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Introduction I

e [t is widely recognized that delta-hedged options positions are
a vehicle for trading volatility.

e In particular, under relatively weak conditions, a static po-
sition in European options maturing at 7" can be combined
with dynamic trading in the underlying over [tg, T'] to create a
contract paying the realized variance over [tg, T':
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e The main conditions are frictionless markets, continuous posi-
tive price paths, continuous path monitoring, continuous trad-
ing in the underlying, and a continuum of option strikes. No
assumptions are made regarding the dynamics of volatility:.

e The ability to create the realized variance without requiring
a model for volatility dynamics has been one of the reasons
behind the emergence of an active over-the-counter market in
variance swaps.

e See Neuberger (1990), Dupire(1992), Carr and Madan (1998)
and Derman et. al. (1999) for more information on variance
swaps.



Example of a Variance Swap

‘Bank of America Securities LLLC Indicative Terms

T{For Discussion Only)

Equity Payer:
Equity Receiver:
Trade Date:
Maturity Date:
Underlying Index:
Equity Calculatioﬁs:

Notional:
Equity Payment:

Credit Terms:

October 8, 1999
S&P 500 Index Realized Variance Swap

Bank of America, N.A. (“BofA™)

Merrill Lynch International

October 8, 1999

May 7, 2003

The Standard & Poor’s 500 Composite Stock Price Index

(a) *“Initial Price” means 0.305

(b) “Final Price” means the actual realized index Variance defined in accordance with
the following formula and definition:
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(c) “Natural Logarithm” means for any Daily Quotient, as determined by the .
Calculation Agent, the exponential number which equates 2.718281828 to such
Daily Quotient;

(d) “n” means the total number of Valuation Dates;

(e) “P;” means the closing level of the index on the ith valuation date (i.c.: P, is the
closing level of the index on October 6, 1999, P, is the closing level of the index on
the first Wednesday that is an Exchange Business Day following the Trade Date and
P, is the closing level of the index on the Final Valuation Date.

(f) “Valuation Dates™ means, commencing on October 6, 1999, and each Wednesday
thereafter up to and including the Final Valuation Date and if any such date is not an
Exchange Business Day, the next following day that is an Exchange Business Day,
subject to the Market Disruption Events as set forth in the 1996 ISDA Equity
Derivatives Definitions.

e - E ” means the sumunation from =17 to t=n .

111,230,666

Notional * { Final Price? — Initial Price? ]

If the Equity Payment is a positive value, then the Equity Payer pays the Equnty Receiver this
value. N .

If the Equity Payment is a negative value, then the Equity Receiver pays the Equity Payer the'
absolute value of this number.

n/a

THE MATERIAL CONTAINED HEREIN 1S FOR INFORMATIONAL PURPOSES ONLY AND IS NEITHER AN OFFER TO ENTER INTO A TRANSAGTION NOR A SOUICITATIN OF AN OFFER
TO ENTER INTO A TRANSACTION. THE INFORMATION CONTAINED IN THE FOREGOING 1S INDICATIVE AND NOT A COMPLETE DESCRIPTION OF THE TERMS OF A PARTICULAR
TRANSACTION. ALL INFORMATION CONTAINED IN THE FOREGOING IS QUALIFIED IN INTS ENTIRETY BY THE INFORMATION TO BE PROVIDED IN A FINAL CONEIRMATION OR
OTHER MATERIALS TO BE PREPARED IN CONNECTION WITH ANY TRANSACTION. ANY INVESTMENT DECISION SHOULD BE BASED ONLY ON SUCH INFORMATION, ADDITIONAL
MATERIALS REGARDING THE COUNTERPARTY OR THE PROPOSED TRANSACTION MAY BE OSTAINED FROM BANC OF AMERICA SECURITIES tLC UPON REQUEST. BANC OF
AMERICA SECURITIES L1.C AND/OR INDIVIDIDUALS ASSOCIATED THEREWITH OR AFFILIATES THEREOF MAY HAVE POSITIONS IN TRADES AND SECURITIES SIMILAR TO THOSE
DESCRIBED ABOVE. BANC OF AMERICA SECURITIES 1LIC ACTS AS PRINCIPAL IN TRANSACTIONS WITH YOU AND ACCORDINGLY YOU MUST DETERMINE THE
APPROPRIATENESS FOR YOU OF SUCH TRANSACTION. OPTIONS ARE NOT SUITABLE FOR ALL INVESTORS. PLEASE ENSURE THAT YOU HAVE READ AND UNDERSTOOO

“CHARACTERISTICS AND RISKS OF STANDARDIZED OPTIONS.*
NOT FDIC INSURED MAY L OSE VALUE NO BANK GUARANTEE




Nonlinear Functions of Realized Variance I

e Recall that the floating part of the payoft on a variance swap

is:
| n (F = Fip)°
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e In addition to variance swaps, there is also an active market
for volatility swaps, i.e. swaps whose floating part is the square
root, of the realized variance.

e However, in contrast to a variance swap, no one has yet devel-
oped a hedge which bypasses the specification of a stochastic
process for volatility:.

e In this talk, we assume all of the conditions that lead to the
robust replication of variance swaps.

e We show that by further allowing dynamic trading in the op-
tions and by modelling the correlation between volatility and
returns, we can synthesize practically any function of final price
and the final realized variance defined above.

e In particular, we can synthesize volatility swaps and European
options on realized variance or volatility.

e Our work refutes the widely held notion that dynamic replica-
tion requires process restrictions.
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Example of a Vol Swap

@ Maerrill Lynch

S&P 500 INDEX VOLATILITY SWAP

Indicative Terms and Conditions Y g\’

As of November 6 1997 v ’\\

Swap Parcy A: Merrill Lynch International (MLY)

Swap Party B: | Investor

Underlying Index: Standard & Poor's 500 Index ( SPX)

Notional Amount: $50 million

Maturity Daze: 1 year

Valuation: ) Closing prices

Parcy A Finsl Paymant: Nodonal * Max [ 9, (Vol - ActVol)]

Parey lﬂn-i?-yunm: Norional * Max[ 0, (ActVol - Vol)] )

Vals ‘ ' 22% - .

Accbolx W_x;da volu&li:y defined according to the fcllo;ving formula:

;‘[ln(%—.) - Avg-lz
n—2 -
N

Pi = ‘daily closing price of S&P 500 Index on the ith business day stacting on Trade Date (i=1)
Pn = closing price of the index on the Maturity Date \

L ()
Avg= ——7ln{ 7
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Overview I

e A review of static hedging of path independent payoffs (Bree-
den and Litzenberger (1978)).

e A review of variance swaps and similar contracts.

e Synthesizing volatility derivatives when returns and volatility
are independent.

e Modelling correlation between returns and volatility.



Static Hedging of Path Indep. Payoffs I

e Appendix 1 proves that for any generalized function
f(5), S > 0 and any expansion point k > 0:

F(S) = F(R) + f(R)(S = ) + [ f'K)(S — K)*dK
] PR - YK,

e This decomposition may be interpreted as a Taylor series ex-
pansion with remainder of the final payoff f(-) about the ex-
pansion point k.

e The first two terms give the tangent to the payoff at k; the
last two terms continuously bend this tangent so it conforms
to the nonlinear payoft.

e The payoff from an arbitrary path-independent claim has been
decomposed into the payoft from f(x) bonds, f'(k) forward
contracts with delivery price x, f"(K)dK calls of all strikes
K > k, and f"(K)dK puts of all strikes K < k.



From Payoffs to Prices I

e Recall the decomposition of the payoff function f(S) into pay-
offs from bonds, forwards, and options:

f(S) = f(r)+ f(K)(S — ~)
+ [ IE)(K = S)HK + [* f(K)(S — K)TdK.

e Assume the existence of a pure discount bond and all European
options of maturity 1.

e Assume no arbitrage and hence the existence of a martingale
measure () equivalent to the physical probability measure.

e Then the initial value Vp[f] of the continuous payoff f(-) can
be expressed in terms of the initial prices of the bond By, calls
Co(K), and puts Py(K) respectively:

Volf] = f(k)Bo+ f'(K)[Co(k) — Py(K)]
+ [ (K Py(K)dK + [* f/(K)Cy(K)dK.

e Note that we did not restrict the underlying price process in
any way!



Example 1: Power Plays I

e Consider the risk-neutral moment generating function of X
Mo(p,T) = EfeP*, pe®R.

e Since X7 = In(Fp/Fy), My(p,T) is just the forward price of

. P .
a claim whose payoff ePX7 = @—5) ,1.e. a power of Fr.

e Taylor expand the function f(F) = (%)p about I’ = Fj:

<FT)p =1+ (Fr—Fo) + ?p(p — 1) K)H (K — Fr)"dK

F, ky
00 K p—2
s To-1(p) (P KK
Fy 0
e Hence the initial value is given by:
EFr\? Fy K \P—2
Vol( )| =B+ (=1 (5] RO
Fo 0 Fy
00 K p—2
- 1(5)  CuKdK.
Fy 0

e The RHS is the initial cost of a static position in bonds and
OTM options maturing at 1T'. Its forward price is the MGF:




Example 2: Complex Exponential I

e For p real, the MGF My(p,T) of X7 = In(Fr/Fy) might not
exist. Now suppose that p is complex:

My(p,T) = E¢e! T, peC.

e Let p, = Re(p) and p; = Im(p), so p = p, +ip;. From Euler:

ePAT = ePr AT cos(p Xp) + ieP T sin(p; Xr)

e We can separately create the real part @—g)pr cos(p; In(Fr/ Fy))

and the imaginary part <];;—€>pT sin(p; In(Fr/Fy)) using bonds
and options.

e We refer to the real part of the payoft as the cosine claim and
we refer to the imaginary part of the payoft as the sine claim.

e The initial cost of creating the payoff on the cosine claim is the
real part of the complex initial value. Likewise, the initial cost
of creating the sine claim is the imaginary part of the complex
initial value.

e We will later find it usetul to allow complex payoffs and values.



Eg. 3: Continuously Compounded Return I

e Finally, suppose the payoff of interest is just X = In(F7r/Fyp).
e Taylor expand the function f(F') = In(F/Fy) about F' = F:

Fy K?
o 1
— Ir, ﬁ(FT — K)"dK
e Hence the initial value is given by:
F ol o 1
Vi [In (FO) = — SRR — [ Col K.

e The RHS is just the initial cost of a static position in OTM
options maturing at 1.

. . . T
e A variance swap is a contract paying J o7 dt — v at T where
0
the fixed payment v is chosen so that the swap has zero cost
to enter.

e The ability to create the log price relative using options is the
key component in synthesizing a variance swap, as we illustrate
next.
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(Realized) Variance Swaps I

e Now assume deterministic interest rates, no jumps in the fu-
tures price F', and continuous marking-to-market.

e No arbitrage implies the existence of a risk-neutral probability

measure () under which the futures price dynamics are:
dF
— = Ut—tha t € [t(): T]?
by

where o;_ is the pre-jump volatility level at time ¢.

o Let X; =1In (%) be the return over [ty, t]. [t0’s lemma implies:

XT—/ dFt——/O't dt.
F
e Re-arranging implies that the realized variance is just the sum
of the payofts from a static options position and a dynamic
trading strategy in futures:
T
[ o7 dt = —2X1 + / dFt
to Ft
e Since futures are costless, the fair fixed payment to charge on
a variance swap 1s:
Vo [—2X7] _ Ry 2 Py(K) L
By 0 K2 B, o 2 B,

11



Localizing in Space I

e We replicated the quadratic variation of returns Xt = In (ﬁ)

X>Tz/a§_dt —2In(Fr/F) +/ dFt
to

t

e One can add and subtract the linear functlon otr—ry TKFO
FT — FO (FT)
XV =9 2 |—=——|dF
(X)r I 7 / K "

o If K = Fj, the first term is just twice the difference between
the return compounded discretely versus continuously.

e More generally, the quadratic variation of returns realized when
Ft (K AK, K + AK) can also be replicated:

/at (K — AK, K + AK))dt
Fr—Fy Fy It Fr Tr1 1]

_ 9 0 _ STy 2 |— — —|dF,
K F, Fy (K)+ JE x|

where Iy = max[K — AK, min(Fy, K + AK)).

e Dividing by the width of the corridor and letting it approach
zero, one can localize on the underlying futures price:

/at CK)dt= = |(Fr— K) — [1(F, > K)dFt] |

12



Eqguity Financial Products
Indicative Terms as of March 18, 2001

Example of a Corridor Variance Swap

Banc of AmericaSecurities

s
Please call 212-583-8373 for questions @

For Discussion Only: Proposed transaction with Bank of America N.A. All terms are subject to change and all prices are strictly illustrative.

Variance Payer:
Variance Receiver:
Trade Date:
Maturity Date:
Underlying Index:
Lower Corridor:
Upper Corridor:

Corridor
Valuation Date:

Non-Ceorridor
Valuation Date:

Cross-over
Valuation Date:

Corridor Variance:

Realized ““Corridor’ Variance Swap
Indicative Terms and Conditions

TBD

Bank of America, N.A. (“BofA™)

TBD

1/18/02

TBD . )
50% of the closing level of the Underlying Index on the Trade Date
80% of the closing level of the Underlying Index on the Trade Date

Any Valuation Date for which the closing level of the Underlying Index on both a
given Valuation Date and the immediately preceding Valuation Date are between
the Lower Corridor and Upper Corridor.

Any Valuation Date for which the closing level of the Underlying Index on both a
given Valuation Date and the immediately preceding Valuation Date are outside the
Lower Corridor and Upper Corridor.

Any Valuation Date for which either: (1) the closing level of the Underlying Index
on a given Valuation Date is between the Lower Corridor and the Upper Corridor
and the closing level of the Underlying Index on the immediately preceeding
WValuation Date is outside of the Lower Corridor and Upper Corridor; or (2) the
closing level of the Underlying Index on a given Valuation Date is outside of the
Lower Corridor and Upper Corridor and the closing tevel of the Underlying Index
on the immediately preceding Valuation Date is between the Lower Corridor and
Upper Corridor.

o % is the Corridor Variance of the Underlying Index from Trade Date until the
Maturity Date as calculated below:

2 = 2 252
ok = Return? x-=x10,000  where:
t=1 n
(a) “Returny” means the Natural Logarithm of the Daily Quotient for a given
Valuation Date t;

(b)*“Daily Quotient”” means, for a Corridor Valuation Date, the closing level of the
Underlying Index for such Valuation Date divided by the Closing Level on the
immediately preceding Exchange Business Day.

THE ABOVE ANALYSES ARE INDICATIVE ONLY AND NEITHER REPRESENT ACTUAL PRICE QUOTATIONS NOR DO THEY CONSTITUTE AN OFFER BY BANK
OF AMERICA N.A. (“BA™) TO BUY OR SELL THE CORRESPONDING TRANSACTION BASED ON SUCH ANALYSES. THE ANALYSES ARE DERIVED FROM
SOURCES AND METHODS BA BELIEVES TO BE ACCURATE AND RELIABLE, HOWEVER, YOU SHOULD CONSULT WITH YOUR OWN ACCOQUNTING OR OTHER
ADVISORS AS TO THE ADEQUACY OF THIS INFORMATION FOR YOUR PURPOSES. BA MAKES NO REPRESENTATION OR WARRANTY WITH RESPECT TO
THE SOURCES AND METHODS EMPLOYED IN DERIVING SUCH ANALYSES OR THE ACCURACY OF THE ANALYSES. BA SHALL HAVE NO LIABILITY TO YOU
OR ANY OTHER ENTITY FOR LOSS, CLAIMS, DAMAGES, LIABILITIES, COSTS OR EXPENSES, DIRECT OR INDIRECT, ARISING FROM YOUR USE OF OR
RELIANCE ON THE ANALYSES OR FROM ANY ERRORS OR OMISSIONS IN COMPUTING OR DISSEMINATING THE ANALYSES. THE INFORMATION
CONTAINED HEREIN IS PROVIDED FOR YOUR INFORMATION ONLY. OPTIONS ARE NOT SUITABLE FOR ALL INVESTORS. PLEASE ENSURE THAT YOU
HAVE READ AND UNDERSTOOD “CHARACTERISTICS AND RISKS OF STANDARDIZED OPTIONS.”

NOT FDIC INSURED

MAY LOSE VALUE NO BANK GUARANTEE
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Localizing in Time I

e Recall that the quadratic variation along a strike (local time)
can be replicated:

T
2 —
t{ O-t_(S(Ft — K)dt — ﬁ

(Fp— K) — [1(F, > K)dFt] |

to
e By differentiating w.r.t. T', one can localize the payofl in time:

2 [0(Fr—K)*
- K2 oT

o4 _6(Fr — K)

— 1(FT > K)dFT

e We'd like to further localize on quadratic variation without
having to specity a stochastic process for volatility:

o5 6(Fr — K)0({(X)p — L) =7

e The ability to create and price the LHS allows one to create
and price integrals of the form s} f(Xy, (X))d(X)..

e These integrals are needed to create and price payofts such as
the floating part of a volatility swap /(X )7 or an option on
variance ((X)r — k).

e We turn to this problem shortly.

14



Literature on Volatility Derivatives I

e Griinbuchler and Longstaff (1993) assume the Heston (1993)
SV model to value options on the instantaneous variance.

e Brockhaus & Long (1999) use Heston to value volatility swaps.

e Heston and Nandi (2000) value both volatility options and
volatility swaps using a discrete time GARCH process.

e Javaheri, Wilmott, and Haug (2002) value volatility swaps us-
ing Nelson’s continuous time limit of the GARCH (1,1) process.

e Brenner, Ou, and Zhang (2001) use Stein and Stein (1991).

e Howison, Rafailidis, and Rasmussen (2002) value both volatil-
ity average and variance swaps in an SV model where the in-
stantanous volatility follows a mean-reverting lognormal process.

e Matytsin (2000) values volatility swaps and options on variance
using a jump diffusion model with stochastic volatility.

e Finally, Detemple and Osakwe (1999) value volatility options
in a general equilibrium framework.

15



Pros and Cons of SV Models I

e All of the literature on volatility derivatives employs some kind
of stochastic volatility (SV) model.

e Furthermore, the models typically (but not always) assume
that the price process and the volatility process are both con-
tinuous over time.

e To the extent that these assumptions are correct and that the
particular process specification is correct, one can use dynamic
trading in one option and its underlying to hedge.

e Most of the SV models used further assume that prices and
instantaneous volatility both diffuse, leading to a simple and
parsimonious world view.

e However, simple SV models cannot simultaneously fit option
prices at long and short maturities. Furthermore, since in-
stantaneous volatility is not directly observable, the assump-
tion that the diffusion coeflicients of the volatility process are
known is debatable.

e Indeed, the SV diffusion parameters implied from time series
typically differ from the risk-neutral parameters, contradicting
the implications of Girsanov’s theorem.

16



Pros and Cons of SV Models I

The great tragedy of science - the slaying of a beautiful
hypothesis by an ugly fact — Thomas Henry Huxley.

e Complicating the pricing and hedging of volatility derivatives
is the ugly fact that prices jump.

e Furthermore, when prices jump by a large amount, it is widely
believed that expectations of future realized volatility jump as
well. The high levels of mean reversion and vol vol implied
from option prices further suggests that volatility jumps.

e When price and/or volatility can jump from one level to any
other, then in a model with two or more sources of uncer-
tainty, perfect replication typically requires dynamic trading
in a portfolio of options.

e While option bid/ask spreads typically render this strategy as
prohibitively expensive at the individual contract level, knowl-
edge of desired option hedges can be enacted at the aggregate
portfolio level.

e Can we use dynamic trading in a portfolio of options to develop
a theory which does not require a complete specification of the
stochastic process for volatility?”

17



Space Time Harmonic Payofls I

e For the rest of my talk, assume zero interest rates for simplicity:.
We now temporarily drop the assumption that options trade.

e Consider some C*! function u(z, q). Note that by It6’s lemma:
u(X7, (X)1) = u(0,0) + f ua( Xy, (X))dX,

T u:f::x(Xta <X>t)

+ 5

where recall X; = In(F;/Fy) and hence dX; = @ — 2d(X),.

Fug(X, <X>t>] 4(X),,

e Substituting into the top equation implies:

(X, (X)1) = u(0,0) + | wa (X (X))

el (00 _ uZ<Xg<X>t>

to

+ u, (X, <X>t)] d{X);.

e Now suppose that the function u(x, q) solves the PDE:

1 1

§um(:ﬂ, q) — 5%(9&', q) + uy(x,q) = 0.

e Then u(Xyp, (X)) is just the sum of the payoffs from a static
bond position and a dynamic futures position:

w(Xr, (X)) = u(0,0) + f”w&KXM

t

dF;.

18



Example: Exponential Payofls I

e Recall that if u(x, q) solves the PDE:

| 1

Stea(,0) = Suel,0) + () = 0,

then the payoff u( X7, (X)7) is just the sum of the payoffs from
a static bond position and a dynamic futures position:

T Uy Xt, <X>t)

t

w( Xy, (X)) = u(0,0) + /t dF;.

e For example, G(x,q) = eP=(MN7=A golves the PDE, where:

+ |-+ 2\

1
PN =550

e Hence eP+MNXT=AMX)r — 1 1 i p( t)thF as Xo = (X)o = 0.

e Thus, the process G eP=MXi=MX)r ig 4 Q martingale started
at one. For A > —= GT > (), so it is also a likelihood ratio.

o [f A\ < —¢, then G is a complex-valued martingale, but one
need only take real or imaginary parts to obtain real results.

e [f we can break the link between p and A, then we can deter-
mine the joint MGF of X7 and (X )7, and we are done.

19



MGF of Quadratic Variation I

e Recall spanning an exponential payoff with bonds and futures:

NG
Gr = ePxrWNXr=MX)r 1 4 /tOT pi(F)tth vt € [to, T).
t
e Despite the dependence of the payoff on (X ), increments in

GG depend only on increments in F':

4G,
T (O
G, p£(A)

dF;
F,
o Let M, = EtQ eMXI7 Since it is a conditional expectation of a

terminal random variable, it is a martingale under ).

e For now, we assume that the martingale F' and the martingale
M are orthogonal:

(F,M); =0, Vte[t,T).

e We will relax this arguable assumption later, but some mod-
elling of the co-movement of F' and M will always be required.

e Since increments in G depend only on increments in F', the
martingale G; = eP=MWXi=MX)t and the martingale M are also

orthogonal:
<G, M>t =0, Vte [to, T]

20



Aside on Conditional Independence I

e Our orthogonality assumption implies that dM; = dE [eMX)7]
and dF; are conditionally independent for each ¢ € [0, 7).

e To illustrate, consider the following bivariate diffusion:

dF,
7?5 =V dWy (1)
t

dv, = p(vg, t)dt + w(ve, t)dWay,
where W, & W5 are independent standard Brownian motions.
e We assume that F}; and v; are adapted to the filtration F.
o (1) = d{X); = vdt so (X)p = il vdt and M7 = Mo v,
e In this model, the pair ({X )¢, v¢) is Markov in itself, and hence
EQ[eMXr| F] = m((X )y, vy, t) for some function m(q, v, t).

e By Ito’s lemma and the fact that Ef[e*¥)7] is a martingale:

0
dEtQ [€>\<X>T] = %m(Q{}t, U, t)(,d(’l]t, t)dWQt (2)

e Since W, and Wy are independent, increments in E M7
and in F are conditionally independent. While dEZ[eMX)7]
and dF; both depend on v, this variable is part of the infor-
mation set that we are conditioning on, and hence they are
conditionally independent.

e This ends the example.

21



Determining the MGF I

e Recall that M; = EthM)QT and G, = eP=MNXi=MX)t are hoth
() martingales.

e Now, (G, M), is defined as the predictable process which one
subtracts from MG, to get a () martingale.

e Since (G, M); = 0, M;Gy is a Q martingale and hence:
ER[M7rGr] = MGy, t € [to, T).
e Since My = 7T and G = eP+NXr—MX)r.
MGy = EQ[er+ X1 = B, t € [ty, T).
e Since the payoff e’+*MNXT depends only on the futures price Fr,
we re-introduce the existence of options of all strikes maturing
at I'. P, is the observable price at time ¢ of the static portfolio

of options that spans the payoff eP=MNXT gt T,

e We allow the payoff, eP=*MNXT and hence its price, P, to have

imaginary parts. Hence, M;, GG}, and P, can all be complex.

e The desired MGF is just the ratio of two observables:

Mt:—7 t S [t(),T]

e In particular, My = B = Egepi(A)XT, since Gy = 1.

22



Replicating the Exponential of QV I

e Recall our pricing formula for M; = E MX)T.
b
G,

where G; = e=VXe-MX) p, = BRer=NX1] ¢ € [t T).
e Taking the total derivative: dM; = Githt — %th,

where higher order terms vanish because M is a martingale.

e Recall that G is driven by just F', so %Gtt = po (N4t

Mt — t € [t()aT])

Fy
e Hence, dM; can be represented in terms of dP, and dF;:
P tpj:()\>
dM; = —dP dF;.
G T o t

e Integrating over time:

T Ptpi )
FGy

e If everything is real-valued, then the payoff e*¥)7 is con-
structed by charging a premium of Eeri( X7 dollars, and
holding G% plays and — P;E i( ) futures at each t € [tg, T]. The

premium is used to ﬁnanee the initial purchase of 10 = 1 play.

dF;.

MXT — Eeri( XT_|_/tT idPt /t

e Thus, the exhibited dynamic strategy in power plays and fu-
tures is self-financing, non-anticipating, and replicating.
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Complex Replication I

e Recall that the exponential function of (X)p is replicated as:

TPtpi

1
MX)T Eeri( )X —I—/tT —dPt /t >dFt

o If M GG, and P have imaginary parts, then one must take
the real part of both sides to determine the trading strategy
required to create the real part of M.

e Likewise, one takes the imaginary part of both sides to deter-

mine the trading strategy which creates the imaginary part of
M.

e If P has an imaginary part, then the real part of P is given
by cosine claims, while the imaginary part is given by a sine
claim.

e Our results bear out Hadamard’s famous dictum that:

The shortest path between two results in the real domain
passes through the complex domain.

e If A\ is real, then the Post Widder algorithm can be used to
invert the Laplace transform. If A is complex, then efficient
Laplace Transform inversion algorithms such as Abate Whitt

can be used. In either case, a wide class of functions of (X)r
can be created including /(X)) and ((X)7 — k)™ .
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Volatility Swaps I

e The floating part of a volatility swap has payoff /(X ).
e The following identity is proved in Appendix 2:

/ I —e

Va1 =

\/_ " s

e Evaluating at ¢ = (X )7 and taking risk-neutral expectations,
the fixed part of a volatility swap is:

I o 1 — Efe 1
EQU(X)r = —= ds

—————ds for all ¢ > 0. (3)

where recall py(—s) = 1 /1 — 2s.

e [or s € (0, %), p is real, while for s > %, p is complex:

_ Q. (3EVi-2s) X7
E§2 /7 _ 1 1 EO s
N /1 1 — Ejy €2XT COS ,/25 — —XT
Qﬁ 8

e We need to numerically check the robustness of this inversion.

[\DIOO

25



A Recap I

e Under our assumptions, claims on quadratic variation (X )r
maturing at T’ can be priced relative to the initial futures price
and the initial prices of all European options maturing at 1.

e This information is the same as for a variance swap. However,
robust replication of a nonlinear function of (X )7 requires dy-
namic trading in futures and all options of maturity 7.

e Notice that we have not assumed a Markov process for the
state variables in the problem. It may well be for example
that the whole surface of implied volatilities is following some
unknown stochastic process.

e However, it we do assume some Markov process eg. that time,
price, and the instantaneous variance rate v; are Markov in
themselves, then note that we have not assumed that v; is
continuous over time, i.e. v; is just an arbitrary process with
unknown characteristics.

e Fven if we do assume a bivariate diffusion for returns X and its
variance rate v;, we do not need to specify the drift or diffusion
coefficients of the SDE governing v;.

e In contrast to the variance swap, we assumed that returns and
the MGF of (X)p are orthogonal. We relax this assumption
next.
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Modelling Correlation I

e Recall that we assumed that (X, M), = 0, where
X, =In(F/F) and M, = Efe?Xr,

e We now redefine M as My(u, \) = ERerXrtAX)r A € C.

e The joint MGF M;(u, A) is still a @) martingale and it reverts
to its former definition if pu = 0.

e To relax the orthogonality assumption, suppose instead:

dM
t — ﬁ(Xta Ly A)dXt + dNt:
M;

where X and the noise N are orthogonal, i.e. (X, N); = 0.

e The function B(z, i, A) is known and we allow §(x,0, \) # 0.

e Under our new assumption, CKXTJQM = B(X¢, b, A)d{X ).

o Extend Gy = C(X;)e )t where C(x) solves the ODE:

Conl®) + (B, 10.0) = 3) Cala) = AC(a) = 0.

o If 3 is independent of x, then C(x) = eP*MA)7 where:

1 1 2
o If 5(x,u, A) = 0, then G reverts to its previous definition.
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Multiplication Makes Martingale I

e Recall G, = C(X;)e M)t where C(z) solves:

1 1
SCul) + (6(:]5, ) — 2) () — AC(x) = 0.
e From [to’s lemma:
F 1 1
dG; = Gx& + (—Cx +—Clhp — AO) e Mg X)),
F; 2 2
dF,
— Gx?t — B(z, p, \)Cre Mg (X),
t
dF,
= Gx?t — G, B(x, i, N d(X )y,
t

e Note that G is no longer a () martingale. Furthermore, the
covariation of M with X induces covariation of M with G:

d<G7 M>t . d<X, M>t B
Mt B Gx Mt o Gxﬁ@j,lu? >\>d<X>t

e From integration by parts:

d(GM), = GydM, + M, (th+

dF
= GydM, + M,G,—".
Fi

and hence MG is still a () martingale.

)
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Determining the MGF I

o Recall G; = C(X,)e ¥ where C(z) solves an ODE and
M, = EQe,uXT—H\(X) .

e Also recall that MG is still a () martingale and hence:
EC[MrGr] = MGy, t € [to,T).
e Since My = e"X1+MX1 and G = C(Xp)e M7
MG = [C(XT)e“ AT =P, t e[ty T).

e P, is now the observable price at time ¢ of the static portfolio
of options that spans the payoff C(X7)e!T at T

e If the payoff has an imaginary part, so does F;.
e The desired MGF is again just the ratio of two observables:

e Replication proceeds as before. Hence we can model some
covariation of returns with volatility and still obtain robust
replication.

e [f the desired option maturities are not available in the mar-
ket initially, then one can let price and quadratic variation be
Markov state variables and use our results to roll over shorter
maturity options (introducing more model risk).
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A Problem I

e Recall that for the joint MGF M, = Eth/“‘XT*MXW and the
return X; = In(F;/ Fpy), we assumed that:
dM,
— — ﬁ(Xta 22 A)dXt =+ dNt:
M
where (X, N); = 0 and G(z, i, A) is known.
o If 1 = 0, then as time increases, the MGF M of (X)) should
vary less as more of its payoff gets determined.

e In fact, as ¢ T T, the covariation of M with X should tend
towards 0.

e However, 3 is independent of time, so we can’t capture this
effect.

e Future research needs to address this issue, perhaps by trading
in options of all maturities as well as all strikes.
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Summary and Extensions I

e Just as a linear payoff on price can be robustly synthesized by
a static position in stock and bond, a linear payoft on quadratic
variation such as a variance swap can be robustly synthesized
using a static position in options on price.

e However, just as a nonlinear payoff on price usually requires
dynamic trading in the stock, robust replication of a nonlinear
payoft on quadratic variation seems to require dynamic trading
in options on price.

e The claims we considered mature at a fixed time. For continu-
ous processes, it is actually easier to have the maturity occur at
the first time that quadratic variation or price crosses a level,
since one random variable is determined at the payoff time.

e We have extended this work to X = ¢g(F') and to jumps.

e [t would be interesting to extend this work to the multivariate
setting.

e [t would also be interesting to try to replicate claims on other
notions of volatility, such as local volatility or exponentially
weighted quadratic variation.

e In the interests of brevity, these extensions are best left for
future research.
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App. 1: Replicating with Bonds & Options I

e For any fixed k, the fundamental theorem of Calculus implies:

f(8) = fls >‘|‘1S>n/ fllu)du — 1sp [§ f(u)du
=f(>+15>ﬁ/ [ +/ (v dv]du
~Lsen fg S / " (v)dv] du.

e Noting that f'(x) is independent of u, Fubini’s theorem im-
plies:

£(S) = f(x) + f(X-—H+L»J?f’cwM
-|—15<,€//f” )dudv.

e Integrating over wu yields:

F(S) = J(k)+ (R)(S = #) + Lso | J"(0)(S — v)ds
+15<,€7f” (v)(v — S)dv

= J(5)+ F(R)(S = 1)+ [ [ (0)(S = v)* e
+7f”(v)(v — S)"dv.

0

e Q.E.D. (quite easily done).
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App. 2: The Square Root Function

Let T'(a) = [;° t* 'e!dt be the gamma function with o a positive real. Then it is well known that:

r(3)-ve

ie.
o0 6_t

\/%:/0 N

Consider the change of variables s = 2 for ¢ > 0. Then t = sq, dt = qds and hence:

e

—sq
ds.
7 s

ﬁz/ooo qu:\/é/ooo

e %
N

Solving for ,/q gives one representation:

v ds’
Integrating (5) by parts, let:
u = 1 dv = e dt
Vit
du:—#dt v=1—¢""
Hence: | ot ] e ] ot
v/ R e
or o] _ ot
2/ = | dt
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