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Abstract

This paper presents analytical valuation formulas for bonds with detachable warrants
on Japanese equities, The botds hear default risk on both coupons and principal. The
warpants alse hear default risk, and are American-style, with a positive eatly exercise
pretnium due to the existence of stock dividends. :

1. INTRODUCTION

Sinee the firsi? Buro-bond with detachable Japanese equity warrants was zsued in
1982, the matket for these instruments have fiourished. While the market grew steadily
from 1982 to 1085, the combination of a surging Japanese eqmty market, low Japanese
interest rates, and financial market deregulation® in 1986 prompted an explosion in popu-
larity, Trom 1087-89, Japanese companics issued §115 hillion af TFuro-honds with watrants
attached, bringing the total outstanding to §140 bilkion.

The Euro-honds usually matire in four to five years, and the detachable warrants
give the right during the Euro-bond’s life to buy new shares for slightly mere than the
shate price just after issuance. In return for this right, the coupon rate on the Euro-band
is ruch lower {(sg. 400-450 hasis poinle in March 1989) than for straight Euro-dotlar
carporate bonds. Although the detachable warrant’s strike price and underlying stock
are denominated in yen, the Euro-bond is tvpically denominated in US dellars. The
strike ptice per share and the number of shares controlled by each warrant are chosen
5o that the yen received from warrant exercisc at expiration cavers the dollar payout to
hondholders (assuming & constans exchange rate).

A Euro-bond issned in July of 1983 hy Nippon Steel is a good example of a typical
“curm-warrant” hond. The issue amenunt is $600 million with cach bond having a §5,000
[ace value and one warrant attached. The warrant is detachable and gives the right to
purchase 980 shares of Nippon Steel at 657 yen per share at any lime over the fout yeatr
life of the bond. The strike price per share was chosen to be 2.5% above the share closing
atice of 670 yen per share on the selting date. The mumber of shares pet warrant was
chosen so that Nippon Steel’s yen inflow fram exereise of the warrant at expiration (980
shares x 687 yen per share] covers the dollar outflow reqnired Lo tetire the bond {55,000),
usitg the spot exchange rate on the sciting date (134.70 yen per dollar). In teturn for
attaching a warrant to sach bond, the bond’s coupon rate is only 3.25% per year,

T would Tike to thank Warren Bailay, Ann Cniking, Teery Liow, Prancis Longetaff, Remesh Menon,
Ming Weng, and Bill Ziermba for their help. Any errars are mine alone,

24 1981 amendment to the Commereial Code ollowed the isanance of Bura-bonds with warrants, The
first Euro«bond with warrants on Japanese cquity was issurd in December 1081, bat the warranta were
non-detachable, Tn January 1982, Mitsubishi Kasei (4010) heeame the lirst Japunese company to issie
2 Bura-band with detachable warrants.

®In 1988, The Ministry of Finance abelished restriclions sn Japanese investment in the London
il
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The warrank described above is attached to a 113, dollar lenominated bond, Warranls
on Japancse cquity have also bemn attachcd to bonds denc ninated in other foreign cur-
rencies, However, the U.5. dollar denominated market is th: largest with over 400 issues,
of which 200 teade actively {at the end of Septembet 1988 . The Swiss Frane marke! is
the second largeat with over 170 issues of which about 70 t -ade actively. Denominations
in this market are generally smaller in size than the U.B. dsllar market. The other mar-
kets are significantly smaller than the 11,5, dollar and Swis: Franc denominated markets,
Thete are about 30 isaues denominated in Deutachmarka,  ud o lew others dencminated
in ECU’, Dutch Gilders, Sterling, and Yen.

The four big Japanese sceurily houses (Nomura, Daiv a, Nikke, and Yamaichi) or-
ganize almost all of the issuss in the primary market (97 % in 1989). Tssuers typically
swap their proceeds into yen immediately after isavance The secondary markel for
Euro-warrants is strictly over-the-counter, dominated by freign brokerage houvses such
as Baring Securities and Morgan Stanley. Since 1987, Japan me investors comprised ahout
70 per cent of the end investors. While Londoen has een 1] ¢ traditional marketplace for
these issnes, the market is slowly drifiing to Tokyo, largely lue to cfforts by the Ministry
of Finance.

The popularity of Eure-bonds with detachable warraut rom 1987-89 was prompled
by favorable market conditions for botl issvers and investor . Issuers paid coupons of less
than 4%. After swapping their exposure into yen (whose i1 terest rate was then as much
as 5% below dollar rates), their cost of capital was either 2 wo or negative., Furthermore,
cxcreise of the warranta finaneed retivement of the debt, so shat the only cost of the delt
izzue to shareholders in thiz event was dilution. Investor: held a safe debt instrument
coupled with warrants whose value soured as the Japanase equity market surged.

In 1990, these market condilions reversed, dramaticall: slowing down new jssuance.
The drop in the Tokyo stockmarket (38% as of 3eptember | 990) and the rise in Japanesc
interest rates to dollar levels has dramatically incrensed is uers’ capital costs. Further-
more, the Japanese government is discouraging now jssuaace due to s recent concern
about the warrrants’ dilution effect on stock prices. For many firms, there iz a high
probability! that existing warranis will expire worthless, cquiring issuers 1o refinance
their debt at high rates. Thiz prospoct has made potentia issucrs wary of these inslru-
ments, and has soured investor demand lor them.

In their seminal papers, Black-Bcholes[2] and Merton[14] racognized that thair option
pricing approaeh eould be applied in developing a unified - heory of corporate liabilities.
Merton[15] priced corporate discount honds in the presenc : of default risk. Ingersollill]
and Brennan and Schwartz[3] extendod Merton's analysis .0 convertihle bonds. In pat-
ticular, under certain assumpiions, Tngersoll proved that ¢ ron-callable coupon-hearing
convertible bond has the same value as an ordinary bond with the same coupens, prinei-
pal and maturity, plus an attached stock purchase warrant, This warrant has an identical
maturity, is exchangeable for as many shaves as is the conve: tible, and has & gross exercisc
paymant equal to the face value of the bond,

Ingersoll states that the bond-warranl combination ear differ in value from the cop-

1About $125 billion of the $140 billion worth of oulstanding bor e with detachable warrants wern
out-of-ihe-money az of Septomhber 1080
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vertible bond anly when early exercise of the warrant or conversion of the hond may he
optimal. He shows that a canvertible bond will never he converled prior to maturiky under
ihe three assumptions of perfect markels, constant conversion terms, and no dividends,
Maintaining (hese three assumplions, il [ollows that a bond with Enropeat warrants at-
tached may be priced as a convertible hond using the methods given in Tngersoll[11] and
Brennan and Schwartz[3].[4].

The purpose of ihis paper is to price Bure-dellar bands with Japanese equity war-
rants attached. Since the attached warrants are American-slyle and the underlying stock
receives dividends, the value of the cum-warranl, bond refleets an early exercise premium,
The paper provides analytic expressions for the Buro-dallar boad and for this early ex-
etcise premium. However, the premiun is expressed in terms of a quantity which must
be delermined numerically®,

To lend some reality to the analysis, the bond is allowed Lo bear coupons. To simplify
matters, the coupen payout ta bondholders and the dividend payout to shareholders are
both assumed to be coptinuous. While bond and equity payouts are discrete in realily,
the effect of azruming contintous payoul aver long liovizons is negligible. The esupon
pavont Lo bondhelders is assumed to he constant over lime while Lhe dividend payout to
sharchalders is assumed to increase with the share price. Again, while dividend payouts
tend to be sticky over shorl herizons fn reality, the elfect ol this dividend assumption
over long harizons is prabably minimal.

To rmodel the default rizk of debt, the firm is allowed (o go bankrupt either ab the
debt's matutity date or belorehand. The mudel posits that bankeupley ocours at maturity
if the market value of the firm’s assets is bolow the debt’s fhca valne. Rankruptcy occurs
prior to matnrity iF the firm is unakle Lo meel iks coupan payont. Sinee the coupon payout
12 continuong, the fitm can always sell off assets as long as ils assets have positive value,
Thus, hankruphcy acours prior to makurity when the Arm's asacts become worthless,

In technical terma, bankruptey is possible when the stochastic process for the firm's
aszet value can reach zero in finite time, Tinancial considerations also tequire that the
otigint be an absorbing boundary. For the fainiliar geomelric Brownian motion, the origin
is ahsorbing, but not attainable. Conscquently, a Feller process is employed instead, This
process has linear drift and instantancous variance proportional to the firm’s value, The
parameters describing the drift and diffusion coeflicicnts arc chasen so that the otigin ia
beskh attainable and absorbing.

The paper presents formilag for the value of o bond with watrants attached. The
model can be used to determine the coupon rate on new izsies and to identify mispriced
isaues in the secondary market. The model ean alse be used by issuers and arbitrageurs
to hedge the risks associated with long and short positions in these securities,

The remainder of the paper 15 organized as {nllows. Srection 2 seta up notation and
delineates the model. For simplicity, the model ighores exchange rate issues and assumes
hat the bend is denominated in yen. Scotion 3 studies the pricing of bonds with warrants
attached under the vsual assumption st the warrants ave Buropean-style. Section 4
then relaxes this assumption and determines the value of the early exercise premium.

EThe snalytic American option prieing [orimulas of Rall[17] and Ceske and Johnson]f] arc also ex-
preased in farms af & numerically determyingd goantity.
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The Fnal section summarizes and provides directions far fulire veseareh, Al appetidis
provides & prool of a rmathematical resull uged in the paper,

2. THE MODEL

The following assurnption is maintained in this section i Lhe next only:
Al European Warrants

The warrants outslanding are Furopenn-siyle.

Tn contrast, the remaining assumptions hold throughout the aper:
A2)Frictionless Markets

Thern are no fozes, iransaclions ensty, ar ofhor markel /i clions,
AR)Capital Structure

The firm’s capital structure confains honds and slocks cnly. The boads consisl uf
strasght debt with warmale altached.

Futther assumplions apply to these conmponents of e capits | structure:
AB1) Straight Debt

The firm has v single debl isste onfstanding, which maiu s ot date T'. Beondhelders
receinr roupons continnously ol rale ¢ o fong us the value of tve firm s assela, Vi, is pusd
tive, Letling I denote the bond’s Lofal fuce volue, the bandhel ars else receive min{ 15, 7]
al the maturity dale T, .

In reality, soveral issuers have muitiple debt {ssnes with de achable warrants {op. Nip
pon Steel and Yamaichi), The warrants dilfer in strike price and maturiby, Assumption
A31) is made for simplicity. The payoll of the debt at ma ity reflecis the atandard
assumptian that debtholders liguidate the firm at maturily i'its assots do nat have suf
Rcient value to cover the principle. 1 the fiem lias gone Linal rupk prior Lo maturily, the
dahtholders receive nothing ab expiralion.

AB1i) Warrantz

There is o single warrand issne, which hos a lotel strike | vice of K yen and malures
with the bond at date T.

Exercise of the warrants angmenls Lhe value of Lhe firm's £ s5ots by I yen ang Ui
the firm tn issne how shares to Lhe former warraptholders, 1 ongh new shares are jsmed
so that the [ormer warrantholders own 100 « o percent of all the firm’s shares, T
warrants will only be excreised 10 the eiorcise benefit excoed the exercise cost K. after
the value of the firm's assets Vo is angmented by the slrile rice, the total equity value
is max[, V3 + K — F. Bince the former warrantholders awe 100 - o percent of this new
firm value, theit exercise benefit is max[0, o (Ve — 4+ IO} T quiring this exercise benelll
to exceed the excrcise cost K implies (hab:

aVr > el 4 (1~} =X mn

T the warrants are exereised rationnlly, the warrantholde: s vocaive the excess of the
exercise bonefit over the cost Lo oV — X Conversely, if U1 @ wartaniz expire rationally
unexorcised, they are worthless, Thus, the terminal value of the warrants 13 max[0, el

X].



Valuing Bonds with Detachalle Werranis 47!

Az Equity

The stockholdera receive dividends continuously® ot rale o Vo If the warrants are not
prernised al expiration. the sharcholders also get max{0, Ve — £l at T. If the worrents are
(rationally) cxercised, they get the smalfer amount (1 — ) (Vo + K — ) instrad.

The bond value 5, hae threa sources of value, namely, principal &, conpens (', and
Europasn wattants W:

By= P+ i+ WY (2)

Tn order to price these claims, the fullowing three assnmptions are appended:
A4)Continueus Trading

Inucstars car frade in the firm’s nasela and Hebilitios confinueialy.
A5)Constant Intorest Rate

The riskless mle of inferest is @ posilive constent r.
AB)Firm Value Dynamins

The value of the firm’s asgels V, ofieye lhe Jollpwing diffusion process:

Y, = Vi, 1)t + o(Vi, 1)d B, L € (0,7, (3)

The growth rate pu(Vi,t) and the inslunianeons volalility o(Vy,1) are both agsumed {o be
hounded, The Wigner process {Wiit € [0,4]) i defined an the probability space (2, F, ().

Under these assumptions, the procluzion of arhilrage opportunitics implies the cxie-
tence of a probability moasere @, enuivalent w @, validating risk-nentral pricing {sce
Hartison and Miska[10]). Let &, denote expectations under this measure given that the
initial firm walue is V3. Then the claiins comprising the hond value have the following
representation,

Py = e T &, min(Ve, I {4}
i T —rf

Co = E,,fu S FIVRNAY: ¥ (3)

We = o T B, max{l,aVy — X), where X = o + {1 — 0) /. (6)

To valug these claims, one final assinplion iz added:
AT)Taller Proerss
The walue af the firm’s assefs oheys o Feller process:

aV, = (4 — a)Vi — eldt + o/VidZ.. (7)

WREPE by 0y €, @00 7 are constonts , with a ¢ o > 0,

Singe ¢ = 0, Uellor (1051} has shown that this process is abserbed 2t the origin, Note
that under the “risk-neutral® probalility measure @, one can dofine a Wicner process 4
anch that the following equation halds:

“T1, ia posgible to model the atockholders' dividend aa ey +af Ve, wlhere ] and af are non-nogalive
funetions of time. In this case, the hondlalders' coupan payments wonll he medeled as of 4 af - ¥,
where ed = e—¢f and af = o — .

Ror what Tollows, the cxpected rate of retnm in the fnn's aseete pocan be aw unknown bounded
function of V¥ and 1.
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where Ap

Dbg Vo= 0T L
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—a)V, — cJdt + o/ Vid 2, (8)

iz the starting point for the analysts in the nes s sechion.

PEAN WARRANTS

his concerned with pricing bonds with detachal le European warranta. The
has three components, the first of which is the principal Fyo Fram (4):

=T B, min(Ve, F)

g (03
[n " e TV [V, T3 Vo, 0) Ve + e /r S, T3 Wy, 0)dVr, 1)
¥, 0) is the Lrangition density of the risk-noutial Faller process (8), which
Appendix, Tn words, the bond’s principal 18 the present value of the partial
rminal firm value, Ve, siimined with the produ it of the dafault-Tree price,
ik complementary distribution Tunction of 4.
ozs[6] determine the parlial mean as:

It

F
/ ¢TIV [(Ve, T Vo, 0) Ve
n

SR 2T Fon 4 2)
Tim -+ 24 2e/at)

110

Voes T S (n+ 1)
-

2r=u

o et =)

and where ' -pFyn 4 2) i3 the gammia

distribution funclion evaltated al hr/' with paramoter n 4 32

Tixa) =

with T{e) as the gamma funection [(a)

1 — -1
- =2z, 1
N )j; e " de {

= (=~
= o

p— Cllﬂ.‘.,..",lﬁ-'ld.,?:-

It iz shown in the Appendix that the complementary o stribubion function of the
randorm variable 79 can be transforined inte the nen-cent il chi-squared distribution

Tunction:

o]
L SV, T3 b, 0)aVr = (s 2L + 20/0%), 200 F7),

(12)

where x*(Aw; v, 28y F) is the non-central chi-aquare diskributio « Tunction (see Johnson and
Kaotz[13], p. 133) evaluated at Ay with 2(| +2c/a?} degrees of ‘reedom and nomcentralily

parameter 2k

FOTF Z;,.. . .,Zn are im]t'|:lc:ndr_‘n1: standard no mal randem variables and

&1y by are constants, then the sum ¥ {24 &) has a non-cor tral chi-square distzibuation

with » degrecs of frecdom and non-centrality parameter

the probability that this sum is less than the nombeor Ay

1=1

¢*, The right side of (12} is

i

v
P
Jj=1

b Vet when the summ

has 2{1 + 2¢/0?) degrees of freedom wnd its non-centrality [avameter is ke, Thiz is

also the probes

bility that the firm is solvent ab expivetion, un ler the process (8).
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The non-central chi-square diatribution has widespread application, including cover
age problems in hallislics and cstimaling Lhe power of the chi-square test. Algetithm
[ exact valuation and analytic approximation lormulas [or che distribution function aw
given m Schroder[19] and Sankaran[l8] respectively.

Putting these results together gives the valuation fartmila for the prineipal companen
af the bond’s value:

L= Voe ™ TM(F,TY + Fe ™ 33 01 2(1 4 2¢/28), 20 ), (13)

whote kT = ﬁt—:ﬁ)_—” and Ap = Dby H_,F;["_"]T,
The second companent of band valne is the coupon stream ¢ received zo long as Brm
value iz positive, i.a,, from (5):

,., T
Gu = E”_L‘ Eﬁ_r!].{],v"}o}df-

.:f:c-**cj({u Vi) > 01, (14)

where ¢} is the equivalent martingale measure. Teller{7] gives the probability that the
process (8) has not been ahsorbed by date 1 2o that:

T
Ty = c/ (A 1+ 2e/ot)dL. (15)
n
"The final component of bond value is the European warrant. From (6):
Wy = ¢ T B, max(D, aly — X)), (16)
where X = aF 4+ (1 — a)K. Using the transition probability density function:
Wi = a/x TV f(Vr, T3 Vo, D)V = X7 [\ SOV, T Vg, )d . (17)
From (10) and {12):
Wi = aVpe™ 1w M(X,T)] = X"y Ap; 21 + 2¢/0%), 21 X). (18)
Note that this equation iz roughly similar to the Black-Scholes formmla.
Fumming the three components of houd value together gives the fallowing valuation
rosnly:
Bule) = P+ Cy+ Wy
Vae  LM(F,T) ok Fe~ B0 21 A 2e/a”), 2or )
T
+C/o e AL 4 20/l
+aVe™ (L= MIX, )] = Xe- Ty (s 201 + 2c/e®), 200 X)), (19)
where by = #j,ﬁ—:{v’ﬁ-_ﬁ, Ar = ke Vol T and X = al + (1 = )R,

f3onds are usually issued at par. To determine the conpon rate which prices the bond
it par, set the initial bond value equal to its face value (Hc) = F) and solve for ¢

I
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a mumerical search routine. Since the bond price is increasit g in the coupan rate
1 = 0) and warrant valug is strictly posilive, the inclusion @ warrants lowers $he
yon rate tequited to price bonds at par. To value e equity, one need merely subtract
derton[15] proves that the Modigliani-Miller[16] Theorem holi s in this framework,
sequently, the cquily is valued by sobiracling the inilial hond arice from the initial
value:

5= Vo — Ba. (20)

AMERICAN WARRANTS

he warrantz are now assumed to be American rather than luropean. Since the
tholders receive proportional dividends, the ability to exercie early has positive
. Thiz section determines the snapnitude of this carly cxeicise premiuvm, using
ts in Carr, Jarrow, and Myneni[5] and Jamshidian[12]. For sin plicity, it is assumed
il the warrants are exercised, thoy are exercised as a block 1 nd that the exercise
:edz are paid out as a special dividend, Upon exercise. the fo mer wartant-holders
100 - e percent of the firm's shates, so they receive 100 & poreent of this special
end, as belore.

rom previous work on American aplion valuation, there exist an optimal exercise
dery B/, independent of ¥, above which it is oplimal Lo axer ise early, i.e., letting
lenote the American warrant value:

V= B, then W =max[d, oV - F -] - {1 — a)i}

itV < B, then W} » max[0,a[Vi - P~ ] =~ (1 —a)k] (21)
the American warrant value is given by (21) il the lirmn value : tarts at or above ihe
1al exercise boundary, assume hencelorth that the wareant is initially alive on Lhe
tion dale 0, e, Vo < ;.

he intrinsic value of the warrant is:

v, = max[0,ofV = P(V1) - C(V,0] = {1 —a)K]

max[0, oV — X(V, 1], {22)
P X(Vit) = o[ P(V,1) 4+ C{V. )] + {1 — a}. Thus, the warra it may be viewed as
written on 100 - o peveent of the lirm’s assets, with exercise price X depending on
rm value V' and time 1. Define BT as Lhe value of the lirm sol ing:

aB = X(Br,1) or alB7 — P(B7,1) — C(B5, 0] = (1 — n) K. (23]

Ik

W = BF, exercise of the warrants has positive value and the wareants are in-the
y. Since the warrani holder i never lorced lo exercise

B = Brte0,7) (24)
- time evolves, the straight debt value, P(V,1) + C(V,t), incre ases, eeteris paribus,

t BY musl increase to maintain cqualily in (23). As time cvol s, the gap between
d Bf narrows. At expiration, equalion (23) ie:

[
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aBf = emin{BE, F) + (1 - a) K. (25)

1 B2 < F, a contradiction arizes so:
-
Bf = F + —=F. (26)

Applying the results of Van Moorbeke[20] shows that By = BE, if o = r. However, if
0 « @ <+, then By = BT = BY, reflecting the docreased value of early excrcize.

While alive, the warrant walue satisfics the fundamental partiad differential equation:
{'}Wi‘l 'ZV 32 W a1ye
S+ S =)V =

& 2 H av

To gain an understanding of this equalion, define the discounted process Y{V,1) =
e~ WV, L) Reeall the “risk-nentral” procoss (8):

LWA(V,1) =

~ W= @7)

dV; = [(r — a)V; — dJdt + o/ VidZ,. (28)

From 6% lemma:
— ® awu !
dY; = LWV, )it + —ﬁ-a\/ﬁdzf. (29)

This, the fundamental partial differentinl aquation (27) agserts that a necessary condition
for the preclusion of arbitrage opportunities is that the disconnted warrant process ¥, iy
a (loral) martingale.

In the exercise region, (29) still obtains, However, the drill need not vanish since the
watramt, if it exists, should be exercised. rot held. In the excrcise tegion, V) = B = BF
from (24). Consequently: ‘

T =ofV =PIV = C(V, )] = (| — a}N from (21]. (30)

In the exereise region, the warrant price is the sum of the values of two claims. The
value of the first claim is 100 + & percent of the Brin's assets net of the straight debt
ohligation. The second claim iz a short, pasition in a bend paying inlerest continuously
50 that it value iz constant over time ol (1 - a) K

Since £ 15 a linear operator

LW = alfV — LRV, 8) — LOUV 0] = (1 = gL
= tf=al —e—0—(—e)= (1 —a)rK
= aal = {1 —a)rk (31)

from Merton(15].
Thus on the whale region, the warranl valng VWV, 1) satisfics:

LW = lqvsppylaaVs = (1 — a)r ] {32)



P, Carr

ect to the following boundary condilinns:

WV, 1) = max[0,amax[0,19 — F| - (1 — a}&] {33)
Wo(Br,1) = of - X(81) (31}
awe(st) _  9X(B1)
v " 5V (3)
Ry =0 (36)

Che firat boundaty condition reflects the fact that the Americar warrant iz Evwropean
tpiratton. The next two boundary condibions refleel the result t1at along the optimal
cise boundary, the warrant value and ils derivative are contim ous, The fnal condi-
serves to uniquely determine the warrant value W[V, 1) and the opiimal exercise
wdary f;.

Teing the Feynman-Kae Theorem (sco Fricdmanfg]):

79V, 4) = e T Gmax[aV — X]+ £ [‘! =01y s laely — (1 — adr i ldu.

firat term is the valuc of the Buropean warrant, Therceloye:
Wg = WE 4o, ()

‘e Ty ig the sarly exercise premiuvm given by

T 7 . ,
= mﬂ/[;.f e~ — M8, 4] — (1 - n)rh’] et NG 21 + 2efe®), 2k By AL,
u

a

where &, = ”,—(:((:_;ﬂ;‘)_—”,)«t = 2k, Voolm—al,
‘he carly exercise premium is non-negative, It hag the same vilue as a elaim which
ealy={1—~a)r continuously whenever the value of the firm * } exceeds the optimal
ise boundary Bf. The value of thiz boundary can he detormin «d implieitly from the
: matching condition {34):

We(B,1) = aB; — X(B},1), (39)
»m the high contact condition (35
OW(BL) __ BX(BLY) 0
av ‘ av

' integral equation can be solved numerically,

IDMMARY AND FUTURE RESEARCH

his paper valued bonds with detachiahble warrants. T"he hond . bear default risk on
coupona and principal. The warrants are American with a § ositive carly exercise
tum due to the existence of stock dividends. A majar aven e for fulute research
1 incorporate exchange tata rigk inta the bhond's price while reteining the risk of
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default. A second avenue for [ature rescnreh would allew [or stachastic interest rates
while retaining the American feature af the warrants, A thivd rescareh direction involves
the tmposition of an exegenous stochastic promesy on slock rices vather than firm values,
In such 2 model, the effect of future warrant exercise on cureent stock prices should be
cxplicitly taken into account.

APPENDIX

Theorem 1 Let f(Vr, T3 V5,0) denofe the transilinn densily of the Feller process dav; =
[(r— )V, — dt + o/ VidZ,, Let 3%y, A) denote the won-centonl ehi-square distribulion
Junction with v degrees of freedom and wonessbiabily prrwmeter . Then:

jF‘ TV, T3 Vo, 0V = X (Ag ;201 b 2efa™), 2y 1), (40)

where by = ﬁ["_;";’,]_—” and Ay = Qb T.{,r_‘("'“””‘.

Proof
Lek:
1= [ F(Va T3V, 0)dVe, (41)

where from Cox and Ross (6], p. 161, oquation 35):

o YIS
2r—aj Vpetr=mty (+3577)
Vi, T VL —
f( Ty s‘l'.IsD) (cﬂ(c('—“ﬂ' _ ]]) ( V,T

. 2 — a){Voelm ™ 4 14}
cxp |t-" a.'_*{‘ﬂ(rv-wu)T — ]]

Ar — )/ VTI{,.::(V'-EII}

Titaefer [ w =T _ 1)

(42)

and whare [,(2) = (%) 2itn ﬁ(“%]-:_l) t: the imodificd Bessel lunetion of the first kind of
order g (see Abramowitz and Stegun ([1], p. 375, equalion ¥.6.10).

Performung the change of variahles:

Ar—w)

= 2krVpe where by = m

(43)

in (41} yields:

'r = IETT F 5 7

coxp[—(2hr Vaem ™ 4 ) 1911 Laepar (V 2y Vpetr="T 2 ), (44}

1 (ng‘Jﬁc[T—ﬂ}T ) {I+2:/=1/2

Letting:
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Ar = Zhr Vet and v = 2(1 -+ 2efa?) (45)

simplifies the resull to:

- i
I= 13 (iﬂ) Lo\ Apa ) oap]—( Ay 4 2)/2]dle. (46}

T e 2\ 2

From lohnson and Kotz{13], the inlegrand i tecognizec as the probabilivy density
function p(Xyiv + 2,7) of & non-central chi-zgquared random variable, with ¥+ 2 degrees
af freedoin and non-centrality parameter @, Scheoder, {[19], 2, 213), proves that:

f” p(Ariv 4 2,5)dz = xE(Ag) v sy ), (47)
She P
whete ¥ Ay v, 2kr F) is the non-central chi-sguared distiily iblon function:

AT :

Ar 2 F) = f Pl 1, 2o ) luw
b
» (=204 — o F 4
- j) T}E (%) Fecs (/2 7a) exp [-@'ﬁ] s

QED.
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