A NEW APPROACH TO SOME NONLINEAR GEOMETRIC
EQUATIONS IN DIMENSION TWO

FENGBO HANG AND XIAODONG WANG

1. INTRODUCTION

The elliptic equation —Au = Ke?" on a domain in R? and its various ramifica-
tions have been studied intensively from both analytic and geometric viewpoints.
In the important special case when K is constant (with certain special boundary
condition if there is a boundary), the equation has some canonical solutions which
are derived by elementary geometric considerations. It is often a fundamental ques-
tion whether these are all the solutions satisfying certain analytic conditions. Many
results of this type have been established, mostly by the method of moving planes.
In this approach the main step is to prove that a solution in question must be
rotational symmetric with a proper choice of the origin. This usually involves some
delicate analysis. With this done the problem is then reduced to an ODE.

In this note we present a new approach to this type of results. It is based on a
simple observation that a solution gives rise to a holomorphic function which is zero
if and only if the solution is canonical. It is reminiscent of the Hopf differential for
harmonic maps from a surface. The required analysis to show that this holomorphic
function is indeed zero under some analytic assumption seems to be simpler and
more transparent. It is our hope that this new approach may also be of use in some
other situations.

Acknowledgment: The research of the first author is supported by National
Science Foundation Grant DMS-0209504. The research of the second author is
supported by National Science Foundation Grant DMS-0505645.

2. CLASSIFICATION OF SOLUTIONS OF —Au = et

Let S be the south pole of S? and 7g : S%\ {S} — R? be the stereographic
projection, then

* 4
(7751) gs2 = ————5 (dz, ® dz + dre ® dx2) .
(1+ 1)

For A > 0 and & € R?, let dyz = Az be the dilation and 7_¢z = = — £ be the
translation, then

. AN? ,
T edy (775_1) gsz = 5 (dry ® day + dzy ® das) = e2UNE gpa,
(1 A2z — §|2)
here
2\
uze (z) = log 5 for z € R?.

1+ Mz —¢|
1
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Since the metric e?“*¢gp> has curvature 1 and total area 47, we see

—Auy e = "¢ on R? and / e*" edy = 4.
R2
On the other hand, the following interesting statement was discovered in [CL]
through the method of moving planes.

Theorem 2.1 ([CL)). Let u be a smooth function on R? such that

—Au = e** on R?,
(2.1) { Jge €*dx < oo.

Then for some A > 0 and & € R?,
2A

u(z) =log —————.
) =l P

Remark 2.1. It was known that the condition fR2 e?tdx < oo can not be discarded
because if we take any nonpolynomial entire function f such that f' never wvan-

;12
ishes (e.g. f(z) = €*), then the metric f* (ﬂgl)* gs2 = ({ﬂlfif‘t‘fgw has constant

curvature 1 and infinite total area. If we let u = log %, then —Au = e

and fR2 e2tdr = co. We note that there are other proofs of the above theorem in
[CW] by complex analysis and in [CK] by the isoperimetric inequality and Pohozaev
identities.

We will present a new approach to this result and other related problems. The
new method will be local in nature. The starting point is the following simple
observation. For convenience, we identify R? = C by z = z; + 2.

2u

Lemma 2.1. Let u be smooth solution of the equation —Au = e** on a domain in

R2. Then u., — u? is a holomorphic function.

Proof. First we observe that u satisfies —4u.,z = e?*, hence —4u,,z = 2e**u, =
—8u,u.z. This implies (u.. — ug)? =0i.e. u,, —u? is a holomorphic function. [
Remark 2.2. [t is worth pointing out that the function u,, —u? is crucial because
as we will see soon that the solution u is of the canonical form if and only if u.. —u?
vanishes. In this sense the holomorphic function plays a similar role as the Hopf
differentials for harmonic maps from surfaces: a harmonic map from a surface
gives rise to a holomorphic quadratic differential called the Hopf differential and

the harmonic map is conformal if and only if its Hopf differential vanishes (see
[SY, p.6]).

Next we recall the following standard fact which follows from scaling and elliptic
estimate. For reader’s convenience, we present the proof here.

Lemma 2.2. Assume ¢ is a nonnegative smooth function on B, C R? such that
—Agp < 2. Then there exists a universal constant ng > 0 such that fB wdx < ng

implies ¢ () < 5 fBT @ for x € B, /. Here c is an absolute constant.

Proof. By scaling we may assume r = 1. Put K = max);<;(1 — |z])?¢p(z). We
claim K < 1. Otherwise K > 1, choose £ € By such that (1 — |£])?¢(¢) = K. Set
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o =1—[¢], then for x € Bz (§), p(r) < 4K Hence (z) = %cp(er 2\‘;?:10) is well
defined on Bj. It satisfies

1
“Av<t vt B0 = [ v= [ s,
By Bﬁ(f)

Hence —A% < 1. From elliptic estimate ([HL, p.67]), we know 1(0) < CfB1 P <

cng. Here c is an absolute constant. Choose 7, small enough such that cng < %,

we get a contradiction. Hence K < 1. On Bs we have p(z) < 16. —Ap < 16p.
So again by the elliptic estimate we get ¢(x) < Cst p < chl v < cengy for x €
4

By s. O
We now present the proof of Theorem 2.1. Let u be a smooth solution of (2.1).

Then by Lemma 2.1 we have an entire function u,, — u2. Our goal is to prove it is
identically zero. First observe

—Ae®" = —4e% | Vul? 4 2e* < 2¢*, / e*dr < oo.
R2

There exists R > 0, such that f]R"\BR e?“dx < ny, the number given by Lemma
2.2. Then for every # € R?\Byp we have fB".‘/z(m) e Wdy < n,. Tt follows from

Lemma 2.2 that ¢**(*) < ¢|z|=2. In particular e*(*) — 0 as |z| — oo, and u is
bounded from above (this statement also follows from [BM, theorem 2]). Define

v(z) = (log |z — y| — log |y|) e**¥)dy.

_% R2
Then —Av = €2* and |v (z)| < clog (|| + 2). Indeed, for |z| =1 > 2,
[v ()]

<e / (llog |z — y| + log [y]}) 2" @dy + /
BluBl(dZ) B

+ C/
R2\ By,

< clog (|| +2).

e W) gy

‘bgum
lyl

27 \(B1UB1(z))
|z -y
lyl

2u(y)

log

Hence u — v is harmonic and v — v < clog (|z| + 2). This implies « — v = const by
the following standard Liouville type statement.

Lemma 2.3. Let h be a harmonic function on R? such that for some m > 0,
h(z) <c(|lz|+1)™. Then h must be a polynomial.

Proof. We will show that for some ¢ > 0, |h(z)] < c(Jz| +1)™, then it follows
from the gradient estimate for harmonic functions that h is a polynomial. Let
r = |z| > 0, by the mean value inequality, we have

1 1 1 _
O =z [ B =g [ W@y [ 6wy
27 27 27

m 1 _
<+ - [ W
27
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Hence
R (y)dy < cr? (r+1)" —4mr?h (0) < er? (r + 1)™
Bar
It follows that

1 1
< ht d —_— h™ d
e A Ly L
1
c(r+1)™ +— h™ (y) dy
71'7" Bo,.
<c(r+1)"
0
Since
u(z)=—=— [ (loglz -yl —logly|)e**@dy +c,
2’/T R2
we see
Ojul) = uj (a) =~ [ Uy,
2 Jez o -y

In particular, by Lebesgue dominated convergence theorem

1 2u(y)
Vu(2)| < —/ gy

27 Jr2 | =y
1 2u(y) 1 2“(1/)
-5, a5
27 (@)l — 9l | 27 Jr2\ B, (2) Jz =yl \
2u(y)
<c sup W4 — o XE\BL (@) (y) ———dy — 0
yEB) (z) 27 |z —yl

as |z| — oo. Differentiate equation (2.1), we see —Au; = 2e?“u; for j = 1,2. Hence
|Vu; (2)] < c|uj|L3(Bl(m)) — 0 as |z|] — oo. Therefore the holomorphic function
u,, — u? approaches zero at infinity. It follows from Liouville theorem that

(2.2) Uss — u’ = 0.

z

This together with equation (2.1) give us
1
Dzu = du X du — 5 (|du|2 + eQu) gR2.

Let v = e, then the above equation becomes

dv|? + 1
20

In particular, We see Vi = 0 and V11 = VU22. This implies V111 = V221 = V122 = 0.

Similarly vo9 = 0. It follows that D3v = 0 and thus v is a quadratlc polynomial.

Since v > 0, it it easy to see from (2.3) that v (z) = § |z — ¢ + 55 for some A > 0

and ¢ € R?. This shows u (z) = log #

Yla—g*”

(2.3) Dy = JR2-

Remark 2.3. [t is interesting to note that the gradient estimate for the equation
—Au = €2* can not be localized. Indeed, for € > 0 small, we let f.(z) = g2e T ,
then the metric

2ue

fs*(WsT) gsz = €7 gr2
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has constant curvature 1 i.e. —Au, = e*%<. Here

2(zq—1)

-1
ue () :10g25+L —log(1+€4e c )
€
In particular,

/ 2@ gy < Ame? — 0,
B1

but ,
1 2e3e2/¢
[Vu (0)| = -

+
- s 00 ase— 0",
e 14¢ete2/e

3. CONSTANT POSITIVE CURVATURE SURFACE WITH A BOUNDARY OF CONSTANT
GEODESIC CURVATURE

Our method also works well on a domain with boundary on which the constant
geodesic curvature condition is imposed. We first illustrate this by working in the
compact case where geometry is clear and analysis is simple.

For ¢ € C with |¢] < 1, we let ¢ (2) = 1z:ZCz' Then ¢, is a biholomorphic map
from B; to itself. For a > 0, let d,z = az. Then the metric

9¢.a = G0y, (r5')" gse

a(a®+[¢[?)”
a?(1—(¢|?)?
_ (1-1cP) - (dzy @ day + duy © das)
- (a2+[¢[2) o a1 C‘Q
a2(1-¢?)” a2 +[C]?

. . . - /N B N . — 2
is isometric to (Bg arctana (IN), gsz) = (Barccom (N), gsz) with kK = 12—;1 Here the

B3 arctan o (N) means the geodesic ball on standard S2.

Theorem 3.1. Let g be a smooth metric on Si such that the Gaussian curvature
K =1 and the geodesic curvature of S' (with respect to inner normal direction)

is equal to a constant k, then (S?r,g) s isometric to (Barccot,i(N),gsz), Here

Barceot v (N) means the geodesic ball around N.

Proof. By Riemann mapping theorem, we may assume g is conformal to gg2. De-
note (Ws_l)* g = e*gr2. Then

—Au = ¢e?" in By,
O,u = re¥ —1 on 0B;.

Here v is the outer normal direction. By Lemma 2.1 we know u,, — u? is a holo-

morphic function. On the other hand, the boundary condition may be written
as
zu, + Zuz = ke — 1 on 0Bj.
Differentiating along the tangential direction, which may be written as i (20, — Z9s),
we get
22U, — Fruzz + 2u, — Zuz = ke (zu, — Zuz) .
Using the boundary condition again, we get

22 (uzz — ug) =72 (ug — u%) .
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This means the holomorphic function 22 (u.. — u?) is real on dB;. Hence it must be
identically zero. This implies u,, = u2. Same argument as in the previous section
shows for some A > 0 and ¢ € R?, u(x) = log m Using the boundary

1-X2 422 ¢)?
2\

condition, we get kK = . Let a be the positive number such that

1 o )\2 )\2 2
e + A% €]

\ a—1=0,
A _ _ *
and ¢ = li‘;\af (note that /\Zfl‘ = >>\\|§(\L’ we see |¢| < 1), then (75') g = gc.o. In
particular, (Si,g) is isometric to (Barccom (N),gsz>. O

4. HALF PLANE CASE

In this section, we shall present a new proof in the spirit of arguments in Section
2 for a result more general than Theorem 3.1 in the analytical sense. This result
under further finiteness condition was first proved in [LZ] and then strengthened to
the present version in [Z], all by the method of moving planes.

Let Rf_ = {:c eR?:xy > O}. For a > 0, let d,x = ax be the dilation, then

4a?
2
(1 + a? |:c\2)

For this metric on Bi, the geodesic curvature of S! with respect to inner normal
2 . JR—

direction is equal to x = 159, Let ¢ (2) = -&= — £, then ¢ maps B\ {i} onto R?.

Moreover, for b > 0, c € R, 7.2 = (1 + ¢, z2) ,

midi (97 dE (r5h) " g

d: (71'51)* gg2 = (dz1 ® dxy + dzy ® dag) .

4M
= a2 ; 5 (dafl & dxl + d.’L’Q X dajz)
b2(14a2)? 1—q2
<1+ag v+ (e ity )| )
4N? s
- N2 (dzy ® dxy + dre @ dag) = e*"acgpe.
(L2 [o+ (e 5)]7)
2
Here \ = b(lza ),
2\
Uy o () = log —— .
L+ X o+ (e, §)]
It is clear that
A 2u? 2
_Aua)c = e“Va,c On R+
dauyy . (1,0) = —getac@10) for ¢, € R,
WA 4d7ra?

/ 202 (@) gy — %
R2 +a
/ e o0 gy = TG

R 1+ a2

On the other hand, the following boundary version of Theorem 2.1 was proved in
[LZ, Z].
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Theorem 4.1 ([LZ, Z]). Assume u € C* (R2) such that

—Au = e*" on R
Do (1,0) = —ke" @10 for 2 € R,
Jge €@ dz < o0,

2

here k is a constant, then for some XA > 0 and £ € R?,

2\
u(zr) =log ——————,
) =loe e P
moreover,
Ay = —K.

We will present an argument using the idea from Section 2. Denote B =
{x € B, : 29 > 0}. For x € R?, let T = (21, —72). To get some control on u, we
need the following boundary version of Lemma 2.1.

Lemma 4.1. Let ¢ be a nonnegative smooth function on B C R? such that
—Ap < ¢ in Bf,
{wWaﬁMSwmeQﬁrM<n
then there exists a universal constant ny > 0 such that fB:r pdx < ny tmplies

Cc

p(x) < @ forx € B:'/Q.
Bf

o}
Here c is an absolute constant.
Proof. To reach the above estimate, we need the following claim.

Claim 4.1. For any ¢ > 0, there exists a n =1 () > 0 such that if ¢ is a smooth

nonnegative function on By with

102 (£,0)] < @ (£,0)*/ for |t <1,

and fBl+ pdz <, then max_ 1—|z)%p(z) <e.

57 (
Proof of the claim. Let K = max o (1 —|z])® ¢ (z). If K > ¢, then choose & €
- 1

Bf such that (1 — |§|)2 ¢ (€) = K. Denote o = 1 — [¢|, then for = € B, 2 (£) N BY,
pr) <4 y(z) = Z—j@p (£—|— %ﬁx) is well defined on {z € By : x5 > —a} for
some a € [0, 1]. Moreover,

—Ap <y? p<eon {x€By:xy>—a}, ¥ (0)=¢c/4,

and
/ P (x)de <m, 029 (z)| < (36)3/2 for ¢ € By,z0 = —a.
{z€By:x2>—a}

In particular, —At < 1. From this we conclude a < 1/4. Because otherwise, it
follows from elliptic estimate ([HL, p.67]) that ¢ (0) = ¢/4 < chl/4 ¥ < cn and
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we get a contradiction by choosing 7 small enough. Let 9, (z) = ¥ (z1, 22 — a) for

x € B1+/2' Define

1 2
Py (x) = —/ log ((a:1 — )+ (x2)2) Ootby (t,0) dt for x € Bf/Q
2w J 12

and ¢35 = ¢, —,. We have

iy ()] < =, 0y (0.0) = T 165 (0,0),

Ay < 9T in B, 9ayp5(t,0) = 0 for |t < 1/2.

We may set 95 (x) = 95 (T),¢, () = ¢, (T) for x € By )y, then 13 € C? (By2)
and —Atp; < 93 on B, jo. It follows from elliptic estimate ([HL, p.67]) that

1/2
5 (0,a) < c Y3 (z)dx +c ¥} (z)do )
By /2 By /o
Hence ¢ < c(,/7+¢%?). Since ¢ is small, it follows that ¢ < c. We get a
contradiction when 7 is small enough. (]

Now we go back to the proof of the lemma. By scaling, we may assume r = 1.
Let € > 0 be a tiny positive number to be determined later. Then we see when
S+ ¢ () dz is small enough, max (1—|z)* ¢ (z) < e. In particular, for z €

1

Bs4, 0 (x) < 16¢. Let
1 [3/4

mEBf'

o1 (2) tog (21— 1) + (22)*) Bop (1,0) it for = € By,

T 2m —3/4
and @y = ¢ — ;. Then we have
o1 @] < e @l (i) —Dps < @ oy (1,0) = 0 for |1 < 3/4.

For z € By, let ¢, (z) = ¢y (), ¢ (z) = ¢ (T), then p, € C? (B;)4) and —Ap, <
©? on Bs,y. It follows from elliptic estimate ([HL, p.67]) that

1/2
+ + 4
2 |LOO(BI/2) = C/B3/4 ¢y (z)dz +c (/33/4 ¢ (2) d:v) .

Hence

1
‘<P|Loc(Bl/2) SCgl/Q |§0|L°°(Bl)+C/B QD(Q?)dJCS 5‘@0|Lm(31)+0/; QD(IZ?)dLIZ,

1 1
if € is small enough. In particular, it follows from scaling argument that under the
assumption of the lemma, we have for any 1/2 <r < s <1,

@l Lo (B S1|s0| )+ ——— o (x)dx.
Lo (B) 2 Le(BY) (s—r)2 B}

It follows from usual iteration procedure ([HL, lemma 4.3 on p.75]) that

< .
‘SO|L°°<BT/2) — c\/B;rSO(x) dx
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We will also need the following Liouville type result.

Lemma 4.2. Let h be a harmonic function on R? such that for some positive
number m and some positive constant c; we have

Ih ()] < [t when |zo| <1,
< ¢y when |zo| > 1.

Then h must be a constant function.

Proof. Let p = mi_l. It follows from elliptic estimate ([HL, p.67]) that for any
§ER?,

1/p
I (©)] < c(m) (/B (E)m(x)lpda:) <c(mer).

Here we have used the fact pm < 1. Then it follows from standard Liouville theorem
that h is identically constant. O

Now we are ready to prove Theorem 4.1.
Proof of Theorem 4.1. Let ¢ = e?*, then we know
—Ap < 2¢% on Riv Oyp = —2/«,03/2 on R.

Using Lemma 2.1 and Lemma 4.1, we see e2“(*) = o <|x|72) as |z| — oo. Let

v(z) = (log |z — y| + log [T — y| — 2log |y|) e**¥)dy,

55
w@g:-jié(nga—xg?+@g2—bgm>w@®ﬁ,

hzu—v—wonRi.

Note that w is well defined since e = o (t’l) as [t| — oo. Similar arguments
as before give us |v (z)] < clog (|z| +2) for x € R?. On the other hand, we have
lw ()| < clog? (Jz] + 2). Indeed, let |z| = r > 2, then

o) < c [ log/it =20 + (0 g ]

Observing that

dt rdt
nga—@f+@g?4%u\——fgc/ rat _ .
/|t>2r [t] + 1 >2r 2

/ log /(£ — 21)? + (22)” — log |#]| ——
[t]<1

dt
[t +1°

log \/(t — x1)* + (22)* — log |¢| <c
/ (t—z1)%+(z2)%<1 \/ ]+ 1

and

log /(¢ — 21)” + (22)* — log |t

/{t:1§|t<2r,\/(t11)2+(x2)221} It +1

< clog2 (lz| +2),
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we see
h(z) < clog? (|z| +2).
We may show that h is harmonic on R and 8 (¢,0) = 0. For z € R2, let
h(Z) = h(z). Then h becomes a harmonic function on the whole plane with
estimate h (z) < clog? (Jz| +2). By Lemma 2.2 we see h () = const, this implies
u = v+ w+ c. Since
vj (x) = ! ( — yj + el y32> Wy for j = 1,2,

2 e —y* |z -7
similar arguments as before show that

Vo (z)| <e, |Vov(z)]—0as |z| — oo.

On the other hand,

-t
w1 (:[;) = _E/ T €u(t70)dt,
R

T Jr (21— 1) + (z2)°
__Fk Z2 u(t,0)
wy () = —— e dt,
2( ) T /l; (ml _ t)2 + ($2)2

hence
|Vw(:n)|§c/ |x1—§|—|—x22. 1 dt
R (21 —t)° + (z2)° [t/ +1

t 1
_c/ ||+x22. dt
R 12+ (z2)° [t+x1|+1
It| +1 1
-~ .
Rt +1 .’lﬁg‘t‘i‘xl( ) ‘
1

dt

1
70/ . dt.
R|t‘+1 Z'Q‘t—l-xl(itz ‘4—1

Next we observe the following inequality follows from elementary calculation: for

any b € R,
/ I 1 dt{ < 080 when g > 2;
rIE|+1 alt—0bl+1 < when0<a<2
Here ¢ is an absolute constant. It follows that

cloes when 2y > 2:

|V (x)|{ 2 %, when 0 < 9 < 2.

Hence we know [Vu(z)] < & for 0 < 22 < 1, [Vu(z)| < ¢ for z2 > 1 and
|Vu ()] — 0 as @3 — oo. Since for any j = 1,2, —Au; = 2e*"u;, it follows from
elliptic estimate that |D2u(x)| < ﬁ for 0 < a9 < 1, |D2u (x)’ < cforazy >1
and |D?u (z)| — 0 as :cg — 00.

Let f(z) = u,, — uZ, then f is holomorphic and Im f = (ulug — u12). On the
other hand, since on R uy = —ke, we see u1a = —ke"u; = ujus. This implies
f is real on R, we may extend f to a holomorphic function on C by f(z) = f (%)
for z € R2. Moreover we know |f (z)] < ¢[Imz|~ when [Imz| < 1, |f(2)] < ¢
when |Im z| > 1, and f (2) — 0 as |Im z| — oo, it follows from Lemma 4.2 that f is
identically zero. Theorem 4.1 follows.

O&
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5. NONPOSITIVE CURVATURE CASE

In this section, we shall apply ideas from Section 2 to those results in nonpositive
curvature cases derived previously in [O, Z] by complex analysis and moving plane
methods.

5.1. Flat surface having boundary of constant geodesic curvature. For

a >0, d:gr: = a’gge is a flat metric on B; and the geodesic curvature of S* with

respect to inner normal direction is equal to Kk = % Let ¢ (2) = i — %, then for
b >0 and c € R,
CINE e 1
T:dz ((;5 1) dang = ) N4 (dxl ® d(El + diL’Q & de’Q)
()" =+ (e 55)]
1
= 2—“ (dl‘l X d.%‘l + dflfg ® d$2)
Nz + (e 55)]
2u)
= e“Macgpo.
Here \ = %,
A
u, (2) = log —————.
Mo+ (e 55) [
It follows that
—Aué’c =0onR%, Oou(z1,0) = —ke" " for z; € R,

and
/ 2ua,e (@) gy = ma?, / e2ua.c(10) gt = 2rrq,
R2 R

Theorem 5.1 ([0, Z]). Assume u € C* (R2) such that

—Au=0 on R

Dou (1,0) = —ke* @10 for z; € R,

Jr2 e2®) dy < oo,

2

here k is a constant, then for some XA > 0 and & € R? with £, < 0 such that
1

u(x) =log ——,
SR

MOTEOVET,

k= —=2X¢ > 0.
Indeed, if we let ¢ = e?*, then

—Ap = —4¢**|Vu)* <0 on R?, / v (z)dr < .
=2

dop (t,0) = —2kp%/% for t € R,

It follows from Lemma 4.1 that ¢ (z) = e**(*) = o (\x|72) as |z| — oo. In particu-

lar, "9 = o (t71) as |t| — co. Hence we may set

w(z) = l/R (log \/(t —21)? + (22) — log |t|) e(10) gy

™
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clog” (|z| + 2). Moreover, h is harmonic in R and dqh (¢,0) = 0. Let h (z) = h (7)
for x € R2, then h becomes a harmonic function on R? with estimate h(z) <
clog? (|z| 4+ 2). It follows from Lemma 2.2 that h must be a constant function.
Hence u = w + ¢. Using the representation formula of w, we see

for z € R? and h = u — w. Since |w(z)| < clog” (|z| +2), we see h(z) <

clog za

, when zo > 2;
< >
Vu (@) { < :1762’ when 0 < x5 < 2.

It follows from estimates for harmonic function that |D2u (x)| < #)2 for 0 <

(z2

zy < 1, |D?u(z)| < cfor x5 > 1 and |D?u(z)| — 0 as 23 — co. We may rewrite
—Au = 0asu,z = 0, then u, is a holomorphic function, this implies f (z) = u., —u?
is also a holomorphic function. From the boundary condition of u, we see f is real
on R. Hence it may be extended to a holomorphic function on the whole plane by
f(z) = f(z) for z € R%2. It follows from the estimate of f and Lemma 4.2 that

f=0. Hence u,, = ug. This together with u,z = 0 imply

2
D?*u = du® du — kil

JgRr2.

If we let v = e™", then the equation becomes
Jdv)?
T

This clearly implies D3v = 0. Moreover v is either equal to constant function or
for some A > 0 and £ € R2, v (z) = M|z — &>, In view of the fact Jre €24@dz < 00
+

and v > 0 on R%, we see v can not be constant and ¢, < 0. The theorem follows.

DZ’U JRr2.

5.2. Constant negative curvature surface with boundary of constant ge-
odesic curvature. The standard model of hyperbolic space (B1,gy) is given by

4
i E— (dl‘l (9 d.’El + d.’Eg ® dl’g) .

(1)

For 0 < a < 1, we know the geodesic curvature of 0B, with respect to inner normal

9gH

direction is equal to k = 1;52. Let ¢, (z) = =%~ — £, then
1—a? 2
N ()
(¢a ) gH = 5 (dry ® dxy + doy ® dag) .

(1—a2)? 14a? 2
(5 e (0mei) )

For b > 0 and ¢ € R, we have

b2(1-a?)?
i)

* 4
Tedy (621) 91 = “

2
<b2(1aza2)2 v+ (0.t )| - 1)

4)\2 20
= 5 (d$1 R dry +drs ® dl‘g) = e *“°gRr2,

(Ve + (5 -1)

3 (d.’El X diL'l + dl‘g X diCQ)
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b(17a2)

a )

here A =
A\ 2\

:1 .
U (33) og )\2|$+ (c, §)|2_1

a,c

Clearly we have

—Auﬁ)c = —¢Mae in RZ, 82u2,c (21,0) = —retae@0) for 3, € R,
and
2
/ ¢2va.c(®) g = dma , / et t0) gt = dma .
R?F 1-— CLQ R 1-— a2

Theorem 5.2 ([Z]). Assume u € C* (R2) such that
—Au = —e® in Ri,

Oou (21,0) = —reu(1,0) for x1 € R,
fR2 e2*) dx < oo,
+

here k is a constant, then for some A > 0, € € R2,
2\

u(x) =log —5—.

) = e g

Moreover,

£,<0, My<—1, r=-\,> L

Proof. We may rewrite Au = e?* as 4u,z = e*“. Differentiate the equation we get
duy,z = 2eMu, = Su,uz =4 (ug)z, hence u,, — ug is a holomorphic function. We
want to show this holomorphic function is identically zero.

To get some control on u, we observe that —Ae?* = —4e?* |Vu|2 — 2¢* and
0% (t,0) = —2ke?" (¢,0) for t € R, it follows from Lemma 4.1 and the fact

Jgz €7@ dx < 0o that e24(®) = o (|x\72) as || — oo. Denote
1
1 _
v(@) = / (log|a — y| + log | —y| — 2log Jy|) > dy,
'/T R?F

w(x) = _r /R <10g \/(t —21)” + (22)* — log |t> "0 gt

™

Then we may show
lv(z)] <clog(|z]+2), [Vu(z)|<e¢, [Vu(z)]—0as [z]— oo,

< closz  when zy > 2
< 2 = Ty — 4
o @) < elog® (ol +2), (V@] { 25 2%

It follows from Lemma 2.2 that v = v + w + ¢. Hence

v S c, when ) Z 2a
|Vu ()] Sw%’ when 0 < zo < 2,

and |Vu(z)| — 0 as zo3 — oo. Since for j = 1,2, Au; = 2e?“u;, it follows from

elliptic estimate that ’DQu (m)‘ < (xi)z for 0 < zp < 1, Dzu(xﬂ < cforaxzy >1

and |D?u (z)| — 0 as x5 — oo. Let f(z) = u.. — u?, then f is holomorphic in R%
and real on R(in view of the boundary condition). It follows from Lemma 4.2 and
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2u

estimate on u that f must be equal to 0. Combine 4u,z = €?* with u,, = u?, we
get
2u __ d 2
D*u = du® du + %gkz
Let v = e™%, then it becomes
dvl* =1
D%y = 7| v\2 gR2.
v
This implies D3v = 0. Hence v is a quadratic polynomial. Since vy, = vy =
2
‘dvz‘vfl,vlg =0 and v (z) — 00 as |z| — oo, we see for some A > 0 and & € R?,
Mo — ¢ ~1
v(@) =y
In view of the fact v > 0 on R%, we see £, < 0 and A&, < —1. O

Remark 5.1. It was observed in [Z] that the area finiteness condition, [, 2 (@) dy <
+
oo may be replaced by the length finiteness condition fR et0)dt < oo. Indeed, un-

der the length finiteness condition, it follows from mazimum principle that e**(*) =

0 (|x|72> as |xz| — oo (see [Z, lemma 2.5]). Hence we have well defined
L z 2u(y)
v(z) == [ (logle —y|+log|Z —y| - 2log y[) e dy,
2 R?F

w(x) = fE/R <10g \/(t —21)” + (22)* — log |t> "0 gt

™

Elementary calculation shows
lv ()] < clog? (Jz] +2), |Vo(x)] — 0 as |z| — oo,
< % when x9 > 1/2,

< N
|w(z)| < clog (|z[ +2), [Vw (m)|{ <clog-L, when 0 <y <1/2.

Based on these estimates, one may proceed as in the argument above.

Remark 5.2. As in Remark 2.3, the gradient estimate for the equation —Au =
—e2% can not be localized. Indeed, for ¢ > 0 small, we let f. (z) = 526%1, then the
metric

* 2u
figu = e gge

has constant curvature —1 i.e. —Au, = —e*¥c. Here

-1 oq—
ue () = log 2e + o —log (1 _ U) .
€
In particular,
/ 2@ dy < ce? - 0,
B1

but

1 2e3e—2/¢ N
|Vu5(0)\=g+m—>oo CLSE*O .
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