ON THE HIGHER ORDER CONFORMAL COVARIANT
OPERATORS ON THE SPHERE

FENGBO HANG

ABSTRACT. We will show that in the conformal class of the standard met-
ric ggn on S™, the scaling invariant functional (ug (S")) n fsn Q2m,gdig
maximizes at ggn when n is odd and m = "TH or "TH’ For n odd and

m > ”T"'s, gsn is not stable and the functional has no local maximizer. Here

Q2m,g is the 2mth order Q-curvature.

1. INTRODUCTION

Let A, be a differential operator on a n-dimensional Riemannian manifold (M, g).
Recall that we say A is conformally covariant of bidegree (a,b) if for any u,w €
e (M),

Agzugu = e " A, (e™u).
The most well known conformal covariant operators are the Laplacian operator on

a surface, which is of bidegree (0,2) and the conformal Laplacian operator on a
manifold of dimension n > 3,

n—2

Lo==2+ 15y %
which is of bidegree (”7’2, %*2) Here R denotes the scalar curvature. They play

important role in the study of Gaussian curvature and scalar curvature. Besides
these two examples, on a four dimensional manifold, the fourth order Paneitz oper-
ator discovered in [P], which is of bidegree (0,4), has demonstrated its importance
in conformal geometry recently (cf. [CGY]). According to [FG1, GIMS, Br], there
exists a sequence of conformal covariant operators which contain the three examples
above (see also [FG2, GZ]). Indeed, if m is a positive integer such that either n is
odd and n > 3, or n is even and 2m < n, there exists a conformally covariant oper-
ator Py, of bidegree ("_22’", %2’”) Moreover, the leading term of P, is equal to
(—=Ay)™ and on R™ with standard metric, Py, = (—A)™. It is an interesting fact
pointed out by [G, GH] that the condition 2m < n is necessary when n > 4 is even.
For recent developments related to these operators, one should refer to [A, C] and
the references therein.

In general, it seems very hard to have an explicit formula for the operators Ps,,.
However, on S™ with standard metric, Ps,, has a nice expression as (see part (f) of
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theorem 2.8 in [Br])

(1.1) Pani'[l (fASn - (erg) (z‘—gﬂ)).

1=

We note that one does not require 2m < n when n is even in this special case (see
Section 2.1 for more information).

Assume n > 3, let ggn be the standard metric on S™, then we know (see chapter
V of [SY])

» Rgd
Y(Sn) — ll’lf Mg:p295n7pecw(sn7ﬂ£>7p>o

ug (Sn)%
= n(n—1)(ug. (S")".

That is, the functional minimizes at the standard metric. Here R, is the scalar cur-
vature of g and 1, is the measure associated with g. Moreover g is a critical metric
if and only if g = ¢ ¢*ggn for some positive number ¢ and Mobius transformation
¢, and all of them are minimizers. In terms of the conformal Laplacian operator,
we have

4(n—1) fsn Lgnu - udpign

n—2

n—2 2n n
(fsn LA dﬂsn>

and the minimizing value is reached at u = 1, moreover, w is a critical point if and

Y (S™) = inf cu € C*(S",R),u>0

n—2
onlyifu=-c-J f for some positive number ¢ and Mobius transformation ¢. Here
J denotes the Jacobian of ¢. Using the stereographic projection from S™\ {N} (N
is the north pole of S™) to R™ and the simple fact that for any u € C*° (S™), u > 0,
we may find a sequence u; € C° (S™\ {N}), u; > 0 such that u; — u in H! (S™),
we see

4(n—1 LIVl dugn
v = mrd 20 JelVelde o o) 50,050
(fR" =2 dﬂRn)
4(n—1 Vel dugn
= 2D e Ve g o )50
(fRn 410"_2 dUR")

In particular, the statement that the standard metric is a minimizer is equivalent
to the sharp Sobolev inequalities studied earlier in [Au, TJ.

When n = 2, the parallel statement is that the standard metric gg2 has the
maximal determinant among all smooth metrics ¢ = e?“gg2 with Hg (52) = 47 (see
theorem 1 of [OPS]). More precisely, we have the Polyakov formula

det’ A 2u 1 1
1 J:——/ vl d 2——/ djigo
& "ot Age Tor [ |Vl dise = G | udis



CONFORMAL COVARIANT OPERATORS ON THE SPHERE 3

for u € C (52) with st e?“dpug2 = 4m, and the Onofri inequality

1 1 ) 1
1 — Zug < — d — d
Og (47T /Sz € #52) - 47T /5'2 |VU| MSQ + 27T /52 v MS2

for u € C*> (5?).
When 2m < n, the Q-curvature Qa2 4 is given by
2
myg = —5—Pamgl,
@2m.g n—2m ™9

(cf. theorem 1.1 of [Br]). We have

Yo (S™)
n m d
= inf fSQQ—’gnf:fi:g:ngsn,pGC""(S”,R),p>0
(kg (S™)) ™
2 n Pontt - udpt gn
— inf Jsn P RS e 0 (S",R),u>0
n—2m 2n n
(fS" un—22m d'us,n)
) D™l dx
— inf Jen ID7OI Y oo (m B) 2 0, %0
n—2m on -
(f]R“ Spn—2m dx

It follows from [Lie, Lin, Lio, S, WX] that the standard metric gg» is a minimizer
(i.e. w =1 is a minimizer). The case 2m = n was treated in [B, CY, Lie]. When
2m > n, for Qam,g = —5—Pam 41 (assume n is odd, see theorem 1.1 in [Br]), we
have

Yom (5™)

2m—n
= Sup{(ug (™) g Qam gy, - g = p’gsn,p € C(S",R), p > 0}

n—2m

We are motivated to ask the following question: Is the standard metric gg-» a
maximizer? Or equivalently: Is

2 . _112 [ee] mn
= 1nf{|u 1|L%(Sn)/5np2mu'mms":UGC (s 7R),u>0}.

(1.2) Bam (S™)
= inf{|u1|2 2n / Popu - udpign 2 u € C™ (5",R),u>0}
STL

L2m—n (Sn)

achieved at u = 17 Due to the existence of negative power, this variational problem
is analytically different from the case 2m < n. The answer to the above question
would shed some light on the understanding of the now still mysterious Q-curvature
with 2m > n. We remark that the operator P, on S! appears naturally in the
study of self-similar solutions for the anisotropic affine curve shortening problem
(cf. [ACW]). In particular, the variational problem (1.2) indeed has u = 1 as a
minimizer in this case (see proposition 1.3 in [ACW]). Another interesting case
of Py on S3 was solved affirmatively in [YZ] (see section 7 of [HY] for a different
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proof). The main aim of this note is to resolve all the remaining cases. To state
the result, we introduce some notations.
For u,v € C* (5™, R), we denote

(1.3) Eom (u,v) = Pyt - vdjign .
STL

By integration by parts and the standard approximation argument, we know Fo,,
has a unique bounded symmetric bilinear extension to H™ (S™) x H™ (S™). Here
H™ (S™) = W™2(S™). Denote

(1.4) Esp, (u) = Eap, (u,u)  for u e H™ (S™).

Assume 2m > n, then H™ (S™) C C (S™), hence we may define

(1.5) Vin ={u € H™(S™) : u > 0 everywhere} .
Denote
o —112 ny __ =
(1.6) Ioy, (u) = |u |L%(Sn) Es, (u), DBay, (S™) = ulenvf Io, (u).

Theorem 1.1. Let Py, be the 2mth order conformal covariant operator on S™ (see
(1.1)), Eom, Vin, Iy and By, (S™) be defined as in (1.3), (1.4), (1.5) and (1.6).

n+41

(i) If n is odd and m = 5%, then for any uw € H = (S™), u >0,

112 n n
™ o gy Bnrr () 2 Eosr (1) (s (™)

ntl
B 2n)! (275 ) "
L\ ()

a4
Moreover, all the minimizers of I,4+1 on VnTJrl are of the form cJ, *" for
some ¢ > 0 and Mobius transformation ¢. Here Jy4 is the Jacobian of ¢.

(i) If n is odd and m = 2F2, then for any u € H"" (S™), u>0,

112 n n
™2 5y Bnva () = Boia (1) (nse (S™)Y
n+3
3@ ) o ) T
CoemEeal \ ()

Again, all the minimizers of I,+3 in VnT+3 are of the form cJ;% for some
c > 0 and Mobius transformation ¢.

(iii) If n is odd and m > ”TJ“E’, then I, has no local minimizer in Va,,. Indeed,
all the critical points of Isy, in V,, are unstable.

(iv) Ifn is even and m > %, then Py, > 0, moreover

ker P, = {p|Sn . p is a polynomial on R™ with degp < m — g} .

In particular, I, minimizes at uw = 1 and all the minimizers of Iy, in Vi,
are of the form p|g., where p is a polynomial of degree less than or equal

tom — % and plg. > 0.
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To get a feeling of the inequalities proved here, note that for P, on S!, what we
have got is

(1.7) / u2do (ug . 1u2> do > —n*
S1 S1 4

for u € C* (S 1), u > 0. This inequality was proved earlier in proposition 1.3 of
[ACW].

For P, on S, what we have got is

3
(1.8) </ u2/3d9> / <u39 - §u§ + 9u2> do > 9r*
o1 o 2 16

for all u € C* (S*), u > 0. It is interesting to note that if we take u = sin @, then
the left hand side of (1.8) is a finite negative number. Hence the condition u > 0 is
crucial for the validity of (1.8).

The article will be written as follows: In Section 2, we will give an elementary ar-
gument for the expression of Py, on S™ (cf. (1.1)) and its invariant property under
the Mobius transformation, then we will discuss when a Sobolev function can be
approximated by functions vanishing near a given point. After these preparations,
we shall prove Theorem 1.1 in Section 3. In Section 4 we give a somewhat different
argument for Theorem 1.1 based on the barycenter analysis. In the last section we
make some remarks concerning the proof of (1.8) given in the recent preprint [NZ].

Acknowledgment: The research of the author is supported by National Science
Foundation Grant DMS-0209504. We would like to thank Paul Yang for valuable
discussions.

2. SOME PREPARATIONS

First let us fix the notation for stereographic projection from the punctured
sphere to the Euclidean space which we will use later. For any £ € S™, let

¢h={zeR" 2. £=0}.
For every z € R"t1,
z=2 +tE= (2, t), ZeettekR.

The stereographic projection is

Tt ST\EY = €81 2 = (2,46)

1—¢’

its inverse is

2
ﬂg‘l:s%S”\{s}:w< S ‘15>.

|z[* +17 |z + 1

We have
* 4 n
(ﬂ—gl) gsn = 722 Z de ® dxi,
(1 + |z ) i=1
here z1,--- ,x, is the coordinate on & L with respect to any fixed orthonormal frame

of &1,



6 FENGBO HANG

For A > 0, we have a Mobius transformation o¢ » () = 7r€_1 (Mg (€)), it satisfies

2
z? (1 + |7T5|2)
———5gsn.
(1 +A? |7T5|2>

2.1. An elementary argument to derive the expression of P, and its
properties. In this subsection, we will derive the expression of P, on S™ by an
elementary induction argument. Along the way, we shall also derive the trans-
formation law of P,,, which we will use later. In principle, it makes the proof of
inequalities in Theorem 1.1 self-contained. We should point out that the expression
of Py, on S™ was explicitly written down in the part (f) of theorem 2.8 in [Br].

*
Te\gsm =

Lemma 2.1. Let u be a smooth function on a domain in R™, and m be a nonneg-
ative integer, then

L e\ L e\
A <2x> Ay +m(m+1) <2x> Ay

2\ ™ 2
2 2 ’

Proof. By induction on k, we know for any natural number £,

k 1+|$‘2 k-1 - k-1 1+ |z k
A 5] =kQk+n—2)A w2k xA Ou+ — Ak,
i=1

Then we have

1 2 m+1 1 2 m—1
A <+ i ) Ay, +m(m—|—1)< + I=| ) Ay

2

2\ ™ 2\ n
(m+1)(2m+n) <I—|—2x|> Ay +2(m+1) <1 + I2] ) inAmaiu
i=1

2
9 m—+1
4 <1 +2‘I| ) AnLJrlu

2\ ™ 2
_ 1 + |‘T‘ Am+1 1 + |£E‘| u
2 2 )

(]
Lemma 2.2. Let m be a natural number and the 2mth order operator As,, be given
by
m—1
n(n-—2) .
A2m = E!:) I:—ASn +T —l(2+1) .

Denote N as the north pole of S™ and mn as the stereographic projection from
S™\ {N} to R™, then for any smooth function u defined on a domain in R™, we
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have

Ao (uomy) = <H2|:E|2> (=A™ <H2|x|2> u

In particular, this tells us on S™,

m—1

o= = T (-8 (43 (- 3 +1)

=0

Proof. We may identify S™\ {N} as R™ through 7y, then

gsn = ———5 (1+|x|) ;da:l@da:t

This implies

—n n—2
2 - 2
AS%’U, = ai 67,u
<1+lwl2> E <1+|w|>
9 —n n—2 n n—1
= Au—(n—2 z;0;u
() |(5) ()
-2 r 22
2 2 -
= Au—(n—2
<1+|m|2> <1+|$|2> ;<1+|x|
g p 22 =
2 2 2
= 5 A 5 ul| —A
1+ |z 1+ |z 1+ |z
_n;—? ) 77,;2
2 2 -2
= 5 A 5 u | + n(n )u
1+ |z 1+ || 4
This shows
n+2 n—2

n(n—2) 2 S 2 ’
—A nll + ———u = — —-A — 5 u
° 1 <1+|x|2> - (1+|x2>

and verifies the lemma for m = 1.
Assume the conclusion is true for m, then we have

OTN-
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Az(m+1)u
-2
= (—Asn + n (n4 ) -m (m + 1)> Asu
n+2m n—2m
n(n— 2)) 2 : m 2 :
= —Acan —+ —
( ° 4 (1—|—|x2 =4) <1+|x|2>

_ n42m n—2m
2 ’ 2 ’
—m(m+1) (=A™ u
<1+lml2> L+ ||
—nd2 —m n—2(m+1)
2 : 2 . 2 :
- () ) A 2 u
1+ |z 1+ |z 1+ |z
_ nt2(m1) n=2(m+1)
2 2
= 2 (_A)m+1 2 u
1+ |z 1+ |z
We have used the Lemma 2.1 in the fourth step. O

The following basic fact about the Kelvin transformation is an easy corollary of
the above calculations.

Corollary 2.1. Assume u is a smooth function. For any Mobius transformation
¢ on R™ U {oo}, denote

Uy = J¢% TR ¢7
here Jy is the Jacobian of ¢, then

n+2m

(=8)" ug = Js > ((=A)" u) 0 6.

Proof. Since the Mobius transformation group is generated by orthogonal transfor-
mation, translation, dilation and inversion, we only need to verify the corollary for
these special ones. The only nontrivial case is the inversion. Let ¢ (x) = # be
the inversion map. We may identify S™\ {N} with R™ through the stereographic

projection 7, then ¢*ggn = ggn. It follows that for any function v smooth away
from 0, we have

(PQmU)O¢ZP2m(UO¢).
Let

n—2m

9 -
v(z) = <1+x|2> u(z),
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then

_n—=2m

2 2
(vog)(x) = (H‘|x|2> ug ().

It follows from Lemma 2.2 that

1 n+2m 2 _% m X
((Pamv) 0 @) (2) = (|x|> <1+le2> (A) (W) ’

_nt2m

and
2
1+ |z

The corollary follows from these two equalities. O

Py, (U © (b) (x) = ( (_A)m Ug ('T) :

It follows from Lemma 2.2 and Corollary 2.1 that

Corollary 2.2. Let u be a smooth function on S™, ¢ be a Mobius transformation

on S™,
n—=2m
Uy = ng o .yo ¢7
then
n+2m
PQmU¢:J¢ n '(Pgmu)0¢,
and

Egm (U¢) = /S PQmU¢ . U¢dusn = /S Pgmu . udusn = Egm (u) .

By Lemma 2.2, we may deduce that when n is odd, the Green’s function of P,
at £ € S™ is equal to

2m—n—1 1
(21) Gf = m 2m—n )
(m— D] (0 —20) -, (14 Imel?)
=0

here w,, is the volume of the unit ball in R™.

2.2. Approximation of a Sobolev function by functions vanishing near a
point. To fully take advantage of the conformal covariant property of the operator
P5,,, we need to open the punctured sphere as the Euclidean space. Hence it is
useful to understand when a Sobolev function may be approximated by a sequence
of Sobolev functions which vanish near a point.

Let u be a function defined on an open subset of R", for any k > 0, we denote

k., — (9. . .
D%u = (alllz'“lku)lgil,w Jig<n ®
We also use the convention D% = w.

Lemma 2.3. Assume 1 < p < oo, u € W™P (B}). Let k be the smallest non-
negative integer with k = m — 2. If Diu(0) = 0 for 0 < j < k (note that the
condition makes sense by the Sobolev embedding theorem, also the condition is void
when k = 0), then we may find a sequence of smooth functions u; € C*> (El) such
that D7u; (0) =0 for 0 < j <k and u; — u in W™P (By).
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Proof. If k = 0, the conclusion is trivial. Assume £ > 1, then it follows from
Sobolev embedding theorem that W™? (By) C C*~! (B;). First we may find a
sequence v; € C'™ (El) such that v; — u in W™P? (B;), then the sequence
9vi (0) o
u; () = v (x) — Z —
|| <k

satisfies the requirement in the lemma. O

We have the following approximation result, which is a generalization of lemma
2.2 in [HY].

Proposition 2.1. Assume 1 < p < oo, u € W™P (B}). Let k be the smallest
nonnegative integer such that k > m — %. If D’u(0) = 0 for 0 < j < k, then we
may find a sequence u; € WP (B}') such that u; = 0 near the origin, u; = u on
Bi\By )3 and u; — u in WP (BY).

Proof. Fix an € C® (R") such that 0 <n <1, n(x)=1forz € By and n(z) =0
for z € R™\B,. For A > 0, we let 0, (z) = n (%).

First we claim that if v € C* (By) such that Div (0) = 0 for 0 < j < k, then we
may find a sequence v; € C* (§1) such that v; — v in WP (By) and v; is zero
near the origin. Indeed, let w. =7, - v. In the case when (m — k) p < n, we have

D™, ()] < e(m,n) S &= | Div (2)] < ¢ (myn, v) 5,
3=0
and this implies

6k—m+ﬁ

‘meE‘Li”(Bl) S C(mvna U) P O

as ¢ — 07. Hence v. = v — w, is the needed approximation function. When
(m — k)p = n, we only know v = v — w, is bounded in WP (By) and converges
to v in LP (By). Since 1 < p < 0o, we may find a subsequence v., — v in W™? (By).
The claim follows from the standard result in functional analysis. Indeed, let

1
A—CO{UE.O<E< 16}’
here "co" means the convex hull and the closure is taken in W"? (B;). By theorem
2 of chapter 12 in [L], we know A is weakly closed, in particular, v € A. This verifies
the claim in the case (m — k) p = n. We remark that one may have a constructive
proof for this case too.
For any € > 0, by Lemma 2.3 we may find av € C* (E) such that |u — v\Wm,p(Bl) <

and D’v(0) = 0 for 0 < j < k. Then by the above claim we may find a

M

e O (E) such that ¥ = 0 near the origin and \’17—11|Wm,p(31) < e. Let
u = (1 —771/8) u + 11,3V, then & = 0 near the origin, 4 = u on B1\B;/, and
|w — u|Wm,,,(Bl) < c¢(m,p,n)e. The proposition follows. ]

The same argument will give us the following

Proposition 2.2. Let u € W™ (B}) such that Diu(0) =0 for 0 < j < m —mn,
then we may find a sequence u; € W™ (B}) such that u; = 0 near the origin,
u; = u on B1\By /s and u; — u in W™ (B}).
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3. THE PROOF OF THEOREM 1.1

3.1. nis odd and m = "TH In this subsection, we will prove part (i) of Theorem
1.1. A crucial ingredient is the following observation, which should be compared
with lemma 7.1 in [HY].

Lemma 3.1. Assume n is odd and u € H"= (5") such that u (N) = 0, here N is
the north pole of S™, then we know

ntl 1+|$‘2 1 2
D= Tu(ﬂ'& (z)) | € L* (R™)

and
2

nfl 1+ |33‘2 —1
Eni1(u) = D™ —y (my (@) || da.

Here Dkf (.’L‘) = (az’1~~-ik,f(x))lgil,-~~,ik§n'

Proof. By Proposition 2.1 we may find a sequence u; € C*° (S™) such that u; =0
near N and u; — w in H** (S™). By Lemma 2.2 we see

2
[ ﬁ o )| o
= /W s =) (it @) - (-8)"F [V ) (75! (@) | e

- n+1 (uz - uj

as i, j — oo. Hence we may find a vector valued function F' € L? (R™) such that

nin [ 14 |2)?
D™=
2

u; (my" (2)) | — F in L* (R™).

This clearly implies

2
2

On the other hand, since

L3 1+ [af? -1
D™= U (my' () dx = Fpiq (ug),

letting ¢ — oo, we get

wir [ 14 Jzf?
/ D"+ +2|a:\ u(ryt (2)) dx = Epyq (u).
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Corollary 3.1. Assume n is odd, u € H">" (S™) and & € 8™ such that u (§) =0,
then Ey,y1 (u) > 0. Moreover, E, 1 (u) = 0 if and only if u = const - (1 + |7r5|2)7

here m¢ is the stereographic projection defined at the beginning of Section 2.

Proof. Without losing of generality, we may assume { = N. If E'(u) = 0, then it
follows from Lemma 3. 1 that 4/ M v (71';,1 (z)) must be a polynomial. On the
other hand, since H"z (5") C Cz (8") and u (N) = 0, we see

5 o]

for |x| large. This shows 4/ % cu(myt (z)) = const. The corollary follows. [

Now we are prepared to prove the part (i) of Theorem 1.1. The arguments should
be compared to the proof in section 7 of [HY] for theorem 1.2 there.

Proof of part (i) of Theorem 1.1. The key point is to show the minimizing value of
Iniy over Vigs, Bnia (S™), is reached by some functions. Note that B, 11 (S™) <

I,+1(1) < 0. Choose a minimizing sequence u; € Vai1 for I,41. By scaling and
2
rotation, we may assume

maxu; = 1, rginuZ =u; (N).

Here S is the south pole of S™. For i large enough, we know FE,, ;1 (u;) < 0. By the
interpolation inequality, we see

2
Epp1 (u;) > C|Uz| 2L (gny C‘ui|L2(S") )

this glves us \ul| 1™ (sm) < c¢. After passing to a subsequence, we may find a
n+1

we H" (5") such that u; — u in H"
S™ and hence u > 0,

(S™). This implies u; — v uniformly on

(3.1) I%%XUZL rrélnnu:u(N).

If u > 0, then u;l — u~! uniformly on S™. Hence |u;1|L2n(Sn) — |u’1|L2n(Sn).

By the lower semicontinuity we see

E, i1 (v) <lim inf E, 41 (u;),

71— 00
hence we see

Bpi1 (S™) < |u 1|L2"(S" Eny1 (u) < lim inf |u” 1’L2n(sn) E,y1 (w;) = By (S™),

) 1—00

and u is a minimizer.
If u vanishes at some point, say & € S™. It follows from lower semicontinuity

that E,41 (u) < 0. By Corollary 3.1 we see u = ¢ - (1 + \775\2)71/2. Using (3.1),
we see ¢ = 1,£ = N. In particular, u; (S) — 1 as i — co. Denote
4 (9)
" ui (N)

— OQ.

2’
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Using the notations in Corollary 2.2 and the beginning of Section 2, we let
, \ /2
1+ X\ |7y
vi= (i), = | =75 Ui O TN, -
‘ )\i (1 + |7TN| )
Then wv; is still a minimizing sequence for I, 1 with v; (N) = v; (S). Let v; =
maxgn U, W; = 3—1, then w; is a minimizing sequence and after passing to a subse-
quence, we may find a w € H*" (S") such that w; — w in H"= (S"). We claim
w > 0. Indeed, if this is not the case, then for some £ € S™, w(§) = 0. Argue

—1/2
as before we see w = (1 + \7r5|2> . Since w (S) = w(N), we see £ # N, S. In
particular,

On S™\ {S, N}, we have
1/2
wi (N) [ 1422 |an]?

vi \a (1+ |7rN\2)

1/2
«uw><&2+wNﬁ> . w(S) |l
vivhi \ 1+ |7y (1+|7TN\2)1/2

this implies w > 0 on S™ and contradicts with our assumption. Hence w > 0 and
it is a minimizer.
Assume u is a minimizer for I, 1 in Vai1, then for some positive constant ¢, we
2

Vv

W;

)

have

ueC®(S™), u>0and P,y1u=—cu 2""* on S™.
Using the Green’s function of Py, written down at the end of Section 2.1, we see
for some ¢ > 0,

—2n—1
u(f):c/’ u(©) ; 1/2dusn (¢) for any £ € S™.
" (1+Ime©F)
Let
/ 2
v(x) = ! +2\m| “u (7r;,1 (x)) ,
then

(71'1}1) (u_4gsn) = v gRn.
Moreover, it follows from the integral equation of u that for some ¢ > 0,

1ww=c/nm—mU@r””dy

It follows from theorem 1.5 of [Li] (proved by the method of moving spheres, a
variation of the method of moving planes [GNN], see also [CLO] for the method of
moving planes for integral equations) that

1/2
v(r)=c 1+ X —zol®
N 2\
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for some ¢ > 0, A > 0 and xg 6 R™. It follows that for some Mobius transformation

¢ on S™, we have u = cJ 2". Using Corollary 2.2 we see that I,,41 (cJ 2") =

I,41(1). Hence 1 is a minimizer of I,;1 and all the minimizers are of the form
1

cJ;% for some Mobius transformation ¢. O

3.2. n is odd and m = "TH The argument for the part (ii) of Theorem 1.1 goes
along the similar line as for part (i). We will only explain when the proof is different.
First we have

n+3

Lemma 3.2. Assume n is odd and v € H =2 (S™) such that w(N) = 0 and
du (N) =0, here N is the north pole of S™, then we know

. 9\ 3/2
D" <—|—2x|> cu(ryt (2) | € L2 (R™)

and
2

n+3 14+ \a?|2 8/
Enis(u) = /n D= ( 5 ) cu(ry (2) || da

Similar to Lemma 3.1, this lemma follows from an approximation argument using
Proposition 2.1 and Lemma 2.2.

Corollary 3.2. Assume n is odd, v € H"= (5"), u > 0 and £ € S™ such
that w (§) = 0, then E,y3(u) > 0. Moreover, Eni3(u ) = 0 if and only if u =

const - (1 + |7r§|2>7

Proof. Without losing of generality, we may assume £ = N. Since u € H*# (S”)
CH1/2(8™), we see du(N) = 0. Tt follows from Lemma 3.2 that FE, 3 (u) > 0.
Moreover, if Fy,13(u) = 0, then

14 | ‘2 3/2
n+3 T
D™ (2) u(ry' () | =0.

3/
This implies (#) -u (7y' (z)) must be a polynomial. Since

9\ 3/2
<1 +2|33| ) u (7717\71 (:c)) < c(u) |x|3/2

when |z| is large, we see

1+ Jof? 3/2 n
i=1

It follows from the fact u > 0 that ¢g > 0 and ¢; = 0 for 1 < i < n. Hence

—3/2
. <1+|x|2>
— €0
2
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Sketch of the proof of part (ii) of Theorem 1.1. The key point is to show the mini-
mizing value B, 13 (S™) is reached at some function, then one may use the theorem
1.5 of [Li] (see also closely related results in [CLO]) and Corollary 2.2 to conclude
that w =1 is a minimizer.
Let u; be a minimizing sequence for I,,13 in V# , by scaling and rotation we
may assume
max u; = 1 and D%}Lnub =u; (N).

Then since )
-1
|ui |LQTW(S") En+3 (uz) S c,
we see F, i3 (u;) < c¢. By coercivity we see |ui|HL+3(S ) < c. After passing to a
2 n
n+3 n+3

subsequence, we may find auw € H 2 (S™) such that u; — v in H 2z (S™). Then
u; — w uniformly. We have v > 0 and

2 =1, minu=u(N).
(3:2) maxu =1, minu=u(N)

If w > 0, then it is a minimizer as before.
If u(£) = 0 for some £ € S”, then since u > 0 and u € CHY/2(S™), we see
du (§) =0 and

[u ()] < ¢ (u) dsn (¢,€)*? for ¢ € 5™
Here dgn ((,€) is the geodesic distance on S™ with standard metric. This implies

|1f1 LH (s = o0o. It follows from Fatou’s lemma that
-1 . . -1
== n < . n
00 = [0 3p gy ST inf [ )
hence }u{1|L%(Sn) — 00 as ¢ — o0o. Using lower semicontinuity we see E (u) < 0.

It follows from Corollary 3.2 that

N\ —3/2
u:c(1+|7r5\ ) .
—3/2

In view of (3.2), we see ¢ = 1 and £ = N, hence u = (1 + |7rN|2) . Now we may

proceed to renormalize the minimizing sequence as in the proof of part (i). ([

3.3. n is odd and m > "TJ“E’ The arguments presented in the previous two sub-
sections do not work well for the case when n is odd and m > # The main
problem is that we do not get enough "vanishing condition" when the weak limit
of minimizing sequence touches zero. This looks like a technical point. But in fact,
it is essential, we will show no minimizer exists at all when m becomes this larger.

Proof of part (iii) of Theorem 1.1. First we observe that it follows from theorem
1.5 of [Li] (see also closely related results in [CLO]) that any critical point of Is,

n—2m

over V,,, must be of the form c¢J <15T for some ¢ > 0 and Mobius transformation ¢.
In view of Corollary 2.2, to show all of them are unstable, we only need to show
u = 1 is unstable. Calculation shows the second variation of Is,, at u = 1, namely
H, is given by

1 2m—n

5 (kse (87) ™ H ()

2m +n 9 4m Py, 1 / 2
= FEop Py 1 dppgn — dptgn
2m (¢0) + 2m—n " /Sn 7 s 2m —n pgn (S™) Sn(p Hs
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for any ¢ € H™ (S™). The corresponding self-adjoint operator is given by

2m+n 4m P, 1 /
Ap = Poyp, Pl — dpsgn .
v 2 Lp+2m—n 2 v 2m —n pign (S™) Sn@ fs

When m — "'2*'5 is even, let ho be any harmonic homogeneous polynomial of

degree 2, then

m n m—2 n
1=0 =1
It gives us a negative eigenvalue.
When m— "%’5 is odd, let h3 be any harmonic homogeneous polynomial of degree
3, then

Ahs

Tl o) (e )53 ()
GG 0w

=0 i=

Again, it gives us a negative eigenvalue. (]

3.4. n is even. The case when the dimension is even is very different form the odd
dimension. In fact, in this case, the variational problem (1.2) becomes trivial.

Proof of part (iv) of Theorem 1.1 . This follows from the formula of P, (cf. Lemma
2.2) and the fact that the eigenvalues of —Agn are given by a(a+n — 1), o € Z,
with corresponding eigenfunctions given by harmonic homogeneous polynomials of
degree a. O

4. ANOTHER APPROACH TO THEOREM 1.1

In deriving an upper bound for the eigenvalue of an arbitrary metric on S2,
Hersch used the conformal invariance property of the Dirichlet energy to choose
suitable test functions through a trick which became popular later and is known as
the barycenter analysis (see p142 of [SY]). Such kind of trick was used in [ACW]
for the proof of (1.7) and more recently in [NZ] for (1.8). In this section, we will
combine this trick with Lemma 3.1 and 3.2 to give another approach for Theorem
1.1.

For any a € Bf“, we have a smooth diffeomorphism from F’f“ to itself given

by
<17 |a|2)zf (|z|272a~z+1>a

la|® 2] = 2a- 2+ 1
Note that o, (a) =0, o, = 0_, and for a # 0,

—=n+l
forzEB? .

o4 (2) =

Oalogn =0 4 1-jal.
s TaT> THTal

Let 2m > n, u € C(S™ R) be a strictly positive function. For a € B, let

n—2m

y
Ug, = Jo, 7" -uoog and C(a) = [q, Us, (¢) (dugn (¢), then

2m—n

c@=@F [ ueaen 1=t (14 50| T cns 0,
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here \ = L_F‘IZ} In particular

2m—n 2m—n

2N 7 Cla) = [ uw(=A—=C-&) 7 (dpgn () = —c(m,n)u(=£)¢

Sn

as a — £ € S™. Since C is continuous on B?H, it follows from winding number
argument that for some a € B!, C (a) = 0.

Now we may sketch a somewhat different argument for part (i) and (ii) of The-
orem 1.1. We restrict ourselves to part (i) since the argument for part (ii) is very
similar. Let u; be a minimizing sequence for I,, 11 over VnTH , we may find a; € B{L'H

such that [g, (ui),, (¢)¢dpgn (¢) = 0. Since Inyi(ui) = Inta ((Uz’)gav) we
may assume fsn u; (¢) Cdpgn () = 0. By scaling and rotation we may also as-
sume maxgn u; = 1 and ming» u; = u; (V). The same argument as in Section 3
shows for some u € H "3 (8™), we have u; — wu in H"+ (8™). We only need to
show v > 0 on S™. If u touches zero somewhere, then as in Section 3, we see

~1/2
u = (1 + \7TN|2) . On the other hand, it follows from [, u; (¢) {dugn (¢) = 0

~1/2
that [, u(¢)Cdpgn (¢) = 0. But [, (1 + |7 (C)|2) Cdpgn (€) # 0, this gives

us a contradiction. Hence u never touches zero and it must be a minimizer. The
remaining argument is the same as in Section 3.

5. FURTHER REMARKS

Recently in [NZ], an argument for (1.8) is given based on the observation that
Py is positive definite on the L? orthogonal complement of the restrictions of linear
functions on S'. Such kind of argument works in higher dimension for part (ii) of
Theorem 1.1 too. Indeed, we note that if n is odd, then

1 3+ 1)\ 2 o
Pris = (—ASn U 5 2) (—ASn —(71;2)> H (—ASn—i- (Z+g) (n2 -

=0

Using the fact that the eigenvalues of —Agn are given by a(a+n—1), o € Zy,
with corresponding eigenfunctions given by harmonic homogeneous polynomials of
degree o, we see P, 3 is positive definite on the L? orthogonal complement of
linear functions. Assume u; € Vn%s is a minimizing sequence of I,,;3. Without
losing of generality, we may assume maxgn u; = 1 and u; is perpendicular to linear
functions. By the arguments in Section 3, we may find u € H"%" (S™) such that
w; — uin H'2" (S™). If u touches 0 somewhere, then as in Section 3 we know
En43(u) <0 and maxgn u = 1. This contradicts with the fact that P, 3 is strictly
positive definite on the orthogonal complement of linear functions. Hence u does
not touch zero and it is a minimizer.
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