3.2) we get
fBT\B 0B (:v)_%JrE dH? (z) < co. Using Lemma 2.1, we see B = (), and hence Q = S3.

5. PROOF OF THEOREM 1.3

Now we may prove Theorem 1.3. We use the same notations as in Section 4.
Under the condition of Theorem 1.3, the proof in Section 4 shows (4.5) is still true.
That is

/ e QdH* < c(g).
Qx

Since [, @ dp, < oo, we see

/BT\B phw (@)7 IH* — /BT\B (@)7 dyiz < .

Let (@)+ = max {@, O}, then we have

/Q etv (C,j)—irdH‘lSc(g)—&—/Q etv (@)_dH4§c(g),

letting A — —o0, we see
aw (BT q4
/ ew(Q) dH* < c(g) < 0.
BA\B

Hence fBT\B etw ‘@‘ dH* < oo and this clearly implies [, |Q[dp, < oo. Using
theorem 2 of [CQY], we see Q = S*\ {p1, -+ ,pm} for p1,--- ,pm € S*.
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6. THE POSITIVITY OF PANEITZ OPERATOR

In this section, we shall study the positivity of Paneitz operator on a smooth
compact Riemannian manifold (M™, g). It follows easily from (1.2) and (2.1) that

n—4

Q=-AJ+ J? 4+ 409 (A).

Using this and (2.2), we see for any ¢ € C*° (M),
(6.1) / Py - pdp
M
n—4
= [ @ - 1450 + -2 7190 + 0
-4
= [ @0 - 140 ) 4 -2 79 = P A
M

(n—4)

2
+TJ2<,02 +2(n—4)oy (A)@?| dpu.

By the Bochner formula, we have

| @

2
/‘DQ@‘ du—|—/ Re(Vp, V) du
M M

/ ‘DQ@‘Q du+ (n — 2)/ AV, Vo)du+ / J[Vol? dp.
M M M
Under any local orthonormal frame on M, we have

AJ-@* = Jup® = (J#P2)i —2Jipp; = (JiSD2)1- —2A;5500;
= (Jip?); — 2(Aijpp:); + 2455005 + 24i50,50,

and this implies

/ AJ - Q*dp = 2/ AV, Vo)du+ 2/ (A, D?p) pdp.
M M M

Plug these identities into (6.1) we get
n—4
62 [ @0 - 14T V) + -2 I 9ol + 500
M

— 4)?
= /M [‘D%pf—(n—4)<A,D2<p>so+7(n 1 ) |A|2g02 dp

+/M ((n —3)J|V<P|2 +2(Jg—A) (V%th)) du

Ty g

By approximation, we know the above identity remains true for ¢ € H? (M).
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Proof of Theorem 1.4. Tt follows from (6.2) that for any ¢ € H? (M),

2 2, n—4 .,
(63) L |(Be) A Ve, Vo) + (n=2) Vel + —5— Q7 di

> [ [in=3)7 196 + 275 = 4) (Ve Vi) d

n(n—4) n—4 2
+———/oﬂmﬁw+/(W%F |mm>w.
M M 2

2

Since o1 (A) > 0 and o2 (A) > 0, we have Jg > A. It follows easily from (6.3)
that P > 0. Assume (M, g) is not Ricci flat, then A does not vanish identically.
Given any ¢ € ker P, we know ¢ € C* (M) and Py = 0. It follows from (6.3) that
J|Ve| =0and |D?p| — 252 |A||p| = 0. Let U be the open subset on which A does
not vanish, then it follows from o3 (A) > 0 that J > 0 on U. Hence V|, = 0.
This would imply ¢|,, = 0. By unique continuation property of solutions of elliptic
equations, we see o =0 on M. I

7. EXAMPLES

In this section, we shall present examples related to the results above. Let k£ and
I be natural numbers and n = k + [. Denote H! as the half space (0,00) x R!~!
with the hyperbolic metric
1 -1
_ J J
gt = = dr®dr+2dy R dy

j=1
Here (r,y', -+ ,y'1) is the coordinate on (0, 00) x R'"!. Endow the space S* x H!
with the product metric ggr . By abusing a little bit notations, we have
-1
1 4 4
gskxm = gsk+gm =gst + — | dr@dr+ Zdy] ® dy’
r =
1 -1
= 3 dr®dr+r2gsk —l—Zdy] ® dy’
j=1
1 -1
= 2 gRrk+1 + Z dy’ @ dy’

j=1
Note here we have used the polar coordinate on R¥+1\ {0}. The above calculation
shows S* x H' is conformal isomorphic to (RFF1\ {0}) x R'=! = R™\ ({0} x R'71),
which is conformal isomorphic to = S\ S!~! by the stereographic projection.
Note that dim (S™\Q) =1 —1.
On the other hand, we have

Re = (k—1)ger —(I—1) g, R=(n—1)(k—1), J:?,
A T PO | T

Let N! be a [ dimensional smooth compact oriented Riemannian manifold whose
universal covering space is isometric to H'. Endow M™ = S* x N! with the product
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metric g = ggr + gn. For S° x N?, we have R = 18, 02 (4) = 1, Q = 22,
m5 (S° x N?) =2 Z, H? (55 x N2,R) %R and H® (5% x N?,R) = R. This should
be compared with Corollary 1.1 and Corollary 1.2. More generally, if we let k

be the minimal integer larger than or equal to "+2‘/ﬁ, then | < "_Qﬁ, it follows

that o1 (A) > 0, 02 (A) > 0 and dim (S™\Q) = 1 — 1 > "=/ _ 2 this should be

compared with Theorem 1.1. If n > 5 is even, then let k = ”TH, l = ”774, we see

R>0,Q>Oanddim(5"\9):l—1:"T_G;letk:"T”,l:"T_Q,weseeR>O,

Q@ =0and dim (S"\Q) =1 —1= 252 If n > 5is odd, then let k = 253 | = =2
we see R > 0, Q > 0 and dim (S™\Q) =1 — 1 = 252, These should be compared
with Theorem 1.2.

Assume n > 5. For any ¢ € H? (M), the quadratic form associated with the

Paneitz operator on M is

n—4
[ |@er - 1aweve) + -2 11908 + 00
M

(n—2)(k=1)
2

_ /M [(Awf 2V + 2|Vl + Ve’

+n(7116— 4) ((k— l)2 _4) </72] d,u.

In particular, if ¥ — [ > 3, then we know M has positive scalar curvature and
positive Paneitz operator.

For any w € C* (M, R), we let g, = €?“g, then it follows from (2.8) that (using
orthonormal frame with respect to g)

2/ ™oy (Ay)du
M
- /((Aw)2—}D2w]2)du+/ ((n—3)|Vw|2Aw+2wijwiwj)du
M M
1) (n—4
4 M M M
—2/ JAwdu—2/ A(Vw,Vw)du—(n—3)/ J|Vw|? dp.
M M M
Note that
| (@ =02 )du = -2 [ Ao Tordn+ [ T196 d
M M M
1
/wijwiwjd,u = ——/ |Vw|2Awdu,
M 2 Ju
M M
and

/ JAwdy =J [ Awdy =0,
M M
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hence we have

2/ Moy (Ay) du
M

— (n— wl? Awdy 4 P D=4 wl® "
= =) [ 190l dwdp+ P [ vl 2 [ on(a)dn

+(n— 4)/ A(Vw,Vw)du — (n —4) / J [Vw|? dp.
M M
Using (2.6) we see
-2
Aw = J — Je* — nT Vwl®.
Hence

(7.1) 2 [ ™oy (Ay)du

M
= —(n—4)/M62“’|Vw|2deu—W/M|Vw|4du+2/]wog (A)dup
+(n—4) /MA(Vw, Vw)du
= —(n—4)/Me2w|Vw|2deu—W/M|Vw|4du

1 2 n—4 2 n—4 2
4/M(n (k l))du+ [ [Vseultdu— = /M|va| dp

n—3
—3)(n—4
_(n=3)(n=4) )/(|va|4+2|vSkw|2|va|2)du
M

4
n—4 2 1 (TL—2)2 2
dp — — — — (k-1 du.
2/M|va|u4/M<n_3 (k1)) d

For convenience, we write k = 2£¢, | = 222, Fix a such that 3 < a < \;‘%,
then we know the scalar curvature and the Paneitz operator is always positive. In
addition, if for some w, o1 (Ay) > 0 and o3 (Ay,) > 0, then it follows from (7.1) that
Jw [Vw| = 0 and |Vgrw| = ﬁ Hence J,, = 0. This contradicts with the fact
J > 0, which implies that the Yamabe constant is positive. The arguments show
that we can not find any conformal metric g,, with o1 (4,) > 0 and o3 (4,,) > 0.
On the other hand, if for some w, we have oy (4,) > 0, then J2 — |A4,]* > 0 and
this implies either J,, > 0 or J, < 0. Since J > 0, we see J,, > 0. This shows
o1 (Ay) > 0 and o3 (Ay) > 0. It contradicts with the former conclusion. Hence
we can not find any conformal metric with positive oo neither. This should be
compared with Theorem 1.4.

8. COERCIVITY OF THE CONFORMAL FACTOR

Motivated by the proofs of Theorem 1.1 and Theorem 1.2, we propose the fol-
lowing problem :
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Let Q C S™(n > 3) be an open subset, wy € C* (2, R) such that
e?®0ggn is complete on €2, when would we have wg (z) — oo as
dist (z, 0Q2) — 07
The following result is an answer to the question. One may apply this result
to relax the assumptions in Theorem 1.1 and Theorem 1.2, as mentioned in the
introduction.

Proposition 8.1. Let Q C 8™ (n > 3) be an open subset, wy € C™ (Q, R) such that
(Q, eQwogsn) is complete. If Reowo gy, > —c1 for some c1 >0, then wo (x) — 00 as
dist (z, 0§?) — 0.
Proof. By rotation, we may assume N € ). We may write
g= (ﬂ_l;l)* (e2w°gsn) — engRn
and U = 7y (2\ {N}). Denote L, = —%Ag + R, as the conformal Laplacian,
then
n+2 n—22
0= Lgl=Lo2u,l=e""L, (e_Tw> .
This implies
4 - ]. n— n—
—77(?_ 5 )Ag (6772“’) + Rgeszw =0.
Since U is a domain in R", by the conformal covariant property of the conformal
Laplacian operator, one easily deduces that for any ¢ € C° (U),

n—2

4(n—1) on n
/U <ﬁ |Vg<ﬂ|§ + Rg@2> dp, > c(n) (/U |2 d#g) )

here ¢ (n) > 0. That is, we have the Sobolev inequality. Hence we may start the
procedure of Moser iteration. From now on, for convenience, we use g as back
ground metric and omit the ¢ in all notations. Let u = e_anzw, then

4(n—1)
n—2
For 3>0,7€ C>®(U),0<n<1. Let ¢ = n*uP, since

/ MVU Vo +Rtup | du < ¢ / updp,
U 2 U

Au+RTu=R u< cu.

n—
and
Vo = 200’V + v’ Vu,

we see

c(n) ﬁ/ Pl |Vu|2 dp + ¢ (n) / nuPNu - Vndp + / Rtn?uPTldu

U U U
< / n*uPtldp.
U

Hence

c(n),@/ n?u’ 1| Vul? du—|—/ Rn*u’*dp
U U

< cl/n2uﬁ+1du+m/ |Vn|? wHdp.
U 6 Ju
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In another way, it is

c(n)pg 2‘ 8112 / +,2, B+1
———— [ n°|Vu 2| du+ [ R™n*u"""du
(B+1)° U
< /77 uﬁHd,u—F c(n )/ [Vl* v’ dp.
B Ju
Hence
2
/n2‘vu% 2dﬂ+M/R+n2uB+ldu
p U
2 2 B4+1
< e, c1><6+ >/(77 + V) u g,
8*) Ju
But

2 2
/ ’V (nu%)} d,u§2/ UQIVU%
U U

we get
4n—1 B+1 o2 B+l
_— ‘V nu 2 )‘ dp + R n u” T dp

dji+2 / W T2 dp,
U

< el c1>(ﬁ+ =)/ (772+|an2) Wy
3*) Ju
Observing that
4(n—1)
("7/ ’v L)’ du+/R+ WPy
4(n—-1)
> (” L/W %* w+/RﬁW“m
U
>
> c(n)‘nu T, eI,
Hence
B+1 |2

o <ec 24|V uPtdp.
. (n61)(6+ﬁ)/[](77 +|77|)u p

Choose a point xy € U such that DY (z0) = {x € U : dy (z,20) < 1} is compact.
For k e N, let r, = 1 + by choosing suitable n we have

on_ < c(n)ﬁ~4k/ uP T dp.
BY,

L=z (B£k+1)

e

2k7
2

i
In another way, it is

B+1 k 1
|ul [ Ta, 754 (g )Sc(n)ﬂ.zl /Bg WPy,
Tk

Tk+1

k—1
Choose 3 = % (%) — 1, then we get

n—2(n—2\k—1
u < ey (2 (N
U c(n,c1) 2\ »

L%(ﬁ)k(%“) = ! n—2\n—2

A5k S [ul

122 (52)" (Bo)
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Iteration shows

< n .
[l (57, S Ctme) lul 2
In particular, we have
n—2 n—2
e~ wl@) < c(n,e efTw‘ n

s clna) L2 (BY (20))
n=2
2n

= c¢(n,c1) / e "du

BY (z0)

n—2

= c(n,c1) (H" (BY (20))) ™ — 0

as ro — OU, in view of the Lebesgue dominated convergence theorem. |
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