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1 Introduction

The Fourier transform of the density for the logarithm of the stock price has
seen numerous financial applications. For a theoretical perspective we cite as
examples Duffie, Pan and Singleton (2000), and Bakshi and Madan (2000). This
transform has become a standard calibration engine following the methods of
Carr and Madan (1999) who invoked the Fast Fourier transform for its speed.
Direct Fourier inversion has also been used and we cite Heston (1993), Bates
(1996) and Scott (1997).

Though adequate for near money options, and this suffices for most calibra-
tion exercises, the method is known to break down for deep out of the money
options where it often gives rise to negative prices. Rogers and Zane (1999)
suggest the use of classical saddlepoint methods to compute option prices and
employ in particular the Lugannini and Rice (1980) approximation as devel-
oped in Daniels (1987) and extensively studied in Jensen (1995). They consider
mainly a Gaussian base density but suggest that one may follow Wood, Booth
and Butler (1993) for non-Gaussian bases. Working with a Gaussian base these
methods are also used by Xiong, Wong and Salopek (2005) for a variety of
models with stochastic rates and volatilities.

These applications of classical saddlepoint methods are used to compute the
probability that the stock is in the money for the risk neutral probability and
the reweighted probability when the stock is itself taken as a numeraire. Thus
two saddlepoint computations are involved in constructing one call option price.

We recognize following Madan, Roynette and Yor (2008) that the call price
is itself quite generally a complimentary probability itself. Hence one should
be able to apply saddlepoint methods directly in one step to determine the call
price. However, even in the classical Black Scholes case, this density is not
Gaussian and the use of a Gaussian base is not exact. It turns out that in
the Black Scholes case the density reflected in call prices as a complementary
probability is the density of Gaussian variable less and independent exponential.
This leads us to select for a non-Gaussian base the convolution of a normal



random variable with a negative exponential. With this altered base we observe
that a single saddlepoint computation does yield exact Black Scholes prices on
adopting the Wood, Booth, Butler (1993) generalization of the Lugannini Rice
approximation.

We then adopt this base more generally for a host of well known option
pricing models. In the present paper we study six models. They are the CGMY
model of Carr, Geman, Madan and Yor (2002), its spectrally negative form
CGY SN studied in Eberlein and Madan (2008), the VGSSD Sato process of
Carr, Geman, Madan and Yor (2007), the Merton (1976) jump diffusion model
with stochastic volatility as studied in Bakshi, Cao and Chen (1997), SV J, the
Heston (1993) stochastic volatility model, HSV, and its generalization to Lévy
processes as developed in the VGSA model of Carr, Geman, Madan and Yor
(2003). For all these models we demonstrate that the single saddlepoint method
with the non-Gaussian base given by the density of a Gaussian variate less an
independent exponential provides effective call prices that work well for deep
out of the money options where the more traditional Fourier methods break
down into negative prices.

The outline for the rest of the paper is as follows. Section 2 describes call
prices as a complementary probability. Section 3 summarizes the generalized
Lugannini Rice approximation of Wood, Booth and Butler (1993). In section 4
we analyse the Black Scholes case and show that the base given by the convo-
lution of a Gaussian variate with a negative expenential would be exact in this
case. Computations for the Black Scholes case are conducted in section 5 and it
is shown that the new base is exact. This base is then adopted more generally
for the other models and results are presented for the six models discussed above
in section 6. Section 7 concludes.

2 Call Prices as Probabilities

Recently Madan, Roynette and Yor (2008) have shown that quite generally the
call price is the probability that the stock price was equal to the strike for the
last time before the maturity. Equivalently it is the probability that after the
maturity the stock stays below the strike for ever. Here we conduct a much
simpler analysis at the level of random variables as opposed to processes, and
enquire into the nature of the random variable represented by the call price seen
as a probability. We begin by writing the call price as a function of the log strike
k, c(k) which is given by

c(k)=e"t /:0 (e = €¥) f(z)dx

where f(z) is the density for z, the logarithm of the stock price. We divide this
call price by the spot price Sy and note that as

Sp=e " /OO e’ f(x)dx
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It is clear that this relativized call price (1) is unity at a zero strike and
decreases to zero as log strike tends to infinity and hence this function is a
complementary probability. The negative of its derivative is therefore a density
and computation yields that
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Ignoring the normalizing constant we consider the unnormalized function

—Z (k)

g(k) = /:0 ekf(x)dx

that tends to zero as the strike goes to positive or negative infinity. Computing
the Fourier transform of g we observe that
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where ¢(u) is the characteristic function for the logarithm of the stock price.
On incorporating the normalization we observe the transform

¢(u —7)
G(—i)(1 + iu)

The transform ~y(u) is the characteristic function of a density whose comple-
mentary distribution function is the normalized call price taken at the log strike.
We also observe that (2) is the product of two characteristic functions, the first
being ¢(u — i)/¢(—i) and the second is (1 + iu)~! which is the characteristic
function of a negative exponential random variable. The first characteristic is
easily seen to be density of the log of the stock under the share measure, ob-
tained when we take the stock as the numeraire as we are just reweighting the
risk neutral measure by the normalized stock price. Hence the derivative of the
call price normalized by the forward is the density of

7(w) = (2)

Z=X-Y



where X is the logarithm of the stock under the share measure and Y is an
independent exponential. The normalized call price is then the probability that
Z > log(K) or equivalenty that

X>InK+Y,

the probability that under the share measure the logarithm of the stock exceeds
log strike by an independent exponential variate.

One may obtain this result without transform methods on noting that the
normalized call price is

cuy B[S K]
So - E[S]
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where E is the share measure. Now define

= I

and we let f(y) be the density for y under the share measure with F(y) the
corresponding distribution function then

Og)() = /OOo (L—e7Y) fly)dy
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But as e7Y is the density of a positive exponential we have here the proba-
bility that
InS—InK >Y

or the probability that the log of the stock exceeds log strike by an independent
exponential.

3 Generalized Lugannini Rice Approximations

Wood, Booth and Butler (1993) generalized the Lugannini Rice approximation
to an arbitrary base density. For the implementation of the approximation to a
particular base one needs access to the cumulant generating function (CGF') of
the base random variable Z,

G(w) = log (E [exp(wZ)])

the distribution function (CDF'), T'(w), and the density function (PDF'), v(w).



Suppose one wishes to evaluate the probability that X > y for a random
variable with cumulant function

K(t) =log (E [exp(tX]) .

The Lugannini Rice approximation requires that we first evaluate the Fenchel
transform of the base CGF as

H(E) = Gw()) —&w(§) ()
G'(w() = ¢
We then define ?,E by
K'(f) =y
H (E) = K@) -1ty
There are two solutions for £ as H is concave and we take £ < G'(0) if y < K'(0)

and € > G'(0) if y > K'(0) otherwise.
We further define
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The complementary probability is then estimated by

o=@ (£ )
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For a Gaussian base we have the classical Lugannini Rice approximation. We
also know that base density will be exact for all models that are a shift and scale
transform of the base. The base is therefore determined upto shift and scale.

4 The Black Scholes Case

We would like to choose a base that is exact for the Black Scholes case. This
leads us to ask what the base is in this case. We first verify independently that
the Black Scholes price of a call option relative to the initial spot price is the
probability that the log of the stock under the share measure exceeds log strike
by an independent exponential.

Under the share measure the logarithm of the final stock price is given by

2
X:ln(So)+<r—q+g2>t+a\/%Z

where Z is a standard normal variate.



We therefore seek the probability that

X>IhK+Y

for an independent exponential Y.
Conditional on the exponential variate this is given by the probability that

Z>an/SO<rq+;>\/z+ Y
o
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The unconditional probability is then
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We analyse the final integral as follows.
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Hence on multiplication by Spe~% we get the traditional Black Scholes formula.
Equivalently we recognize that we must multiply by the price of the forward
stock.

5 The Choice of a Non-Gaussian Base

We observe from the analysis of the previous section that the density reflected
in call prices for the Black Scholes model is, upto a shift and change of scale,
a Gaussian density less and independent exponential. This leads us to consider
for a base model the one parameter family of a zero mean variable given by

1
Z+—--Y
+ A
where Z is a standard Gaussian variate and Y is a positive exponential with
parameter \. To employ such a base in a saddlepoint approximation requires a
knowledge of its CGF, CDF, PDF and the Fenchel transform of the CGF.
The CGF of our suggested base is

’LU2 w

G(w) = -5ty In(A + w) + In(A)

and its first and second derivatives are

/ _ 1 1
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For the complementary CDF we evaluate directly
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The PDF follows on differentiation as

1 A2 1 A2 1
v(y)—n(A—a)—&—)\exp(Aa—l—l—2>N<)\—a—)\)—exp()\a—1+2>n(/\—a—)\>




We also need the Gauss Fenchel transform of the CGF' and for this we solve

for
© = A+l S
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The Gauss Fenchel transform may then be directly determined from equation
We now develop the saddlepoint method for the Black Scholes model using
this (GME) Gauss minus Exponential base. The exact CGF for the random
variable associated with the call price is the CGF for the log of the stock under
the share measure less an independent exponential and this is
2t 2 2t
K(z) = g +U—x—ln(1+x)
2 2
To observe that the suggested base is exact for this CGF we must observe
that one may recover K by a shift and change of scale of G. Consider an arbitrary
shift of a and scale of b to get that

o2tx?

ax + G(bx) = ax + + JT\/zx —1In (/\ + 0’\/%30) +In(\)

Now choose A = o/t to get

2402
a:z:+G(b:z:):aac+J a +z—In(l+x)
Finally we choose
a—o—%—l
2

to get that az + G(bzx) = K(z).

We computed the saddlepoint LR approximation for the Black Scholes model
using this GM E base for a volatility of 25%, and a sample of strikes and ma-
turities with the initial spot at 100, an interest rate of 3% and a zero dividend
yield. The results are presented in Table 1.

TABLE 1

LR Saddlepoint prices for Black Scholes
Strike  Maturity LR BS

36.78 5 63.7609  63.7597
60.65 5 40.2569  40.2569
81.87 5 20.2050  20.2050
90.48 5 13.4486  13.4486
110.52 1 7.08205  7.08205
122.14 1 4.00475  4.00475
174.87 1 365935  .365935
271.82 1 0348714 .0348709



6 A General Purpose Saddlepoint Pricer

We develop a general purpose saddlepoint pricer using the GM E base with the
function call

ww = optionpriccGM ESP(pp, kk,rr, qq, xx, tt, uu, model)

that takes as inputs the vectors pp for the initial spot, kk for the strikes, rr
for the interest rates, gq for the dividend yields, zx the parameter values of
a prospective model, ¢t for the option maturities, uu a vector denoting iscall,
and model the name of the model. The pricer requires that the following three
functions are available for an option price to be computable. These are the
CGF, and its first and second derivatives.

Suppose we have the CGF of the log of the stock under some risk neutral
model given by the function K (z). The CGF of the density embodied in the
call price relativized by the spot price is the function

K(z+1)—In(l+2x)

Our base is of the form

.’,132 x

> + N In(A + z) + In(X)
We evaluate at a scale b to write
b2z b
L2 (A + ba) + In(N)
2 A
If we take A = b we get
b2x?
5 +z—In(1+2x)

The drift can be adjusted separately and so we choose

A= [K"(t+1)Y2

7 Results for some assorted models

Apart from the Gaussian model reported on in Table 1 we applied our general
purpose GM E saddlepoint pricer to models CGMY of Carr, Geman, Madan
and Yor (2002), the model VGSSD for the Sato process of Carr, Geman, Madan
and Yor (2007), the spectrally negative model CGY SN studied in Eberlein
and Madan (2008), and three stochastic volatility models, HSV the Heston
stochastic volatility model of Heston (1993), the Merton (1976) jump diffusion
model with stochastic volatility as described in Bakshi, Cao and Chen (1997)
SV J, and the Lévy process model with stochastic volatility VGSA of Carr,
Geman, Madan and Yor (2003).



The parameter values used for the six models were as follows. For CGMY
we used C =2, G =5, M =10, and Y = .5. For VGSSD we used ¢ = .2,
v=.5,0=—-.15 and v = .5. For CGY SN we took 0 = .1, C' = .5, G =5, and
Y = .5. The Heston parameters were initial volatility .2, long term volatility .2,
mean reversion 2, volatility of volatility .5 and correlation —.7. The parameters
for SV.J were initial variance .02, jump arrival rate 2.5, mean jump size —.001,
standard deviation of jump .0155, mean reversion 3, long term variance .3,
volatility of volatility .5, and correlation —.7. The parameters for VGSA were
initial speed 10, G = 20, M = 40, mean reversion 3, long term speed 6, volatility
of speed 7.

For all models we used the initial spot at 100, the interest rate at .03, a zero
dividend yield, and a half year maturity. The strikes ranged from 10 dollars to
200 dollars in steps of 10 dollars. Two computations were performed, the first
is the price using the fast Fourier transform method of Carr and Madan (1999)
that is known to break down for deep out of the money options, often returning
negative prices in such cases and the motivation for developing the saddlepoint
method developed here. The second is the GM E base saddlepoint method. The
results are reported in Table 2. We observe from this Table that the saddlepoint
pricer matches the FFT for near money options and it returns positive prices in
the range of deep out of the money options where the FFT has broken down.

8 Conclusion

A single saddlepoint approximation for call prices seen as complementary prob-
abilities that log price exceeds log strike by an independently exponential under
the share measure are developed using a non-Gaussian base. The suggested base
is that of a Gaussian random less an exponential with parameter A. It is sug-
gested that A be chosen to match the volatility under the share measure. The
methods is implemented and observed to be exact for the Black Scholes model.
Six other models with closed forms for the cumulant generating function are
also investigated.
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Strike

10
20
30
40
50
60
70
80
90
100
110
120
130
140
150
160
170
180
190
200

10
20
30
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50
60
70
80
90
100
110
120
130
140
150
160
170
180
190
200

Call Prices for different models

FFT
CcGMY
88.2148
79.4972
70.2051
60.6231
51.0359
41.7280
32.9847
25.0952
18.3244
12.8429
8.6739
5.6802
3.6601
23324
1.4840
0.9482
0.6012
0.3278
0.0129
-0.4588

HSV
88.2213
79.3860
70.1029
60.5096
50.7435
40.9422
31.2459
21.8595
13.1996

6.0528
1.6344
0.2320
2.48E-02
6.99E-04
-2.23E-03
-2.62E-03
-3.06E-03
-5.01E-03
-9.97E-03
-1.94E-02

GME LR
CGMY

HSV

90.1571
80.3279
70.5178
60.7397
51.0482
41.6104
32.7303
24.7688
18.0184
12.6191
8.5428
5.6278
3.6387
2.3295
1.4879
0.9537
0.6159
0.4018
0.2652
0.1772

90.1511
80.3064
70.4684
60.6416
50.8370
41.0710
31.3837
21.8939
13.0323
5.8409
1.5848
0.2385
2.87E-02
3.56E-03
4.82E-04
7.19E-05
1.18E-05
2.10E-06
4.08E-07
8.51E-08

TABLE 2

FFT GME LR
VGSSD VGSSD
87.7794 90.1508
79.1716 80.3051
70.0198 70.4653
60.4879 60.6352
50.7400 50.8222
40.9403 41.0401
31.2560 31.3247
21.9359 21.8432
13.4748 13.1831
6.6766 6.4127
2.4189 2.3804
0.6988 0.7205
0.1951 0.2057

0.0551 6.0095E-02
0.0151 1.8456E-02
0.0031 5.9918E-03
-0.0040 2.0547E-03
-0.0236 7.4200E-04
-0.0732 2.8116E-04
-0.1700 1.1139E-04

SV SVJ
88.9673 90.1609
79.7445 80.3240
70.2563 70.4907
60.5799 60.6637
50.7925 50.8491
40.9711 41.0574
31.1949 31.3139
21.6007 21.6865
12.5598 12.4728
5.0195 4.8485
0.8444 0.8202
0.0521 0.0564
5.67E-04 3.46E-03
-2.46E-03 2.44E-04
-2.67E-03 2.02E-05
-2.69E-03 1.93E-06
-2.72E-03 2.11E-07
-2.85E-03 2.59E-08
-3.18E-03 3.53E-09
-3.81E-03 5.31E-10

11

FFT
CGYSN
88.3875
79.4701
70.1370
60.5219
50.7584
40.9802
31.3234
21.9862
13.3894
6.3690
2.0135
0.3593
0.0314
-0.8120E-04
-2.6410E-03
-2.6894E-03
-2.8654E-03
-3.6956E-03
-5.7047E-03
-0.4178E-03

VGSA
88.4818
79.4958
70.1374
60.5149
50.7371
40.9123
31.1521
21.6401
12.8156

5.5627
1.2106
0.1390
1.44E-02
-4.04E-04
-2.35E-03
-2.63E-03
-2.92E-03
-4.21E-03
-7.46E-03
-1.37E-02

GME LR
CGYSN

90.1517
80.3086
70.4738
60.6530
50.8565
41.1042
31.4395
22.0009
13.2631
6.2481
1.9884
0.3611
0.0342
1.7169E-03
4.8645E-05
8.4152E-07
9.5923E-09
7.7157E-11
4.6470E-13
2.2040E-15

VGSA
90.1504
80.3036
70.4614
60.6272
50.8088
41.0192
31.2899
21.7127
12.6732

5.3009

1.1812

0.1503
1.81E-02
2.41E-03
3.57E-04
5.90E-05
1.07E-05
2.13E-06
4.58E-07
1.06E-07
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