Lectures 2 and 3

Covariance between two random variables. X and Y.
Cov(X,Y) = B[IX — EIX]|[Y — E[Y]] = E[XY] - B[X]E[Y]

If X =F(z) and Y = G(z), then
Cov(X,Y) Z F(2)G(x)p(x) = Y F(z)p(x) Y G(z)p(x)

In particular

Var(z X;) = Z Var(X;) + ZCOU(Xi;Xj)

i7#]

— ZVC““(Xi) + QZCOU(XZ',XJ')

i>j
We have a population of size N. We want to know what percentage support

a certain government policy. We select a sample of size n from N. Suitably

—1
randomly chosen. Every subset of size n has probability (]X ) of being
chosen. The probability that a particular individual is chosen is

(1) n
) N

n

The probability that everyone in a specified subset of r individuals is se-
lected is

(her) _ nln—=1)-(n—r+1)
M)  NON-1)-(N-r+1)

n

Probability that a specified person is selected is &. Probability that two
n(n—1)

N(N—1)"

Suppose that out of N, M support the policy. We want to know the

value of p = % We select a sample of size n and see how many support the

policy. If that is m then we offer X = * as an estimate of p. We need to
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given individuals are selected is



compute E[X]| and Var(X). Let {i} be an enumeration of the individuals.
e(7) = 1 if the i-th individual supports the policy and 0 otherwise. What
we need is to estimate + >, €(i). Let (i) = 1 if i-th individual is included
in the sample and 0 otherwise. n =) _.n(i) and m = >, e(i)n(i).

' n(n—1) n? nfn mn-1]  n N-n
Cov(n(i)n(j)) = N(N—-1) N2 _N{N_N—ll ~ NN(N-1)
BIX] = 3 eli)Bln(i)] = 1o 3 eli) = 1 =p
Var(X) = % e(i)Var[n(i)] + iz Z e(2)e(7)Covn(i)n)s]
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Standard Deviation o(X) = /Var(X).

Tchebychev’s inequality.

X >0. E[X] > ¢P[X >{]. P[X >¢ < ZX],

P[|X - EIX]| > ko(X)] = P[|X — E[X]]* > k*E[X — E[X]|?]

E[X - E[X]]
= KE[X — E[X]?
1
T2



X +ko(X) will cover E[X] with at least 1 — k=2 level of assurance. k = 10,
99% sure! But in practice k can be much smaller.

Law of large numbers. If X;,..., X, are independent identically dis-
tributed random variables with E[X;] = m and Var(X;) = o2 then for any
e > 0,

X1+ + X,

p=t

—m|>¢ —0
We see this from Tchebychev’s inequality.

X e+ X,
1+ + —m\Ze]S
n n

Var(X; +---+ X,) Var(X)

Pl 2,2 2
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We need only E[X] to exist. We can have X as an infinite set. > p(x) =1
but > F(x)p(z) does not converge. Geometric distribution. p(xz) = 27
for integers x > 1. If X = F(z) = 2% then E[X] = oc.

Central Limit Theorem. Take coin tossing. n tosses. X is the number of
heads. o(X) = /%. What is the limit of

as n — Q.

Riemann sum approximation. Actually if {X;} i.i.d.r.v with E[X] =0 and
Var(X;) = o2 then for S,, = X; +---+ X,

P[S,, < /noz] — @(2)
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One can use the moment generating function
92
E[e?X] = M) =1+ 0E[X] + 7E[XZ] + 0(6?)
If X,Y are independent

Mx v (0) = Mx (t) My (1)

and
Mcx(t) = Mx(Ct)
If E[X] =0 and E[X?] =02 =1, then
g X1t +Xn ) 02

B’ = ()] e :J%/_OO e~ % du

But it is better to use Fourier transforms or characteristic functions because
E[e?X] may not be finite. The characteristic function is the analytic con-
tinuation of the moment generating function obtained by replacing 6 with
1t. 2

P(t) = Ble"™™] =1+ itE[X] — iE[XQ] + o(t?)
If X,Y are independent

Ox+y (t) = ox(¢)oy (1)
and
pex (t) = Ppx(ct)
If B[X] =0 and E[X2] = 02 = 1
t 1 z2

[¢(\/—ﬁ)]" —e T = /eZ xme_ T dx

Sampling with and without replacement. CLT is valid if we sample with
replacement. If we draw a sample of size n with replacement from a popu-
lation of size N, the probability that we have no repetition is

N(N_1).].V.TEN—n+1) _ g(l_%)geXp[_;_N]

S



If %2 is small, then the central limit theorem is applicable even with re-
placement.

Stratified sampling.

If our population has two distinct groups, democrats and republicans and
there are N, and Ny of them with N = N, + Ny with M,., My having
favorable opinions with M = M,. + M, then to estimate % = p, it is better

to estimate p, = %’: and pg = %{‘: separately and use p = %p,« + %pd. It
is best to split the sample size n = n, + nq so that == = %

Continuous distributions. If the space X is uncountable then probability
distributions on it can not always specified by wiring down {p(z)}. For
example one may want to think of a random variable uniformly distributed
over the unit interval [0,1]. If I = [a,b] C [0,1] then P[I] = b — a. More
generally a probability distribution on the real line can be specified by a
density f(x) satisfying f(x) > 0 and ffooo f(x)der = 1. Then if X is a
random variable having f(z) as the density then

PIX € 4] = /Af(x)dx

and

B0 = [ H@) e

If X is distributed with density f(z) and Y = g(X) is a smooth one to one
function then the substitution x = g~ !(y) converts

EUH(Y)] = [ Hig@o)f@)ds = [ B @) dy

so that Y is distributed with density f (g_l(y))m. If X is uniformly
distributed on [0, 1] the distribution of Y = X? is given by the density

2/

on [0,1] (and 0 outside).



Classes of continuous distributions.

1. Normal family. N(p,o0?).

1 (v — p)?
2mo eXp[ 202

[ huo@ids =

fro(T) = ]

and

[ @ = 0P folw)de = o2

02t2

/eimfu,g(x)dx = "2

2. Gamma distributions.

fa,p(x) — If(i;) 6—axxp—1

on [0,00) and 0 otherwise.

3. Beta distributions.

fp.q(x) = —F(p 4)

L'(p)T'(q) @ =)t

on [0,1] and 0 otherwise.
Some facts.

If {X;} are independent with X; ~ N (u;,07) then Y = Y. X; is distributed
as N (32, pis 22 07)-

If {X;} are distributed as a Gamma with parameters {«,p;}, ( a common
value of o) then Y = > . X, is distributed as Gamma with parameters

If X is N(0,0%) then Y = X? is a Gamma with @ = 5,p = 5. In

particular Z:;l X2, the sum of squares of n independent normals with
mean 0 variance 1 is Gamma with parameter a = % and p = 2. This is

2
called x2 or a chi-square with n degrees of freedom.
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One can use characteristic functions. For the normal

) 2t2
B[] = explitp — —-]

For the Gamma

B = (1= 1)

If X and Y are independent and Gamma distributed with parameters (1, p)
and (1, q) respectively than Z = X)iY has distribution that is Beta(p, q).

This is just the statement that

e " VP (1 — ) 'dxd
// :1:+y P (1 —x)* dedy

q) p—1 — g—1 >
‘P@N@AF“” (L=2)"d

Change variables z = u = x + y and integrate out u. We get x =

x—i—y
zu,y = (1 — z)u and the Jacobian is

|J| = w and dzdy = ududz

1 [©.@)
/ F(2)e 2P~ (1 — )T tuP T qu

L(p)'(q) /-
Fp+q) , 1 1
= "2 1— 2)9
['(p)T'(q) ( )
Beta distribution of the first kind. On the other hand the distribution of
U = % = % can be calculated by making the substitution z = =,

Mup—l w)~ P+ 4y,
I'(p)I'(q) (4w



is the density of Beta of the second kind. Some times one considers the
X

ratio F' = % = tU. In other words U = LF. Note that E[X] = p and

ElY] =q. The density of F' is

This is called the "F” distribution with (p, ¢) degrees of freedom or F), , for
short.

Another distribution that comes up is the ¢ distribution, This the distribu-
tion of —X— where X is normal N(0,1) and Y is a Gamma with parameters

V35

(3,p) with E[X] =2p. X and Y are assumed to be independent.

f(x)g(y) = %%2 Pe=r e $yr~Ldady

Make the substitutions ¢ = */\/_yx u=1y. Then y = v and x =

Q_\s

Vu t
J:<x/8_p 2\/51x/%>

o Ge VU
The Jacobian is N Need to calculate
c /we_f_;e%uup_%d (1 + t2) (r+3)
P 0 2p

This is the density of the ”t” distribution. The parameter 2p is the degrees
of freedom. If p is large this is almost the normal density.

Multivariate distributions.

PI(X,Y) € E] = /E Wz, y)dady

P[XEA,YEB]:/ / h(z,y)dxdy
AJB
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If X and Y are independent have densities f(x) and g(y) then

h(z,y) = f(x)g(y)

When we say that if X and Y are independent and have densities f,g, then
the density h of X +Y is given by

[ [ Fa i@y = [ Feme:

h@w:/f@—yw@myzjﬁ@—xﬁqu

Sampling Distributions.

An independent sample of size n from a distribution with density f(z) is
just Xi,...,X, having a distribution with a joint density f(z1)--- f(zn)
on R™. A statistic is a function t(X1, Xs,..., X,) of the observations from
X1,Xo,...,X,,. For example if we toss a coin n times and the probability
of head is p, (a parameter that we do not know the value of) the observed
# (H)

Variance of t,, is @. For large n, t,, will be close to p with very high

probability. t,, is called a consistent estimate.

proportion t, = is a statistic. We saw before that Elt,] = p and

General parametric estimation:

We have a family {p(0,x)} of probabilities or a family p(f,z) of densi-

ties. We have n independent observations Xi,...,X,. Estimate 6. 6 =
H(X1,...,Xn).

Unbiased is good. Eylt, (X1, Xs,...,X,,)] = 0] for all 6.
Must control variance as well.

Eo[[tn(X1,..., X)) — 0))]

is small.
Statistics from normal random variables.

Sum of n independent normal variables is again normal with mean and
variance equal to the sum of the means and variances.
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Sum of squares of n normal random variables with mean 0 variance 1 is

called x2 a chi-square with n degrees of freedom
The sample mean is always an unbiased estimator of the population mean

because
X4+ +X,, 1
Bl ]:EZE[XJZE[X]

Sample variance:

82212(@—5:)2:%2:1:?—532

Orthogonal change of variables. y = Tx. y; = /nZ. Choose the remaining
coordinates so that ys, ..., y, to form an orthonormal basis so that T" is an
orthogonal matrix.

nsQZZZB — nz’ Zyz—%—zyz

U1

T = 2
Jn
n n
2 2 2 2 2 2
nS_Exi_nx—Eyi_yl_Eyi

U1

T

2 . .
ns_ is a good estimator of o2

n—1
nx x
t — = — n — ]_
ns?2 S
n—1

is a t with n — 1 degrees of freedom.
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