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Introduction
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Overview

Fischer Black once wrote:

Suppose we use the standard deviation . . . of possible future returns on

a stock . . . as a measure of its volatility. Is it reasonable to take that

volatility as constant over time? I think not.

• I review 6 approaches for handling stochastic volatility in a preference-

free manner:

1. instantaneous volatility is a specified function of stock price and

time

2. instantaneous volatility is an autonomous diffusion process

3. bounding quadratic variation

4. deterministic local volatility surface

5. stochastic forward local volatility surface

6. stochastic implied volatility surface

• This list is not exhaustive!

• Much of what I review can be downloaded from

www.math.nyu.edu/research/carrp/papers
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Part II

Instantaneous Volatility is a Specified
Function of Stock Price and Time
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Introduction

• An early approach to option pricing with stochastic volatility as-

sumes that the risk-neutral process is:

dSt = rStdt + a(St, t)dWt, t ∈ [0, T ],

where the absolute volatility is some specified function of the stock

price and time.

• Some specifications which lead to closed form solutions for option

prices are:

1. constant a(S, t) = a (Cox/Ross (1976))

2. square root a(S, t) = a
√

S (Cox/Ross (1976))

3. proportional a(S, t) = aS (Black/Scholes (1973))

• These 3 can be embedded in the CEV process where

a(S, t) = aSp, p ∈ [0, 1], due to Cox (1975).

• Cox’s solution technique is to transform the CEV process into a

square root process. Goldenberg (1991) presents option pricing

formulas when a(S, t) = a(t)
√

S and a(S, t) = a
√

c1e−rtSt + c2.

He argues that generalized CEV processes can be mapped into

these.
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A Different Approach

• When the stock is regarded as a call on the firm’s assets (Black-

Scholes (1973), Merton (1974), Geske (1979)), then the instanta-

neous volatility of the stock depends on the firm’s assets.

• Since there is also a one to one map between the GBM describ-

ing firm value and the SBM driving the system, the instantaneous

volatility of the stock also depends on the driving SBM.

• Since there is a one to one map between the stock and the driving

SBM, the stock’s instantaneous volatility can be said to depend on

the stock price.

• When the relationship between the stock price and the driving SBM

is explicitly invertible, closed form option pricing formulas result.
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Path-Independence Approach

• Assuming that the risk-neutral process is:

dSt = (r − q)Stdt + a(St, t)dWt, t ∈ [0, T ],

Carr, Tari, and Zariphopolou (1999) characterize the entire class of

volatility functions which permit the stock price to be transformed

into standard Brownian motion by scale changes alone:

a2(S, t)

2

∂2a(S, t)

∂S2
+ (r − q)S

∂a

∂S
(S, t) +

∂a

∂t
(S, t) = (r − q)a(S, t).

for S > 0, t ∈ [0, T ].

• They present the general solution to this nonlinear PDE and present

three new examples of explicitly invertible relationships between

the stock price and the driving SBM.

• They thus derive 3 new vol specifications and 3 new closed form

option pricing formulas.

• I next cover the first of these 3.

6



Example 1: Stock Price is Hyperbolic Sine

• Suppose that the risk-neutral stock price process is

St = βe−µ(T−t) sinh[α(Wt − L)], t ∈ [0, T ], Wt > L,

where β ≡ S0e
µTcsch(−αL), µ ≡ r − q − α2/2, and L and α

are free parameters.

• Then the “relative” instantaneous volatility is:

σ(S, t) ≡ a(S, t)

S
= α

√√√√√√1 +


 S0

Se−µt)


2

, S > 0, t ∈ [0, τ ).

• For high S, the process behaves locally like GBM, while for low S,

it behaves locally like OU.
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Stock Price is Hyperbolic Sine (con’d)

• Using the standard change of variables formula, the risk-neutral

stock pricing density is:

q(Z, M ; S, t) =
1√

2π(M − t)

1

α
√
Z2 + β2e−2µ(T−M)


exp


−

1

2



sinh−1

(
Z
β eµ(T−M)

)
− sinh−1

(
S
βeµ(T−t)

)

α
√

M − t



2


− exp


−

1

2



sinh−1

(
Z
β
eµ(T−M)

)
+ sinh−1

(
S
β
eµ(T−t)

)

α
√

M − t



2



 ,

for S > 0, t ∈ [0, M ∧ τ ) and where β = S0e
µT csch(−αL).
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Stock Price is Hyperbolic Sine (con’d)

• Integrating the call’s payoff against this density yields the following

pricing formula:

C(S, t) =
e−q(M−t)

2

(
S +

√
S2 + β2e−2µ(T−t)

)
·

[N(d+ + α
√

M − t) + N(d− − α
√

M − t)]

− β2e−q(M−t)

2e2µ(T−t)

1

S +
√
S2 + β2e−2µ(T−t)

·

[N(d+ − α
√

M − t) + N(d− + α
√

M − t)]

− Ke−r(M−t)[N(d+) − N(d−)],

where:

d± ≡ ± sinh−1
(

S
β
eµ(T−t)

)
− sinh−1

(
K
β
eµ(T−t)

)

α
√

M − t
,

and where:

β = S0e
µT csch(−αL).
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Part III

Instantaneous Volatility is an
Autonomous Diffusion Process
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Introduction

• Suppose once again that the risk-neutral process is:

dSt = rStdt + a(St, t)dWt, t ∈ [0, T ],

• By Itô’s lemma, the stock volatility at ≡ a(St, t) follows a diffusion

process:

dat = µ(St, t)dt + ω(St, t)dWt, t ∈ [0, T ],

for some functions µ(·) and ω(·).
• If we suppose further that the map between a and St is invert-

ible, then the stock volatility at follows an autonomous diffusion

process:

dat = m(at, t)dt + v(at, t)dWt, t ∈ [0, T ],

• In the late 1980’s and early 90’s, several researchers extended this

approach to:

dat = m(at, t)dt + v(at, t)dBt, t ∈ [0, T ],

where Bt is a second Brownian motion, which may or may not be

correlated with Wt.

• For example, Stein and Stein (1991) consider the case where the

lognormal volatility σt ≡ at
St

is an OU process:

dσt = δ(θ − σt)dt + kdBt, t ∈ [0, T ].
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A Brief Survey of this Literature

• Let Vt ≡ a2
t denote the absolute variance process.

• Closed form formulas for option prices were given by:

– Hull and White (1987):

dVt = αVtdt + ξVtdBt, t ∈ [0, T ].

– Heston (1993)

dVt = (ω − θVt)dt + ξ
√

VtdBt, t ∈ [0, T ].

• A review article by Ball and Roma (1994) surveys these approaches.

• Ritchken and Trevor (1998) showed that the Hull-White model

emerges as a continuous time limit of a GARCH 1-1 process.

• A superb new book called “Option Valuation under Stochastic

Volatility” by Alan Lewis extends the Hull White model to corre-

lated Brownian motions, derives the Heston model, and introduces

a “3/2” model:

dVt = (ωV − θ̃V 2
t )dt + ξV

3/2
t dBt, t ∈ [0, T ],

where θ̃ is a certain function of the parameters.

• The publisher of this book is “Finance Press” at “www.financepress.com”.
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Market Completeness when Volatility Follows an

Autonomous Diffusion

• When volatility follows an autonomous diffusion, the “market price

of volatility risk” is usually specified to take some tractable form.

• The emergence of this concept has lead many (respectable) re-

searchers to mistakenly conclude that markets are not complete

when volatility follows an autonomous diffusion. They then as-

sume some equilibrium model to justify their analysis.

• In fact, markets are complete so long as one can trade continuously

in another option on the same stock. Thus, standard arbitrage

pricing arguments can be used to develop “preference-free” option

pricing models.

• The key to avoiding preference restrictions is to relate option prices

to either other option prices or to known functions of option prices

such as “forward local volatility” or Black Scholes implied volatility.

• To illustrate these points, I now show how the market price of

volatility risk drops out when an option price is related to another

option price.
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Elimination of the Market Price of Volatility Risk

• Using standard arguments, one can derive the following PDE gov-

erning the function C(1)(t, S, Y ) relating the price of an option to

time t, the price of the underlying stock S, and the price of a state

variable governing volatility Y :

∂C(1)

∂t
+ r


S∂C(1)

∂S
− C(1)


 + [α(m − Y ) − λβ]

∂C(1)

∂Y

+
f2(Y )

2

∂2C(1)

∂S2
+ ρf(Y )β

∂2C(1)

∂S∂Y
+

β2

2

∂2C(1)

∂Y 2
= 0,

where λ is the market price of volatility risk.

• The above PDE also holds for the price of a second option:

∂C(2)

∂t
+ r


S∂C(2)

∂S
− C(2)


 + [α(m − Y ) − λβ]

∂C(2)

∂Y

+
f2(Y )

2

∂2C(2)

∂S2
+ ρf(Y )β

∂2C(2)

∂S∂Y
+

β2

2

∂2C(2)

∂Y 2
= 0.

• Let γ(t, S, C(2)) be the function relating the price of the first option

to time t, the underlying stock price S, and the price of the second

option:

γ(t, S, C(2)) ≡ C(1)(t, S, Y ),

where C(2) solves the above PDE.

• The appendix proves:

γ1 + rSγ2 + rC(2)γ3

+
1

2

Var(dS)

dt
γ22 +

Cov(dC(2), dS)

dt
γ23 +

1

2

Var(dC(2))

dt
γ33 = rγ.

• If one can exogenously model the volatility structure of C(2) with-

out reference to λ, then one does not need to specify λ. There are

many ways to do this.
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Introduction

• Rather than exactly specifying the volatility process and then at-

tempting exact pricing several authors have instead placed bounds

on either the instantaneous volatility process or the quadratic vari-

ation process, and then found corresponding bounds on option

prices.

• Suppose we assume that:

dSt

St
= (r − q)dt + σtdWt, t ∈ [0, T ],

where the volatility σt is a process.

• Consider a claim with a convex payoff such as a European call.

• If the variance rate σ2
t is bounded above by a constant σ̄2, then an

upper bound on any such claim is given by the Black Scholes value

with σ2 = σ̄2.

• Similarly, if the variance rate is bounded below by a constant σ2,

then a lower bound on any such claim is given by the Black Scholes

value with σ2 = σ2.

• Clearly, the inequalities reverse for concave claims.

• In all of these analyses, the claim should be delta-hedged using the

Black-Scholes delta with volatility given by the applicable bound.

• Avellaneda and Buff[1] analyze barrier options which need not be

globally convex or concave.
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Two Generalizations

• Mykland[11] generalizes the analysis in two ways:

• First his bound is on the total quadratic variation 〈ln S〉T ≡ ∫T
0 σ2

t dt,

rather than on the variance rate σ2
t . This implies that jumps in the

stock are possible.

• Second, he shows that if under the statistical probability measure

P :

P{
∫ T

0
σ2

t dt > Q} = p,

then the probability of loss can also be made to be p.

• To accomplish this, the sale of a convex claim should be delta-

hedged using the Black-Scholes delta with σ2(T − t) replaced with

Q − 〈ln S〉t.
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Deterministic Local Volatility Surface
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Introduction

• Once again assuming that

dSt = (r − q)Stdt + a(St, t)dWt, t ∈ [0, T ],

Dupire (1994) uncovered a forward PDE which governs standard

European option prices. On the domain K > 0, T > t, the PDE

is:

a2(K, T )

2

∂2V (K, T )

∂K2
−(r−q)K

∂V (K, T )

∂K
−qV (K, T ) =

∂V (K, T )

∂T
,

where the initial stock price S and the initial time t are held fixed.

• In contrast to the (Black Scholes) implied volatility, the local volatil-

ity function a(K, T ) can be explicitly represented in terms of option

prices, assuming that one has all strikes and maturities.

• However, again in contrast to the Black Scholes model, the option

price cannot be explicitly represented in terms of the local volatility

surface. This difference manifests itself if the local volatility surface

is assumed to be stochastic. The determination of the risk-neutral

drift in this case is difficult although solvable.

• In this theory, the local volatility surface can be backed out one

day and used to price options on every later date.

• In contrast to the autonomous diffusion approach, the hedge for an

option still involves only the stock. In fact, even volatility swaps

can be hedged using only the stock in this model.
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Related Work

• To reduce the input requirement (i.e. option prices with a double

continuum of strikes and maturities), Derman and Kani (1994)

implement the same idea in a binomial setting. This reduces the

number of options required to the number of nodes on the tree.

• Rubinstein (1994) also works in a binomial setting, and reduces

the input requirement even further by requiring only a single strike

structure of options. To use less options as inputs, he assumes

path-independence, which in continuous time amounts to St =

s(t, Wt), t ∈ [0, T ] for some C1,2 function s(·, ·).
• The Dupire approach was empirically tested by Dumas, Fleming,

and Whaley (1998).

• They conclude that a more parsimonious model works better both

in sample and out of sample.

• In their concluding section, they advocate examining relating the

volatility surface to past changes in the index level. We explore a

model for this in the next part.
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Part VI

Stochastic Forward Local Volatility
Surface
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Introduction

• Suppose that the price process is continuous and that the instan-

taneous volatility follows an arbitrary stochastic process:

dSt

St
= (r − q)dt + σtdWt, t ∈ [0, T ].

• Bick (1990) showed that the error from delta-hedging a short claim

as if volatility is constant at σh is:

∫ T

0
er(T−t)(σ2

h − σ2
t )

S2
t

2

∂2

∂S2
V (St, t; σh)dt,

where V (St, t; σh) is the Black Scholes value function.

• Neuberger (1990) noticed that the gamma of the log contract is
∂2

∂S2V (St, t; σh) = −e−r(T−t)

S2
t

, so that delta-hedging this contract at

constant vol creates (half) a variance swap.

• Dupire (1993) considers a calendar spread of log contracts to lock

in the variance between two dates. Mimmicking HJM, he models

the evolution of a term structure of these forward variances.

• Carr and Jarrow (1990) explore the “stop-loss start gain” strat-

egy for hedging a call when the stock price is a continuous semi-

martingale. They conclude that its error is the local time (a.k.a.

variance along a strike).
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The Local Volatility Surface as an Autonomous Diffusion

• Combining these ideas, Dupire (1996) shows that a calendar spread

of European calls is a probe for random local volatility.

• By financing the purchase of the calendar spread with butterfly

spreads, a local variance swap is synthesized. The fixed rate on

this local variance swap is termed the “forward local variance”

φ2
t (T, K). Under zero interest rates and dividends:

φ2
t (T, K) =

∂Ct(T,K)
∂T

K2

2
∂2Ct(T,K)

∂K2

, t ∈ [0, τ ], T ∈ [t, τ ], K > 0.

• Dupire imposes an autonomous diffusion process on the local volatil-

ity surface:

dSt

St
= s′tdWt, where s′tst = φ2

t (t, St)

dφ2
t (T, K)

φ2
t (T, K)

= αt(T, K)dt + ωt(T, K)′dWt, t ∈ [0, T ].

The restriction on the risk-neutral drift αt(T, K) is very compli-

cated.

• Derman, Kani, and Kamal (1997) and Britten-Jones and Neuberger

(2000) explore these ideas in a binomial context.
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Local Volatility Surface Depending on Stock Price

History

• Kind, Lipster, and Runggaldier (1991) assume that the stock price

process has dependence on the past which occurs only through the

quadratic variation process.

• Similarly, Hobson and Rogers (1998) propose that the instanta-

neous volatility of a stock depend on exponentially weighted mo-

ments of historic log-price.

• Markets are complete in these models, and so once again option

prices can be determined in a preference-free manner.

• These models are Markov in a larger number of state variables.

As Hobson and Rogers note, they can also be combined with the

standard assumption that the instantaneous volatility is a function

of the contemporaneous stock price.

• Combining these ideas, here’s a simple model which captures the

spirit of GARCH(1,1) in continuous time:

dSt

St
= (r − q)dt + σ(St, t, Ht)dWt, t ∈ [0, T ],

where Ht is the historical variance using exponential weighting:

Ht =
∫ t

−∞ κe−κ(t−s)d〈ln S〉s, t ∈ [0, T ],

and where κ is a positive constant.
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Local Volatility Surface Depending on Stock Price

History (Continued)

• Recall the simple model:

dSt

St
= (r − q)dt + σ(St, t, Ht)dWt, t ∈ [0, T ],

where Ht is the historical variance using exponential weighting:

Ht =
∫ t

−∞ κe−κ(t−s)d〈ln S〉s, t ∈ [0, T ].

• The total derivative of H is:

dHt = κ[σ2(t, St, Ht) − Ht]dt, t ∈ [0, T ].

• Thus, the historical variance rises if the local variance is higher

than it, and falls otherwise.

• The bivariate process (St, Ht) is Markov. Thus, the same tech-

niques used to value Asian options in the Black Scholes model can

be used to value standard options in this model.

• For volatility based products (eg. vol swaps) each point on the for-

ward local volatility surface {φt(T, K), t ∈ [0, τ ], T ∈ [t, τ ], K >

0} can be posited to depend on a single state variable, Ht(T, K)

which is defined as the the (exponentially weighted) historical vari-

ance conditional on ST = K.
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Part VII

Stochastic Implied Volatility Surface
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Introduction

• Avellaneda and Zhu (1998) model the evolution of a single implied

volatility.

• Albanese, Carr, and Madan (1998) consider the arbitrage-free evo-

lution of an implied volatility surface.

• The drift restriction on the implied volatility surface is much sim-

pler to express than the drift restriction on the forward local volatil-

ity surface.

• The drift has three terms, each of which has a straightforward

interpretation.

• LeDoit and Santa Clara (1998) independently arrive at the same

model.
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The ACM Model Notation

• Define:

`(F, σ, τ ; K) ≡ FN (d1) − KN (d2)

as the Black model value for the forward price of a call, where as

usual:

d1 ≡ ln(F/K) + σ2τ/2

σ
√

τ
d2 ≡ ln(F/K) − σ2τ/2

σ
√

τ
.

• Let Ct(T, K) be the market forward price at t of a European call

maturing at T ≥ t and struck at K ≥ 0. The delivery date for

this forward is also T , and so Ct(T, K) is the price agreed upon at

t to be paid at T in return for the delivery of a then expiring call.

• The implied volatility σt(T, K) at time t for strike K > 0 and

maturity T ≥ t is implicitly defined by:

`(Ft, σt(T, K), T − t; K) = Ct(T, K).
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The ACM Model Assumptions

• Let τ denote some fixed distant future time

• Let Ft denote the stock’s forward price at t ∈ [0, τ ] with maturity

date τ .

• Let σt(T, K) be the implied (by Black model) (relative) (annual-

ized) volatility (rate) at t for fixed maturity date T ≥ t and strike

price K ≥ 0.

• Under an equivalent martingale measure Q,

dFt

Ft
= b′t dWt, (1)

and:
dσt(T, K)

σt(T, K)
= mt(T, K) dt + vt(T, K)′ dWt, (2)

for t ∈ [0, τ ], ∀T ∈ [t, τ ], ∀K ≥ 0, where:

– mt(T, K) is the risk-neutral drift of the implied volatilility,

– vt(T, K) is the vol vol vector, and

– b′tbt ≡ σ2
t (t, Ft) is the at-the-money, at-the-moment implied

variance.
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The ACM Model Drift Restriction

• Recall the assumption that implied volatility follows a diffusion:

dσt(T, K)

σt(T, K)
= mt(T, K) dt + vt(T, K)′ dWt,

where implied volatility is implicitly defined by:

`(Ft, σt(T, K), T − t; K) = Ct(T, K).

• To obtain a restriction on the risk-neutral drift m, use Itô’s lemma

to compute the total derivative of the LHS:

d` = `1 dFt + `2 dσt(T, K) − `3 dt

+
1

2
`11d〈F, F 〉t + `12d〈F, σ(T, K)〉t +

1

2
`22d〈σ(T, K), σ(T, K)〉t.

• Now recall dFt
Ft

= b′t dWt. and by the Black P.D.E., `3 = σ2F 2

2
`11.

• Substituting in these results and the top equation yields:

d` = `1Ftb
′
t dWt + `2[σt(T, K)mt(T, K) dt + σt(T, K)vt(T, K)′ dWt]

+
1

2
`11F

2
t [σ2

t (t, Ft) − σ2
t (T, K)] dt

+`12Ftσt(T, K)b′tvt(T, K) dt +
1

2
`22σ

2
t (T, K)vt(T, K)′vt(T, K) dt

• Collecting coefficients on dt and dWt implies:

d` =
{1

2
`11F

2
t [σ2

t (t, Ft) − σ2
t (T, K)] + σt(T, K)

[
`2mt(T, K)

+`12Ftb
′
tvt(T, K) +

1

2
`22σt(T, K)vt(T, K)′vt(T, K)

]}
dt

+
{
`1Ftb

′
t + `2σt(T, K)vt(T, K)′

}
dWt.
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The ACM Model Drift Restriction (Continued)

• Recall:

d` =
{1

2
`11F

2
t [σ2

t (t, Ft) − σ2
t (T, K)] + σt(T, K)

[
`2mt(T, K)

+`12Ftb
′
tvt(T, K) +

1

2
`22σt(T, K)vt(T, K)′vt(T, K)

]}
dt

+
{
`1Ftb

′
t + `2σt(T, K)vt(T, K)′

}
dWt.

• Setting the drift of the call equal to zero gives our restriction on

the drift of the implied:

mt(T, K) = −`11F
2
t

`2

σ2
t (t, Ft) − σ2

t (T, K)

2σt(T, K)

−`12

`2
Ftb

′
tvt(T, K)

−1

2

`22

`2
σt(T, K)vt(T, K)′vt(T, K).

• The drift of the implied must offset the arbitrage profits that would

be gained from

1. The divergence between the gamma trading profit based on the

instantaneous variance and the time decay based on the implied.

2. The Black option value’s nonlinearity in Ft and σt combined

with the covariance between Ft and σt.

3. The Black option value’s nonlinearity in implied volatility com-

bined with the randomness in implieds.
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Three Sources of Drift in Implied Vol

• Recall that the implied vol drift offsets the arbitrage profits earned

from:

1. The divergence between the gamma trading profit based on the

instantaneous variance and the time decay based on the implied.

2. The Black option value’s nonlinearity in Ft and σt combined

with the covariance between Ft and σt.

3. The Black option value’s nonlinearity in implied volatility com-

bined with the randomness in implieds.

• The graph below shows the nonlinear relationship between call

value, forward price, and implied:
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Simplifying the ACM Model Drift Restriction

• Recall our drift restriction:

mt(T, K) = −`11F
2
t

`2

σ2
t (t, Ft) − σ2

t (T, K)

2σt(T, K)

−`12

`2
Ftb

′
tvt(T, K) − 1

2

`22

`2
σt(T, K)vt(T, K)′vt(T, K).

• Now, straightforward calculations verify that:

`1 = N (d1) (3)

`2 = K
√

τN ′ (d2) = F
√

τN ′ (d1)

`11F
2
t

`2
=

1

στ
`12

`2
F = − d2

σ
√

τ
`22

`2
σ = d1d2 (4)

Letting:

d1t ≡ ln(Ft/K) + σ2
t (T, K)(T − t)/2

σt(T, K)
√

T − t
, d2t ≡ d1t−σt(T, K)

√
T − t,

substituting (3) to (4) in the top equation implies:

mt(T, K) =
1

2(T − t)


1 − σ2

t (t, Ft)

σ2
t (T, K)




+
d2t

σt(T, K)
√

T − t
b′tvt(T, K) − d1td2t

2
vt(T, K)′vt(T, K).
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Summary

• We reviewed 6 approaches for handling stochastic volatility

1. instantaneous volatility is a specified function of stock price and

time

2. instantaneous volatility is an autonomous diffusion process

3. bounding quadratic variation

4. deterministic local volatility surface

5. stochastic forward local volatility surface

6. stochastic implied volatility surface

• To this list, we should add (at least) regime switching models and

discrete time GARCH processes

• Papers by me can be downloaded from

www.math.nyu.edu/research/carrp/papers
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Appendix 1: Elimination of the Market Price of Volatility Risk

One can derive the following PDE governing the function C(1)(t, S, Y ) relating the price of an option to

time t, the price of the underlying stock S, and the price of a state variable governing volatility Y :

∂C(1)

∂t
+ r

[
S

∂C(1)

∂S
− C(1)

]
+ [α(m−Y )−λβ]

∂C(1)

∂Y
+

f 2(Y )

2

∂2C(1)

∂S2
+ ρf(Y )β

∂2C(1)

∂S∂Y
+

β2

2

∂2C(1)

∂Y 2
= 0, (5)

where λ is the market price of volatility risk. The above PDE also holds for the price of a second option:

∂C(2)

∂t
+ r

[
S

∂C(2)

∂S
− C(2)

]
+ [α(m−Y )−λβ]

∂C(2)

∂Y
+

f 2(Y )

2

∂2C(2)

∂S2
+ ρf(Y )β

∂2C(2)

∂S∂Y
+

β2

2

∂2C(2)

∂Y 2
= 0. (6)

Let γ(t, S, C(2)) be the function relating the price of the first option to time t, the underlying stock price

S, and the price of the second option:

γ(t, S, C(2)) ≡ C(1)(t, S, Y ),

where C(2) solves (6).

Equivalently:

C(1)(t, S, Y ) = γ(t, S, C(2)(t, S, Y )) (7)

Differentiating once:

∂C(1)

∂t
= γ1 + γ3

∂C(2)

∂t
(8)

∂C(1)

∂S
= γ2 + γ3

∂C(2)

∂S
(9)

∂C(1)

∂Y
= γ3

∂C(2)

∂Y
(10)

Differentiating one more time:

∂2C(1)

∂S2
= γ22 + 2γ23

∂C(2)

∂S
+ γ33

(
∂C(2)

∂S

)2

+ γ3
∂2C(2)

∂S2
(11)

∂2C(1)

∂S∂Y
= γ23

∂C(2)

∂Y
+ γ33

∂C(2)

∂S

∂C(2)

∂Y
+ γ3

∂2C(2)

∂S∂Y
(12)

∂2C(1)

∂Y 2
= γ33

(
∂C(2)

∂Y

)2

+ γ3
∂2C(2)

∂Y 2
(13)
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Substituting (8) to (13) in (5):

γ1 + γ3
∂C(2)

∂t
+ r[S[γ2 + γ3

∂C(2)

∂S
] − γ] + [α(m − Y ) − λβ]γ3

∂C(2)

∂Y

+f2(Y )
2

[γ22 + 2γ23
∂C(2)

∂S
+ γ33

(
∂C(2)

∂S

)2
+ γ3

∂2C(2)

∂S2 ] + ρf(Y )β[γ23
∂C(2)

∂Y
+ γ33

∂C(2)

∂S
∂C(2)

∂Y
+ γ3

∂2C(2)

∂S∂Y
]

+β2

2
[γ33

(
∂C(2)

∂Y

)2
+ γ3

∂2C(2)

∂Y 2 ] = 0.

Re-arranging terms:

γ1 + r[Sγ2 − γ]

+γ3

[
∂C(2)

∂t
+ rS ∂C(2)

∂S
+ [α(m − Y ) − λβ]∂C(2)

∂Y
+ f2(Y )

2
∂2C(2)

∂S2 + ρf(Y )β ∂C(2)

∂S
∂C(2)

∂Y
+ β2

2
∂2C(2)

∂Y 2

]

+f2(Y )
2

γ22 + γ23

[
f 2(Y )∂C(2)

∂S
+ ρf(Y )β ∂C(2)

∂S
∂C(2)

∂Y

]
+ γ33

[
f2(Y )

2

(
∂C(2)

∂S

)2
+ ρf(Y )β ∂C(2)

∂S
∂C(2)

∂Y
+ β2

2

(
∂C(2)

∂Y

)2
]

= 0.

Substituting (6) into the above simplifies the result to:

γ1 + r[Sγ2 − γ] + rC(2)γ3

+f2(Y )
2

γ22 + γ23

[
f 2(Y )∂C(2)

∂S
+ ρf(Y )β ∂C(2)

∂S
∂C(2)

∂Y

]
+ γ33

[
f2(Y )

2

(
∂C(2)

∂S

)2
+ ρf(Y )β ∂C(2)

∂S
∂C(2)

∂Y
+ β2

2

(
∂C(2)

∂Y

)2
]

= 0.

Now the risk-neutral dynamics of S are:

dSt = rStdt + f(Yt)dW1t.

Note that the variance rate of S is:

Var(dS) = f 2(Yt)dt.

The risk-neutral dynamics of C(2) are given by:

dC(2) = rC(2)dt +
∂C(2)

∂S
f(Yt)dW1t +

∂C(2)

∂Y
βdW2t,

where dW1tdW2t = ρdt. Note that the covariance rate of C(2) with S is:

Cov(dC(2), dS) =

[
f 2(Y )

∂C(2)

∂S
+ ρf(Y )β

∂C(2)

∂S

∂C(2)

∂Y

]
dt,

while the variance rate of C(2) is:

Var(dC(2)) =


f 2(Y )

(
∂C(2)

∂S

)2

+ 2ρf(Y )β
∂C(2)

∂S

∂C(2)

∂Y
+ β2

(
∂C(2)

∂Y

)2

 dt.
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Substituting into the above PDE gives:

γ1 + r[Sγ2 − γ] + rC(2)γ3 +
1

2

Var(dS)

dt
γ22 +

Cov(dC(2), dS)

dt
γ23 +

1

2

Var(dC(2))

dt
γ33 = 0. (14)

If one can exogenously model the volatility structure of C(2) without reference to λ, then one does not

need to specify λ. There are many ways to do this.
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