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Abstract
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[. Introduction

Over the past two decades, the derivatives market has eggainadmatically. Accompanying this ex-
pansion is an increased urgency in understanding and nrantgg risks associated with derivative
securities. In an ideal setting under which the price of theéeulying security moves continuously
(such as in a diffusion with known instantaneous volafildywith fixed and known size steps (such
as in a binomial tree), derivatives pricing theory providdseamework in which the risks inherent in

a derivatives position can be eliminated via frequent trgdn only a small number of securities.

In reality, however, large and random price movements happgech more often than typically
assumed in the above ideal settings. The last two decadesrbpeatedly witnessed turmoil in
the financial markets such as the 1987 stock market crasi98i& Asian crisis, the 1998 Russian
default and the ensuing hedge fund crisis, and the tragict®feSeptember 11, 2001. Juxtaposed
between these large crises are many more mini-crises,glwiirich prices move sufficiently fast
SO as to trigger circuit breakers and trading halts. Wheselwises occur, a dynamic hedging
strategy based on small or fixed size movements often breaks.dWorse yet, strategies that
involve dynamic hedging in the underlying asset tend to gadcisely when liquidity dries up or
when the market experiences large moves. Unfortunately,during these financial crises such
as liquidity gaps or market crashes that investors needteféehedging the most dearly. Indeed,
several prominent critics have gone further and blamed tiergence of some financial crises on

the pursuit of dynamic hedging strategies.

Perhaps in response to the known deficiencies of dynamicitggd@reeden and Litzenberger
(1978) (henceforth BL) pioneered an alternative approadtich is foreshadowed in the work of
Ross (1976) and elaborated on by Green and Jarrow (1987) aclohtan (1988). These authors
show that a path-independent payoff can be hedged usingfalmoof standard options maturing
with the claim. This strategy is completely robust to modes-specification and is effective even
in the presence of jumps of random size. Its only real drawlmthat the class of claims that this
strategy can hedge is fairly narrow. First, the BL hedge dhadard option reduces to a tautology.
Second, the hedge can neither deal with standard option#exkett maturities, nor can it deal with

path-dependent options. Therefore, the BL strategy is éetedy robust but has limited range. In



contrast, dynamic hedging works for a wide range of claimsjsnot robust.

In this paper, we propose a new approach for hedging derévagcurities. This approach lies
between dynamic hedging and the BL static hedge in termstbfiamge and robustness. Relative
to BL, we place mild structure on the class of allowed stotb@socesses of the underlying asset in
order to expand the class of claims that can be robustly liedggarticular, we work in a one-factor
Markovian setting, where the market price of a securitylsvad not only to move diffusively, but
also to jump randomly to any non-negative value. In thisirsgttwe derive a simple spanning
relation between the value of a given European option andahee of a continuum of shorter-term
European options. The required position in each of the shtetm options is proportional to the
gamma (second price derivative) that the target optionhaiie at the expiry of the short-term option
if the security price at that time is at the strike of this gkterm option. As this future gamma does
not vary with the passage of time or the change in the undeylgrice, the weights in the portfolio
of shorter-term options are static over the life of theseamst Given this static spanning result,
no arbitrage implies that the target option and the rephgaportfolio have the same value for
all times until the shorter term options expire. As a reswk, can effectively hedge a long-term
option, at least in theory, even in the presence of largeaemnidmps in the asset price movement.
Furthermore, given the static nature of the strategy, weadmeed to rebalance the hedge portfolio
until the shorter-term options mature. Therefore, we doneetd to worry about market shutdowns
and liquidity gaps in the intervening period. The strategiyains viable and can become even more
useful when the market is in stress. As an added advantagstédtic hedge only requires a correct
specification of the underlying price dynamics betweenwwedption maturities. In contrast, delta

hedging only succeeds if the model is correctly specifiedughoutthe life of the target option.

As transaction costs and illiquidity render the formatidragortfolio with a continuum of op-
tions physically impossible, we develop an approximatmnthie static hedging strategy using only
a finite number of options. This discretization of the ideatitng strategy is analogous to the dis-
cretization of a continuous-time dynamic trading stratégyyg., delta hedging). To discretize our
static hedge, we choose the strike levels and the asso@at#dlio weights based on a Gauss-
Hermite quadrature method. We use Monte Carlo simulatiayat@e the magnitude and distribu-

tional characteristics of the hedging error introducedh®yduadrature approximation. We compare



this hedging error to the hedging error from a delta-hedgingtegy based on daily rebalancing
with the underlying futures. The simulation results ingkcthat the two strategies have compara-
ble hedging effectiveness in the classic Black and Schadl@sg3) environment. The mean absolute
hedging errors are comparable when the two strategiesvientbe same number of transactions.
Nevertheless, since the bid-ask spread is typically loaethfe underlying asset than it is for the op-
tions, these results favor the delta-hedging strategy.cbnelusions are similar under other purely

continuous asset price dynamics such as the stochastidityplaodel of Heston (1993).

The conclusion changes when we perform the simulation uhdévierton (1976) jump-diffusion
environment, in which the underlying asset price can exhibips of random size. In the presence
of random jumps, the performance of daily delta hedgingraetees dramatically, but the perfor-
mance of the static strategy hardly varies. As a result, uth@eMerton model, a static strategy with
merely three options outperforms delta hedging with daggating. Further simulations indicate
that these results are robust to model misspecificatiomrsg &s we perform ad hoc adjustments
based on the observed implied volatility. We also find thateasing the rebalancing frequency
in the delta-hedging strategy does not rescue its perfarenaa long as the underlying asset price
can jump by a random amount. In contrast, we can further irgtioe static-hedging performance
by increasing the number of strikes used and by choosingpgpepriate maturities for the hedge
portfolio. We conclude that the superior performance diicteedging over daily delta hedging in
the jump model simulations is not due to model misspecificatnor is it due to the approximation
error introduced via discrete rebalancing. Rather, thipediormance is due to the fact that delta
hedging is inherently incapable of dealing with jumps ofdam size in the underlying asset price
movement. In contrast, our static spanning relation cadlleaandom jumps and our approximation
of this spanning relation performs equally well with andheitit jumps in the underlying asset price

process.

To compare the effectiveness of the two types of hedgingesfies in practice, we also investi-
gate the historical performance of the two strategies igmgdS&P 500 index options. Based on
over six years of data on S&P 500 index options, we find thaaticdtedge using no more than five
options outperforms daily delta hedging with the undedyiatures. The consistency of this result

with our jump model simulations lends empirical supporttfa existence of jumps of random size



in the movement of the S&P 500 index.

We also find that our static strategy performs better whemidweirity of the options in the hedge
portfolio is closer to the maturity of the target option lpimedged. As the maturity gap increases,
the hedging performance deteriorates moderately, indg#he likely existence of additional ran-

dom factors such as stochastic volatility.

For clarity of exposition, we focus on hedging a standardofean option with a portfolio of
shorter-term options; however, the underlying theoréfreanework extends readily to the hedging
of more exotic, potentially path-dependent options, siecHiscretely monitored Asian and barrier
options, Bermudan options, passport options, cliquetshess, and many other structured notes.
We use a globally floored, locally capped, compounding €icas an example to illustrate how
this option contract with intricate path-dependence carédxged with a portfolio of European
options. The hedging strategy is semi-static in the seraderddes only need to occur at the discrete

monitoring dates.

In related literature, the effective hedging of derivatezurities has been applied not only for
risk management, but also for option valuation and modefigation (Bates (2003)). For example,
Bakshi, Cao, and Chen (1997), Bakshi and Kapadia (2003),Lanmdas, Fleming, and Whaley
(1998) use hedging performance to test different optiocimpgimodels. Bakshi and Madan (2000)
propose a general option-valuation strategy based ontieespanning using basis characteristic

securities.

This remainder of the paper is organized as follows. Sedéfidevelops the theoretical results
underlying our static hedging strategy on a European op8euwtiorilluses Monte Carlo simulation
to enact a wide variety of scenarios under which the markebnly moves diffusively, but also
jumps randomly. Under each scenario, we analyze the heggirfigrmance of our static strategy
and compare it with dynamic hedging. Sectil®happlies both strategies to the S&P 500 index
options data. Sectidd shows how to extend our theory to the hedging of path-deperajsions.

SectiorVl concludes.



ll. Spanning Options with Options

We develop our main theoretical results in this section. Rivigr in a continuous-time one-factor
Markovian setting, we show how we can span the risk of a Eumopgtion by holding a continuum
of shorter-term European options. The weights in the plotiare static as they are invariant to
changes in the underlying asset price or the calendar time.aMo illustrate how we can use a

guadrature rule to approximate the static hedge using a fwitmber of shorter-term options.

A. Assumptions and Notation

We assume frictionless markets and no arbitrage. To fix iootatve letS denote the spot price of
an asset (say, a stock or stock index) at ttrae0, 7], whereT is some arbitrarily distant horizon.
For realism, we assume that the owners of this asset enjagtriability, and hences > 0 at all
times. For notational simplicity, we further assume that¢bntinuously compounded riskfree rate
r and dividend yieldy are constant. No arbitrage implies that there exists anmekitral probability
measure)) defined on a probability spad€, #,Q) such that the instantaneous expected rate of
return on every asset equals the instantaneous riskfree.rat/e also restrict our analysis to the
class of models in which the risk-neutral evolution of thecktprice is Markov in the stock price
and the calendar time Our class of models includes local volatility models, glupire (1994),
and models based on Lévy processes, e.g., Barndorffévigk998), Bates (1991), Carr, Geman,
Madan, and Yor (2002), Carr and Wu (2003a), Eberlein, Kebed Prause (1998), Madan and
Seneta (1990), a Merton (1976), and Wu (2006), but does chide stochastic volatility models
such as Bates (1996, 2000), Bakshi, Cao, and Chen (199 FafkVu (2007), Heston (1993), and
Hull and White (1987).

We useCi (K, T) to denote the timé-price of a European call with strike and maturityT. Our
assumption that the state is fully described by the stode@nd time implies that there exists a call
pricing functionC(St;K, T; ©) such that

(1) G(K,T)=C(S,t;K,T;0), te[0,T],K>0,Telt,7].



The call pricing function relates the call pricetdt the state variablg§,t), the contractual param-

eters(K, T), and a vector of fixed model paramet&s

We useg(Sit; K, T;©) to denote the probability density function of the asseteuader the
risk-neutral measur®, evaluated at the future price leweland the future tim& and conditional
on the stock price starting at lev8lat some earlier time Breeden and Litzenberger (1978) show
that this risk-neutral density relates to the second stiéevative of the call pricing function by

1. 0°C

@) 9SHK T;0) =T

(St;K,T;0).

B. Spanning Standard European Options with Shorter-term European Options

The main theoretical result of the paper comes from the vieilg theorem, which introduces a
new spanning relation between the value of a European optione maturity and the value of a
continuum of European options at some nearer maturity. Téaipal implication of this theorem is
that we can span the risk of a given option by taking a statsitiom in a continuum of shorter-term,

usually more liquid, options.

Theorem 1 Under no arbitrage and the Markovian assumption[), the time-t value of a Euro-
pean call option maturing at a fixed timeXt relates to the time-t value of a continuum of European

call options at a shorter maturity @ [t, T] by

3) C(S,t;K,T;G)):/W(K)C(St;ﬂc,u;e)d?(, uelt, T,
0
for all possible nonnegative values of S and at all timesu. The weighting function () does

not vary with S or t, and is given by

2

(4) W(K) = aa—g@C(?(,u;K,T;G)).



Proof. Under the Markovian assumption ifi)( we can compute the initial value of the target

call option by discounting the expected value it will haveaine future date,
CSGK.T;@) = eV [g(St K, uOC(K, UK, T;0)dK
0
A
©) = [ 55CSt L UOC(K UK. T;0)dx%.
0

The first line follows from the Markovian property. The captmn value at any time depends
only on the underlying security’s price at that time. Theosetline results from a substitution of

equation[) for the risk-neutral density function.

We integrate equatiofd) by parts twice and observe the following boundary condiijo

-0,

|K—>oo

9. C(St;K,u;0) . =0 C(StKuo)

(6)
2C(0,u;K,T;©) =0, C(0,u;K,T;0)=0.

The final result of these operations is as in equaf8)n &

A key feature of the spanning relation [B) (s that the weighting functiow( %) is independent
of Sandt. This property characterizes the static nature of the dpgmelation. Under no arbitrage,
once we form the spanning portfolio, no rebalancing is resmgsuntil the maturity date of the

options in the spanning portfolio.

The weightw(X) on a call option at maturity and strikeX is proportional to the gamma that
the target call option will have at time& should the underlying price level be &t then. Since the
gamma of a call option typically shows a bell-shaped curvgered near the call option’s strike
price, greater weights go to the options with strikes that @doser to that of the target option.
Furthermore, as we let the common maturtpf the spanning portfolio approach the target call
option’s maturityT, the gamma becomes more concentrated aréurid the limit whenu=T, all

of the weight is on the call option of strik€. Equation[B) reduces to a tautology.

The spanning relation ifBf represents a constraint imposed by no-arbitrage and thkdvian

assumption on the relation between prices of options at tiffereint maturities. Given that the



Markovian assumption is correct, a violation of equati@nifnplies an arbitrage opportunity. For
example, if we suppose that at timiethe market price of a call option with striké and maturity
T (left hand side) exceeds the price of a gamma weighted piortibcall options for some earlier
maturity u (right hand side), conditional on the validity of the Marlkaw assumptior)), the arbi-
trage is to sell the call option of strik€ and maturityT, and to buy the gamma weighted portfolio
of all call options maturing at the earlier dateThe cash received from selling thematurity call
exceeds the cash spent buying the portfolio of nearer daled &t timeu, the portfolio of expiring

calls pays off: ,
® 0 KT gt
/o O—KZC(K,U.K,T,G)(SJ K)TdK.

Integrating by parts twice implies that this payoff redute€(S,, u; K, T; ©), which we can use to

close the short call position.

To understand the implications of our theorem for risk mamagnt, suppose that at tirhéhere
are no call options of maturity available in the listed market. However, it is known thatrsacall
will be available in the listed market by the future date (t,T). An options trading desk could
consider writing such a call option of strikeand maturityT to a customer in return for a (hopefully
sizeable) premium. Given the validity of the Markov assupmtthe options trading desk can hedge
away the risk exposure arising from writing the call optis@othe time periodt, u] using a static
position in available shorter-term options. The maturityh@ shorter-term options should be equal
to or longer tharu and the portfolio weight is determined by equati@h (At dateu, the assumed
validity of the Markov condition])) implies that the desk can use the proceeds from the sal@ of th
shorter-term call options to purchase thematurity call in the listed market. Thus, this hedging
strategy is semi-static in that it involves rolling overlagbtions once. In contrast to a purely static
strategy, there is a risk that the Markov condition will notdchat the rebalancing date We will
continue to use the terser term “static” to describe thisisgatic strategy; however, we warn the

practically minded reader that our use of this term doesmptyi that there is no model risk.

Theorentll states the spanning relation in terms of call options. Tlasmg relation also holds
if we replace the call options on both sides of the equatiotinby corresponding put options of the
same strike and maturity. The relation on put options careeibe proved analogously or via the

application of the put-call parity to the call option spammielation in equatiori3).



C. Finite Approximation with Gaussian Quadrature Rules

In practice, investors can neither rebalance a portfolidioaously, nor can they form a static port-
folio involving a continuum of securities. Both strategiegolve an infinite number of transactions.
In the presence of discrete transaction costs, both woattite financial ruin. As a result, dynamic
strategies are only rebalanced discretely in practice. tidding times are chosen to balance the
costs arising from the hedging error with the cost arisimgftransacting in the underlying. Simi-
larly, to implement our static hedging strategy in practive need to approximate it using a finite
number of call options. The number of call options used ingbefolio is chosen to balance the

cost from the hedging error with the cost from transactintpese options.

We approximate the spanning integral in equati@nby a weighted sum of a finite numbex)
of call options at strikes(, j =1,2,---,N,

N

(7) /0 w(K)C(St; K,u;0)d K ~ z WiC(St; Kj,u;0),
=1
where we choose the strike poir§ and their corresponding weights based on the Gauss-Hermite

quadrature rule.

The Gauss-Hermite quadrature rule is designed to approiamantegral of the fornf™, f (x) e ¥dx
where f (X) is an arbitrary smooth function. After some rescaling, titegral can be regarded as
an expectation of (x) wherex is a normally distributed random variable with zero mean \zauit
ance of two. For a given target functidiix), the Gauss-Hermite quadrature rule generates a set of
weightsw; and nodes;, i =1,2,--- N, that are defined by

o , N | (2N)
@) | e dx= 5wt ) + NV (ZN)(f)
2 i

for someg € (—, ). The approximation error vanishes if the integraid) is a polynomial of

degree equal or less thaN2- 1. See Davis and Rabinowitz (1984) for details.

To apply the quadrature rules, we need to map the quadrabalesrand weight$xi,wj}’j\':1 to

our choice of option strike&kj and the portfolio weightg4;. One reasonable choice of a mapping



function between the strikes and the quadrature nodeses gy
(9) K (x) = Ke® 2(T—u)+(qfr702/2)(T—u)7

wherea? denotes the annualized variance of the log asset returrs chuoice is motivated by the

gamma weighting function under the Black-Scholes modeiclwis given by

_ 0°C(XK,u;K,T;0) R ) n(dy)

Y

wheren(-) denotes the probability density of a standard normal andtdredardized variabld, is

defined as

g = In(X/K)+ (r —q+02/2)(T —u)
1= ovT —u '

We can then obtain the mapping @) @y replacingd; with v/2x.

Given the Gauss-Hermite quadratyre; ,xj}?‘:l, we choose the strike points as

(11) % = Kex,—cw/2(T—u)+(qfr702/2)(T—u),

with the portfolio weights given by

(12) g = WK ) WK Ko2T -1,

2
e X e N

Conceivably, we can use different methods for the finite appnation. The Gauss-Hermite
guadrature method chooses both the strike levels and thghtvigir each strike. This method is
applicable to a market where options at many different atrire available, such as the S&P 500
index options market at the Chicago Board of Options Excagd@BOE). On the other hand, for
some over-the-counter options markets where only a few i@des are available, it would be more
appropriate to use an approximation method that takes titke gioints as inputs and solves for the

corresponding weights.
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lll. Monte Carlo Analysis Based on Popular Models

Consider the problem faced by the writer of a call option oregain stock. For concreteness,
suppose that the call option matures in one year and is wridtehe-money. The writer intends
to hold this short position for a month, after which the optiosition will be closed. During
this month, the writer can hedge the risk using various exgbaraded liquid assets such as the

underlying stock, futures, and/or options on the same stock

We compare the performance of two types of strategies: @@tecdedging strategy using one-
month standard options, and (ii) a dynamic delta hedgiragegly using the underlying stock futures.
The static strategy is based on the spanning relation intiequ@) and is approximated by a finite
number of options, with the portfolio strikes and weighttedmined by the quadrature method. The
dynamic strategy is discretized by rebalancing the futposstion daily. The choice of using futures
instead of the stock itself for the delta hedge is intendegetaonsistent with our empirical study
in the next section on S&P 500 index options. For these optidimect trading in the 500 stocks
comprising the index is impractical. Practically all deffteadging is done in the very liquid index
futures market. Given our assumption of constant integgssrand dividend yields, the simulated
performances of the delta hedges based on the stock orute$uare almost identical. Hence, this

choice does not affect our results.

We compare the performance of the above two strategies loasEldnte Carlo simulation. For
the simulation, we consider four data generating procedbesbenchmark Black-Scholes model
(BS), the Merton (1976) jump-diffusion model (MJ), the HBs(1993) stochastic volatility model
(HV), and a special case of this model proposed by Heston anliN2000) (HN). Under the
objective measure?, the stock price dynamics in the two models follows the sastio differential

equations,

BS: dS/S = pdt+odW,
MJ: dS/S = (u—Ag)dt+odW +dJ(N),
(13) HV: dS/S = pdt+/vdw,
dv = K(0—w)dt—oy,/dZ, E[dZdW]=pdt,
HN: HV with p=—1.

11



whereW denotes a standard Brownian motion in all three models. tihéeviJ modelJ(A) denotes
a compound Poisson jump process with constant inteAsityonditional on a jump occurring, the
MJ model assumes that the log price relative is normallyidisted with meany; and variancejjz,
with the mean percentage price change induced by a jump @yen—= e"‘i+%"l2 — 1. Under the
Heston (HV) modelZ; denotes another standard Brownian motion that governsatidomness of
the instantaneous variance rate. The two Brownian motiaxas hn instantaneous correlationpof
Heston and Nandi derive a special case of this model pvith—1 as a continuous time limit of a
discrete-time GARCH model. With perfect correlation, thack price is essentially driven by one

source of uncertainty under the HN model.

The four data-generating processes cover four differemtasgos. Under the BS model, the stock
price process is both purely continuous and Markovian. Eehoth the dynamic hedging strategy
and the static strategy work perfectly in the theoreticaitiwhen we ignore transaction costs and
allow continuous rebalancing of the futures and trading obatinuum of options. The hedging
errors from our simulation exercise come from discrete letzang in the dynamic hedging case

and from the choice of a discrete number of options in thecstaidging portfolio.

Under the MJ model, the static spanning relationdnhrémains valid because the stock price
process remains Markovian. Thus, we expect the static hgdgrors from the simulation to be of
similar magnitude to those in the BS case, when the hedgiegises are performed using compa-
rable number of options in the hedging portfolio. Howevie presence of random jumps renders
the dynamic hedging strategy ineffective even in the thesaklimit of continuous rebalancing.
Even within infinitesimal intervals, the stock price moverhean have random magnitudes due to
the random jumps. Thus, two instruments (the underlyingksémd riskfree bonds) are not enough
to span all the different movements. From our simulatiorr@se, we gauge the degree to which

the dynamic hedging performance deteriorates.

The HN model represents the opposite situation. The stack process is purely continuous
with one source of uncertainty. The dynamic hedging stsategrks perfectly in the theoretical
limit of continuous rebalancing. Thus, we expect the heglgirror in our simulation exercise to
be of similar magnitude to that under the BS model. Howeweg, td the historical dependence of

the volatility process, the evolution of the stock price égslonger Markovian in the stock price and

12



calendar time. Therefore, the static spanning relatioB)im¢ longer holds. In particular, at tinte
we do not know the variance rate level at tione t, vy. Hence, we do not know the gamma of the
target call option at time, which determines the weighting function of the static heggportfolio.

In our simulation exercise, we replagg with its time+t risk-neutral expected value to derive the
portfolio weight. We investigate the degree to which thislaiion of the Markovian assumption

degenerates the static hedging performance.

Finally, neither hedging strategy works perfectly underlteston model witlp| # 1. The two
instruments in the dynamic hedging strategy are not enaughdn the two sources of uncertainty
under the HV model. The non-Markovian property also inatite static spanning relation {#)(
The presence of stochastic volatility has been documenthgively. Our simulation exercise

gauges the degree of performance deterioration for bothihgdtrategies.

We specify the data generating processes in equdlinunder the objective measulfe To
price the relevant options and to compute the weights in¢lagé portfolios, we also need to specify

their respective risk-neutré&b-dynamics,

BS: dS/S = (r—q)dt+odW,
(14) MJ: dS/S = (r—q—A*g")dt+odW* +dJ*(A*),
HV: dS/S = (r—odt+wdW, dv =k"(0"—w)dt—oy,/dZ,

whereW* denotes a standard Brownian motion under the risk-neutabore), and(k*, 0%, A*, u}‘, 0}‘)
denote the corresponding parameters under this measutien@pces under the BS model can be
readily computed using the Black-Scholes option pricingniola. Under the MJ model, option
prices can be computed as a Poisson-probability weightedo$the Black-Scholes formulae. Un-
der the Heston model and its HN special case, we can pricergptising either Heston (1993)’s

Fourier transform method or the expansion formulae of L2@©0). .

For the simulation and option pricing exercise, we benclrttae parameter values of the three
models to the S&P 500 index. We get 0.10,r = 0.06, andg = 0.02 for all three models. We
further sets = 0.27 for the BS modely = 0.14,A = A* = 2.00,y; = 4 = —0.10, andoj = 07 = 0.13
for the MJ model, an® = 6* = 0.272, k = k* = 1, andg, = 0.1 for the HV and HN models. We
setp = —.5 for the HV model.
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In each simulation, we generate a time series of daily ugithgylasset prices according to an
Euler approximation of the respective data generatingge®cT he starting value for the stock price
is set to $100. Under the HV/HN model, we set the startingevalithe instantaneous variance rate
to its long-run meanyp = 61 We consider a hedging horizon of one month and simulate paths
over this period. We assume that there are 21 business daysionth. To be consistent with the
empirical study on S&P 500 index options in the next sectramthink of the simulation as starting
on a Wednesday and ending on a Thursday four weeks latenisgeatotal of 21 week days and 29
actual days. The hedging performance is recorded and, wéeahed, updated only on week days,
but the interest earned on the money market account is cean#sed on actual/360 day count

convention.

At each week day, we compute the relevant option prices baséue realization of the security
price and the specification of the risk-neutral dynamics.tke dynamic delta hedge, we also com-
pute the delta each day based on the risk-neutral dynamiceeialance the portfolio accordingly.
For both strategies, we monitor the hedging error (profit lasd) at each week day based on the
simulated security price and the option prices. The hedgmgr at each datg &, is defined as
the difference between the value of the hedge portfolio hedsalue of the target call option being
hedged,

e = B " +A h(R—FR_h)-C(S,LK,T);
(15) & = WC(S,tKj,u) +Be" —C(S, K, T),

where the superscrip® andSdenote the dynamic and static strategies, respectifetienotes the
delta of the target call option with respect to the futurdsepat timet, h denotes the time interval
between stock trades, aBd denotes the timébalance in the money market account. The balance
includes the receipts from selling the one-year call optless the cost of initiating and possibly
changing the hedge portfolio. In the case of the static eggtrategy, under no arbitrage, the
value of the portfolio of the shorter-term options shouldebeal to the value of the long term target

option, and henc®p should be zero. However, since we use a finite number of caibrpin

lWe have also experimented with different starting valueste variance rate. The hedging results are very similar
and hence not reported.
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the static hedge to approximate the spanning relation, tihreegnmarket account captures the value
difference due to the approximation error, which is norgnaéry small. No rebalancing is needed

in the static strategy.

Under each model, the delta is given by the partial deriead®™(St;K,T;©)/0F, with F =
Sdr-9(T-1) denoting the forward/futures price. If an investor coulatie continuously, this delta
hedge removes all of the risk in the BS model and in the HN moé@lee hedge does not remove
all risks in the MJ model because of the random jumps, norenHk model because of a second
source of diffusion risk. The hedge portfolio for the statiategy is formed based on the weighting
functionw( %) in equation @) implied by each model, the Gauss-Hermite quadrature nadds
weights{x;,w; }, and the mapping from the quadrature nodes and weights toptien strikes and
weights, as given in equatioril) and [L2).

Under the HV/HN model, since the stock price is non-Markayithe static spanning relation
in @) is no longer valid. Furthermore, when we use the spannilagioa to form an approximate
hedging portfolio, the weighting function i@ is no longer known at timée because option price
at timeu > t is also a function of the instantaneous variance rate atgiméhich is not known at
timet. To implement the static strategy under these two modelgepiacev, by its risk-neutral

expected valuE2[v,] in computing the weighting functiow( X)) at timet.

In computing the strike points for the quadrature approxiomeof the spanning relation, the an-
nualized variance is= o2 for the BS modely = 6 for the HV/HN model, and = \/02 +A (uf + 0]2>

for the MJ model. Given the chosen model parametgis= 27% for all models.

A. Hedging Comparison under the Diffusive Black-Scholes World

Tablell reports the summary statistics of the simulated hedgiraygrbased on 1,000 simulations.
Panel A in Tabl&lsummarizes the results based on the BS model. Entries asaitimary statistics
of the hedging errors at the last step (at the end of the 2héssidays) based on both strategies.
For the dynamic strategy (the last column), we perform dagdglating. For the static strategy, we

consider hedge portfolios with = 3,5,9, 15,21 one-month options.

If the transaction cost for a single option is comparableht transaction cost for revising a
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position in the underlying security, we would expect tha titansaction cost induced by buying 21
options at one time is close to the cost of rebalancing aipasit the underlying stock 21 times.
Hence, it is interesting to compare the performance of dilya hedging with the performance of
the static hedge with 21 options. The results in panel A ofdBlshow that the daily updating
strategy and the static strategy with 21 options have coafy@hedging performance in terms of
the root mean squared error (RMSE). Since the stock markatuich more liquid than the stock
options market, the simulation results favor the dynamitad&trategy over the static strategy, if

indeed stock prices move as in the BS world.

The hedging errors from the two strategies show differestrithutional properties. The kurtosis
of the hedging errors from the dynamic strategy is largen that from all the static strategies. The
kurtosis is 4.68 for the dynamic hedging errors, but is belea/for errors from all the static hedges.
The maximum profit and loss from the static strategy with 2tiomg are also smaller in absolute
magnitudes. Therefore, when an investor is particularhyceoned about avoiding large losses, the

investor may prefer the static strategy.

The last row shows the accuracy of the Gauss-Hermite quadrapproximation of the integral
in pricing the target options. Under the BS model, the thzakvalue of the target call option is
$12.35, which we put under the dynamic hedging column. Thmeagimation error is about one
cent when applying a 21-node quadrature. The approxima&iior increases as the number of

guadrature nodes declines in the approximation.

B. Hedging Comparison in the Presence of Random Jumps as in the Merton World

In Table[l, Panel B shows the hedging performance under the Merton-iffysion model. For
ease of comparison, we present the results in the same fasmatPanel A for the BS model. The
performance of all the static strategies are comparablbdiv torresponding cases under the BS
world. If anything, most of the performance measures fostaéc strategies become slightly better
under the Merton jump-diffusion case. In contrast, thegrenfince of the dynamic strategy dete-
riorates dramatically as we move from the diffusion-bas&ibdel to the jump-diffusion process

of Merton (1976). The root mean squared error is increasedl fagtor of seven for the dynamic
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strategy. As a result, the performance of the dynamic sfyateworse than the static strategy with

only three options.

The distributional differences between the hedging ewbtise two strategies become even more
pronounced under the MJ model. The kurtosis of the statig&edrors remains small (below six),
but the kurtosis of the dynamic hedge errors explodes fr@8 ih the BS model to 59.79 in the MJ
model. The maximum loss from the dynamically hedged padfisl $12.12, even larger than the
initial revenue from writing the call option ($11.99). Inroast, the maximum loss is less than two

dollars for the static hedge with only three call options.

C. Hedging Comparison under the Non-Markovian Diffusive HN/HV Model

Panel C of Tablél shows the hedging performance under the non-Markovian tm&ly diffusive
HN model. In theory, the dynamic strategy works perfectlgemthis model, but the static spanning
relation is no longer valid given the non-Markovian progeiithe simulation exercise indeed shows
that the dynamic hedging performance is comparable unéeB8and HN model. On the other
hand, the performance of the static strategy deteriorateterately as we move from the BS world
to the HN world. The deterioration is the most obvious wheruse 21 options in the static hedge.

The root mean squared error increases from 0.14 under thed@8lno 0.30 under the HN model.

Panel D of Tabldll shows the hedging performance under the Heston model, wiggtieer
strategy works in theory. The performance of the static bedgimilar to the HN case, but worse
than under the BS model, due to the violation of the Markodasumption. The presence of a
second source of randomness also deteriorates the perfoenofthe dynamic hedge. The RMSE
from the dynamic hedge increases from 0.14 under the BS m@d& under the HN model, to 0.28
under the HV model. Nevertheless, this deterioration ishmsmaller than the deterioration in the

presence of random jumps.

Figureld plots the simulated sample paths and the correspondingrigedgors under the four
data-generating processes, from top to bottom, BS, MJ, HN,HV. The four panels in the first
column plot the simulated sample paths of the underlyingrigyaorice under the four models. The

daily movements under the BS, HN, and HV models are usualbllsivut the MJ model (second
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row) generates both small and large movements.

[FIGURE 1 about here.]

Panels in the second (middle) column in Figli@mpare the sample paths of the hedging errors
from the static hedging strategy using nine options. Weyaihy@d same scale for ease of comparison.
Consistent with theory, the two non-Markovian models (HM &fV) generate larger static hedging
errors. Between the two Markovian models (BS and MJ), alghatiine sample paths of the static

hedging errors look different, the relative magnitudeseférrors are similar.

Panels in the third (right) column show the sample paths @fdynamic hedging errors under
the four models. We use the same scale for the three puresigiffumodels (BS, HN, and HV).
The dynamic hedging errors from the BS and HN models are ainfitit those from the HV model
are moderately larger due to the presence of a second sduaedomness. In contrast, under the
MJ jump-diffusion model (second row), the dynamic hedgingm®s become so much larger that
we have to adopt a much larger scale in plotting the errorgpathe large hedging errors from the

dynamic strategy correspond to the large moves in the widgrsecurity price.

Another interesting feature is that, under the MJ model, trobshe large dynamic hedging
errors are negative, irrespective of the direction of tingdanoves in the underlying security price.
The reason is that the option price function exhibits pesitonvexity with the underlying futures
price. Under a large movement, the value of the delta paotislalways below the value of the
option contract. Therefore, most of the large hedging srfar selling an option contract are losses

(negative values).

Overall, the daily delta hedging strategy performs reaiynaell under the one-factor diffusive
models such as the BS model and the HN model. The performagteeiatates moderately in
the presence of a second source of diffusive uncertaintgturm volatility. However, the strategy
fails miserably when the underlying price jumps randomlg. cbntrast, the performance of the
static hedging strategy with a few shorter-term options iglmless sensitive to the nature of the
underlying price processes. The static strategy takesorandmps in strike and experiences only

small performance deterioration when the Markovian assioms violated.
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D. Effects of Model Uncertainty and Misspecification

We perform the above simulation under the assumption tedtedger knows exactly the underlying
data generating process and the model under which the smrempriced. In practice, however, we
can only use different models to approximately fit markei@pprices. Model uncertainty is an

inherent part of both pricing and hedging. To investigagegdénsitivity of the hedging performance
to model misspecification, we further compare the two tygdsdging strategies when the hedger
does not know the data generating process and must develegging approach in the absence
of this information. We assume that the actual underlyirgpaiprices and the option prices are
generated from the MJ, HN, and HV models, but the hedger fana$edge portfolios using the

Black-Scholes model, with an ad hoc adjustment using thergbd option implied volatility.

For the static strategy, we compute the weighting functidk) based on the Black-Scholes
model, but use the eleven-month at-the-money option irdpladatility as the input for annualized
volatility. For the dynamic strategy, we compute the daital based on the Black-Scholes formula
using the implied volatility of the target call option as thelatility input. In practice, updating
Black-Scholes deltas based on the market observed impbidilities is in wide use as an ad hoc
defense against model risk. Also, empirical studies ingefample, Engle and Rosenberg (2002),
Jackwerth and Rubinstein (1996), and Bollen and Raisel3pb8ve generally found that this ap-
proach works as well or better than the alternative approéelktimating a sophisticated model and

delta-hedging with it.

We summarize the hedging performance in Tdhleln all cases, we find that the impact of
model misspecification is small, as long as we perform theoadadjustment based on the observed
implied volatility. As in the case when the data-generafingcesses are known, the performance
of the dynamic strategy deteriorates dramatically in tlesence of random jumps, but violating the
non-Markovian assumption only deteriorates the perfoeanf the static strategy moderately. In
particularly, the deterioration is minimal when we use oalymall number of options in the hedge

portfolio.

These remarkable results show that, in hedging, being alslean the right space is much more

important than specifying the right parametric model. Eifean investor has perfect knowledge
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of the stochastic process governing the underlying asgmt, @nd hence can compute the perfectly
correct delta, a dynamic strategy in the underlying asdéfats miserably when the underlying
asset price can jump by a random amount. In contrast, as bag avestor uses a few short-term
call options of different strikes in the hedge portfoliog tledging error is about the same regardless
of whether jumps can occur or not. This result holds evereiitlrestor does not know which model

to use to pick the appropriate strikes and portfolio weights

E. Effects of Rebalancing Frequency in Delta Hedging

In the above simulations, we approximate the sample pathiseofinderlying stock price process
using an Euler approximation with daily time steps and ad&rsidlynamic delta strategies with daily
updating. We are interested in knowing how much of the faikirthe delta-hedging strategy under

the Merton jump-diffusion model is due to this somewhattaaloy choice of discretization step.

Under the Black-Scholes environment, the dependence afig¢lia hedging error on the dis-
cretization step has been studied extensively in, for exantack and Scholes (1972),Boyle and
Emanuel (1980), Bhattacharya (1980), Figlewski (1989)laiGd983), Leland (1985), and Toft
(1996). Several of these authors show that, under the Bdatioles environment, the standard de-
viation of the hedging error arising from discrete rebalagover a time step of lengtihdeclines
to zero slowly likeO(+/h). Thus, doubling the trading frequency reduces the staraarition by
about 30%. In contrast, the discretization error in the Gamsquadrature method %p—ﬁ%
This error drops by much more when the number of strikes doubled. Indeed, our simulations
indicate that the standard deviation of the hedging erropslrapidly as the number of strikes in-

creases.

This subsection focuses on relating the delta-hedging &srthe rebalancing frequency under
the Merton-jump diffusion model. We also simulate the Bksdtoles model as a benchmark ref-
erence. Tablg shows the impacts of the rebalancing frequency on the hggmrformance under
three different cases: (A) the Black-Scholes model, (BMeeton jump-diffusion model, assuming
that the hedger knows the underlying data generating pspaad (C) an ad hoc Black-Scholes delta

hedging under the Merton world, assuming that the hedges doehave knowledge of the data gen-
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erating process. We consider rebalancing frequencies @moee per day, to twice, five times, and
ten times per day. To ease comparisons, we perform all thgimgéxercises on the same simulated
sample paths. To accommodate the more frequent rebalaneegngow simulate the sample paths
based on the Euler approximation with a time interval of tergh of a business day. The slight
differences between the dynamic hedging with daily updgiimthis table and in Tabl@ reflects

this difference in the simulation of the sample paths.

Our simulation of the Black-Scholes model is consistenbhie results in previous studies. As
the updating frequency increases from once to two, five, andimes per day, the standard error of
the hedging error reduces froml0 to 007, 004 and to 003, adhering fairly closely to the¢/h rule.

However, this speed of improvement in hedging performasa®oilonger valid when the un-
derlying data generating process follows the Merton junffusion model, irrespective of whether
the hedger knows the model or not. In the case when the prackeswn (Panel B), the standard
error of the hedging errors remains aroun@d2t- 1.03 as we increase the rebalancing frequency. In
the ad hoc rebalancing case (Panel C), the standard errerdharound B8 — 0.93 and exhibits no
obvious dependence on the rebalancing frequency. Thetefia conclude that the failure of the
delta hedging strategy under the Merton model is neithettalmeodel misspecification, nor due to
infrequent updating, but due to its inherent incapabilityspanning risks associated with jumps of

random size.

We note that the Achilles heel of delta hedging in jump modelsot the large size of the
movement per se, but rather the randomness of the jump stweexBmple, Cox and Ross (1976)
and Dritschel and Protter (1999) show that dynamic deltgimgdcan span all risks arising in their
pure jump models. Under these jump models, the jump sizeawRiust prior to any jump. This is
analogous to the binomial model where only two subsequeset gsices are possible. Under both
cases, delta hedging can remove all risks. Therefore, liteistpriori randomness in the jump size

that creates the difficulty in dynamic delta hedging.
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F. Effects of Target and Hedging Instrument Choice

The above simulations focus on the hedging of a one-yeaopttn with one-month options in the
static portfolio. In this subsection, we compare the heglgierformance when we choose different
target options being hedged and different maturities ferdptions in the static hedge portfolio. In
theory, if we use a continuum of options at a certain matutitg spanning is perfect regardless
of the exact maturity choice for the hedge portfolio. In pice however, the Gaussian quadrature
approximation error may vary with the target strike and wifitt maturities used. Furthermore, the
violation of the Markovian assumption under the HN and HV elednay have different impacts
for different target and hedging instruments. The simafaanalyzes how the hedging errors in-
troduced by the quadrature approximation and by the vaiadf the Markovian assumption vary
over different choices of target and hedging options. Altresame lines, we also analyze how the

dynamic hedging error varies with the choice of the targé&ibop

Tableld summarizes the results of this exercise. To save space, lywesmort static hedges with
three and five options and compare their performance withahdelta hedging with daily updat-
ing. First, we investigate the impact of varying the targetian maturity given the same hedging
instruments. We choose target option maturities of two imgrfiour months, and 12 months. For
the static hedging strategy, the hedging errors increaethwe target option’s maturity under the
pure diffusion models (BS, HN, and HV), but decline slightligh the target option’s maturity under
the MJ jump-diffusion model. We conjecture that these Ve in performance are related to the
different accuracies of the quadrature approximation ftier@nt integrands. The impacts of the
non-Markovian property under HN and HV models are small amdat seem to vary much across

different choices of target option maturities.

For the dynamic strategy, the hedging errors are larger édgimg shorter term options than
for hedging longer term options under all simulated sc@sarThis deteriorating performance with
declining maturity is probably linked to the gamma of theg&roption. The shorter the maturity,
the larger is the gamma for an at-the-money option. Sinceaweregard the delta strategy as a
linear approximation, the hedging error normally incresasgh gamma, especially in the presence

of large moves.
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Our static spanning relation allows the use of differenturiies in forming the static hedge
portfolios. Thus, holding the same one-year option as thgetaoption, we also compare how
different maturity options fare in spanning the risk of ttasget option. Under all three scenarios,
we find that the hedging performance improves quite sigmfigavhen the maturity of the hedging
options increases. Under the Black-Scholes environmieatstandard error of the hedging error is
0.66 when we use five one-month options to hedge the one-péiano This performance is much
worse than daily delta hedging, which generates a standeodaf 0.10. However, as we replace
the one-month options in the portfolio by two-month optiamsl then by four-month options, the
performance of the static hedge improves quite dramaicalhe standard error of the hedging
error declines to 0.25 when using two-month options and @4 &then using four-month options.
Thus, when longer-term options are liquid and availabldarmarket, we can further improve the
performance of the static hedging strategy such that itextdpms daily delta hedging even under
the Black-Scholes environment. Comparing this result tolélld, we see that to achieve the static

hedging error of 0.04, a dynamic delta strategy must be epdate to ten times per day.

The same trend follows under the other three models (MJ, HNHY). In particular, under all
four models, the static hedging errors using five four-mamttions are all smaller than the dynamic
hedging errors with daily updating. This exercise illustgaone of the biggest advantages of the
static strategy: its flexibility. For the same target optie have the freedom to choose options at

different maturities to form the hedge portfolio.

The fact that a static hedging strategy with merely threevi® diptions can outperform a dy-
namic strategy with daily updating is remarkable. In additio the above mentioned flexibility and
potentially reduced transaction costs due to fewer trdimses; there are other advantages in imple-
menting the static strategy. First, since the static hedgel@ys neither short stock positions nor
substantial borrowin,it IS not subject to either short sales restrictions or lagerconstraints. In
contrast, delta hedges of options always involve a shoitipnsn either the risky asset or a risk-
free bond, and hence always face one of these restrictiamshéfmore, the use of a static hedge
also allows one to economize on the monitoring costs (eaying for traders and real time data

feeds) associated with dynamic rebalancing. These castsiach larger in practice than typically

2The money market account induced by the approximation éorahe static strategy is normally very small, and
can be reduced to zero via a rescaling of portfolio weighteeut much effect on the hedging performance.
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assumed in theory and potentially explain the current sdnavhere dynamic hedging is usually

only performed by specialized institutions.

V. Hedging S&P 500 Index Options: An Applied Example

The simulation study in the previous section compares th®imeance of the two different types
of hedging strategies under controlled conditions. In $ieistion, we investigate the historical per-
formance of the two strategies in hedging the sale of S&P B@@x options. While simulation
allows us to benchmark the magnitude of the approximaticor @m various models, the empirical
study measures the likely effectiveness of the two typesedfying strategies in practice. Further-
more, since the simulations indicate that the two stragegiibit comparable performance when
the stock price follows geometric Brownian motion, but thegis strategy has superior performance
when the stock price follows Merton’s jump diffusion prosgethe relative performance of the two
strategies in the past can serve as an indirect test on whbth&&P 500 index has moved purely

diffusively or has also experienced jumps of random size.

A. Data and Estimation

The data on S&P 500 index options are obtained from Optionbset The data sample is from
January 1996 to March 2009. The S&P 500 index options arelgtdrEuropean options on the
spot index and are listed at the Chicago Board of Options &xgb (CBOE). The data set includes,
among other information, the closing quotes on each optomsract (bid and ask) and implied
volatilities based on the mid quote. Also included in theadst is a unique option contract identifier
to facilitate the tracking of an option contract over timeheTunderlying index level at close, the
interest rate curve, and the projected dividend yield ferdhlculation of implied volatility are also

supplied by OptionMetrics. Our hedging exercises are baadtle mid option price quotes.

In parallel with the hedging exercises in the simulatiorsts, we perform month-long hedging
exercises on the index options. The S&P 500 index optionsegp the Saturday following the third

Friday. Since the terminal payoff is computed based on tlemiog price on that Friday morning,
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trades and quotes on the expiring options effectively stophe preceding Thursday. Hence, we
start the hedging exercise each month 30 days prior to thiemxgriday, which is a Wednesday.
From these starting dates, we can perform month long hedgiarises for 158 non-overlapping
months, from January 17, 1996 to February 18, 2009. Samptingerties of the hedging errors are
computed from the 158 hedging experiments. To be compavatiiehe simulations, we normalize
the option prices and hedging errors as percentages of thexlyimg index level at the starting date

of each hedging exercise.

At each starting date, we classify options into four mayugtoups, matching those used in
the simulations: (i) one-month options (31 days), (ii) tmanth options (59-66 days), (iii) options
with maturities four to six months (115-185 days), and (ip)ions with maturities 12 to 17 months
(360-521 days). The variations in maturities in the last taaturity groups are necessary to obtain
a monthly series because we do not have four- and 12-montbnspih all months. As in the
simulations, we use the first three groups (one, two, andrfanth options) in forming static hedge
portfolios and the last three maturity groups (two, foud 42 month options) for the target option
being hedged. We choose the target option as the one withrike grice nearest to the spot index
level at the starting date. The available number of one-moption contracts at each of the starting
dates ranges from 48 to 372, half of them call options anddfaliem put options. The available
numbers of options at two-month, four-to-six-month, anetd-27-month maturities are 30 to 342,
3310 132, and 12 to 98, respectively.

Since we do not know the true data generating process noptiengricing model underlying
the market prices, we adopt the ad hoc strategy using the&kEaboles model. For the dynamic
strategy, we delta hedge with the underlying futures basetth® Black model, using the observed
implied volatility to compute the delta. For the static s#gy, we form the portfolio according to the
Black-Scholes formula, using the at-the-money impliedatibty of the appropriate maturity as the
needed volatility input. Our simulations indicate thatdb@d hoc hedging strategies perform about

as well as the hedges conducted when the true process is known

We use the quadrature rule to generate the appropriatestikd weights for the static hedge.
When quotes at the appropriate strikes are not availablese¢he nearest available strike contract

as a replacement.Since a large order quadrature rule cfkasrf@ar some deep out-of-the-money or
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deep in-the-money option contracts that are not availabie market, we focus on analyzing the

performance of the static hedge with only three to five optiomntracts.

We follow both strategies for 29 actual days, running from skarting date to the Thursday of
the fourth following week, the last day of trading for the ementh options used in the static hedge.
For the static strategy, we only need to track the price ofsti@t term options at each date and
record the difference between the price of the hedge paténid the price of the target call option.
When there is a discrepancy between the price of the tartjejpteon and the cost of the quadrature-
determined hedge portfolio at the starting date, we alsoitmothe typically small money market
account balance. For the dynamic strategy, we need to cengpuew delta at each date based
on the newly observed underlying price level and impliedatibty and perform the appropriate
rebalancing. For obvious reasons, we do not rebalanceglweekends, holidays, or other market
closures. For ease of comparison, we align the hedgingsdoamed on the week days of each week

and then compute the sample properties of the hedging exreach week day.

B. Static versus Dynamic Hedging in Practice

Table[B presents the summary statistics for the hedging errorseo¥dhious hedging exercises on
S&P 500 index options. To ease comparisons, we present shitgén a similar format to those
from the simulation exercises summarized in TahleéAs in the simulation exercise, we represent
the option prices and hedging errors as percentages of thexlyimg index level at the starting date

of each exercise.

We consider the hedging of three maturity groups of targéibop: (i) two-month calls, (ii)
four-to-six month calls, and (iii) 12-month and longer salWe find that the performance varies
with the maturity group of the option being hedged. First,a@asider the hedging of the sale of
a two-month call option. Daily delta hedging with the ungierg futures generates hedging errors
with a root mean squared error of 0.63. The correspondingstdor the static strategy with three
one-month options is 0.33, about half of the RMSE from theadlyit strategy. Using five one-month
options makes the hedging errors even smaller. Therefatatia hedge with just three one-month

options significantly outperforms daily delta hedging idueing the risks associated with writing
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two-month call options.

In hedging the sale of a four-to-six month call option, th@awyic hedging strategy generates
a root mean squared error of 0.63, compared to 0.57 from &tie strategy with three one-month
call options. Hence, the performances from the two stragegre on par in hedging the sale of a

four-to-six month call option.

When hedging the sale of a call option with a time-to-mayuot 12 months or longer, the
dynamic strategy generates a root mean squared error af Ohi€ performance is better than the
static strategy with three one-month call options, but anvagéh the static strategy with five one-
month call options. Consistent with the results observatérnsimulations, the performance of the
static strategy improves if we increase the time-to-matwf the options in the hedge. In hedging
the sale of a 12-month or longer call option, the root mearasgfierror from the static strategy
with three call options declines from 0.97 to 0.65 and the.89, as the time-to-maturity of the
three call options in the hedge portfolio increases fromrmoath to two months, and then to four-
to-six months. We also observe a similar reduction whengusue call options in the static hedge

portfolio.

Overall, the performance of static hedging with three to &g options is on par with or bet-
ter than the performance of daily delta hedging. In addjttbe performance of our static strategy
can be further improved by choosing slightly longer matesitfor the options in the hedge port-
folio. Therefore, the static strategy not only works in thyeand in simulations, but it also works
on historical data, at least for S&P 500 index options, on¢ghefmost actively traded derivative

contracts.

C. Implications for the Index Movement

By comparing the hedging results from the Monte Carlo sitnts with those from the historical
data, we can draw qualitative inferences on the type of sistchprocess underlying the S&P 500
index movement. The issues that we can draw inferences tudm¢i) whether the stock index
movement displays jumps of random size and (ii) whether iglerreutral stock index process is

Markovian in the spot index level and the calendar time.
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Our Monte Carlo simulation indicates that the dynamic hedgtrategy works very well in
the Black-Scholes environment, but this dynamic strateggribrates dramatically under Merton’s
jump-diffusion model so that a static hedge with only thredans has a hedging performance on
par with or even better than daily delta hedging. For exaniphe last column of Tabld shows
that the standard error for hedging 12-month options usaily dlelta hedging is 0.10 under the
Black-Scholes model, but 1.05 under the Merton model, moa@ ten times larger. In contrast,
the standard error from the static strategy with three onetimoptions is 1.00 under the Black-
Scholes model, but 0.72 under the Merton model. Compariegetmumbers to those for S&P 500
index options in Tabl&, we find that the standard error from the static strategy witee one-
month options is 0.96, and that from the dynamic strategy48.0The performance difference is
much closer to that under the Merton jump-diffusion case tiiader the purely diffusive Black-
Scholes world. Therefore, we infer that the S&P 500 index emoent may have jumps of random
magnitudes. This result is consistent with the findings froany parametric studies, e.g., Bates
(2000) and Bakshi, Cao, and Chen (1997) and also with thétsé¢sam the more generic tests such
as Ait-Sahalia (2002) and Carr and Wu (2003b).

The hedging performance on S&P 500 index options does natyalwatch the simulated results
on the Merton jump-diffusion model. Under the Merton modbk simulated hedging error is
smaller for hedging longer-term options than for hedgingr&r-term options. This holds for both
static and dynamic strategies. However, the trend is duég®pposite when hedging S&P 500 index
options. As shown in TablB, the magnitude of the hedging errors increases when therityatii
the target option increases. When hedging with three onetimaptions, the standard error of the
hedging errors is 0.33 for hedging two-month index optidh86 for hedging four-to-six month

index options, but 0.96 for hedging 12-month or longer indptions, a large increase.

The different results between the Monte Carlo simulatiosinfjle-factor Markovian processes
and the historical record of S&P500 index options prompbusonjecture that the underlying index
movement may not be Markovian in itself. Additional souroésisk could exist other than the
underlying index level. These risks can also affect thexnoj@ion prices. One such risk can be
stochastic volatility. The simulation results in Tadleinder panel D show that in the presence of

stochastic volatility, the performance of the static hedgtrategy deteriorates as the maturity gap
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between the target call option and the call options in theghaubrtfolio increases. As the call
options in the static hedge approach the expiry date, thitireg payoffs from the maturing options
are purely determined by the realized index level and do epedd on any other state variables
such as volatility. However, the value at that time of thexjoiieed target call option will be sensitive
to factors other than price, which will result in replicatierror. The magnitude of this replication

error increases as this sensitivity of the target call opiecreases.

V. Semi-static Hedging of Path-dependent Options

For ease of exposition, the focus of this paper thus far has ba static hedging of standard Euro-
pean options. In this section, we show that we can also fomi-static hedges of path-dependent
options with European options, provided that the path isrdiely monitored. Hedging path-
dependent options is not possible under the BL framewbrgnamicallyhedging path-dependent
options is plausible in theory, but for many path-dependtaims, the reality of jumps often de-
stroys the effectiveness of these hedges in practice. Quirgatic hedging theory takes jumps in

stride.

We consider the wide class of contingent claims whose spayeff at the fixed timd depends

on a finite numberr( < o) of points of the price path of a single underlying asset

(16) VT - f(S()asl?“'?sn)?

wheretg = 0 andt, = T. We label the time$y,t1,...,t, as monitoring times. The payoff structure
in equation[{8) excludes various continuously monitored Asian and baojgions, or American
claims. Although we can always discretize a continuous lprabthe analysis of this section as-

sumes that we can trade at each fixed monitoring tjnmeoptions maturing & 1.

To simplify the discretely monitored payoff function in edion (L6), we note that for many
claims, we can capture the path-dependence by one or momaaynstatistics. In what follows,
we will work with a single summary statistic, but it should @lear how to extend the analysis to

multiple such statistics. A single summary statistic cegdithe path-dependence of a claim if we

29



can write the final payoff of the claim recursively as follqws

(17) V= @(Hr),
where
(18) Hti = gi(HtPl?sifl?si)? I = 1....n,

whereq(-) andg;(-) are known functiond{ is the single summary statistic, aHg andS, are known
constants. Examples in this class include discretely roogit Asian and barrier options, Bermudan,
passport, and cliquet options, and many structured notefnérete example which we will focus

on is a globally-floored, locally-capped, compoundingwitwith discrete monitoring,

(29) Vr = SmaxL, Hr],

with

(20) Hti:Htil{(i)/\U}, i=1,...,n,
S

whereL is the global floorJ > 1 is the local cap, and denotes the number of monitoring periods.
Here,Hp = 1, andSy is known. In practicel is typically chosen to be one so that the annualized
return is always positive. A typical value of the local daps 1.35 so that the maximum return for

any year cannot exceed 35 percent.

We assume the same one-factor Markovian setting as in equ@)i To hedge the discretely
monitored options as described by the payoff functiordif) @nd [[8), we assume that at each
discrete timd;, we can take static positions in European options of akesriand maturing dt, 1,
fori=0,1,...,n—1. Given this access to markets, the algorithm for valuing b{ol@pendent option

of the specified type is as follows.

At timety_1, conditioning on the history to that tintd__, and the contemporaneous stock price

S, ., and from[[7) and [L8) with i = n, the final payoff becomes a known function of only the final
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stock price,

(21) Vr = @(HT) = @(gn(thfle’(nfmsT)) = fn(ST; th717sn71)7

where the last two arguments §f are known due to the conditioning. We can span the final payoff

using options maturing at time,

(8@, 1 Sot) = fnlKniHt 1 So0) + fa(KniHe s, S0 [(St—Kn) ™ = (Kn—St) 7]+
G e S ) (K= S K [ (K 1 S,)(Sr - 500K

where the expansion poirt, > 0 can be any convenient constant separating the put optiomns f

the call options. A common choice is the forward prige= Fo(T).

We can value this contingent-claim at titae1 by taking conditional expectations on both sides
of equation[2) under the risk-neutral measu@eand then discounting the expectation by the con-
stant riskfree rate. We can represent the value of this ciaiterms of the riskfree rate and the

contemporaneous option prices,

\/tr]:il = eir(Titnil) fn(Kn; th717sn71) + fr/\<Kn; th—l’ S’(nf1)[ctnf1<Kn7T) - Ptn71(Kan)]
Kn 00
(23) + /o (K Hy 1S DRy (K, T)AK + / (K Hy, 1Sy 1)Ch 1 (%, T)AK.

Therefore, at the last time step 1, we can replicate the contingent claim using a portfolio of
standard European options maturing at the same time. Téistrie the same as in Breeden and

Litzenberger (1978) and does not need the Markovian assompt

However, to be able to replicate the claim at any other tirapsstwe need the one-factor Marko-
vian assumption. Substitution of the Markovian propelfly iito equation([23) implies that the

time+4,_1 value of this contingent claim is a known functiontdf , andS, ,,

\/t:Tl = eir(Titnil) fn(Kn; th,ly S{n,l) + fr/1(Kn, th,]_? Sn,l) [C(S{n,ytnfl; Kn, T, e) - P(Sn,l,tn—li Kn,T; e)]
Kn (o]
+\/(; frl]/(?(; th7]_7 Snfl)P(Snfjjtn—l; 17(7 T; e)d?(+ frl]/(?(; th7]_7 Snfl)C(Snf:]_?tn_l; K?T; O>dK
Kn
V(“r)—l’ Sn717tﬂ—1)-
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Now, we step back to timg_, and condition on the history to that tintg, , and the contem-
poraneous stock pric&, ,. From the Markovian representation [B4f and the definition of the
history summary statistic ifilg) with i = n— 1, we can write the tim#;_; value of this claim as a

known function of only the contemporaneous stock pridg at,

(25) \/t,]:il = V<th,17 sn,lytn—l) - V(gnfl(th,zy Sn727 Sn,l) ) Sn,l,tn—l) = fn—l(sn,li th,27 Sn72)’

whereH, , andS, , are known through the conditioning. Therefore, at time, we can simply
regardfh_1(S, ,;Ht, ». S, ,) as the terminal payoff of a one-step claim, expressed ascidumof
the terminal stock pric&, ,. We can again replicate this payoff using options maturing, a,
analogous to the steps in equatidBg)(and 3). Furthermore, we can again exploit the Markovian
assumption inf) and derive the new value functid®h(Hy, ,,S, ,.tn—2) and the new target payoff
function fn_2(S, ,;Ht, 5, S, 5) by performing operations analogous &) and 5. We repeat
the procedure until we obtain the value function at time O tAts final iteration, we only need to

condition on the known values éfy andS,.

Therefore, the semi-static hedging of this path-dependaih goes as follows. At time 0, we
use a portfolio of European options maturing at timé span the value function of the claim. At
time t;, we collect the receipts from the expiring options in thedee@ortfolio and form another
hedge portfolio maturing at time. This procedure continues until timie= t,, when the payoff
from the hedge portfolio formed at tintg_1 matches the payoff from the path-dependent claim.
The hedging is static and no portfolio rebalancing is neaddzbtween monitoring times. But at
each monitoring step, the options in the hedge portfoliarexand a new hedge portfolio needs
to be formed. Thus, the rebalancing frequency matches thetonimg frequency, reflecting the

semi-static nature of the strategy.

V1. Conclusion

Dynamic hedging has been widely used due to its flexibilithé@dging a wide class of contin-
gent claims. However, the performance of this strategyraetges dramatically in the presence of

jumps of random size. The static hedging strategy introdigeBreeden and Litzenberger (1978)
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addresses this model risk, but can only be applied to a naiaoge of payoffs. In this paper, we
propose a new approach that is more robust than dynamicrigedgd covers a much wider class of
claims than BL. For simplicity, we illustrate our theory whihe target claim is a European option.
Since a perfect static hedge requires a continuum of optiottse hedge portfolio, we develop a
discrete approximation of the static hedge and test it€#ffeness using historical data and Monte

Carlo simulations.

The simulation results indicate that the static hedge agpration has about the same effective-
ness as delta hedging with daily rebalancing in the Bladkefxs environment. However, when the
simulated underlying price process can also experiencegurhrandom size, the performance of
the delta hedge deteriorates dramatically. In contrastptrformance of our static option hedge is
relatively insensitive to the change from a purely diffesprocess to a jump diffusion. The conclu-
sions are unchanged when we switch to ad hoc static and dgrteedging practices necessitated
by the lack of knowledge of the driving process. Further $ation indicates that increasing the
rebalancing frequency cannot improve the inferior per@amoe of the delta hedge in the presence of
random jumps, but the superior performance of the statigingdstrategy can be further enhanced
by using more strikes or by optimizing on the common maturnityhe hedge portfolio. As a re-
sult, the static hedge can achieve superior risk reductitim ag few as three options in the hedge

portfolio.

To investigate how our static strategy performs in a raalsstting, we investigate its effective-
ness in hedging S&P 500 index options and compare its pedocewith daily delta hedging with
the index futures. We find that the superior performance ostatic hedge found in the simulations
of the Merton model also extends to the index options datas fliding lends indirect support to
the existence of jumps of random size as part of the S&P 50&xidgnamics. We also find that
the hedging errors from both the static and the dynamicegjir@é become larger when the matu-
rity of the target call increases, indicating the potergibtence of additional risk factors affecting
option prices. One such risk can come from stochastic WyatHence, based on the availability
and liquidity of the relevant option contracts, future i@s@ should be directed towards developing
and testing static hedging strategies which account focargkrisk factor. Such strategies would in

general involve simultaneous positions in multiple stsiked maturities.
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Although we focus on the hedging of a standard European mjpiar theoretical results extend
readily to the semi-static hedging of exotic options, inldhg discretely monitored path-dependent
options. We provide a summary of the theory underlying teimisstatic hedging strategy. Once
data for path-dependent option prices become availablagddr future research is to investigate

the practical effectiveness of the strategy in real situreti
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TABLE 1
Simulated Hedge Performance Comparisons of Static and Dynamic Strategies

Entries report the summary statistics (mean, standard deviation (Std), root mean squared error (RMSE), mini-
mum, maximum, skewness, and kurtosis) from 1,000 simulated paths on the hedging errors of a one-year call
option. The hedging error is defined as the difference between the value of the hedge portfolio and the value of
the target call at the closing of the month-long exercise. The hedging portfolios are formed assuming that the
hedger knows the exact model. The last row of each panel reports the value of the target call approximated by
the quadrature method, with the theoretical value given under the dynamic hedging column.

Hedge Error Static with options Dynamic with
No. of assets 3 5 9 15 21 Underlying
Panel A. The Black-Scholes model

Mean -0.00 0.01 0.02 0.02 0.01 0.10
Std 1.00 0.66 0.36 0.20 0.14 0.10
RMSE 1.00 0.66 0.36 0.20 0.14 0.14
Minimum -1.62 -1.13 -0.67 -0.38 -0.25 -0.43
Maximum 1.86 0.93 0.43 0.24 0.17 0.32
Skewness 0.01 -0.26 -0.59 -0.61 -0.48 -0.84
Kurtosis 1.87 1.79 2.01 1.96 1.78 4.68
Call Value 11.72 12.20 12.36 12.37 12.36 12.35
Panel B. The Merton jump-diffusion model

Mean -0.01 0.00 0.02 0.02 0.02 0.07
Std 0.72 0.47 0.28 0.16 0.12 1.05
RMSE 0.72 0.47 0.28 0.16 0.12 1.05
Minimum -1.73 -1.28 -0.90 -0.58 -0.41 -12.12
Maximum 2.84 1.48 0.48 0.20 0.14 0.37
Skewness 0.56 -0.16 -1.26 -1.77 -1.65 -6.82
Kurtosis 5.23 4.07 4.30 5.74 5.15 59.79
Call Value 9.52 11.14 12.02 12.09 12.06 11.99
Panel C. The HN non-Markvian diffusion model

Mean -0.03 -0.00 0.02 0.02 0.01 0.09
Std 1.07 0.84 0.56 0.38 0.30 0.15
RMSE 1.07 0.84 0.56 0.38 0.30 0.18
Minimum -1.76 -1.41 -0.99 -0.70 -0.78 -0.50
Maximum 2.03 1.32 0.72 0.52 0.68 0.38
Skewness 0.01 -0.13 -0.39 -0.62 -0.70 -0.83
Kurtosis 1.88 1.79 1.78 1.92 2.11 3.70
Call Value 11.02 12.13 12.33 12.35 12.34 12.33
Panel D. The Heston stochastic volatility model

Mean -0.03 -0.01 0.00 0.00 -0.01 0.07
Std 1.10 0.80 0.53 0.37 0.32 0.27
RMSE 1.10 0.80 0.53 0.37 0.32 0.28
Minimum -2.50 -2.06 -1.63 -1.34 -1.21 -0.82
Maximum 2.37 1.62 1.21 0.93 0.87 0.95
Skewness 0.01 -0.16 -0.32 -0.23 -0.14 -0.07
Kurtosis 1.92 1.92 2.24 2.71 2.89 3.14
Call Value 11.42 12.14 12.33 12.35 12.34 12.33




TABLE 2
Effect of Model Uncertainty on Hedge Performance Comparisons

Entries report the summary statistics of the hedging error of a one-year call option based on both static and
dynamic strategies. The hedging error is defined as the difference between the value of the hedge portfolio
and the value of the target call option being hedged at the closing of the month-long hedging exercise. The
statistics are computed based on 1,000 simulated paths of the MJ model (Panel A), the HN model (Panel B)
and the HV model (Panel C), but hedging portfolios are formed assuming that the hedger does not know the
true data-generating process and form the hedge portfolios based on the Black-Scholes formula, with ad hoc
adjustments to accommodate the observed implied volatility. The last row of each panel reports the value of the
target call option approximated by the quadrature method, with the theoretical value given under the dynamic
hedging column.

Hedge Error Static with Options Dynamic with
No. of Assets 3 5 9 15 21 Underlying
Panel A. Ad hoc Black-Scholes hedge under the Merton environment

Mean -0.00 0.01 0.01 0.01 0.01 0.06
Std 0.61 0.38 0.21 0.19 0.21 0.92
RMSE 0.61 0.38 0.21 0.19 0.21 0.92
Minimum -1.57 -1.30 -1.23 -0.92 -0.82 -10.90
Maximum 1.63 1.10 0.80 0.68 0.65 0.68
Skewness -0.26 -0.43 -0.12 -0.43 -0.61 -7.04
Kurtosis 3.13 4.07 8.61 9.23 5.61 64.67
Call Value 11.53 11.96 12.09 12.07 12.03 11.99
Panel B. Ad hoc Black-Scholes hedge under the HN environment

Mean -0.02 -0.00 0.01 0.01 0.00 0.09
Std 1.08 0.74 0.44 0.26 0.18 0.15
RMSE 1.08 0.74 0.44 0.26 0.18 0.17
Minimum -1.77 -1.28 -0.82 -0.52 -0.39 -0.42
Maximum 2.08 1.09 0.53 0.31 0.36 0.42
Skewness 0.02 -0.21 -0.52 -0.67 -0.70 -0.50
Kurtosis 1.87 1.78 1.91 2.13 2.26 3.06
Call Value 11.73 12.20 12.36 12.36 12.34 12.33
Panel C. Ad hoc Black-Scholes hedge under the HV environment

Mean -0.03 -0.01 0.00 -0.00 -0.01 0.08
Std 1.08 0.75 0.47 0.34 0.29 0.27
RMSE 1.08 0.75 0.47 0.34 0.29 0.28
Minimum -2.46 -1.99 -1.54 -1.25 -1.12 -0.90
Maximum 2.31 1.52 1.11 0.90 0.84 0.89
Skewness 0.00 -0.20 -0.32 -0.13 -0.02 -0.10
Kurtosis 191 1.96 2.40 2.83 2.96 3.17
Call Value 11.71 12.19 12.35 12.35 12.34 12.33
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TABLE 3
Effect of Rebalancing Frequencies on Dynamic Delta Hedge

Entries report the summary statistics of the hedging error of a one-year call option based on a dynamic delta
hedge with different rebalancing frequencies. The hedging error is defined as the difference between the value
of the hedge portfolio and the value of the target call option at the closing time of the month-long exercise. The
statistics are computed based on 1,000 simulated paths of the Black-Scholes model (Panel A) and the Merton
jump-diffusion model (Panel B) assuming that the hedger knows the exact model in forming the portfolios. In
Panel C, the sample paths and option prices are simulated based on the Merton model, but we assume that
the hedger does not know this information and form the hedge portfolios based on the Black-Scholes formula,
with ad hoc adjustments to accommodate the observed implied volatility.

Statistics Number of rebalancing per day

1 2 5 10

Panel A. The Black-Scholes model

Mean 0.11 0.11 0.11 0.11
Std 0.10 0.07 0.04 0.03
RMSE 0.15 0.13 0.12 0.12
Minimum -0.36 -0.15 -0.03 0.02
Maximum 0.32 0.28 0.22 0.19
Skewness -0.77 -0.41 -0.34 -0.16
Kurtosis 4.21 3.23 3.12 2.86

Panel B. The Merton jump-diffusion model

Mean 0.09 0.09 0.09 0.09
Std 1.02 1.03 1.03 1.02
RMSE 1.02 1.03 1.03 1.03
Minimum -11.78 -11.84 -11.72 -11.72
Maximum 0.38 0.37 0.35 0.35
Skewness -6.27 -6.30 -6.24 -6.20
Kurtosis 50.97 51.40 50.34 49.79

Panel C. Ad Hoc Black-Scholes hedge under the Merton environment

Mean 0.08 0.09 0.09 0.07
Std 0.88 0.92 0.93 0.88
RMSE 0.88 0.93 0.93 0.88
Minimum -10.13 -10.19 -10.08 -10.07
Maximum 1.21 8.97 9.43 0.76
Skewness -6.31 -4.74 -4.43 -6.25
Kurtosis 52.66 54.10 53.41 51.59
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TABLE 4
Effect of Target and Hedging Instrument Choices

Entries report the summary statistics of the hedging errors when hedging different target options and using
different hedging hedging instruments. The first row denotes the maturity of the target at-the-money option
being hedged. The second row denotes the strategy, and the third row denotes the maturity of the options in
the case of the static hedging strategy. The last row of each panel reports the value of the target call option
approximated by the quadrature method, with the theoretical value given under the dynamic hedging column.

Target Mat 2 4 12 12 12 2 4 12 12 12 2 4 12
Strategy Static with three options Static with five options Daily delta
Instruments 1 1 1 2 4 1 1 1 2 4 Underlying futures
Panel A. The Black-Scholes model

Mean -0.02 -0.07 -0.00 -0.02 -0.01 -0.01 -0.03 0.01 -0.00 -0.00 0.30 0.21 0.11
Std 0.28 056 100 050 0.15 0.14 033 0.66 0.25 0.04 0.26 0.18 0.10
RMSE 0.28 057 100 050 0.15 0.14 0.33 0.66 0.25 0.04 0.40 0.27 0.15

Minimum -0.50 -0.90 -1.62 -0.59 -0.16 -0.26 -0.56 -1.13 -0.31 -0.04 -1.11 -0.77 -0.42
Maximum 032 0.79 186 122 043 018 041 093 044 0.07 097 063 0.33
Skewness -0.42 -0.01 0.01 0.70 093 -0.31 -0.24 -0.26 0.36 0.54 -0.62 -0.76 -0.83
Kurtosis 173 160 187 237 290 181 161 179 175 1.99 414 445 464
Target Call 4.68 6.60 11.72 11.94 12.20 4.70 6.77 12.20 12.28 12.34 471 6.81 12.35

Panel B. The Merton jump-diffusion model

Mean -0.10 -0.09 -0.01 -0.02 -0.02 -0.06 -0.05 0.00 -0.00 -0.01 0.23 0.16 0.09
Std 0.84 0.77 072 050 0.27 040 046 047 0.29 0.16 255 192 1.05
RMSE 085 0.77 072 050 0.27 040 046 047 029 0.16 256 193 1.05

Minimum -1.20 -1.20 -1.73 -0.81 -0.33 -0.69 -0.74 -1.28 -0.72 -0.64 -25.22 -19.83 -12.11
Maximum 6.08 276 284 249 195 187 126 148 125 0.98 114 0.76 0.38
Skewness 129 051 056 176 476 011 066 -0.16 1.13 444 -551 -5.85 -6.81
Kurtosis 7.89 265 523 0943 2943 267 3.38 4.07 7.10 26.23 39.24 43.87 59.66
Target Call 3.76 4.80 9.52 9.76 10.15 3.72 5.33 11.14 11.19 11.18 411 6.34 11.99

Panel C. The HN non-Markovian diffusion model

Mean -0.03 -0.07 -0.03 -0.03 -0.02 -0.01 -0.03 -0.00 -0.01 -0.00 030 020 0.11
Std 0.29 0.60 1.07 053 0.15 016 040 0.84 040 0.13 029 024 0.5
RMSE 0.29 0.60 1.07 054 0.15 0.16 040 0.84 040 0.13 041 031 0.19

Minimum -0.52 -0.96 -1.76 -0.65 -0.18 -0.28 -0.64 -141 -0.53 -0.22 -0.95 -0.63 -0.49
Maximum 036 0.87 203 135 041 025 057 132 0.79 0.29 1.02 0.71 0.40
Skewness -0.38 0.03 0.01 0.72 094 -0.12 0.00 -0.13 0.40 0.27 -0.58 -0.63 -0.82
Kurtosis 175 163 188 242 291 194 169 179 192 213 339 315 3.69
Target Call 4.65 6.48 11.02 11.35 11.79 4.70 6.77 12.13 12.25 12.33 470 6.81 12.33

Panel D. The Heston stochastic volatility model

Mean -0.03 -0.08 -0.03 -0.04 -0.02 -0.01 -0.04 -0.01 -0.02 -0.01 0.29 0.19 0.09
Std 0.30 0.62 110 058 022 018 041 080 0.39 0.17 029 026 0.27
RMSE 030 0.62 110 058 022 018 041 080 0.39 0.17 041 032 0.28

Minimum -0.75 -1.33 -250 -1.23 -0.62 -0.53 -1.01 -2.06 -1.05 -0.59 -0.91 -0.81 -0.81
Maximum 052 113 237 170 074 044 091 162 1.09 0.55 115 1.01 0.96
Skewness -0.42 -0.05 0.01 060 049 -0.19 -0.18 -0.16 0.29 0.11 -0.48 -0.29 -0.07
Kurtosis 199 1.75 192 244 298 232 2.02 192 229 294 350 325 314
Target Call 4.67 6.55 11.42 11.69 12.03 4.70 6.77 12.14 12.24 12.32 470 6.80 12.33




TABLE 5
Static and Dynamic Hedging of S&P 500 Index Options

Entries report the summary statistics of the hedging errors for the hedging exercises on S&P 500
index options. The maturities (in months) of target options being hedged are given in the first row.
They are near-the-money options. The hedging strategy is either static with a portfolio of three
options, five options, or dynamic with the underlying futures and daily updating. The maturity of
the options in the static hedge portfolio (in months) are given in the third row. The statistics are
computed based on the 158 non-overlapping month long hedging exercises over the sample period
January 1996 to February 2009. The hedging errors are computed in percentages of the spot index
level at the starting date of each exercise. The hedging strategies are designed based on the Black
model with ad hoc adjustments to the observed implied volatilities. The last row reports the sample
average of the value of the target call option approximated by the quadrature-based hedge portfolio.
Numbers under the dynamic hedging columns are the sample average of the observed target call
option price, all in percentages of the underlying spot index level at the starting date of each month.

Target Mat 2 4 12 12 12 2 4 12 12 12 2 4 12
Strategy Static with three options Static with five options Daily delta
Instruments 1 1 1 2 4 1 1 1 2 4 Underlying futures

Old: 1996-2002

Mean -0.03 -0.13 -0.03 -0.09 0.00 -0.00 -0.10 -0.01 -0.07r 0.01 0.16 0.03 -0.01
Std 0.27 062 106 0.74 044 023 050 087 064 042 057 0.65 0.88
RMSE 0.27 063 105 074 044 023 051 086 064 042 059 0.65 0.87

Minimum -0.79 -1.78 -290 -1.95 -155 -0.62 -1.55 -2.32 -1.97 -1.58 -1.28 -2.23 -2.51
Maximum 055 134 190 134 076 050 109 156 110 0.86 145 142 176
Skewness -0.19 -0.21 -0.35 -0.22 -087 -0.28 -051 -046 -045 -0.74 -049 -0.78 -0.76
Kurtosis 3.00 320 281 251 416 3.12 370 291 289 451 334 447 3.83
Target Call 3.63 5.92 10.49 1041 1147 3.68 6.16 10.94 10.76 11.52 3.65 6.14 11.58

New: 1996-2009

Mean 0.01 -0.11 -0.14 -0.10 -0.02 0.03 -0.08 -0.10 -0.07 -0.01 0.16 0.06 0.00
Std Err 033 056 09 064 039 030 048 080 057 039 062 063 0.70
RMSE 0.33 057 097 065 039 030 048 080 057 039 063 063 0.70

Minimum -0.98 -2.19 -3.23 -2.67 -1.54 -1.02 -1.93 -2.95 -243 -1.58 -3.03 -3.77 -4.33
Maximum 165 127 190 133 0.99 163 129 176 109 091 229 172 1.66
Skewness 0.31 -058 -0.52 -0.75 -0.69 0.79 -0.75 -0.72 -1.02 -059 -1.08 -1.84 -1.95
Kurtosis 7.13 411 358 474 436 898 511 426 545 433 8.38 12.06 12.10
Target Call 347 551 936 943 1027 350 572 9.81 980 1031 3.38 5.62 10.26

Unhedged

Mean 0.29 0.13 0.08
Std 255 260 2.79
RMSE 256 259 278

Minimum -7.23 -7.24 -6.84

Maximum 6.78 6.20 8.18
43




FIGURE 1
Hedging Performance under Different Price Dynamics

The four rows represents the four data-generating processes: BS, MJ, HN, and HV. Panels in the first column
depict the simulated sample paths. Panels in the second column depict the sample paths of the hedging
errors from the static hedging strategy with nine option contracts. Panels in the third column depicts the
corresponding sample paths of the hedging errors from the dynamic delta strategy with the underlying futures
and daily updating.
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