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Introduction

e Three methods have evolved for trading vol:

1. static positions in options eg. straddles
2. delta-hedged option positions

3. volatility swaps

e The purpose of this talk is to explore the advantages and disadvantages of
each approach.

e ['ll show how the first two methods can be combined to create the third.

o I'll also show the link between some “exotic” volatility swaps and some
recent work by Dupire[3] and Derman, Kani, and Kamal[2].



Part 1

Static Positions in Options



Trading Vol via Static Positions in Options

e The classic position for trading vol is an at-the-money straddle.

e Unfortunately, the position loses sensitivity to vol as the underlying moves

away from the strike.

e Is there a static options position which maintains its sensitivity to vol as
the underlying moves?

e To answer this question, we first need to develop a theory of static replica-

tion using options.
e We assume the following:

1. frictionless markets
2. no arbitrage
3. underlying futures matures at 7" > T

4. continuum of European futures option strikes; single maturity T

e Note that we do not restrict the price process in any way!



Spanning a Payoff

e Consider a terminal cash flow f(Fr), which is a twice differentiable function
of the final futures price F7p.

o We will show that only the second derivative of the payoff is relevant for
generating volatility-based payoffs. Accordingly, we can restrict attention
to payoffs whose value and slope vanish at an arbitrary point .

e The paper proves that for any such payoft:
= [" f"(K)K — Fr)"dK + [~ f"(K)(Fp — K)"dK.

e In words, to create a twice differentiable payoff f(-) with value and slope
vanishing at a given point &, buy f"(K)dK puts at all strikes K less than
k and buy f"(K)dK calls at all strikes K greater than k.

e The absence of arbitrage requires that the initial value VOf (T') of the final
payoff f(+) can be expressed in terms of the initial prices of puts Py(K,T),
and calls C’O(K T') respectively:

= [T f(E)R(K, T)dK + [~ f"(K)Co(K,T)dK.



Variance of Terminal Futures Price

e The variance of the terminal futures price is:

Vary(Fr) = Eo{[Fr — Eo(Fr)])*}.

o If we use risk-neutral expectations with the money market account as nu-
meraire, then all futures prices are martingales, and so:

Ey(Fr) = Fy.

e Thus, the variance of Fp is just the futures price of the portfolio of options
which pays off [Fp — Fy]* at T (see Figure 0.1):
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Figure 0.1: Payoff for Variance of Terminal Futures Price(Fy = 1).



Variance of Terminal Futures Price(con’d)

e Recall that the spot value of an arbitrary payoff f(-) with value and slope
vanishing at some point k was given by:

= [ f"(K)P(K,T)dK + [~ f"(K)Cy(K,T)dK.

e For f(F) = (F — Fy)?, the value and slope vanish at Fy and f”(K) = 2.

e Thus, the risk-neutral variance of the terminal futures price can be ex-
pressed in terms of the futures prices P and C' of puts and calls respec-
tively:

Varg(Fr) = 2 [ Py, TYAK + [ Co(K, T)dK] .

e We can similarly calculate the risk-neutral variance of the log futures price
relative by finding the futures price of the portfolio of options which pays

off {ln (F ) Ey [ln( )]}2 where Ej [ln (%)] is the futures price of the
portfolio of options which pays off In (ﬁ) at 1.



Advantages and Disadvantages of Static Positions in Options

e When compared to an at-the-money straddle, the quadratic payofts have
the advantage of maintaining their sensitivity to volatility (suitably de-
fined), as the underlying moves away from its initial level.

e Unfortunately, like straddles, the quadratic payofts will have non-zero delta
once the underlying moves away from its initial level.

e The solution to this problem is to delta-hedge with the underlying.



Part 11

Delta-Hedging Options Positions



Review of Delta-hedging in a Constant Vol World

e The Black model assumes continuous trading, a constant interest rate, and
a continuous futures price process with constant volatility.

o Let’s review delta-hedging of European-style claims in this model. For
future use, we assume that even though the current time is ¢ = 0, the claim
is sold at ¢ = T and that the hedge occurs over (T,7"), where T" is the

maturity of the claim.

e Let V(F,t) be any function of the futures price and time. Applying [t6’s
Lemma to V(F, t)e" ") gives:

oV

VIFp,T') = V(B T)e "0 4 [0 (R )dF,
T oy [0V o’ F? 9*V
+ [ et o (Fnt) + = (B t) = rV(F, ) dt



Review of Delta-hedging in a Constant Vol World (con’d)

e Recall that for any function V(F,t):

/ / oV
V(Fp,T') = V(FT,T>eT<T Tt fy TS (R
% o’ F?O*V
+/T at Ft7t)+ 2 aFQ(F“ ) V(Ft,t) dt

e Now consider a function V(F ,t; o) which solves:

oV 2Oy
o gy
o L o)+ > 9F?

——(F,t;0)—rV(F,t;0) =0,

and:

V(F, T 0) = f(F).
e Substitution gives:

TI

: ) 0V
f(Fp) =V (Fp,T;o)e =1 4 [ e

OF

e Evidently, the payoff f(Fy) at T” can be created by investing V(Fp,T;0)
dollars in the riskless asset at 1" and always holdmg (Ft,t, o) futures

e

(F}, t;0)dF;.

contracts over the time interval (T, T") (assuming Contmuous marking-to-
market).
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Delta-Hedging at a Constant Vol in a Stochastic Vol World

e Now continue to assume that the price process is continuous, but assume
that the true vol is given by some unknown stochastic process o;.

e Assume that the claim is sold for an implied vol of o}, and that delta-hedging
is conducted using the Black model delta evaluated at this constant hedge
vol.

o Let V(F,t; 04) be a function satisfying the terminal condition V (F, T"; 0},) =
f(F) and the Black p.d.e. with constant volatility oy,

e Then the paper shows that:

! ! 0V
F(Fp) + PCL = V(Fp, Ty op)e =1 4 [7 ' ) g En o),
where: ,
W FLOPV .

P&L = /T

e In words, when we sell the claim for an implied vol of o}, at T', the instan-
tancous P&L rate from delta-hedging with the constant vol oy, over (T, T")
is half the dollar gamma weighted average of the difference between the
hedge variance and the true variance.

e Note that the P&L vanishes if o, = 0y,.

o If g—?/g(Ft, t; o) > 0 as is true for options, and if o, > oy, for all t € [T, T"],
then you sold the claim for too low a vol and a loss results, regardless of the
path. Conversely, if you manage to sell the claim for an implied vol o, which
dominates the subsequent realized vol at all times, then delta-hedging at
o}, guarantees a positive P&L.
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Advantages and Disadvantages of Delta-hedging Options

e When compared with static options positions, delta-hedging appears to
have the advantage of being insensitive to the price of the underlying.

e However, recall the expression for the P&L at T

P&L = /T 2 aFQ(Ft,t,ah)( or — ol)dt.

e In general, this expression depends on the path of the price.

e One solution is to use a stochastic vol model to conduct the delta-hedging.
However, this requires specifying the volatility process and dynamic trading
in options.

e A better solution is to choose the payoff function f(-), so that the path
dependence can be removed or managed.

e For example, Neuberger[4] recognized that if f(F') = 2In F, then
82 (Ft, tiop) =e” ('~ )Fg and the cumulative P&L at T is the payoff of

a variance swap [} (o2 — o7)dL.
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Part 111

Volatility Contracts
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Delta-hedging with Zero Vol

e Recall the expression for the final portfolio value when delta-hedging at a
constant vol oy:

/ ! 0V
F(Fp) + PSL = V(Fp, Tyop)e ™= 4 [T (P tion)dFy,
where: F2 21
P&L = /T 5 aFQ(Ft, o)y — oy )dt

e Setting o, = 0 implies:

V(F,t;0)=e "D f(F),

A% /
Spht0) =€ (R,
o*V /
Spa(Fht0) =€ (=0 ().
e Substituting into the top equation and re-arranging gives:
F?

[ pEy \Latdt = f(Fp) - §(Fy) - " p(F)dF.
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Delta-hedging with Zero Vol (con’d)

e Recall the expression for the hedging error/P&L when delta-hedging at
zero vol:

/ F2 /
/TT f//(Ft)éatht = f(Fp) — f(Fr) — TT f(F)dF,.

e The left hand side is a payoff dependent on both the realized instantaneous
volatility o; and the futures price Fj.

e The dependence on the payoff f(F') occurs only through its second deriva-
tive. Thus, we can and will restrict attention to payoffs whose value and
slope vanish at a given point &.

e The right hand side results from adding the following three payoffs:

1. The payoff from a static position in options maturing at 7" paying

f(FT’) at T/.

2. The payoff from a static position in options maturing at 7' paying
—e_T(TI_T)f(FT) and future-valued to T

3. The payoff from maintaining a dynamic position in —e_r(Tl_t)f’(Ft)
futures contracts (assuming continuous marking-to-market).
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Three Interesting Vol Contracts

e Recall the equivalence between a volatility-based payoff and 3 price-based
payoffs:

1
5 |, fI(F)Fotdt = f(Fp) — /T f/(F)dF,.

e We can choose f(-) so that the dependence of the volatility-based payoff
on the price path is to our liking.

e We next consider the following 3 second derivatives of payoffs at T" and
work out the f(-) which leads to them:

f"(F) Payoff at T"

77 f%l oldt

F%Ql[Ft € (k— Ak, k+ AR)] | 1 1[F, € (k — Ak, k + Ar)]o2dt
56(F, — k) iF 8(F, — k)oidt.
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Contract Paying Future Variance

e Recall the following equivalence between a volatility-based payoff and 3
price-based payoffs:

1 7
5 |, [I(F)Fiojdt = f(Fp) — /T f(F)dFE,.

e Consider the following function ¢(F') (see Figure 0.2):

21 (K)+Ft 1]
j— n _—
F

where k 1s an arbitrary finite positive number.

o(Fy)
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Figure 0.2: Payoff to Delta-Hedge to Create Contract Paying Variance (k = 1).

e The first derivative is ¢'(F;) = 2 [% — —] Note that the value and slope
vanish at F' = k. The second derivative is ¢"(F}) = 2

7
e Substitution gives /5 I oldt =

K FT
2|1 — =1 =2
() e

1 1
— — — | dF;}.
K Ft] t

K FT TI
In|— — —1 2
H(FT)—'_FL ] %

17



Contract Paying Future Variance (Con’d)

e Recall the following equivalence between the variance over (T,7") and 3
price-based payoffs:

T 5 K FT’ ] (KJ) FT ]
dt = 211 1 =2 =)+
o @i H(FT/)+ : ") Tk
r1o1
—2 [ |= — —|dF.

e Since the value and slope of ¢ vanish at «:
S(F) = | ¢"(K)K — F)*dK + [~ ¢"(K)(F — K)"dK.

e Since ¢"(F) = -2, substitution gives:

:ﬁ7
" o2dt = [F 2K~ Fa YK 4 [ (e — KK
Jp o _/oﬁ( — Fp) + . ﬁ( r— K)
5 2 o 2
+ [ (K = Pr)tdK + /| o (Fr — K)dK
'r1oo1
2 |=— Z|dF.
jjﬁl FJ t
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Contract Paying Future Variance(Con’d Again)

e Recall the decomposition:
/ oldt = /0 (K — Fp)TdK + / FT,_K)+dK

= F [ K

TI

_2/

T

1
~ — —|dF,.
K Ft] "

e 'To create the contract paying IJII oldt at T', at t = 0, buy:
I§ 2Py (K, TdK + J® 2200(1;( TdK

kK

—e T 2 Py(K, T)dK + 12° 2 Co(K, T)dK].

from having initially written the 7" maturity options. Also start a dynamic

strategy in futures, holding —2e—"(1"~1) [% — F%] futures for each t € [T, T"].

e At t = T, borrow to finance the payout of 2e~"(1"=T) [ln (FLT) +Lfr 1]

e The net payoff at T" is:

/O (K — Fp)tdK + / FT,_K)+dK

+ [ (K = Pr)"dK + / ﬁ(FT — K)"dK
TI 1 1 TI

-2 []|=- —] dF, = [ o}dt,
T K Ft T

as desired.
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Contract Paying Future Corridor Variance

e Consider a corridor (k— Ak, k+Ak) and suppose that we wish to generate
a payoff at T" of [} 1[F} € (k — Ak, k + Ar)|oldt.

e Define:
F; = max[k — Ak, min(F}, k + Ak)]

as the futures price floored at k — Ak and capped at kK + Ak (see Figure
0.3):
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Figure 0.3: Futures Price Capped and Floored(x = 1, Ax = 0.5).

e Note that lim F; = F and lim F,; = k.
AkToo Ak]0
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Contract Paying Future Corridor Variance(Con’d)

e Recall the payoff which generates the future variance when delta hedged at

K F} K 1 1
In[— — —1 In|[— Fil———
() (&) + 0 7)

t K
e Consider the following generalization of this payoff ¢(-) (see Figure 0.4):
K 1 1
In|{=|+F|———=]].
(&) (- )
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Figure 0.4: Trimming the Log Payoff (v = 1, Ak = 0.5).

e The first derivative is ¢n,.(F}) = 2 [% - ]—%] . Once again, the value and
slope vanish at F' = k. The second derivative is ¢/5 (F}) = 1[F, €
[

(k — AR,k + AK)).
o Substitution gives f} o?1[F, € (k — Ak, K + Ar)]dt =

K\ Eop K\ Fr Z
2 |In [ - e A | N § R 1] =9
H(ET,)+ P ] H(ET)+ ] /

K
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Contact Paying Future Corridor Variance (Con’d)

e Recall the decomposition of the corridor variance:

/TTI 01[F; € (k — Ak, k + Ak)|dt

K ET/ Y ET
= 211 _ — 1] =211 _ —1
H(ET/)+ K ] H(ET)+ K ]
r1o1
—2 1 |—— =|dF,.
T/ff Et] t

e Since the value and slope of ¢, vanish at &:
Son(F) = [T Ph(KNK — F) dE + [~ ¢}, (K)(F — K)"dK.
e Since ¢} (F) = Fzgl[Ft € (k — AR,k + Ak)|dt, substitution gives:

/TI 21 [Ft € (k — AR,k + Ak)|dt

T
_ + ktlw +
= [ . KQ(K Fr)tdK + || KQ(FT/—K) dK
k+N\k
—e 0" KQ(K Fr)tdK + | KQ(FT—K)+dK]
'rr 1
-2 [ |~ = =|dF,.
jj K Ft] r
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Contact Paying Future Corridor Variance (Con’d Again)

e Recall the decomposition of the corridor variance:

/TI il [Ft € (k — AR,k + Ak)|dt

T
_ + G -
= [ . KQ(K Fp)tdK + || KQ(FT/—K) dK
k+N\k
e KQ(K Fr)tdK + | KQ(FT—K)+dK]
o1
=2 [ |= = =|dF.
T/Fé Ft] "

e Thus, to create the contract paying /% o?1[F, € (k — Ak, k + Ar)]dt at
T’. at t = 0, buy and sell options struck within the corridor:

15 pw 22 P (K, TYEK + 525 2,C0(K, T dK
—r(T=Ne 2 Py(K,T)dK + f’fﬂﬂ Z.Cy(K, T)dK).

—¢€ k—AK K

e Att =T, borrow to finance the payout of 2e™" r(I'=T) [hl ( ) + Fr (‘ — %T)]

from having initially written the 7" maturity options. Also start a dynamic
strategy in futures, holding —2e (7"~ [i Ft] futures for each t € [T, T"].

e The net payoff at T" is:

_|_ k+N\k 4
[ KQ[K FpltdK + || KZ[FT/—K] dK
k+N\k
—e 0" KQ[K FrltdK + | KQ[FT—K]WK]
71
2 L= Lar,
K Ft

= /T O'?l[Ft € (k — AR,k + Ar)]dt,

as desired.
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Contract Paying Variance Along a Strike

e Recall that we created a contract paying (% o?1[F; € (k— Ak, K+ Ak)|dt
at T" by initially spreading options struck within the corridor:

5 onw 22 P (K, T dK + 552 200K, T')dK
—e " T=0pr L P(K, T)dK + 5% 2,00(K, T)dK].

e Suppose we re-scale everything by E. The payoff at T” would instead be:
/ 1[F} € (k — Ak, k + AR)]
T 20K

e By letting Ak | 0, the variance received can be localized in the spatial
dimension: [} 8(F, — k)o2dLt.

ordt.

e Since only options struck within the corridor are used, the initial cost of
creating this localized cash flow is:

L, ) = e, T

where Vy(k,T') is the cost of a straddle struck at x and maturing at 7"

Vo(k, T) = Py(r, T) + Cy(r, T).

e Asusual, at £ =T, borrow to finance the payout of |F€72_’£| from having ini-
tially written the 1" maturity straddle. One can work out that the dynamic

e r(T 1)
strategy in futures initiated at T' involves holding —rsgn(Ft — K)

futures contracts, where sgn(z) is the sign function:

—1 iftx <O
sgn(z) =20  ifz =0
1 it z > 0.

e The dynamic futures strategy is known as the (deferred) stop-loss start-gain
strategy investigated by Carr and Jarrow[1].
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Advantages and Disadvantages of Volatility Contracts

e When compared to delta-hedging options, volatility contracts offer the user
control over the sensitivity to the path.

e Not all volatility based payoffs can be spanned unless one is willing to
specify or derive a risk-neutral volatility process.

e It is an open question as to which volatility payoffs can be spanned by static
positions in options combined with dynamic trading in the underlying.
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Part IV

Connection to Recent Work on Stochastic

Vol
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Contract Paying Local Variance

e Recall that we were able to create a contract paying the variance along a
strike, £’ 6 (F; — k)o?dt, by initially buying a (ratioed) calendar spread of
straddles, %Q[VO(FL, T — e_r(TI_T)VO(FL, T)).

e Suppose we further re-scale this payoff by ﬁ where AT =T - T,

e The payoff at T” would instead be:
1! 5(Ft — /{)

/T AT ordt.

e The cost of creating this position would be:

1 |Vi(r, T") — e " T =10V (5, T)

K2 AT

e By letting AT | 0, one gets the beautiful result of Dupire[3] that

L % + rVo(k, T)] is the cost of creating the payment §(Fp — k)o7

K

at 1.

e Asshown in Dupire, the forward local variance can be defined as the number
of butterfly spreads paying 6(Fr — k) at T  one must sell in order to finance
the above option position initially.

e A discretized version of this result can be found in Derman et. al. [2].
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Summary

e One can go on to impose a stochastic process on the spot or forward price
of local variance as in Dupire[3] and in Derman et. al.[2].

e The approach taken here is to examine the theoretical underpinnings of all
such stochastic processes for volatility.

e [t is interesting to note how naturally options arise as part of the analysis.

e Copies of the overheads can be downloaded from
www.math.nyu.edu/research /carrp /papers
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