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Abstract. By an appropriate change of variables, we prove here that the SVI implied volatility param-

eterisation proposed in [2] and the large-time asymptotic of the Heston implied volatility derived in [1]

do agree algebraically, thus confirming a conjecture proposed by J. Gatheral in [2] as well as proposing

a simpler expression for the asymptotic implied volatility under the Heston model.

1. Notations

From [2], recall that the SVI parameterisation for the implied variance reads

(1.1) σ2SV I (x) = ω1

(

ω2ρx+

√
(ω2x+ ρ)

2
+ 1− ρ2

)

/2, for all x ∈ R,

where x represents the log-moneyness, and consider the Heston model where the stock price process

(St)t≥0 follows the following dynamics:

dSt =
√
vtSt dWt, S0 ∈ R

∗
+

dvt = κ (θ − vt) dt+ σ
√
vt dZt, v0 ∈ R

∗
+

d〈W,Z〉t = ρ dt,

with ρ ∈ [−1, 1], κ, θ, σ and v0 are strictly positive real numbers satisfying 2κθ ≥ σ2 (this is the Feller

condition ensuring that the process (vt)t≥0 never reaches zero almost surely). We further make the

following assumption as in [1], under which the Heston asymptotic implied volatility is derived.

Assumption 1.1. κ− ρσ > 0.

Let us now consider the following change of variables in the SVI parameterisation, in terms of the

Heston parameters,

(1.2) ω1 :=
4κθ

σ2 (1− ρ2)

(√
(2κ− ρσ)2 + σ2 (1− ρ2)− (2κ− ρσ)

)

, and ω2 :=
σ

κθ
.

Now, from [1], we know that the large-time asymptotics of the implied variance under the Heston model

takes the following form

(1.3)

σ2∞ (x) = 2
(
2V ∗(x)− x+ 2

(
11x∈(−θ/2,θ̄/2) − 11x∈R\(−θ/2,θ̄/2)

)√
V ∗(x)2 − xV ∗(x)

)
, for all x ∈ R,

where θ̄ := κθ/ (κ− ρσ), and the function V ∗ : R→ R+ is defined by

(1.4) V ∗(x) := p∗ (x)x− V (p∗ (x)) , for all x ∈ R,
1
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where

V (p) :=
κθ

σ2

(
κ− ρσp− d(p)

)
, for all p ∈ (p−, p+) ,

d(p) :=

√
(κ− ρσp)2 + σ2p (1− p2), for all p ∈ (p−, p+) ,

p∗ (x) :=
σ − 2κρ+ (κθρ+ xσ) η

(
x2σ2 + 2xκθρσ + κ2θ2

)−1/2

2σρ̄2
, for all x ∈ R,

η :=
√
4κ2 + σ2 − 4κρσ, and p± :=

(
−2κρ+ σ ±

√
σ2 + 4κ2 − 4κρσ

)
/
(
2σρ̄2

)
.

2. Main result and proof

We now state and prove the main result of this note,

Proposition 2.1. Under Assumption 1.1 and the change of variables (1.2), then σ2SV I (x) = σ
2
∞ (x) for

all x ∈ R.

Proof. Let us now introduce the following notations (we recall the definition of η for clarity):

Δ(x) :=
√
σ2x2 + 2κθρσx+ κ2θ2, η :=

√
4κ2 + σ2 − 4κρσ, and ρ̄ :=

√
1− ρ2.

Under the change of variables (1.2), the SVI implied variance takes the form

(2.1) σ2SV I (x) =
2

σ2ρ̄2

(
η − (2κ− ρσ)

)(
κθ + ρσx+Δ(x)

)
, for all x ∈ R.

We now move on to simplify the expression for σ2∞ as written in (1.3). We first start by the expression

for V ∗(x) appearing in (1.3). We have

V ∗(x) =
A (x)Δ (x) +B(x)η

2σ2ρ̄2Δ(x)
,

with

A(x) := xσ2 − 2xκρσ − 2κ2θ + κθρσ, and B(x) := 2xσκθρ+ x2σ2 + κ2θ2ρ2 + κ2θ2ρ̄2.

Note that B(x) = Δ2 (x), so that V ∗ (x) = (A(x) + Δ(x)η) /
(
2σ2ρ̄2

)
. We further have

(2.2) 2V ∗ (x)− x =
A (x) + Δ (x) η − xσ2ρ̄2

σ2ρ̄2
=
Δ(x) η − (2κ− ρσ) (κθ + xρσ)

σ2ρ̄2
,

where we use the factorisation A (x)− xσ2ρ̄2 = − (2κ− ρσ) (κθ + xρσ).

Now, back to (1.3), where we denote Φ (x) := V ∗(x)2 − xV ∗(x). We have

Φ (x) =

(
Δ(x)η

2σ2ρ̄2

)2
+ α (x)Δ (x) + β (x) ,

where

α (x) := −
η (2κ− ρσ) (κθ + xρσ)

2σ4ρ̄4
, and β (x) :=

1

4σ4ρ̄4

{
(2κ− ρσ)2 (κθ + xρσ)2 − x2σ4ρ̄4

}
.

We now use the following factorisations:

(2.3) Δ2 (x) = (κθ + xρσ)
2
+ x2σ2ρ̄2, and η2 = (2κ− ρσ)2 + σ2ρ̄2,
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so that we can write β (x) =
(
4σ4ρ̄4

)−1 (
(2κ− ρσ)2Δ2 (x)− x2σ2ρ̄2η2

)
and hence

Φ (x) =
1

4σ4ρ̄4

{[
(2κ− ρσ)2 + σ2ρ̄2

]
Δ2 (x) + a (x)Δ (x) +

(
η2 − σ2ρ̄2

) (
Δ2 (x)− x2σ2ρ̄2

)
− x2σ4ρ̄4

}

=
1

4σ4ρ̄4

{
(2κ− ρσ)2Δ2 (x) + a (x)Δ (x) + η2 (κθ + xρσ)2

}

=
1

4σ4ρ̄4

{
η (κθ + xρσ)− (2κ− ρσ)Δ (x)

}2
(2.4)

where, for convenience, we denote a (x) := 4σ4ρ̄4α (x). To complete the proof, we need to take the square

root of Φ (x), i.e. we need to study the sign of the expression under the square in (2.4). Using again

(2.3), we have

η (κθ + xρσ)− (2κ− ρσ)Δ (x) = (κθ + xρσ)
√
(2κ− ρσ)2 + σ2ρ̄2 − (2κ− ρσ)

√
(κθ + xρσ)

2
+ x2σ2ρ̄2

=

√
γ (x) + σ2ρ̄2 (κθ + xρσ)

2 −
√
γ (x) + x2σ2ρ̄2 (2κ− ρσ)2,

where γ (x) := (2κ− ρσ)2 (κθ + xρσ)2. Now, because γ (x) ≥ 0 for all x ∈ R, then the sign of this whole

expression is simply given by the sign of the difference ψ (x) := σ2ρ̄2 (κθ + xρσ)
2 − x2σ2ρ̄2 (2κ− ρσ)2.

Note further that we actually have ψ (x) = κσ2ρ̄2 (2x+ θ) (2xρσ + κθ − 2κx), that this polynomial has

exactly two real roots −θ/2 and θ̄/2, and that its second-order coefficient reads −4κσ2ρ̄2 (κ− ρσ) < 0

under Assumption 1.1. So, plugging (2.2) and (2.4) into (1.3), we exactly obtain (2.1) and the proposition

follows. �
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